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ABSTRACT Let p be any prime, s and m be positive integers. In this paper, we completely determine the
Hamming distance of all constacyclic codes of length p® over the finite commutative chain ring Fpm-+ulfm+
u2Fpm (u® = 0). As applications, we identify all maximum distance saparable codes (i.e., optimal codes

with respect to the Singleton bound) among them.

INDEX TERMS Hamming distance, constacyclic codes, optimal codes, MDS codes.

I. INTRODUCTION

Constacyclic codes form one of the most important class of
codes, due to their easiness in encoding and decoding via
simple shift registers, and their many practical applications.
This class of codes can be seen as a generalization of cyclic
codes, that have been extensively studied since the late 1950s
(cf. [25]-[29)).

Let Fpm be a finite field of p™ elements, where p is a
prime, and let £ > 2 be an integer. Then the ring R =
Fom[ul/(ut) = Fym+uFpm+. . +ut~"Fpm u® = 0) is a finite
commutative chain ring. Many new and good codes have been
constructed by using this type of commutative chain rings
(see, forinstance, ([18], [31], [32]). Finite commutative chain
rings also have practical applications in connections between
modular lattices and linear codes over F,+ulF, [3].

When ¢ = 2, there are a lot of literatures on constacyclic
codes over rings [Fm[u]/ (u?) = Fpm~+ulf,m for various prime
p and positive integers m (see, e.g., [1], [2], [4], [8], [10]-[13],
[16],[17],[19], [30].) In particular, structure of and Hamming
distance distibution of all constacyclic codes of length p* over
Fpm—+ulF,m were completely determined in [8], [14], [21].

When ¢ = 3, in 2015, [34] determined the struc-
ture of (84au?)-constacyclic codes of length p* over
Fonlul/ () = FpntulFm+u*Fym. Recently, [22] obtained
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the structure of all constacyclic codes of length p* over IFm+
qum—i—u2Fpm by classifying them into 8 types. [33] stud-
ies the structure of repeated-root constacyclic codes of any
length over Fym+ulFm+u*Fym and provided the Hamming
distnace of some of them. However, the complete Hamming
distance distribution of all constacyclic codes of length p*
over Fyn-+ulF yn-+u?F,» was still left open. That motivates us
to complete that task in this paper. As an application, we use
this Hamming distance distribution to identify all MDS codes
among them. These MDS codes are optimal in the sense that
among codes of the same length and dimension, they have the
best error-correcting capacities.

Il. SOME PRELIMINARIES
For a fintie ring R, consider the set R” of n-tuples of elements
from R as a module over R in the usual way. A subest C C
R" is called a linear code of length n over R if C is an
R-submodule of R".

For a unit A of R, the A-constacyclic (A-twisted) shift 7) on
R" is the shif

T)\,((x07 xl LIRS ] xnfl)) = ()\-xnfl k] x()’ xl EERIEEIE xn72)7
and a code C is said to be A-constacyclic if 7, (C) = C, i.e., if
C is closed under the A-constacyclic shift 7;. In case A = 1,

those A-constacyclic codes are called cyclic codes, and when
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A = —1, such A-constacyclic codes are called negacyclic
codes.

Each codeword ¢ = (cg,c1,...,cn—1) € C is custom-
arily identified with its polynomial representation c(x) =
co+cix+- - 4cp_1x" 1, and the code C is in turn identified
with the set of all polynomial representations of its code-
words. Then in the ring R[x]/{x"—A), xc(x) corresponds to a
A-constacyclic shift of c(x). From that, the following fact is
well known (cf. [20], [23]) and straightforward:

Proposition 1: A linear code C of length n is
A-constacyclic over R if and only if C is an ideal of
R[x]/{x"—A).

For acodewordx = (xg, x1, ..., x,—1) € R", the Hamming
weight of x, denoted by wty(x), is the number of nonzero
components of x. The Hamming distance dy(x,y) of two
words x and y equals the number of components in which
they differ, which is the Hamming weight wtgy (x—y) of x—y.
For a nonzero linear code C, the Hamming weight wty (C)
and the Hamming distance dy (C) are the same and defined
as the smallest Hamming weight of nonzero codewords of C:

dy(C) = min{wty(x) | 0 #x € C}.

The zero code is conventionally said to have Hamming
distance 0.

In this paper, let F,» be a finite field of p™ elements, where
p is a prime number, and denote

R = Fp:rv+qu»rz+u2Fp:rz(u3 = 0)

The ring R can be expressed as R = Fym[u]/ ) = {a+
bu+cu* | a,b,c € Fpm}. It is easy to check that R is a local
ring with maximal ideal (u) = ulF,m. Therefore, it is a chain
ring. Every invertible element in R is of the form: a4-bu-+cu’
where a, b, c € Fym and a # 0.

From now onwards, we shall focus our attention on
y-constacyclic codes of length p* over R, i.e., ideals of the
ring

R, = Rlx]/(x" =),

where y is a nonzero element of [F,,». By applying the Divi-
sion Algorithm, there exist nonnegative integers y;, ¥, such
thats = yym+y, with0 < y, <m—1.Letyy = P
ypmﬂ/r. Then Véf _ yp(rqﬂ)m —

In [22], Laaouine et al. classified all y-constacyclic codes
of length p* over R and their detailed structures are also
established.

Theorem I (cf. [22]): The ring R, is a local ring with
maximal ideal (u, x—yp), but it is not a chain ring. The y-
constacyclic codes of length p* over R, i.e, ideals of the ring
R, , are

Type 1 (C1) :

0), (1).
Type 2 (C2) :

Cr = (WP (x—y0)7), where 0 <t < p*—1.
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Type 3 (C3) :
Cs3 = (u(x—y0)>+u? (x—y0) h(x)),

where 0 < L <§ < p°—1,0 <t < L, either A(x) is 0 or
L—r—1 )
h(x) is a unit in R,, of the form ) hj(x—yp)' with h; €
i=0
Fym and hg # 0. Here L is the smallest integer satisfying
w(x—p)- € Ca.
Type 4 (Cy) :

Ca = (u(x—y0)>+uP (x—y0) h(x), u*(x—y0)*),

where 0 < w <L <§ <p*~1,0 <t < w, either h(x)
w—t—1 .
is 0 or A(x) is a unit in R, of the form > hi(x—yp)' with
i=0
hi € Fpm, hg # 0 and L is the smallest integer satisfying
w(x—p)- € Ca.
Type 5 (Cs) :

Cs = {(x—y0) Hu(x—y0)" b1 (X)+u (x—y0) ha(x)),

where 0 <V<U=<a=<p'-1,0<1 <U,0<pn <V,
U—1—1 )
hi(x) is either O or a unit in R, of the form  }°  aj(x—yoY
Jj=0
with a; € Fym, ap # 0 and hy(x) is either O or a unitin R,,
V—l‘z—l i
of the form )~ bj(x—po) with b; € Fpm, by # 0. Here
=0
U is the smallest integer satisfying u(x—yo)U+u2g(x) € Cs,
for some g(x) € R, and V is the smallest integer such that
u*(x—y)V € Cs.
Type 6 (Co) :

Co = ((x—y0)*Hu(x—y0)" hi(x)
1 (x—10) 2o (x), W (x—10)°),

where 0 <c<V=<=U=<a=<p'-1,0<11 <U,0=<n <ec,
U—t|—1 .
h1(x) is either O or a unit in R, of the form 3 aj(x—yoy
j=0
with aj € Fpm, ag # 0, ha(x) is either O or a unit in R,,
c—ty—1 .
of the form ) bj(x—yoY with b; € Fpm, by # 0 and
j=0
U is the smallest integer satisfying u(x—yo)U+u2g(x) € Cs,
for some g(x) € R,, V is the smallest integer such that
u*(x—y)V € Cs.
Type 7 (C7) :

C7 = ((x—y0)“Hu(x—y0)" hi(x)
+u? (x—y0)2 o (x), u(x—y0) +uP (x—y0)* h3(x)),

where 0 < W <b<U=<a=<p'~-1,0=<1 <b 0=

th < W,0 <13 < W, hy(x) is either O or a unit in R, of
b—t;—1 .

the form )" aj(x—y) with a; € Fyn, ag # 0, ha(x) is
j=0
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W-1—1 .
either O or a unit in R, of the form )~  bj(x—pp) with
j=0
bj € Fym, by # 0 and h3(x) is either O or a unit in R, of
W—t3—1 .
the form ) ¢j(x—yo) with ¢; € Fym, co # 0. Here W is
Jj=0
the smallest integer satisfying u2(x—yo)W € C; and U is the
smallest integer satisfying u(x—yo)U+u2g(x) € Cs, for some
gx) e R,.
Type 8 (Cs) :

Cs = ((x—y0) Hu(x—y0)" b1 (xX)+u (x—y0)ha(x),
u(x—y0) +u* (—y0) 2 h3(x), u* (x—y0)°),

where0 <c <W<Li<b<U=<a=<p'—1,0<1 <b,
0<tH <c0<1 < c h)is either 0 or a unit in R’
b—t;—1 .
of the form )~ aj(x—yp) with aj € Fym, ap # 0, ho(x)
j=0
c—tr—1 .
is either O or a unit in R, of the form > bi(x—yp)" with
j=0

b; € Fym, by # 0 and h3(x) is either O or a unit in R,, of
c—13—1 .
the form Y cj(x—yY with ¢; € Fpm, co # 0. Here L4
j=0
is the smallest integer such that uz(x—yo)L1 € (u(x—yo)b—l—
uz(x—yo)’3h3(x)), U is the smallest integer satisfying u(x—
yo)U+u2g(x) € Cs, for some g(x) € R, and W is the smallest
integer such that uz(x—yo)w e (.
Proposition 2 (cf. [22]): We have

8, if h(x) =0,

L =
min{s, p*—8+t}, if h(x) # 0.
] b, if ha(x) = 0,
1=
min{b, p*—b+t3}, if h3(x) # 0.
o @ if 7y (x) = 0,

min{a, p*—a+t1}, if hy(x) # 0.

a, if hi(x) = hp(x) =0,

V = { min{a, p*—a+1r}, if hi(x) =0and hr(x) # O,
min{a, p*—a+t1}, if hi(x) #O.

b, if hi(x) = ha(x) = h3(x) =0
or hi(x) # 0 and h3(x) =0,
min{b, p*—a+n}, if hi(x) = h3(x) =0, ha(x) # 0,
W = {min{b, p*—b+13}, if hi(x) = ho(x) = 0, h3(x) # 0
or hi(x) # 0 and h3(x) # 0,
min{b, p*—a+tr, p’—b+13}, if
hi(x) = 0, ha(x) # 0, h3(x) # 0.

