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ABSTRACT Utilizing the densely deployed light-emitting diodes (LEDs) as transmitters, multiple-input-
single-output (MISO) becomes an attractive technique to improve the transmission throughput of light-
fidelity (LiFi) systems. To fully exploit the benefits of joint transmission of multiple LEDs, beamforming
techniques are usually employed to improve the downlink throughput, which requires the knowledge of
channel state information (CSI) at transmitter. Since frequent CSI feedback leads to heavy overhead, the opti-
mization of feedback interval, defined as the time period between two adjacent feedbacks, is investigated
in this paper, which aims at maximizing the weighted bidirectional transmission throughput. Additionally,
a quasi-optimal solution is calculated as a well approximation of the exact optimal solution in order to reduce
the computational complexity. Simulation results show that, the proposed feedback interval optimization
is capable of improving the weighted bidirectional throughput considerably thanks to the reduced CSI
feedback overhead, compared with its conventional counterparts using classical feedback mechanisms.
Besides, by employing the obtained quasi-optimal feedback interval, the weighted bidirectional throughput
approaches that of the optimal interval with much lower computational complexity.

INDEX TERMS Light-fidelity, channel state information, feedback interval, multiple-input single-output,
optical wireless communication.

I. INTRODUCTION
To cope with the ever increasing data traffic, optical wireless
communication (OWC) has received much attention from
both academia and industrial field as a promising comple-
ment to radio frequency (RF) communications, due to its
advantages of abundant unregulated spectrum, high spatial
reuse, data security, etc [1]–[3]. Light-fidelity (LiFi) is one
of the representatives of OWC technologies, which enables
networked and bidirectional wireless links and is usually used
to connect fixed and mobile devices at high data rates [4].
Typically, light-emitting diodes (LEDs) are densely deployed
indoor in order to provide adequate illumination, which can
be naturally exploited to realize LiFi systems [5].

In LiFi systems, visible light communication (VLC)
is employed for downlink communication, whilst the
infrared (IR) spectrum is utilized in the uplink to avoid
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the cross-interference with the downlink [6]. In downlink
transmission, multiple-input single-output (MISO) technique
is widely employed to improve the transmission throughput
[5], [7]. To attain the performance gain of joint transmis-
sion of multiple LEDs, beamforming techniques are usually
employed, which requires the accuracy and timeliness of
channel state information (CSI) at transmitter [8], [9]. Since
different frequency bands are occupied in the downlink and
uplink, respectively, the channel reciprocity is not satisfied.
Therefore, feedback is required after downlink channel esti-
mation to ensure the knowledge of CSI at transmitter, which
however causes inevitable degradation of the uplink through-
put. The resultant overhead for unlink transmission increases
with the required accuracy and timeliness of CSI, as well
as the number of used LEDs in the MISO systems [10].
Therefore, a number of studies have been carried out to save
resources allocated to CSI feedback while maintaining the
system performance.
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FIGURE 1. A typical layout of LEDs and PDs. The orange points are LEDs,
the green points are PDs, and the blue rectangle is the moving UE.

A one-bit feedback scheme was proposed in [11], where
the access point (AP) gets only one-bit feedback indicat-
ing whether the distance between the user equipment (UE)
and itself exceeds a predefined threshold. In [12], a two-bit
feedback scheme, where two thresholds are set for both the
distance and the vertical angle, was proposed to improve the
effectiveness of CSI feedback. However, the aforementioned
limited-content feedback schemes always require complex
algorithms to find the optimal threshold [13], [14].

On the other hand, it is evident that the OWC channels
mainly depend on the relative location between the transmit-
ters and receivers [15]. As a result, OWC channels change
slowly when UEs are moving at low speed, and thus the
overhead of CSI feedback can be further reduced by adjusting
the frequency of feedback in aligned with the UE velocity.
To the best of our knowledge, so far only limited litera-
ture focuses on reducing the CSI feedback frequency whilst
maintaining the downlink throughput at an acceptable level.
In [16], an optimal CSI feedback interval, defined as the
time period between two adjacent feedbacks, was derived
for single-input single-output (SISO) LiFi systems, where the
multi-LED case was not considered.

To this end, this paper investigates the optimization of
the CSI feedback interval for MISO LiFi systems, which is
firstly formulated as a maximization problem of the weighted
bidirectional throughput. Then, a closed-form quasi-optimal
solution of the feedback interval is derived, which is demon-
strated via simulations to approach the optimal solution. Sim-
ulation results also show that, by employing the proposed
quasi-optimal feedback interval, the weighted bidirectional
throughout can be improved significantly due to the reduced
CSI feedback overhead, compared with the conventional
feedback schemes.

II. SYSTEM DESCRIPTION
An indoor LiFi system is considered, where visible light
and infrared band are utilized for downlink and uplink

transmissions, respectively. As shown in Fig. 1, LEDs are
densely deployed in a grid on the ceiling, as the optical trans-
mitters for downlink data transfer. On the other hand, several
PDs are also deployed on the ceiling to receive the uplink
information. These LEDs and PDs are assumed to be oriented
vertically downwards, both of which are connected with the
central controller through powerline communications (PLC)
for instance [17].

Moreover, for the UEs on the floor, their movement is
assumed to follow the random waypoint (RWP) model [18],
where the velocity and moving direction are assumed to be
constant in a short period of time. Different UEs might avoid
interference by a Time-Division-Multiple-Access (TDMA)
scheme proposed in [19]. Besides, each UE is restricted to
be served by the nearest k ceiling LEDs in downlink trans-
mission, and would merely connect to the nearest ceiling PD
for uplink transmission.

A two-dimensional coordinate system is introduced to
describe the relative position between the ceiling transceiv-
ing components and the UE. The UE location at time t0 is
assumed to be (x0, y0). After passing a sufficiently short time
period1t , by denoting the UE velocity and moving direction
as v and θ , respectively, the distance between the UE and
the ith (i = 1, 2, . . . , k) ceiling LED serving the UE at time
t = t0 +1t , can be derived as

di(t) = (r2i (t)+ z
2)

1
2

= (r2i (t0)+ v
21t2 − 2ri(t0)v1t cos θi + z2)

1
2 , (1)

where z is the height of the ceiling, and ri(t) is the horizontal
distance between the UE and the ith ceiling LED at time t .
Besides, θi = θ − tan−1 y0−yi

x0−xi
, and (xi, yi) is the coordinate of

the ith LED.
Similarly, the distance between the UE and the ceiling PD

at time t can be derived as

du(t) = (r2u (t)+ z
2)

1
2

= (r2u (t0)+ v
21t2 − 2ru(t0)v1t cos θu + z2)

1
2 , (2)

where ru(t) is the horizontal distance between the UE and
the ceiling PD at time t . Besides, θu = θ − tan−1 y0−yu

x0−xu
, and

(xu, yu) is the coordinate of the PD.

A. SYSTEM MODEL FOR LiFi MISO SYSTEMS
In downlink transmission, the input binary bits are firstly
mapped to the data symbol x(t) by the modulator. Then,
based on the real-valued beamforming vector w(t) =
[w1(t),w2(t), . . . ,wk (t)], the central controller determines
the power allocation strategy of the nearest k LED trans-
mitters, which are chosen to serve the UE. Finally x(t) is
transmitted by these k LEDs to the UE, with the electrical
power of the ith LED asw2

i (t), converting the electrical signal
into intensity modulated optical signal. By such arrangement,
the received signal y(t) can be formulated as

y(t) = hdT (t)w(t)x(t)+ n(t), (3)
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FIGURE 2. The diagram of uplink transmission with CSI feedback
mechanism in the MISO LiFi systems.

where hd(t) = [hd,1(t), hd,2(t), . . . , hd,k (t)] is the 1 × k
channel fading vector corresponding to the k LEDs, and n(t)
denotes the noise component. For brevity, time variable ‘‘(t)’’
is omitted in the notations of this section.