Theorem 2 (cf. [22]): Let C be a y-constacyclic codes of
length p* over R. Then following the same notations as in
Theorem 1, we have the following results:

141066

e IfC=(0),then|C]=1.
o IfC = (1), then |C| = p*".
o IfC = (WP (x—yp)") with 0 < 7 < p°—1, then

c| = p"®' ™).

o IfC = (u(x—y0)°+u?(x—y0) h(x)) is of the Type 3, then

|C| — pm(2p“767L)

P2 =8 if h(x) = 0 or h(x) # 0,

)
_ and0§5§p+t,

S
s t
PP i b # 0 and T

<8 <p°—I.

o If C = (u(x—y0)’+u?(x—y0) h(x), u*(x—yp)®) is of the
Type 4, then

|C| — pm(Zp‘Y787w) )

o If C = ((x—y0) 4ulx—y0)"1 h1(x)+u?(x—y0)2hy(x)) is
of the Type 5, then

IC|
— pm(3pS707U7V)
PO i hy(x) = ha(x) = 0
S
t
or hi(x) =0, hp(x) #0and 0 < a < ]?T-i-z

S
t
orhl(x)yéOand0<a§p_2|_l,

— pm(px+a—2t1)’ lf h](x) # 0,
s

p+t

and

pm(Zp‘La*tz)’ if hi(x) =0, ha(x) # 0,
S

Pt

<a<p'—1,

and <a<p—I.

o If C = ((x—y0) Hulx—y0) hy (x)+u? (x—y0) 2 ha (x),
u?(x—y0)°) is of the Type 6, then

|C| — pm(3px—a—U—c)

P2 if by (x) = 0 or hy(x) # 0
\
t
and 0 < a < z ;_ -,

PO, () #0

S

and <a<p'—I.

o If C = ((—y0)™+ulx—y0)" i (X)+u*(x—y0) 2 ha(x),
u(x—y0)P+u*(x—y0)3h3(x)) is of the Type 7, then

|C| — pm(SpS—a—b—W)

VOLUME 9, 2021
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P f iy (x) = ho(x) = h3(x) = 0,
or hi(x) # 0 and h3(x) =0,
or hi(x) = h3(x) = 0, ha(x) # 0,
and 0 < b < p*—a+n,
or hi(x) = ha(x) = 0, h3(x) # 0,

S
t
andOsbgp;Lz',

S t
or hi(x) £ 0, hg(x);sound()gbgp;”,

or hi(x) =0, ha(x) # 0, h3(x) # 0,
P+

and 0 < b < min{p’—a+n, b
pm(2ps—b—t2)’ if hi(x) =h3(x) =0, ha(x) # 0,
and p'—a+ty < b < p*—1,
or hi(x) = 0, ha(x) # 0, h3(x) # 0,
and p*—a+ty < b < a+t3—1y,
PP A=) if by (x) = ha(x) = 0, h3(x) £ O,

S
and

P+
or hi(x) #0, h3(x) # 0, <b<p'—1,
or hi(x) = 0, ha(x) # 0, h3(x) # 0,

S+l3
2

o If C = ((x—p0) +ulx—y0) h () +u* (x—yp)2ha(x),
u(x—yo) 4 (x—y0) 3 h3(x), u*(x—yp)¢) is  of the
Type 8, then

<b<p'—1,
P+

and max{a+tz—1;, P }<b<p’—I.

|C| — pm(3ps—a—b—c) )

IIl. HAMMING DISTANCE

In [7], [8] the algebraic structure and Hamming distances of
y-constacyclic codes of length p* over IF,m were established
and given by the following theorem.

Theorem 3 (cf. [7], [8]): Let C be a y-constacyclic code
of length p* over Fyn. Then C = ((x—p)) C
IF‘pm[x]/(xPX—y), fori € {0,1,...,p%}, and its Hamming
distance dy(C) is completely determined by:

ol, ifi=0,
o (ntpt, if
p’—pr+(n—Dr+1 <i < p*—pr+nr,
where r =psfk*], 1 <n<p-1
and 0 < k < s—1,
00, ifi=p°.

Note that Fym is a subring of R, for a code C over R,
we denote di (Cr) as the Hamming distance of C |Fpm.

As we mentioned in Section II the y-constacyclic codes
of length p® over R are precisely the ideals of the
ring R, . In order to compute the Hamming distances of all
y-constacyclic codes of length p* over R, we count the
Hamming distance of the ideals of the ring R, as classified
into 8 types in Theorem 1.

dg(C) =

VOLUME 9, 2021

It is easy to see that di(C;) = 0 when C; = {0}, and that
dy(C1) = 1 when C; = {1}. For a code C» = (u*(x—yp)")
of Type 2,0 < 7 < p*—1, the codewords of C, are pre-
cisely the codewords of the y-constacyclic codes {(x—yp)")
in Fpm[x1/ (x —y) multiplied by u?. Therefore dy(Cy) =
dy ({(x—y0)")F), which are given in Theorem 3.

Theorem 4: Let C» = (u*(x—yp)*) be a y-constacyclic
codes of length p* over R of Type 2 (as classified in The-
orem 1), where 0 < t < p*—1. Then the Hamming distance
of C; is given by

dy(C2) = dy((x—y0)")F)
el, if T=0,
o (n+)p*, if
= 1 p'—pr+(n—)r+1 <t < p*—pr+nr,
where r :ps_k_l, 1 <n<p-1
and 0 < k < s—1.
In order to compute the Hamming distances of those codes

for the rest cases (Type 3, 4, 5, 6, 7 and 8), we first observe
that

wtg (a(x)) > wiy (ua(x)), (1

where a(x) € R,,.

Theorem 5: Let C3 = (u(x—y0)’+u*(x—y0) h(x)) be a
y-constacyclic codes of length p* over R of Type 3 (as
classified in Theorem 1). Then the Hamming distance of C3
is given by

d(C3) = du({x—y0)")w)
el, if L=0,
o (n+)pk, if
= {p'—pr+(m—Dr+1 <L < p*—pr+nr,
wherer =p*~*=1 1 <n <p-1
and 0 < k < s—1.

Proof: First of all, since uz(x—yo)l' € (3, it follows that
d(C3) < du((uP(x—yo)") = da((x—yo)")R).

Now, consider an arbitrary polynomial c(x) € Cs. Thus,
by (1), we obtain that

wig (c(x)) > wig(uc(x))
> dy (W (x—10)%))
= dy({(x—10)°)p).
Since, ((x—y0)?) € ((x—y0)"), we have
du((x—0)°)F) = du (x—y0)")p).
Hence, dy ({(x—y0)-)F) < du(Cs), forcing
dn(C3) = du({(x—y0)")p).

The rest of the proof follows from Theorem 3 and the
discussion above. [ ]
Theorem 6: Let C4 = (u(x—yo)3+u2(x—yo)’h(x), u?(x—
¥0)®) be a y-constacyclic codes of length p® over R of Type 4

141067
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(as classified in Theorem 1). Then the Hamming distance of
C4 is given by
du(Cs) = du(((x—y0)*)r)
ol, if w=0,
o (1)t if
= 1 p’—pr+(n—Dr+1 < w < p*—pr+nr,
where r =p*~ %=1 1 <n <p-1

and 0 < k < s—1.
Proof: First of all, since uz(x—yo)“’ € Cy, it follows that

dp (Ca) < d((u*(x—y0)”)) = di (((x—10)*)F)-

Now, consider an arbitrary polynomial c¢(x) € C4\(u?(x—
10)®). Thus, by (1), we obtain that

> wig (uc(x))
> dp (1> (x—0)%))
= du({(x—70)°)r)
> dg({((x—=y0)“)F).

Hence, dp ({(x—y0)*)r) < du(Cs), forcing
du(Cs) = du(((x—y0)”)F).

The rest of the proof follows from Theorem 3 and the discus-
sion above. ]

Theorem 7: Let Cs5 = ((x—y0) +u(x—yo)" hi(x)+u>(x—
10)2hy(x)) be a y-constacyclic codes of length p* over R
of Type 5 (as classified in Theorem 1). Then the Hamming
distance of Cs is given by

du(Cs) = du({(x—y0)")r)
= (n+1)p*,

wig (c(x))

where p*—pr+n—r+1 <V < p —pr4nr, r = ps_k_l,

l<n<p—-land 0 <k <s—1.
Proof: First of all, since u2(x—y0)v € Cs, it follows that

du(Cs) < dy (P (@—y0)")) = du({((x—y0)")p).

Now, consider an arbitrary polynomial c¢(x) € Cs. Thus,
by (1), we obtain that

> wig (WPe(x))
> dy (W (x—y0)"))
= du({(x—10)")¥).

Since, ((x—y0)*) € ((x—y0)"), we have
Ay ((—y0))E) = du({(x—y0)V)p).

Hence, dp (((x—y0)")F) < dp(Cs). forcing

dy (Cs) = dy(((x—y0)")F).

The rest of the proof follows from Theorem 3 and the
discussion above. [ |
Theorem 8: Let Co = ((x—y0) +u(x—yo)" hi(x)+u>(x—
10)2hy(x), uz(x—yo)c) be a y-constacyclic codes of length

wig (c(x))

141068

p* over R of Type 6 (as classified in Theorem 1). Then the
Hamming distance of Cg is given by

dn(Ce) = du(((x—y0))F)
el, if ¢c=0,
o (n+1)p*, if
= 1 p*—pr+(n—Dr+1 < ¢ < p*—pr+nr,
where r =ps_k_1, 1 <n<p-1

and 0 < k < s—1.
Proof: First of all, since u2(x—yo)" € Cg, it follows that

dp (Co) < di ((? (x—y0))) = dir ({(x—y0)°)p)-

Now, consider an arbitrary polynomial c(x) € Ce\ (u?(x—
¥0)°). Thus, by (1), we obtain that

wig (c(x)) > wig (u*c(x))
> du((u*(x—y0)"))
= dg({(x—y0)")F)
> dy({(x—=y0)")F)-

Hence, dp ({(x—y0)°)¥) < du(Ce), forcing
dn(Ce) = du({(x—y0))F).