The beamforming vector w can be flexibly designed fol-
lowing different criterions according to the feedback of the
downlink CSI. For instance, given the sum of the k LEDs’
electrical power Pd = |w|2, the received signal power reaches
its maximum when w is assigned as

w =
√
Pd

ĥd
|ĥd|

, (4)

where ĥd denotes the estimated CSI and |ĥd| is its
Euclidean norm. If the feedback of estimated CSI is accurate,
i.e., ĥd = hd, the maximal downlink throughput can be
obtained by (4) under the electrical power constraint.

Since the knowledge of downlink CSI is required at the
central controller for beamforming operations, the downlink
channel should be estimated at the UE, and sent back to
the ceiling during uplink transmission periodically, as shown
in Fig. 2. The CSI feedback of length tfb is performed every
feedback interval tu, which equivalently contains N consec-
utive data frames of length tfr, yielding tu = Ntfr. Here we
suppose that the beginning of one feedback interval is t = t0,
then the next feedback interval begins at t = t0+ tu. Based on
the updated CSI, the beamforming vector w, i.e., the power
allocation of ceiling LEDs, is re-calculated at the central
controller, which is applied for downlink transmission in the
next feedback interval.

B. CHANNEL MODEL
The channel gain between the ith ceiling LED and the UE
consists of line of sight (LOS) and non-line of sight (NLOS)
components. Since the LOS channel gain is usually much
larger than the NLOS channel gain [20], only the LOS chan-
nel gain is considered in the optimization of the feedback
interval. Specifically, the LOS channel gain between the
ith LED and the UE can be calculated as [21]

hLoS,i = gf
(m+ 1)A

2πd2i
cosm(φi)g(ψi) cos(ψi), (5)

where A, di, φi and ψi are the physical area of the detec-
tor, the distance between the ith ceiling LED and the UE,
the radiance angle and the incidence angle, respectively. g(ψi)
is the optical concentrator gain, which equals ς2/ sin29c
for 0 ≤ ψi ≤ 9c, and equals 0 for ψi > 9c, where
9c is the field of view (FOV) of the receiver and ς is the

refractive index. In addition, m is the order of Lambertian
emission and gf is the optical filter gain. It should be noted
that the aforementioned channel model is similar with that of
IR spectrum for the uplink transmission, whose description is
omitted here for brevity [22].

Supposing that all the receivers and transmitters are ori-
ented vertically, then cosψi = cosφi = z/di can be substi-
tuted in (5), where z is the height of the ceiling. Therefore,
we have

hLoS,i = G0/d
m+3
i , 0 ≤ ψi ≤ 9c, (6)

where G0 = gf
(m+1)A

2π sin2 9c
zm+1ς2.

In addition, the PD responsivity ρPD is considered at the
receiver end, and the downlink channel fading vector hd can
be expressed as

hd = ρPD[hLoS,1, hLoS,2, . . . , hLoS,k ]. (7)

Similarly, the uplink channel fading coefficient hu can be
obtained by

hu = ρPDhLoS,u, (8)

where hLoS,u is the uplink LOS channel gain.

III. FEEDBACK INTERVAL OPTIMIZATION
To reduce the overhead of CSI feedback, whilst maintaining
the downlink performance at an acceptable level, the opti-
mization of the feedback interval is demonstrated in this
section, which is formulated as a maximization problem of
the weighted bidirectional throughput. Moreover, a closed-
form quasi-optimal solution is proposed in order to reduce
the computational complexity.