The rest of the proof follows from Theorem 3 and the
discussion above. [ ]

Theorem 9: Let C7 = ((x—y0) +u(x—y0)" hy(x)+u>(x—
Y0)2ha(x), u(x—y0)P+u?(x—y0)? h3(x)) be a y-constacyclic
codes of length p® over R of Type 7 (as classified in Theo-
rem 1). Then the Hamming distance of C7 is given by

dn(Cr) = du(((x—y0)V)r)
ol, if W=0,
o (n+DpF, if
= {p*—pr+(n—Dr+1 <W < p’—pr+nr,
where r :ps’k’l, 1<n<p-1

and 0 < k < s—1.
Proof: First of all, since u? (x—yo)W € (C7, it follows that

du(C7) < du (WPa—yo))) = dy (e—y0)V)p).

Now, consider an arbitrary polynomial c(x) € C;. We con-
sider two cases.

xCase 1:c(x) € (u). In this case, by (1). We have

wig(c(x)) = wty (uc(x))
> du((u*(x—y0)"))
= dup((x—10)")p).
xCase 2: c(x) ¢ (u). In this case, by (1). We have
wip (c(x)) = wig (u*e(x))
> du((u*(x—y0)"))
= d(((x—=y0)")F)-

VOLUME 9, 2021
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Since, ((x—y0)%) € ((x—0)?) < ((x—y0)W), we have

du((x=y0))F) = dy (x—y0)")F) = du(((x—y0)V)p).
Hence, di ((x—y0)V)F) < du(Cy), forcing

du(C7) = du(((x—y0)V)p).

The rest of the proof follows from Theorem 3 and the
discussion above. ]
Theorem 10: Let Cg = ((x—y0) +u(x—yo)" hi(x)+u*(x—
10)2ha(x), ue—y0) 1> (x—y0)3h3(x), u(x—0))  be a
y-constacyclic codes of length p* over R of Type 8 (as
classified in Theorem 1). Then the Hamming distance of Cg
is given by
du(Cs) = dy(((x—y0))r)
el, if ¢c=0,
o (n+lpt, if
= 1 p*—pr+(n—r+1 < ¢ < p*—pr+nr,
where r =ps_k_1, 1<n<p-1
and 0 <k <s—1.

Proof: First of all, since u*(x—yp)° € Cs, it follows that
dp(Cs) < dp ((u(x=y0))) = dir ({(x—=y0))p)-

Now, consider an arbitrary polynomial c(x) € Cg\<u2(x—
10)¢). We consider two cases.

xCase 1:c(x) € (u). In this case, by (1). We have

wtg (c(x)) = wig(uc(x))
> dy (1 (x—y0)"))
= du((x=y0)")F)
> dy(((x=y0))F).
xCase 2: c(x) ¢ (u). In this case, by (1). We have

wip (c(x)) = wig (u*c(x))
> dp (1> (x—0)"))
= dy((x—y0)")r)
> dp({(x=y0)°)p)-

Hence, di ({(x—y0)°)r) < du(Csg), forcing
dn(Cg) = dy({(x—y0))F).

The rest of the proof follows from Theorem 3 and the
discussion above. ]

IV. MAXIMUM DISTANCE SEPARABLE CODES WITH
RESPECT TO HAMMING DISTANCE
In [24], Norton et al. discussed the Singleton bound for finite
chain ring R with respect to the Hamming distance dp(C)
and is given as |C| < |R|(=du(©)+D  Maximum Distance
Separable (MDS) codes are classified as an important class of
linear codes that meet the Singleton bound. They have high
error correction capability as compared to non MDS codes.
Theorem 11 (Singleton Bound With Respect to Hamming
Distance [24]): Let C be alinear code of length n over R with
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Hamming distance dy(C). Then, the Singleton bound with
respect to the Hamming distance dy (C) is given by |C| <
pImn—du(©)+1)

Definition 1: Let C be a linear code of length n over R.
Then, C is said to be a maximum distance separable (MDS)
code with respect to the Hamming distance if it attains the
Singleton bound.

In this section, we identify the MDS codes for each type
of y-constacyclic codes one by one. First, we consider the
y-constacyclic codes of length p® of Type 1.

Theorem 12: Let C; be a y-constacyclic code of length p*
over R of Type 1 (as classified in Theorem 1), then the only
MDS code is (1).

Proof: Case I: If C1 = (0), then the Hamming distance
is dg(C;) = 0. For C; to be MDS we must have, |C| =
pIm@’ =dpCo+l) je 1 = p3@'+D e pS+1 = 0, which
is not true for any p and s.

Case 2:1fC; = (1), thendy(Cy) = 1. For C; to be MDS we
must have, |C;| = p3m(ps—dH(C1)+l)’ i_e.’p3mps — p3m(p5—l+l)’
which is true for all p and s. Thus, the code C; is MDS in this
case. ]

Now we examine the MDS condition for Type2
y-constacyclic codes.

Theorem 13: Let Co = (u?(x—yp)*) be a y-constacyclic
codes of length p* over R of Type 2 (as classified in Theo-
rem 1), where 0 < t < p*—1. Then no MDS codes exist.

Proof: Here, we have |Cp| = pm(ps”). So, C; is a MDS
code if and only if |G| = p"W'—du(C)+D) je  pm'=1) —
pImP’ —duC+D) e v = 3 dy(Cy)—2p*—3. We consider two
cases as follows:

Case 1: If T = 0, then dgy(Cp) = 1. For C; to be MDS we
must have, p* = 0, which is not true for any p and s. Thus, C;
is not MDS for 7 = 0.

Case2: If p*—pr+(n—1)r+1 < v < p*—pr+nr, where
r :ps_k_l, 1 <n<p—land0 < k < s—1. Then we have
Hamming distance dy (Co) = (n+1)p~.

Now,

7> ps—ps_k—i-(n—l)ps_k_l—i-l
= PG D=2 =1 T
> p(3p*—D)—2p*+(n—1)+1
> (n+1)(3pF —1)—2p*+n
= 3(n+1)pf—2p°—1
> 3(n+1)pF—2p°—3
= 3dy(Cy)—2p°-3.
Since, T > 3 dy(C)—2p°—3, no MDS code exists in this
case. ]
Here, we consider the y-constacyclic codes of Type 3 to
verify the MDS condition for these codes. Here, we have

IC3| = p™®"=5=D S0, C5 is a MDS code if and only if
|C3] = pPm =dn(CHD) e pmp'=5-L) — p3m(p'=d(Co)+D),

i.e., L =3 dy(C3)—p*—56—3. Hence, follows the theorem.
Theorem 14: Let C3 = (u(x—y0)’+u*(x—yp)'h(x)) be a

y-constacyclic codes of length p* over R of Type 3 (as

classified in Theorem 1). Then, there is no MDS code.
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Proof: We consider two cases as follows:

Case 1: If L = 0, then dg(C3) = 1. For C3 to be MDS we
must have, § = —p*, which is not true for any p and s. Thus,
C3 is not MDS for L = 0.

Case2: If p*—pr+(n—1Dr+1 < L < p*—pr+nr, where
r=p %1 1<n<p-1land0 <k < s—1. Then we have
Hamming distance dy (C3) = (n+1)p*.

Now,

L = p'=p" =D

= P G D=2 =1
> p(3p*—1)—2p*+(n—1)+1

X (equality when k = s—1,0r s =1)
> (n+1)3p* —1)—2p"+n

X (equality when n = p—1)
= 3(n+1)p*—2p°—1
= 3dy(C3)—2p°—1.

Now, L > 3 dy(C3)—p*—8—3 if and only if § > p*-2,
i.e., equality when § = p°—2. Thus, equality occurs when
n=p-1,k=s-138=p'-2ie,L = p’—1, which is a
contradiction, since L < §. Thus, there is no MDS code in
this case. [ |

Now we examine the MDS condition for Type4
y-constacyclic codes.

Theorem 15: Let C4 = (u(x—y0)>+u*(x—y0) h(x), u*(x—
10)®) be a y-constacyclic codes of length p*® over R of Type 4
(as classified in Theorem 1). Then, there is no MDS code.

Proof: Here, we have [C4] = p’"(2”5_5_‘”). So, C4
is a MDS code if and only if |C4] = p¥m¥'~duCatD)
ie., p"@' i) = pIm@P —dgCo+D) je o = 3 dy(Cs)—
p*—3—6. We consider two cases as follows:

Case I: If w = 0, then dy(C4) = 1. For C4 to be MDS we
must have, § = —p*®, which is a contradiction, since 1 < § <
p*—1. Thus, C4 is not MDS for w = 0.

Case2: If p’—pr4+(m—1)r+1 < w < p*—pr+nr, where
r=p %1 1<n<p-1land0 <k < s—1. Then we have
Hamming distance dyy (C4) = (n+1)p*. For C4 to be MDS we
must have w = 3 dy(Cq)—p*—3—6. Let § = p*—m, where
1 < m < p°—1. Thus, the condition for C4 to be a MDS
constacyclic code becomes w = 3dy (Cq)—2p°—3+m.

Now,

® > p'—p* F+n—1p*F 141
= PGP D=2+ 1p* 41
= p(3p* —1)=2p"+Hn—1+1
X (equality when k = s—1,0r s =1)
> (n+1)(3pF —1)—2p°+n
X (equality when n = p—1)
= 3(n+1)pf—2p°—1
= 3dy(Cs)—2p°—1.

Now, w > 3 dy(C4)—2p*—3+m if and only if 2 > m,
i.e., equality when m = 2. Thus, equality occurs when
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n=p-1,k=s5s—1,m=2ie.,8§ = p*—2 and w = p*—1,
which is a contradiction, since w < §. Thus, there is no MDS
code in this case. |

Now we examine the MDS condition for Type5
y-constacyclic codes. Here, we have |Cs5| = p"CP'—a-U=-V),
So, Cs is a MDS code if and only if |C5| = p>"@'—du(Cs)+1),
ie., pnOr—a=U=V) — p3m@*=duC)+D je V = 3dy(Cs)—
a—U-3. Thus, we get the following cases:

Casel: When hi(x) = hp(x) = Othen,V = U = a.
For Cs to be MDS we must have ¢ = dy(Cs)—1. Hence,
the MDS codes for Type 5 ideals are similar to the MDS
y-constacyclic codes over Fym [15, Corollary 13]. Hence,
we have the following theorem:

Theorem 16: Let Cs = {((x—yp)*) be a y-constacyclic
codes of length p* over R of Type 5 (as classified in The-
orem 1). Then Cs5 is a MDS code if and only if one of the
following conditions holds:

o Ifs = 1thena = nforl < n < p—1, in such case,
dy(Cs) = n+1.
o If s > 2, then

% a =1, in such case, dy(Cs5) = 2,
% a = p*—1, in such case, dy(Cs) = p°.