A. PROBLEM FORMULATION
In the LiFi system mentioned in Section II, if the feedback
interval is too long, the UE location may change considerably
within the feedback interval. As a result, the CSI knowledge
at the central controller will become outdated, leading to the
loss of the beamforming gain. On the contrary, if the feedback
interval is too short, the downlink performance will increase.
However, the uplink transmission would be degraded due
to the heavy overhead of CSI feedback. To reach a desir-
able trade-off between the performances of downlink and
uplink transmissions, we use the weighted average bidirec-
tional throughput, considering the throughput of both links,
as the optimization objective function to find the appropriate
value of tu [23]. The corresponding maximization problem is
formulated as

max
tu

Ex0,y0,θ [wdRd(tu)+ wuRu(tu)]

s.t. tfb < tu, (9)

where wd and wu are the weights of downlink and uplink
channels throughput, respectively, and Ex0,y0,θ [·] denotes the
expectation operation on the initial location of UE (x0, y0) and
the moving direction θ . In addition, Rd(tu) and Ru(tu) are the
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average downlink and uplink throughput, respectively, which
are expressed as

Rd(tu) =
1
tu

∫ t0+tu

t0
Rd(t)dt, (10)

Ru(tu) =
1
tu

∫ t0+tu

t0
Ru(t)dt, (11)

where Rd(t) and Ru(t) are the uplink and downlink through-
put, respectively. It should be noted that, the feedback interval
tu should be larger than the feedback duration tfb, which
is considered as a restraint condition in the maximization
problem.

In consideration of the feedback overhead, the uplink
throughput at time t can be calculated as [24]

Ru(t) = (1−
tfb
tu
)Bu log2(1+ γu(t)), (12)

where Bu is the uplink bandwidth and γu(t) is the SINR at the
ceiling PD at time t given by

γu(t) =
h2u(t)Pu
N0Bu

, (13)

where Pu is the transmitted power for uplink, hu(t) is the
uplink channel fading coefficient at time t , and N0 is the
power spectral density of the noise. By substituting hu(t)
with (8), (13) can be expressed as

γu(t) =
(ρPDG0)2Pu

(r2u (t)+ z2)m+3N0Bu
. (14)

On the other hand, the downlink throughput can be
formulated as

Rd(t) = Bd log2(1+ γd(t)), (15)

where Bd is the downlink bandwidth and γd(t) is the SINR at
the UE at time t given by

γd(t) =
(
∑k

i=1 wihd,i(t))
2

N0Bd
, (16)

where wi is the ith element of the beamforming vector,
hd,i(t) is the downlink channel fading coefficient between the
ith ceiling LED and the UE at time t . After substituting hd,i(t)
given in (7), the SINR γd at time t can be given by

γd(t) =
ρ2PDG

2
0(

∑k
i=1 wi(r

2
i (t)+ z

2)
−(m+3)

2 )2

N0Bd
. (17)

The beamforming vector w during a feedback interval can
be determined given the CSI feedback ĥd(t0) from the UE,
namely the channel fading coefficient at time t0. Accordingly,
the downlink throughput at time t during a feedback interval
can be calculated using (15).

B. QUASI-OPTIMAL SOLUTION AND ANALYSIS
Obviously, the optimization problem of the CSI feedback
interval can be addressed accurately by exhaustive search,
which, however, involves high computational complexity.
Therefore, a closed-form quasi-optimal solution is given,
which makes the proposed feedback scheme practical for
the central controller. Furthermore, performance analysis is
carried out based on the obtained expression of the quasi-
optimal feedback interval.

Because of the linearity of the expectation operation and
the differentiability of the functions Rd(tu) and Ru(tu) in terms
of tu, the maximization problem (9) can be addressed by
solving the following equation as

wdEx0,y0,θ [
∂Rd(tu)
∂tu

]+ wuEx0,y0,θ [
∂Ru(tu)
∂tu

] = 0, (18)

where the ∂Rd(tu)
∂tu

and ∂Ru(tu)
∂tu

are the partial derivatives of
the average downlink throughput and uplink throughput,
respectively.