Case2: When h1(x) = 0,hy(x) #0O0and 1 < a < 1%
then, V = U = a. For C5 to be MDS we must have a =
dy(Cs)—1, which is similar to the result in case 1. But we
have I < a < 232 and 0 < 1, < a, which implies that
max{2a—p®, 0} < t, < a. Hence, we conclude the following
theorem.

Theorem 17: Let C5 = ((x—y0)*+u?(x—y0)2ha(x)) be
a y-constacyclic codes of length p* over R of Type 5 (as
classified in Theorem 1), where ip(x) # Oand 1 < a < [%
Then Cs is a MDS code if and only if one of the following
conditions holds:

e Ifs=1,a=n1 <n < p—1and max{2n—p, 0} <
ty < n, then dy(Cs) = n+1.
o Ifs>2,

* a= landt =0, then dy(Cs) =2,
* a=p°—1andt, = p*—2, then dy(Cs5) = p°.

Case3: When Aj(x) # Oand 1 < a < 23 then, V =
U = a. For C5 to be MDS we must have a = dy(Cs)—1,
which is similar to the result in case 1. But we have 1 < a <
'% and 0 < f; < a, which implies that max{2a—p*, 0} <
1 < a. Hence, we conclude the following theorem.

Theorem 18: Let Cs = ((x—yo) +u(x—yo)" hi(x)+u>(x—
Y0)2h;(x)) be a y-constacyclic codes of length p* over R of
Type 5 (as classified in Theorem 1), where h(x) # 0 and
l1<acx< ’%. Then Cs is a MDS code if and only if one of

the following conditions holds:

e Ifs=1,a=n1 <n < p—1and max{2n—p, 0} <
t1 < n, then dy(Cs) = n+1.
o If s >2,

* a= land#; =0, then dy(Cs) = 2,
* a=p°—1andt; = p*—2, then dy(Cs5) = p°.
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Case4: When h(x) # 0 and psg” < a < p°—1 then,
V = U = p’—a+t,. For Cs5 to be MDS we must have a =
2p*—3dy (Cs5)+2t1+3. Hence, follows the theorem.

Theorem 19: Let Cs = ((x—y0)*+u(x—y0)" hy (x)+u*(x—
v0)2ha(x)) be a y-constacyclic codes of length p* over R of
Type 5 (as classified in Theorem 1), where &(x) # 0 and

< a < p°—1. Then, there is no MDS code.

Proof: When hi(x) # 0 and ps% < a < p*—1, then
V = pf—a+ty. If pP—pr+(m—Dr+1 < p*—a+1 < p*—pr+
nr, i.e., t;+pr—nr < a < tj+pr—(m—1)r—1, where r =
ps_k_l, 1 <n<p-land0 < k < s—1. Then we have
Hamming distance dy(C5) = (n+1)p*. We get MDS code
for a = 2p*—3dy (Cs5)+2t1+3.

Now,

a> ti4p*F—np—h-1

= 114" (p—n)
> H+p—n)
X (equality when k = s—1,0r s =1)
> n+l1
x (equality when n = p—1)
= —3(n+1)pf+11+1+3(n+1)p*
> —3(n+-1)pf 41 +143(n+1)
x (equality when k = 0)
> —3(n+1D)pk+n+7
X (equality when n = 1)
= —3dy(Cs)+1+7.

Now, a > 2p*—3dy(Cs5)+2t1+3 if and only if —2p°+4 >
t1, i.e., equality when #; = —2p*+4. Thus, equality occurs
whenn = 1,k =0,s =1,p=2and ) = 0,ie.,a =1,
which is a contradiction, since 1 = % < a. Thus, there is
no MDS code in this case. [ |

Case 5: When /1 (x) = 0, hp(x) # 0and 242 < a < p'—1
then, V = p*—a+r, and U = a. For Cs to be MDS we must
have a = 3dy (Cs)—p*—t,—3. Hence, follows the theorem.

Theorem 20: Let Cs = ((x—yo) 4u>(x—y0)2hy(x)) be
a y-constacyclic codes of length p* over R of Type 5 (as
classified in Theorem 1), where A(x) #% 0 and ’% <a<
p’—1. Then, there is no MDS code. v

Proof: When hi(x) = 0, hp(x) # 0 and ’# <a <
p*—1, then V = p*—a+n. If p*—pr+(m—1r+1 < p*—a+
ty < p*—pr+nr,ie., bh+pr—nr < a < tr+pr—(n—1)r—1,
where r = p‘v_k_l, 1 <n<p—land0 < k < s—1. Then
we have Hamming distance dy (Cs) = (n+1)p*. We get MDS
code for a = 3dy (Cs)—p*—tr—3.

Now,

a> t2+ps—k_nps—k—l

= tAp* ™ (p-n)

> n+l1
3(n+1)p*+14+1-3(n+1)p*
> 3(n+1)pr4n+1-3p*

= 3dy(Cs)+n+1-3p°.
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Now, a > 3dy(Cs)—p*—t,—3 if and only if 1, > p*—2,
i.e., equality when r, = p*—2, i.e., w < a < p*—1,
ie., p*—1 < a < p*—1, which is a contradiction. Thus, there
is no MDS code in this case. |

Here, we consider the y-constacyclic codes of Type 6 to
verify the MDS condition for these codes.

Theorem 21: Let Cs = ((x—y0)*+u(x—y0)" hy (x)+u*(x—
Y0)2ha(x), u?(x—y0)¢) be a y-constacyclic codes of length p*
over R of Type 6 (as classified in Theorem 1). Then, there is
no MDS code.

Proof:- Here, we have |Cs| = p"Cr'—a-U=9_ S0, Cs
is a MDS code if and only if |Cs] = p¥m¥'~duCortD)
ie., pn@r'—a=U=o — p3m@p’~duColtD) je ¢ = 3 dy(Ce)—
U—a—3. We consider two cases as follows:

Case I: If ¢ = 0, then dy(Cg) = 1. For Cg to be MDS we
must have, a = —U, which is contradiction, since 0 < U < a.

Case2: If p*—pr+(n—Dr+1 < ¢ < p*—pr+nr, where
r = ps’k’l, 1 <n<p-land0 < k < s—1. Then we
have Hamming distance dy(Cg) = (n+1)pk . We have the
following subcases:

Subcase 2.1: When hi(x) = 0or hi(x) #0and 0 < a <
p“;‘ , then U = a. So, Cg is a MDS code if and only if ¢ =
3 dy(Ce)—2a—3. Now,

c Z pS_p57k+(n_l)pS7k7]+1
= PGP = D=2+ 1p* 41
> pBp*—1)—2p*+(n—1)+1
X (equality when k = s—1,0r s =1)
> (n+1)3p —1)-2p"+n
X (equality when n = p—1)
= 3(n+1)pf—2p°—1
= 3dy(Ce)—2p°—1.

Now, ¢ > 3 dy(Cs)—2a—3 if and only if a > p°—1,
i.e., equality when @ = p*—1. Thus, equality occurs when
n=p—1,k =s—1,a =p°—1,ie.,c = p’—1, whichis a
contradiction, since ¢ < a. Thus, there is no MDS code in
this case. .

Subcase 2.2: When hi(x) # 0 and 20 < a < p*—1,
then U = p’—a+t;. So, Cg is a MDS code if and only if
c=3 dH(Cﬁ)—ps—t] -3.

Now,

c Z pS_pS—k+(n_1)pS—k—l+1

= PGP D=2 =1
> p(3p*F —1)=2p°+(n—1)+1

X (equality when k = s—1,0r s =1)
> (n+DEpF—1)—2p"+n

X (equality when n = p—1)
= 3(n+1pF—2p°—1
=3 dH(C(J)—ZpS—l.

Now, ¢ > 3 dy(Ce¢)—p°—t;—3 if and only if 7
i.e., equality when #; = p*—2, ie., ’%72 < a
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ie., p*—1 < a < p*—1, which is a contradiction. Thus, there
is no MDS code in this case. ]

Now we examine the MDS condition for Type7
y-constacyclic codes. Here, we have |C7]| = pnGp —a—b=W),
So, C7 is a MDS code if and only if |C7| = p¥"@"~duCD+D)
i.e., pmOp—a=b=W) — p3mp'=du(C+D) je W =3 dy(C7)—
b—a—3.

Theorem 22: Let C7 = ((x—y0) +u(x—yo)" hi(x)+u*(x—
Y0)2ho (x), u(x—y0)?4+u?(x—y0)? h3(x)) be a y-constacyclic
codes of length p* over R of Type 7 (as classified in Theo-
rem 1). Then, there is no MDS code.

Proof: Case I: If W = 0, then dy (C7) = 1. For C7 to be
MDS we must have, @ = —b, which is contradiction, since
0 < b < a. Thus, C7 is not MDS for W = 0.

Case2: If p*—pr+m—1)r+1 < W < p*—pr+nr, where
r =p3’k’1, 1 <n<p—land0 < k < s—1. Then we have
Hamming distance dy (C7) = (n+1)p*.

Now,

W = p'—p" ™+ n=1p ™ 41
= PGP ==+ 1p* T 41
= pGp*—1)=2p"+Hn—1)+1
X (equality when k = s—1,0r s =1)
> (n+1)BpF—1)—2p*+n
X (equality when n = p—1)
= 3(n+1)pk—2p°~1
= 3dy(C7)—2p°—1.

Now, W > 3 dy(C7)—b—a—3 if and only if a+b > 2p*—2,
i.e., equality when a+b = 2p°—2. Thus, equality occurs when
n=p-1,k=s—1at+b=2p°-2,ie, W = p*—1, which
is a contradiction, since W < p*—1. Thus, there is no MDS

code in this case. ]
Finally, we explore the MDS y-constacyclic codes of
Type 8.

Theorem 23: Let Cg = ((x—y0) +u(x—yo)" hi (x)+u>(x—
Y0)2ho(x), u(x—y0)P+ut (x—y0)3h3(x), u*(x—)°)  be a
y-constacyclic codes of length p* over R of Type 8 (as
classified in Theorem 1). Then, there is no MDS code.

Proof: Here, we have |Cg| = p"CP'—4=0=09) S0, Cg
is a MDS code if and only if |Cg] = p>¥'~du(Co)+D),
ie., pn@r—a=b—c) — pImP’=dyCtD) je ¢ = 3 dy(Cy)—
b—a—3. We consider two cases as follows:

Case I: If ¢ = 0, then dy(Cg) = 1. For Cg to be MDS we
must have a = —b, which is contradiction, since 0 < b < a.
Thus, Cg is not MDS for ¢ = 0.