To simplify the derivation of the quasi-optimal solution,
we assume that the UE moves along a straight line from the
initial location (x0,y0) with the moving direction θ chosen
randomly within (0, 2π ). Under this assumption, based on the
derivations in Appendix, (18) can be simplified as

2(m+ 3)v2

3 ln 2
(wuBuC2 + wdBdC1)t3u − wuBuC3tfb = 0, (19)

where the parameters C1, C2 and C3 are formulated as

C1 =

k∑
i=1

Ex0,y0,θ [
w2
i

|w|2
(z2 + (ri(t0) sin θi)2)2

(z2 + ri(t0)2)3
], (20)

C2 = Ex0,y0,θ [
(z2 + (ru(t0) sin θu)2)2

(z2 + ru(t0)2)3
], (21)

C3 = Ex0,y0[log2(
Gu

(z2 + ru(t0)2)m+3
)]. (22)

Hereby we have Gu =
(ρPDG0)2Pu

N0Bu
.

By solving (19), the solution of (18) can be
approximated as

t̃u ≈ (
3 ln 2

2(m+3)wuButfbC3

wdBdC1v2 + wuBuC2v2
)
1
3 , (23)

which is referred to as the quasi-optimal solution of the
feedback interval.

As it can be seen from (23), the optimal feedback interval
is proportional to v−

2
3 , which can be explained as follows.

When the UE kept unchanged or moves slowly, i.e., the value
of v approaches 0, the frequency of the CSI feedback is low
since the downlink channel keeps invariant; on the contrary,
the frequent CSI feedback is required in order to catch upwith
the faster temporal variations of the downlink channel.

Moreover, t̃u is also proportional to (tfb)
1
3 , which provides

guidelines to set appropriate feedback interval. As the feed-
back duration becomes longer, the frequency of CSI feedback
needs to be decreased to reduce the overhead of the feedback.

136814 VOLUME 9, 2021



F. Zhang et al.: Feedback Interval Optimization for MISO LiFi Systems

TABLE 1. Simulation parameters.

On the contrary, more frequent feedback can be applied for
timely CSI updates when the feedback duration is short.

It is evident that the obtained optimal feedback interval
is affected by the weighted parameters wd and wu, which
depends on the specific requirements of the LiFi network.
For instance, if the downlink throughput is more emphasized
than its uplink counterpart, then wd/wu will be set larger
(wd > wu), leading to increased frequency of CSI feedback
according to (19), and vice versa.

IV. NUMERICAL RESULTS
In this section, simulations are provided to validate the
proposed feedback interval optimization scheme and the
quasi-optimal solution obtained by the proposed closed-form
expression. Firstly, the proposed quasi-optimal solution of
the feedback interval is compared with the corresponding
optimal solution obtained by exhaustive search. Afterwards,
the performance of the proposed feedback interval optimiza-
tion scheme is evaluated in terms of the bidirectional through-
put and the CSI feedback overhead in comparison with its
conventional counterparts.

Three benchmarks are considered in simulations, that is,
the scheme without CSI feedback, the scheme with fixed CSI
feedback interval proposed in [25], and the scheme proposed
in [11] with only one bit feedback which indicates whether
the distance exceeds a threshold. For clarification, these
schemes are denoted as no-feedback scheme, fixed-feedback
scheme and one-bit scheme. For fixed-feedback scheme and
one-bit scheme, the fixed feedback interval is 10ms and the
threshold of one-bit scheme is the optimal threshold obtained
by exhaustive search.

In simulations, the beamforming designed in (4) is
employed. Specifically, the expression of w in (4) is substi-
tuted into (20), yielding

C1 =

k∑
i=1

Ex0,y0,θ [
Si
S
(z2 + (ri(t0) sin θi)2)2

(z2 + ri(t0)2)3
], (24)

FIGURE 3. Comparison between the optimal solution and quasi-optimal
solution.