Case2: If p*—pr+(n—1)r+1 < ¢ < p*—pr+nr, where
r=p %1 1<n<p-1and0 <k < s—1. Then we have
Hamming distance dy(Cg) = (n+1)p*. Now,

c 2 pS—Ps_k“r(n—l)ps_k_l“rl
= p**BpF —D—2p +(n—Dp*F 41
> p(3p*F —1)—2p*+(n—1)+1

X (equality when k = s—1,0r s=1)
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= (n+D)3p* = D=2p"+n

X (equality when n = p—1)
= 3(n+1)pf—2p°—1
= 3dy(Cg)—2p°—1.

Now, ¢ > 3 dy(Cg)—b—a—3 if and only if a+b > 2p°—2,
i.e., equality when a+b = 2p°*—2. Thus, equality occurs when
n=p—1,k=s—1,a+b = 2p°-2,i.e., c = p°—1, which is
a contradiction, since ¢ < p*—1. Thus, there is no MDS code
in this case. [ ]

Consequently, we have the list of all MDS y-constacyclic
codes of length p* over R = ]Fpm+uIFpm+u2]Fpm.

Theorem 24: All MDS y-constacyclic codes of length p*
over R are determined as follows:

o Type 1 (trivial ideals): C; = (1) is the only MDS code

with dg(Cy) = 1.

o Type2:C; = (uz(x—yo)f), where 0 < v < p*—1. No
MBDS constacyclic codes can be obtained in this case.

o Type3: C3 = (u(x—y0)°+u*(x—y0) h(x)), where 0 <
8 <p’—1,0 <t < g, either A(x) is O or a unitin R,,.
No MDS constacyclic code can be obtained in this case.

o Type4d: Cy = (u(x—y0)*+1 (x—p0) h(x), u*(x—y0)*),
where 0 < w < § < p*—1,0 < t < w, either h(x)
is 0 or a unit in R,,. No MDS constacyclic code can be
obtained in this case.

o Type5: C5 = ((x—y0) Fulx—yo)hy(x)+u’(x—

Y0)2hy(x)), where 1 < a < p*~1,0 < i < a,
0 <1 < a, either hy(x), hy(x) are O or are units in R,

-- When h1(x) = hp(x) = 0, then Cs is a MDS code if
and only if one of the following conditions holds:
¥ Ifs=1,a=nforl <n < p—1, in such case,

dyg(Cs) = n+1.
* Ifs > 2,
o a = 1insuch case, dy(Cs5) = 2,
o a = p*—1insuch case, dy(Cs) = p°.

-~ When hj(x) = 0,/p(x) # Oand | < a < 232,
Then Cs is a MDS code if and only if one of the
following conditions holds:
¥ Ifs =1,a =n1 <n < p—1 and max{2n—

p,0} <t < n, then dy(Cs) = n+1.
* Ifs> 2,
o a=1landn =0, then dy(Cs) = 2,
o a=p’—1andn, = p°-2, then dy(Cs) = p°.

-~ When hi(x) # Oand 1 < a < 23 Then Cs
is a MDS code if and only if one of the following
conditions holds:
¥ Ifs =1,a =n1 <n < p—1 and max{2n—

p, 0} <t < n, then dy(Cs) = n+1.
x Ifs>2,
o a=1landf =0, thendy(Cs) = 2,
o a=p*—1and# = p’-2, then dy(Cs) = p°.

-- When h(x) # 0 and ’% < a < p*—1 (or when
hi(x) = 0,l(x) # 0and 232 < a < p'—1).
Then, there is no MDS code.
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« Type6: Cs = ((x—po)"+u(x—yo)" hy(x)+u*(x—
Y0)2ha(x), u?(x—10)°), where 0 < ¢ < a < p*—I,
0<t1 <a, 0<ntn < c,either hi(x), hp(x) are O or are
units in R,,. No MDS constacyclic code can be obtained
in this case.

o Type7: C7 = {((x—y0) Hulx—yo) hy (x)+u?(x—
Y0)2ha(x), u(x—y0)’+u*(x—yp)3h3(x)), where 0 <
b <a=<p-1,0<1t <b0=<1tn <5 0<=
t3 < b, either hi(x), ho(x), h3(x) are O or are units in
R, . No MDS constacyclic code can be obtained in this
case.

e Type8: Cy = ((x—po)"+u(x—yo)" hy(x)+u*(x—
10)2ha(x),  u(x—y0) +ut(x—y0)3h3(x), u*(x—10)°),
where0 <c<b<a<p’~1,0<t <b,0<n <c,
0 < 13 < ¢, either hj(x), ha(x), h3(x) are O or are units in
R, . No MDS constacyclic code can be obtained in this
case.

V. EXAMPLES
In this section, we present some examples of constacyclic
codes of length p* over R = Fpn+ulF m+uFm(u® = 0).

Example 1: y-constacyclic codes of length 3 over the
chain ring R = F3+uF3+u’F3 are precisely the ideals of
R[x1/(x>*—y), where y € {1,2}.

In the following, we list all distinct y-constacyclic codes
of length 3 over the chain ring F34uF3+u>F3. There are 82
distinct y-constacyclic codes listed below. In all codes we
have hyg, ag, bo, co € {1,2}and by € {0, 1, 3}.

Using the results in Sections III and IV, we list all Ham-
ming distances dy of such codes and the number of code-
words |C| in each of those constacyclic codes. We also give
all MDS and non-MDS codes (Table 1).

Among these 82 codes, 31 of them are MDS codes.

* Type 1(Ci): (0), (1).

x Type2(Cy):

— =0 W?),
- =L @la-y),
— 7=2: (UP(x—y)?).
x Type 3 (C3):
h(x) =0and § = 0: (u),
h(x) =0and § = 1: (u(x—y)),
h(x) = 0and 8 = 2: ((u(x—y)?),
h(x) # 0,8 = 1 and r = 0: (u(x—y)+hou?),
h(x) # 0,8 =2and r = 0: (u(x—y)*+hou?),
h(x) # 0,8 =2andt = 1: (u(x—y)>+hou*(x—y)).
x Type 4 (Cy):

— h(x)=0,8 = land ® = 0: (u(x—y), u?),

— h(x)=0,8 =2and © = 0: (u(x—y)>*, u?),

— h(x) =0,8 =2and w = 1: (u(x—y)?, u*(x—y)).
x Type 5 (Cs):

— hi(x) =hy(x)=0anda = 1: ((x—y)),

— hi(x) = ha(x) = 0and a = 2: (x—y)?),

— hi(x)=0,hx) #0,a=1andt, = 0: (x—y)+

bou?),

R IR IR IR
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TABLE 1. y-constacyclic codes of length 3 over the chain ring

F3CuF3Cu’Fg.
dy||C] | MDS
— Typel:
0|1 No
1 |39 |VYes
— Type?2
1133 |No
*(u?(z — 7)) 2 |32 |No
*(u?(z —7)?) 3 13 |No
— Type3:
1 3% |No
—)) 2 3% |No
7)?) 3 132 |No
v) + hou?) 2 3% |No
7)? 4+ hou?) 2 3% |No
(z = 7)? + hou? (z — 7)) 3 [3% |[No
— Type4:
u(x — ), u?) 1 3% |No
u(x — )2, u?) 1 3% |No
u(z — 326 — 7)) 2 [38 |No
— Typeb:
z—)) 2 |36 | Yes
x —7)32) 3 3% | Yes
) + bou?) 2 |36 | Yes
)2 + bou?) 2 |3* |No
)2 + bou?(z — 7)) 3 3% | Yes
) + aou) 2 |36 | Yes
x — )% + apu) 2 |3% | No
)2 + aou(z — 7)) 3 3% | Yes
x — ) + aou + bou?) 2 | 3% | Yes
)2 + agu + bou?) 2 |3% | No
)2 + agu(z — ) + bou? + bru(z — 7)) |3 |32 | Yes
)2 + agu(z — ) + bou?(x — 7)) 3 3% | Yes
— Typeb6:
*((x — ), u?) 1 {37 |No
)2, u?) 1 3% |No
V2 (@ — ) 2 [3% |No
) + apu, u?) 1 |37 |No
)2 + agu, u?) 1 3% |No
)2 + agu(x — 7),u?) 1 3% |No
72 + agu(x — ), u?(x — 7)) 2 |3* |No
2 + agu(x — ) + bou?, u?(xz — 7)) 2 |3* |No
— TypeT7:
*((x —y),u 1 (3% |No
)2, u) 1 |37 |No
)2, u(z — 7)) 2 3% |No
)2, u(x — ) + cou?) 2 |3% |No
)2 + bou?, u(z — 7)) 2 |3% |No
*((x —v)2 + bou?, u(x — v) + cou?) 2 |3% |No
— Type8:
'7)27 ($_7)7u2> 1 36 No

hi(x) =0, ha(x) #0,a =2and 1, = 0: (x—y)*+
bou?),

h(x)=0,h(x) #0,a=2and t, = 1: (x—y)*+
bou*(x—y)),

hi(x) #0,hh(x) =0,a=1and t; = 0: (x—y)+
aopu),

hi(x) # 0, hy(x) =0,a =2 and 1; = 0: ((x—y)*+
aouy),

hi(x) # 0, h(x) =0,a=2and t; = 1: (x—y)*+
apu(x—y)),

hx) # 0,hh(x) #0,a=1landt; = 1, = O
((x—y)+aoutbou?),
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— hi(x) #0,h(x) #0,a =2andt; =t = 0:
((x—y)+agutbou?),
— hi(x) #0, hh(x) #0,a=2,t; = land r, = O:
((x—y)*+aou(x—y)+bou* +b11* (x—y)),
— hi(x) #0,hx) #0,a=2andty) =1 = 1:
((e—y)+aou(x—y)+bou* (x—y)).
x Type 6 (Ce):

— hi(x) =hy(x)=0,a=1and c = 0: (x—y), u?),

— hi(x) = ha(x) =0,a =2 and c = 0: (x—y)?, u?),

— M) = hhix) = 0,a = 2and ¢ = 1: {(x—
Y»P i x=y)),

— hi(x) #0,hh(x)=0,a=1,1; =0and ¢c = 0:
((x—y)+aou, u?),

— hix) #0,h(x)=0,a=2,t1 =0and c = 0:
((x—y)*+aou, u?),

— hi(x) #0,(x)=0,a=2,t1 =land c = O:
((—y)Haoux—y), u?),

— h(x) #0,hh(x)=0,a=2,ty =landc = 1:
((—=p)*+aoux—y), u*(x—y)),

— hix) #0,hhx)#0,a=2,t1 =1,c=1and
tr = 0: (x—y)*+aou(x—y )+bou®, u*(x—y)).

x Type 7 (Cy):

— hi(x) = hp(x) = h3(x) = 0,a = land b = O:
((x=y), u),

— hi(x) = hh(x) = h3(x) = 0,a = 2and b = O:
(=), u),

— hi(x) = hh(x) = h3(x) = 0,a =2and b = 1:
((x=p)?, u(x—y)),

— hi(x) = hy(x) =0, h3(x) # 0,a =2,b =1 and
13 = 0: ((x—y)?, ulx—y)+cou’),

— hi(x) =0, hx) #0,hx)=0,a=2,b=1and
1 = 0: ((x—y) +bou’, u(x—y)),

— hi(x) =0, ha(x) # 0, h3(x) # 0, a =2,b =1,
tr = 0and 13 = 0: ((x—y)*+bou?, u(x—y)+cou?).

x Type 8 (Cs):

— hi(x) = hp(x) = h3(x) = 0,a = 2,b = 1 and
¢ = 0: ((x—p)?, u(x—y), u?).

Example 2: We obtain cyclic codes corresponding to the
unit y = 1. cyclic codes of length 8 over the chain ring R =
Fo+ulfy+u?F, are precisely the ideals of R[x]/ (xS—l).

The following Tables 2, 3, 4, 5, 6 and 7 shows the rep-
resentation of all cyclic codes C of length 8 over the chain
ring Fo+ulF>+u*F, of Type 1, 2 and 3 (of Type 4, of Type 5
{h1(x) = hp(x) = 0, h1(x) = 0 and hp(x) # 0}, of Type 5
{h(x) # 0and hy(x) = 0, hi(x) # 0 and ha(x) # 0},
of Type 6 {hi(x) = ha(x) = 0},0f Type 7 {hi(x) = ha(x) =
h3(x) = 0}, and of Type 8 {h;(x) = hy(x) = h3(x) = 0}
respectively), together with the Hamming distances dy of
such codes and the number of codewords |C| in each of those
cyclic codes. We also give all MDS and non-MDS codes.
In all codes we have h;, a;, b; € {0, 1} and bg = 1.

Example 3: y-constacyclic codes of length 49 over the
chain ring R = F;+uF;+u*F; are precisely the ideals
of R[x]/(x*—y), where y € ({1,2,3,4,5,6). Different
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TABLE 2. Cydlic codes of length 8 over the chain ring F,+uF,+u?F, of
Typel,2 and 3.

[deal (C) dn[C] [MDS
— Typel:

*(0) 0 |1 [No
*(1) 1 224 Yes
— Type?2

*(u?) 1 2% |No
*(u?(z — 1)) 2 |27 |No
*(u?(z — 1)2) 2 |26 | No
*(u?(z — 1)3) 2 |25 |No
*(u?(x —1)%) 2 |2% |No
*(u?(z — 1)°) 4 |22 |No
*(u?(z — 1)5) 4 |22 |No
*(u?(x —1)7) 8 |2 |No
— Type3:

*{u) 1 [2'6|No
*(u(z — 1)) 2 |2 |No
*(u(z —1)2) 2 |22 | No
*(u(z —1)3) 2 |20 No
*(u(z — 1)%) 2 |28 |No
*(u(z — 1)%) 4 |26 |No
*(u(z — 1)6) 4 2% |No
*(u(z —1)7) 8 |22 |No
*(u(z — 1) + u?) 2 |2 | No
*(u(xfl)eru + hiu?(z — 1)) 2 |22 |No
#(u(x — 1) + u2(:1: — 1)) 2 |22 |No
*(u(z — 1) +u? + hiu?(z — 1) + hou? (:): 1)2)|2 |20 No
*(u(z —1)3 +u2(x71)+h1u (x —1)2) 2 |29 No
#(u(x — 1) + u2(:1: ) ) 2 |29 No
w(u(z — 1)* +u? + hiu? (x71)+h3u2(a:71) Y12 [28 |No
s(u(z—D*+u2(z—1)+hiu?(z—1)2+hou(z— |2 |28 |No
1)%)

*(u(z — D* +u(z — 1)2 + hiu?(z —1)3) 2 |28 |No
*(u(z — D* +u?(z — 1) ) 2 |28 |No
*(u(z —1)5 + u? + hyu? (xfl)—l—hgu (x—1)2)|2 2% |No
*§g>(:v 15 +u?(z—1)+h1u?(z—1)2+hou?(z—|2 |27 |No
1

*<;‘f(x 1)5+u?(x—1)2+hiu?(z—1)3+hou?(z— |4 |26 |No
1))

*(u(z — 1% +u?(z — 1)2 + hiu?(z — 1)) 4 |26 |No
*(u(z — 1)° + uQ(a: - 1)4) 4 |26 |No
*(u(z — 1)8 +u? + hyu? (x—l)) 2 |28 |No
*(u(z — D0 +u(z — 1) + hiu?(z — 1)3) 2 |27 |No
*(u(z — 16 +u?(z — 1)2 + hiu?(z — 1)3) 2 |25 |No
*(u(z — D)6 +u?(z — 1)% + hiu?(z — 1)) 4 |25 |No
*(u(z — 16 +u?(z — D)* + hiu?(z — 1)3) 4 |24 |No
*(u(z —1)8 +u2(x—1) ) 4 2% |No
*(u(z — 17 +u?) 2 2% |No
*(u(z —1)7 +u2(x— 1)) 2 |27 |No
*(u(z — 17 +u(z — 1)2) 2 2% |No
w(u(z — D)7 +u(z —1)3) 2 |2% |No
w(u(z — D7 +u(z — 1)) 4 2% |No
*(u(z—1)7+u2(1’—1) ) 4 2% |No
w(u(z — )7 +u?(z — 1)5) 8 |22 |No

generators of the constacyclic codes and their corresponding
conditions to be MDS codes are given as follows:

o Type1(Cy): (0), (1). For these codes the condition for
MBDS code are given by 3 = dy(Cy) and 1 = dy(Cy).
As mentioned in Section IV, the only MDS constacyclic
codes in this case is (1).

o Type2: C; = (uP(x—y)7), where 0 < 7 < 48. The
condition for MDS code is given by t = 3dy(C>)—101.
MBDS constacyclic codes are non-existent in this case.
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TABLE 3. Cyclic codes of length 8 over the chain ring F,+uF,+u?F, of

Type4.
[deal (C) dn[[C[ TMDS
— Type4:
*(u(z — 1), u?) 1 |2 | No
*(u(z — 1)2, u?) 1 |2 | No
*(u(z — 12, u?(x — 1)) 2 | 213 | No
*(u(z — 1)3, u?) 1 |23 | No
*(u(z — 1)3,u?(x — 1)) 2 |22 |No
*(u(z — 1)3, u?(x —1)2) 2 |21 | No
*(u(z — 1)%, u?) 1 |2'2|No
*(u(z — DA u?(x — 1)) 2 |21 | No
*(u(z — DA u?(x —1)2) 2 | 219 No
*(u(z — DA u?(x —1)3) 2 129 |No
*(u(z — 1)%, u?) 1 |2 | No
*(u(z — 1)%,u?(x — 1)) 2 | 219 No
*(u(z — 1)%, u?(x — 1)2) 2 (29 |No
w(u(z — 1)% u?(x —1)3) 2 |28 |No
*(u(z — 1)%, u?(x — 1)4) 2 |27 |No
*(u(z — 1)6, u?) 1 |20 |No
*(u(z — )8, u?(x — 1)) 2 |22 |No
w(u(z — 16, u?(x — 1)2) 2 |28 |No
w(u(z — 18, u?(x —1)3) 2 |27 |No
w(u(z — 16, u?(x — 1)4) 2 |26 |No
w(u(z — )6, u?(x — 1)°) 4 |25 |No
*(u(z — 1)7, u?) 1 2% |No
w(u(z — )7, u?(xz — 1)) 2 |28 |No
w(u(z — D)7, u?(x — 1)2) 2 |27 |No
w(u(z — )7, u?(x —1)3) 2 |26 |No
w(u(z — D)7, u?(x — 1)4) 2 |25 |No
w(u(z — )7, u?(x — 1)3) 4 2% |No
*(u(z — 17, u?(z — 1)5) 4 2% |No
*(u(z — 1)2 +u?,u(z—1 2 213 | No
*(u(z — 1)3 +u?, u?(z — 1)) 2 [212|No
*(u(z — 13 +u? + hu?(z — 1), u?(xz — 1)2) 2 |21 | No
*(u(z —1)3 +u?(x —1),u?(z — 1)?) 2 |2 | No
*(u(z — D?* 4+ 4?2, u?(z — 1)) 2 |2 | No
*(u(z — D* 4+ u? 4+ hu?(z — 1),u?(z — 1)2 2 |20 No
*(u(z — D* +u?(xz — 1), u?(x — 1)?) 2 |29 No
*(u(z — 1)* 4+ w? + hu?(xz — 1) + hou?(z — |2 |29 |[No
1)?,u?(z —1)%)
*(u(z—1)*+u2(z—1)+hiu?(z—1)%,u2(z—1)3) |2 |22 |No
*(u(z — D?* +u?(z — 1)2,u?(x — 1)3) 2 |22 |No
w(u(z — 1)° +u?,u(z — 1)) 2 |29 No
*(u(z — 1)% + w2, u(z — 1)?) 2 |22 |No
w(u(z — 1)° +u?(z — 1), u(z — 1)2) 2 |22 |No
*(u(z—1)%+u2(z—1)+uhy (z—1)%,u2(z—1)3) |2 |28 |No
*(u(z — 1)° +u?(z — 1)2,u?(x — 1)3) 2 |28 |No
*(u(z—1)°+u?(x—1)2+u?hy (x—1)3,u2(z—1)*) |2 |27 |No
*(u(z — 1)° +u?(z — 1)3,u?(z — 1)%) 2 |27 |No
*(u(z — 1)8 + w2, u(z — 1)) 2 |22 |No
*(u(z — 18 +u?(z — 1), u?(z — 1)?) 2 |28 |No
*(u(z — 1)8 +u?(x — 1)2,u?(z — 1)3) 2 |27 |No
*(u(z — 16 +u?(z — 1)3,u2(z — 1)) 2 |26 |No
*(u(z — 1)6 4+ u?(z — D)4, u2(z — 1)%) 4 25 |No

o Type3: C3 = (u(x—y)°4u*(x—y) h(x)), where 0 <
8 < 48,0 <t < 4, either h(x) is 0 or a unit in R,.
The condition for MDS code is given by L = 3dy (C3)—
6—52. No MDS constacyclic code can be obtained in this
case.

e Typed: C4 = (u(x—y )’ +u*(x—y) h(x), u*(x—y)®),
where 0 < w < § < 48,0 <t < w, either h(x) is 0
or a unitin R, . The condition for MDS code is given by
w = 3dy(C4)—5—52. No MDS constacyclic code can be
obtained in this case.
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TABLE 4. Cyclic codes of length 8 over the chain ring ) +uF,+u?F, of

Type5 {hy(x) = hy(x) = 0, h{(x) = 0 and h,(x) # 0}.