FIGURE 4. The weighted bidirectional throughput comparison when
wd = 0.1 and wu = 0.9.

where Si = (r2i (t0) + z2)−(m+3), S =
∑k

i=1 Si. Other simu-
lation parameters are listed in Table 1 [16]. The velocity of
the UE is assumed to range from 0 to 2m/s according to the
study of adults’ walking speed [26]. Besides, the mobility
of the UE is simulated using the RWP model in [18], and
the bits for velocity feedback is relatively small in uplink
transmission [24].

Figure 3 compares the proposed quasi-optimal solution of
the feedback interval with the corresponding optimal solution
obtained by exhaustive search. It is shown that the proposed
quasi-optimal solution of the feedback interval fits well the
actual optimal counterpart, which validates of our derivations.
In addition, the optimal feedback interval decreases when
the UE velocity and the value of wd

wu
increases, which is in

aligned with the analysis in Section III-B. However, to find
the optimal feedback interval for different UE velocities,
the exhaustive search involves 104 times of simulations for
each fixed tu and each simulation involves the throughput
integral with t going from t0 to t0 + tu, which results in high
computational complexity. On the contrary, the quasi-optimal
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FIGURE 5. CSI feedback overhead comparison between the proposed
scheme and one-bit scheme.

solution can be computed easily by the proposed closed-form
expression in (23). Therefore, the central controller can react
to the variation of UE velocity in time.

Figure 4 shows the weighted bidirectional throughput com-
parison between the proposed scheme of feedback inter-
val optimization and three conventional benchmarks. In the
fixed-feedback scheme, the feedback interval is always 10ms
regardless of the UE velocity. As a result, constant feedback
overhead is required even during low-speed movements of
the UE, leading to unnecessary degradation of the uplink
throughput. On the contrary, limited CSI feedback in one-bit
scheme results in the degradation of the downlink through-
put, and in the no-feedback scheme, the weighted bidirec-
tional throughput decreases obviously as the velocity of UE
increases due to the absence of CSI feedback. It can be
seen that the proposed scheme with quasi-optimal solution
outperforms all of the aforementioned schemes and is capable
of approaching the optimal solution.

Figure 5 presents the feedback overhead comparison
between the proposed scheme with quasi-optimal solution
and one-bit scheme. The feedback overhead is defined as
the uplink data rate occupied for CSI feedback. Whereas,
in the proposed scheme, β bits are used to feedback CSI hd,i
(i = 1, 2, . . . , k). It is shown that the feedback overhead of
the proposed scheme is lower than one-bit scheme when the
UE moves slowly. Besides, when wd

wu
< 2.1, the feedback

overhead of the proposed scheme keeps lower than that of
one-bit scheme in the range 0 < v < 2. Therefore, merely by
reducing the content of CSI feedback, the overhead cannot
be reduced to the lowest while maintaining the downlink
performance. In our future work, wewould like to incorporate
content-limited schemes with the proposed schemes.

V. CONCLUSION AND FUTURE PROSPECTS
In this paper, the optimization of CSI feedback interval
is investigated for MISO LiFi systems, which is flexi-
bly adjusted with respect to the UE velocity, in order to
reduce the feedback overhead. More specifically, the optimal
CSI feedback interval is firstly calculated as a function of
the UE velocity, by maximizing the weighted bidirectional

throughput. After that, a closed-form quasi-optimal solu-
tion of the feedback interval is derived in order to reduce
the computational complexity, making the proposed scheme
more suitable for practical implementations. This closed-
form expression, which is validated by simulation results,
also reveals how critical parameters affect the optimal value
of the feedback interval. The weighted throughput of the
proposed methodology outperforms three traditional bench-
marks and consumes less CSI feedback overhead than one-bit
scheme when the UE moves slowly or wd

wu
is relatively small.

APPENDIX
DERIVATION OF (19)
To simplify the left side of the equation (18), it is neces-
sary to calculate the partial derivative of the average uplink
throughput ∂Ru(tu)

∂tu
and downlink throughput ∂Rd(tu)

∂tu
. Without

loss of generality, t0 = 0 is assumed in this section. In [16],
two useful lemmas are proved, which are given here without
proving for brevity.
Lemma 1: Consider the function

f (tu) =
1
tu

∫ tu

0
B log2(

G
(r2(t)+ z2)m+3

)dt, (25)

where r2(t) = r2(0) + v2t2 − 2r(0)vt cos θ , vtu � h, and
B,G > 0 are both constants. By using the derivation rules
and Taylor expansion, the following approximation can be
derived

∂f (tu)
∂tu

≈
−2(m+ 3)Bv2(z2 + r2(0) sin2 θ )2tu

3 ln 2(z2 + r2(0))3
. (26)

Lemma 2: Consider the function

g(tu) =
1
t2u

∫ tu

0
B log2(

G
(r2(t)+ z2)m+3

)dt, (27)

where r2(t) = r2(0) + v2t2 − 2r(0)vt cos θ , vtu � h, and
B,G > 0 are both constants. By using the derivation rules
and Taylor expansion, the following approximation can be
derived

∂g(tu)
∂tu

≈
B
t2u

log2(
G

(r2(0)+ z2)m+3
). (28)

The average uplink throughput Ru(tu), which is given
by (10), can be approximated as

Ru(tu) ≈
Bu
tu

∫ tu

0
log2(1+

Gu

(r2u (t)+ z2)m+3
)dt

−
tfbBu
t2u

∫ tu

0
log2(1+

Gu

(r2u (t)+ z2)m+3
)dt, (29)

where Gu =
(ρPDG0)2Pu

N0Bu
. Based on the aforementioned lem-

mas, the partial derivative of the average uplink throughput
can be obtained as

∂Ru(tu)
∂tu

≈
−2(m+ 3)Buv2(z2 + r2u (0) sin

2 θu)2tu
3 ln 2(z2 + r2u (0))3

+
Butfb
t2u

log2(
Gu

(r2u (0)+ z2)m+3
). (30)
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The average downlink throughput Rd(tu), which is given
by (11), can be approximated as

Rd (tu) =
Bd
tu

∫ tu

0
log2(1+ Gd (

k∑
wi 6=0

widi(t)−(m+3))2)dt

≈
Bd
tu

∫ tu

0
(log2 Gd + 2 log2(

k∑
wi 6=0

w2
i

|w|2
Gi

di(t)m+3
)dt

= Cd +
2Bd
tu

∫ tu

0
log2(

k∑
wi 6=0

w2
i

|w|2
Gi

di(t)m+3
)dt (31)

where Gd =
ρ2PDG

2
0

N0Bd
, Gi =

|w|2
wi

and Cd = Bd log2 Gd.
According to Jensen’s Inequality, the following inequality

can be derived

log2(
k∑
i=1

w2
i

|w|2
Gi

di(t)m+3
) ≥

k∑
i=1

w2
i

|w|2
log2(

Gi
di(t)m+3

). (32)

Therefore, the average downlink throughput can be
approximated by its lower bound as

Rd(tu) ≈
Bd
tu

k∑
i=1

w2
i

|w|2

∫ tu

0
log2(

G2
i

di(t)2m+6
)dt + Cd. (33)

According to Lemma 1, the partial derivative of the average
uplink throughput can be obtained as

∂Rd(tu)
∂tu

≈
−2(m+ 3)Bdv2tu

3 ln 2

k∑
i=1

w2
i

|w|2
(z2 + r2i (0) sin

2 θi)2

(z2 + r2i (0))
3

.

(34)

Finally, by substituting ∂Ru(tu)
∂tu

and ∂Rd(tu)
∂tu

by (30) and (34),
the following equation can be derived

2(m+ 3)v2

3 ln 2
(wuBuC2 + wdBdC1)tu − wuBuC3

tfb
t2u
= 0. (35)

After organizing the left side of (35) into a cubic poly-
nomial, the equation (19) can be obtained. The proof is
completed.
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