[deal (C) dn[1C] TMDS
— Typeb5 {hi(z) = ha(z) = 0, hi(z) = 0 and

ha(z) # 0}:

*((z — 1)) 2 | 221 | Yes
*((x — 1)2) 2 |28 |No
*((z — 1)3) 2 |215|No
*((x — 1)%) 2 |22 |No
*((z — 1)5) 4 |29 |No
*((z — 1)%) 4 |2% |No
#((x —1)7) 8 2% | Yes
*{((z — 1) +u?) 2 221 | Yes
*((x — 1)2 +u? + b1u?(z — 1)) 2 |28 |No
*((x —1)2 +u2(z — 1)) 2 |28 |No
*((x —1)3 + 42 + bru?(x — 1) + bau?(z — 1)2) |2 |2°|No
*{((x —1)% +u?(x — 1) + biu?(z — 1)?) 2 |29 | No
#((x —1)% +u?(z —1)?) 2 215 No
#{((x —1)*+u? +biu?(z —1) + bou?(z —1)24+(2 |2'2|No
byu?(x — 1)3)
*(%x—1)4—|—u2(m—1)+b1u2(m—1)2+b2u2(x— 2 |2'2|No
1))

#((x—1D* +u?(z — 1)2 + bru?(z — 1)3) 2 [212]No
*{((z — 1)* +u?(z — 1)3) 2 |2'2|No
#((x —1)% +u? + bru?(z — 1) + bou?(xz — 1)2) |2 |21 |No
*<:(3x71)5+u2(:tf1)+b1u2(x71)2+b2u2(x7 2 |2'°|No
1)%)

*{S‘x—l)s+u2(x—1)2+b1u2(z—1)3+bzu2(z— 4 129 |No
Y

*((x —1)° + u?(x — 1)3 + bru?(z — 1)%) 4 129 |No
#((x —1)% +u?(z — 1)%) 4 (29 |No
*((x —1)% + u2 + bru?(xz — 1)) 2 |29 |No
*((x —1)8 +u(z — 1) + bru?(z — 1)) 2 {29 |No
#((x—1)8 +u?(z — 1)2 + bru?(z — 1)3) 2 2% |No
#{((x — 1)% +u?(x —1)% + brul(z — 1)) 4 |27 |No
*((z — 1)® +u?(x — 1)* + bru?(z — 1)%) 4 |2% |No
*{((x — 1)® + u?(x — 1)%) 4 |25 |No
*((z — 1)7 +u?) 2 |22 |No
#((x—1)7 +u(z —1)) 2 |28 |No
*((x —1)7 +u2(x — 1)2) 2 |27 |No
#((x —1)7 +u?(x —1)3) 2 |25 |No
#{(z —1)7 +u?(z —1)%) 4 |2° |No
#((x—1)7 +u?(x — 1)) 4 |2* |No
*((x —1)7 +u2(x — 1)%) 8 2% | Yes
e Type5: Cs = ((x—y) 'Hulx—y)" hi(x)+u(x—

¥)2hy(x)), where 1 <a <48,0<1t <a,0<1 <a,
either i1 (x), h2(x) are O or are units in R,. The condition
for MDS code is given by V = 3dy(Cs)—a—U—3 and

all the distinct MDS codes are given by:

(=)
(—y)*),

=y )+bou?),

(=) B+bou (x—y)¥7),
((x—=y)+aou),
((x—y)Haou+bou?),
(=) B+agu(x—y)*),

O O O 0O 0O O ©o

47—t .
(=) Btagu(x—y)"+u? (x—y )2 ZO bi(x—yY),
j=

o

where 0 < 1 < 47, agp,by €
b €{0,1,...,6}.

{1,...,6} and

We present y-constacyclic codes of Type5 {hj(x) =
hy(x) = 0} in Table 8, together with the Hamming
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TABLE 5. Cyclic codes of length 8 over the chain ring ', +uF,+u?F, of

TABLE 6. Cyclic codes of length 8 over the chain ring F,+uF,+u?F, of

Type5 {h{(x) # 0and hy(x) =0, h;(x) # 0 and hy(x) #0}. Type6 and 7.
Ideal (C) dn[[C[ TMDS ideal (C) dn[[C] TMDS
— Type5 {hi(z) # 0and ho(z) = 0, hi(z) # 0 — Type6 {hi(z) = ha(z) =0}
and ha(z) #0 }: *((z —1),u?) 1 |222|No
#((x — 1) 4+ u) 2 | 221 Yes *((z —1)2,u?) 1 |22°|No
*((x—1)% +u+ aru(z — 1)) 2 |28 | No *((z — 1), u?(x — 1)) 2 |29 No
*((x—1)% +u(z — 1)) 2 |28 | No *((x —1)3,u?) 1 |2'® | No
*((x — 1) +u+ aru(z — 1) + agu(z — 1)2) 2 |25 | No *((z — 1)3,u(x — 1)) 2 |27 | No
*((x—1)3 +u(x — 1) + aju(z — 1)?) 2 |25 | No *((z — 1)3,u(z — 1)?) 2 | 216 | No
*((x—1)3 +u(z — 1)2) 2 |25 | No *((z — 1)% u?) 1 |2%6|No
*((x — D* +u+ aju(z — 1) + agu(z — 1)2 +[2 |22 |No *((z — )4 u?(xz — 1)) 2 |25 | No
azu(z — 1)3) *((x — )% u(z — 1)?) 2 |2 No
*((x—D*+u(z—1)+aru(z—1)2+asu(z—1)3) |2 |22 | No *((x — )% u(z — 1)3) 2 | 213 | No
*((x — )% +u(z — 1)2 + aru(z — 1)3) 2 |22 |No *((x —1)5,u?) 1 |2 No
*((x — )% +u(z — 1)3) 2 |22 |No *((x —1)%, u(z — 1)) 2 | 213 | No
*((x —1)% +u+ aru(z — 1) + agu(z — 1)2) 2 | 213 |No *((x —1)%,u(z — 1)?) 2 |22 |No
*((x—1)° +u(z—1)+aru(z—1)2+asu(z—1)3) |2 |21 | No *((x —1)%,u(z — 1)3) 2 |21 | No
*((x—1)>+u(z—1)2+aru(z—1)3+azu(z—1)*) |2 |22 |No *((x —1)%,u2(z — 1)%) 2 [219|No
w((x—1)% +u(z — 1)3 + aju(z — 1)%) 4 |22 |No *((x —1)8,u2) 1 |22 |No
*((x—1)% +u(z — 1)) 4 |22 |No *((x — 1) u(z — 1)) 2 |21 No
*((x—1)8 +u+ aru(z — 1)) 2 |24 No *((x — 1), u(z — 1)?) 2 | 21%| No
*((x— 1) +u(x — 1) + aru(z — 1)?) 2 |22 |No *((x — 1), u(z — 1)3) 2 {22 |No
w((x—1)8 +u(z — 1)2 + aju(z — 1)3) 2 |29 No *((x — 1), u(z — 1)%) 2 2% |No
w((x—1)8 +u(z — 1)3 + aju(z — 1)) 4 |28 |No *((x — 1), u2(z — 1)%) 4 |27 |No
w((x—1)8 +u(z — D* + aju(z — 1)3) 4 |26 |No *((x —1)7,u?) 1 2% No
*((x— 1) +u(z — 1)3) 4 |26 |No *((x —1)7,u(x — 1)) 2 |2° |No
*((x—1)7 +u) 2 |25 | No *((x —1)7 u2(z — 1)?) 2 |28 |No
*((x—1)7 +u(x — 1)) 2 |23 | No *((x —1)7,u(z — 1)3) 2 |27 |No
*((x—1)7 +u(z —1)2) 2 |2 | No *((x —1)7 u(z — 1)%) 2 |25 |No
*((x—1)7 +u(z —1)3) 2 |22 |No *((x —1)7,u2(z — 1)5) 4 |25 |No
*((x—1)7 +u(z — 1)%) 4 |27 |No *((x —1)7,u?(x — 1)) 4 |2* |No
*((x —1)7 + u(z —1)%) 4 |25 |No — Type7 {h1(x) = ha(z) = h3(z) = 0}:
*((x —1)7 + u(z —1)5) 8 |23 |Yes *((x — 1), u) 1 |223|No
*((x— 1) +u+ u?) 2 | 221 Yes *((x —1)2,u) 1 222 |No
*((x —1)? + u+ aju(z — 1) + By) 2 |28 | No *((x —1)2,u(z — 1)) 2 |22%| No
*((x —1)2 +u(z — 1) + By) 2 [218|No *((x —1)3,u) 1 [221|No
*((x —1)3 +u+aju(x — 1) +agu(z —1)2 +B2) |2 |2 | No *((x — 1)3, u(z — 1)) 2 |29 No
*((x —1)3 +u(z — 1) + aru(z — 1)% + Ba) 2 |2 | No *((x — 1)3, u(z — 1)?) 2 |2'7 | No
*((x — 1) +u(z — 1)2 + Ba) 2 |2 | No *((x — 1)%, u) 1 |220|No
*((x — D* + u + aju(z — 1) + agu(z — 1)2 +|2 |22 | No *((x — D)4 u(z — 1)) 2 |28 | No
azu(z — 1) + B3) *((x — )4 u(z —1)2) 2 | 216 | No
*((x— )% +u(z — 1) + aru(z — 1)% + agu(z — |2 |22 | No *((x — )4 u(z — 1)3) 2 |2 | No
1)3 + Bg) #{(z —1)5,u) 1 [219|No
w((x — 1* +u(z — 1)% + aru(z — 1) + Bg) 2 22| No w((z —1)3, ulz — 1)) 2 |27 No
#((z — 1)* +u(z — 1) + Ba) 2 |22 No *((z —1)5,u(z — 1)%) 2 |2'%|No
*((xf1)5+u+a1u(171)+a2u(x71)2+Bg> 2 | 213 |No *((x — 1)5, u(xz — 1)3) 2 213 | No
*((x — 1)5 +u(z — 1) + aru(z — 1)2 + agu(x — |2 211 I No *((x — 1)5, u(z — 1)4> 2 |21 | No
1)3 4 Bs) #{(z —1)6, u) 1 |28 |No
#((z —1)% +u(e —1)® +aru(e — 1) + agu(z — |4 |27 |No #((z — 1)%, u(z — 1)) 2 26| No
1)* +Ba) w((z — 1)8, u(z — 1)2) 2 |24 No
#((¢—1)° +u(z —1)> +aru(z - 1)* +Ba) |4 |27 |No #((z — 1)8, u(z — 1)3) 2 |212|No
#((x —1)° +u(z — 1)* + Ba) 4 |2° #((z — 1)8, u(z — 1)4) 2 219 No
#((x —1)% +u+ aru(z — 1) + B1) 2 |2 No #((z — 1)8,u(z — 1)5) 4 |28 |No
#((x = 1) +u(e — 1) + aru(z — 1) + Bz) 2 |2'%]No w((z —1)7,u) 1 [2'7|No
#((z = 1)° +u(z - 1) +aru(z — 1) +Bz) |2 |2!9No w{(z —1)7, u(z — 1)) 2 |25 | No
#((z = 1)° +u(e —1)° +aru(z —1)* +Ba) |4 |2° |No w((z —1)7, u(z — 1)2) 2 213 | No
#((z = 1)° +u(e —1)? +aru(z —1)° +Bs) |4 |2% |No #((z —1)7, u(z — 1)3) 2 |2 | No
#((z —1)% +u(z —1)° + Bs) 4 2% |No w{(z —1)7, u(z — 1)4) 2 29 |No
#((z =17 +u+wu?) 2 |2'%No #((z —1)7, u(z — 1)5) 4 27 |No
#((z —1)7 +u(z — 1) +B1) 2 |2'3 ] No #((z —1)7, u(z — 1)6) 4 25 |No
#{(w — 1):+u(z— 1)? + Bg) 2 |2 No
* — —1)3 9
*EE: _ 87 i Zg _ 34 i Ei; i 37 mz distances dy of such codes and the number of codewords
*((x —1)7 +u(z —1)° + Bs) 4 25 |No |C] in each of those constacyclic codes. We also give all
(@ =17 +ul@—1)° + ?6> 8 |27 |Yes MDS and non-MDS codes.
where B; = u2(z — 1) 3" bj(z — 1)7 e Type6: Cs = ((x—p) "+ulx—y) 1 hy (x)+ut(x—
=0 Y)2hy(x), u*(x—y)°), where 0 < ¢ < a < 48,0 <
and 0 < t2 < i i < a 0 < tp < c, either hy(x), ha(x) are O or are
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TABLE 7. Cyclic codes of length 8 over the chain ring F,+uF,+u?F, of

Type8 {hy (x) = hy(x) = h3(x) = 0}.

TABLE 8. y-constacyclic codes of length 49 over the chain ring

Fy+uF;+u?F; of Type5 {h; (x) = hy(x) = 0}.

units in R,,. The condition for MDS code is given by
¢ = 3dy(Ce)—a—U—-3. No MDS constacyclic code can

be obtained in this case.

o« Type7: C; =

VOLUME 9, 2021

(=) u(x—y ) hy (0)+u* (x—
Y)2ha(x), u(x—y)P+u?(x—y)B3h3(x)), where 0 < b <
a <48,0 <ty < b,0 <th < b,0 <13 < b,
either A1 (x), ha(x), h3(x) are O or are units in R,,. The

Ideal (C) dn[[C] TMDS ideal (C) dn[1C] [MDS
— Type8 {hi(x) = ha(x) = hs(z) — Typeb {hi(z) = ha(z) = 0}:

*<("E - 1)2,u(x - 1)7u2> 1 |22 No *<($ - '7)> 2 | 714 | Yes
*((x —1)3, u(z — 1), u?) 1 [22%|No #((z —7)?) 2 | 7M1 INo
K@ = 1% ulz — 1)2,u%) 1 (22N #{(z = 7)%) 2 |71 No
*((x —1)3, u(z — 1)2, u?(x — 18 | No *((z —

*EE{L' - 847uga: — B ;L2>( v ? 319 mo *égx — 13‘% g ;32 mg
*((z — 1)47u(a: - 1)’2 u?) 1 |28 |No *((z —7)6) 2 | 7129 | No
(@ — Dt ulz — 12 u(z — 1)) 2 |27 | No {(z—7)7) 2 |7126 [ No
*((x — )% u(z — 1)3,u?) 1 |27 | No *{(z —7)%) 3 | 7123 | No
#((z — 1)i,U(fv —1)3,4?(z - 1)) 2 2% No #((@ — 7)?()) 3 71?‘; No
*((z — u(z — 1)3, u?(x — 1)2 15 | No *((z — N
*2%90785:&9@737;%( 1) > ? 313 mo *ggw_zglli g ;114 NZ
*((x —1)5, u(z — 1)2,u?) 1 |27 | No #{(z —~)1?) 3 |71 [ No
(@ — 19, ulz — 12 u(z — 1)) 2 |26 | No {(z —7)13) 3|78 [ No
#{(z — 1), u(z — 1)3,u?) 1 [218 | No #((z — 7)) 3| 719 | No
w{(z —1)%, u(z — 1)§,uz(x - 1); 2 212 No *((z — 7)1? 4 7;32 No
*((x —1)%, u(x — u?(z — 1 *{(x — 4 |7 No
1 L P Tlasine | |HGo o sl (e
#((x — 13, u(a — 1), u(z — 1)) 2 {24 | No #((z —7)1%) 4 |7 |No
w((x —1)5, u(z — )4, u2(z — 1)2) 2 |23 |No #{(z —)'9) 4 |7 |No
(@ — 1% u(@ — )%, u?(@ —1)%) 2 {22 No *((@ —7)2%) 4|7 mo
*((x — u(x — u *((x — 4 |7 o
*EECE - BG’UEx — Bé u%) } 316 mg *EE’E — 1;22; 5 | 781 | No
#{(z = 1S, u(z — 1)2,u?(z — 1)) 2 {25 | No +{(z — 7)) 5 |7 |No
(& — 10, u(z — 1), u?) 1 |25 | No *{(w — 7)) 5|77 [No
#((z — 1)2,u(x - 1)2,uz(oc -1) 2 21;1) No *ggz - wgzzi g ;;; “o
IR S P S T 1o | ne - 5 7% |No
#((z = 1% u(z = H)*,w?(z — 1)) 2 |23 | No *((z —7)?8) 5 |75 |No
*((z - )% ue - D% u?(z - 1)) 2 |2!2No ng - ”ﬁi; 6 |Ter |No
R M Sl T 1o |ne (o — 1)) 6 |7 |No
#((z = 1)5, u(z — 1)5,u?(z — 1)) 2 22| No #((z —7)%) 6 |75 |No
#((z = 1)5, u(z — 1)5,u?(z — 1)2) 2 |21 No *((z —7)%) 6 | 7% |No
{(z = 1)8, u(z — 1)%, u?(z — 1)) 2 |29 No *égx - vgggi 2 ;i; mo
#((z —1)% u(z — 1)%,u?(z — 1)4 9 *((z — o
A M A TN W — 7)) 7 17 [No
#{(z = 17, ulz — 1)2,u2) 1215 | No #{(z = 7)) 7 7% | No
“{(z = D)7 ulz — 12 u2(z 1) 2 (21| No #{(z )% 7 [73 | No
#{(z = 1), u(z — 1)3,u?) 1|21 [ No #{(z — 7)) 7 730 |No
w{(z — )7 ule — 1% u(z - 1) 2 213 No #((z — 7)) 7 |7 |No
Wz — )7 ulz — 1% u2(x — 1)2) 2 212 No *((z — 7)) 7 [7* |No
*((x — 1)7:u(33 — 1)4:u2) 1 |23 |No *((z — '7)4,2> 7 |7 | No
#{(@ = )T u(e = 1) u?(z - 1)) 2 212 No #{(@ = 7)) 141785 |No
*((x — 1):,u(a: - D4 ud(z —1)%) 2 |21 | No *égx - vgigi ;1; ;12 mo
*((x — w(z — 14, w2 (x —1)3 10 | No «((z — o
N S e S T 22| N W — ) 357 |No
(= D)7 uz — 195, u?(z — 1)) 2 |21 | No *((@ = 7)) 2|7 |No
#{(z —1)7, u(z — 1)5, u(z — 1)2) 2 |29 No *((z —~)*8) 49]7% | Yes
*((x — 1), u(z — 1)5,u2(z — 1)3) 2 29 |No

#{(z —1)7,u(z — 1)% u?(z — 1)%) 2 |28 |No condition for MDS code is given by W = 3dy (C7)—b—
*((z =17 u(e = 1)% u?) 1|21 No a—3. No MDS constacyclic code can be obtained in this
*EEI - B:ugl« - BZ uzgz - B% ; 3;0 mo case.

#{(e = 1), u(z — 1)8, u3(z — 1)) 2 {28 |No e Type8: Cg = ((x—y) +ulx—y ) (x)+ud(x—
#((z — 1);&(27 - 1)27 uz(z - 1):) 2 22 No Y)2hy(x), u(x—y)P4+u*(x—y)3h3(x), u*(x—y)°), where
K@= Dhul@—1)%u’(@ = 1)%) 4 [2° [No 0<c<b<a<48,0<1t <b0<t <c

0 < 13 < c, either hi(x), ho(x), h3(x) are O or are
units in R,,. The condition for MDS code is given by
¢ = 3dy(Cg)—b—a—3. No MDS constacyclic code can

be obtained in this case.

VI. CONCLUSION AND FUTURE WORK

Let p be a prime, s, m be positive integers, and let R =
Fpmlul/ (u?) be the finite commutative chain ring with unity.
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Let y be an any nonzero element of the finite field Fym. It is
well known that the y-constacyclic codes of length p® over R
are ideals of the ring R[x]/ (xP’ —y) which is a local ring with
the maximal ideal (u, x—yp), but it is not a chain ring.
Determining the Hamming distances of constacyclic codes
and obtaining MDS constacyclic codes are very important
in coding theory. Motivated by this, in this research arti-
cle, we completed the problem of determining the Ham-
ming distances of all y-constacyclic codes by study their
classifications of 8 types. Using these distances, we then
obtain all MDS codes among such codes. We also give
some examples in which we discuss the parameters of some
MDS constacyclic codes for different values of p and s
in Tables 1, 2, 3, 4,5, 6,7 and 8.

For future work, it would be interesting to determine
the symbol-pair distances of y-constacyclic codes of length
of length p® over R, and to determine MDS symbol-pair
y-constacyclic codes of length p* over k.
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