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ABSTRACT This paper describes a new algorithm that independently manages braking and driving forces to
improve the lateral stability of a vehicle equipped with independent drive motors on all wheels. In a similar
way to previous research, the proposed algorithm controls yaw rate to improve lateral stability. However,
unlike in previous research that only used differential braking, our algorithm controls both driving and
braking forces on all four wheels independently to achieve the target yaw rate. The core contribution of
this paper is the distribution logic that determines the braking and driving forces to apply at each wheel.
To develop this distribution logic, we introduce the concept of yaw moment contour line. Using this concept,
the optimal distribution strategy can be derived by considering yaw moment control performance, lateral
movement performance, and deceleration minimization performance in eight different driving situations.
Based on this strategy, we design a lateral stability control algorithm that is made up of a target yaw rate,
a yawmoment controller, and a distributor. Simulations were performed to investigate the performance of the
proposed algorithm using MATLAB/Simulink and the CarSim vehicle dynamics software. The simulation
results show that the proposed control algorithm improves vehicle motion in terms of yaw rate tracking,
lateral movement, and minimization of deceleration.

INDEX TERMS Electric vehicle, 4-wheel independent drive, yaw moment contour line, lateral stability,
optimal distribution.

I. INTRODUCTION
Recently, the electric vehicle market has expanded due to
the EU’s strict CO2 regulations and the emergence of an
innovative leading company, Tesla. The Electricity Vehicle
Outlook 2020 published by Bloomberg New Energy Finance
predicts that sales of electric vehicles will surge between
2025 and 2030, and by 2040, electric vehicles will account
for 58% of new car sales and 33% of global cars [1]. The
most important issue in a situation where electric vehicles are
in the limelight and the number of mass-produced vehicles
is increasing is how far they can travel on a single charge.
To solve this issue, electric vehicles are currently equipped
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with many batteries. This increases the weight of the vehi-
cle significantly. Also, since batteries are widely mounted
under the vehicle’s body for the weight distribution, the
moment of inertia becomes very large. The large moment
of inertia decreases the vehicle’s turning performance, and
it is very difficult to re-stabilize the vehicle when it is in
an unstable state. One of the ways to solve this problem
is the development of a high-performance electric vehicles
equipped with independent drive motors at each wheel. This
system has the advantage of giving a lot of freedom in
terms of motion control because it becomes possible to
independently control braking and driving forces at each
wheel. Research on stability control for these kinds of elec-
tric vehicles with four-wheel independent drive systems is
needed.
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Previous studies over the past ten years on independent
drive electric vehicles have mainly focused on how to uti-
lize the independent wheel torque control characteristics to
maintain stability of the vehicle [2]–[8]. Kang et al. pro-
posed a driving control algorithm for maneuverability, lateral
stability, and rollover prevention in 4WD electric vehicles
using an optimization-based control allocation strategy [2].
Chen. et al. designed an optimization strategy to improve the
handling and stability of electric vehicles with four in-wheel
independent-drive motors (4WIDEV) [3]. The hierarchical
coordination control approach for differential drive assist
steering (DDAS) and the vehicle stability control(VSC) was
introduced by Wang. et al [4]. Nam et al. proposed a method
that uses lateral tire force sensors to estimate vehicle sideslip
angle and improve vehicle stability for in-wheel motor-driven
electric vehicles (IWM-EVs) [5]. A novel control strategy to
improve the stability performance for four-wheel indepen-
dent drive electric vehicles in critical cornering was estab-
lished by introducing the supervision mechanism for yaw
moment control for yaw moment control and slip ratio reg-
ulation simultaneously [6]. In order to improve the steering
stability for a four in-wheel motor independent-drive electric
vehicle (4MIDEVs) on a road with varying adhesion coeffi-
cient, Hou et al. presents a hierarchical electronic steering
control strategy. This method consists of the upper level
controller, which determines the yaw moment to control the
yaw rate and side slip angle, and the lower level controller,
which calculates the optimal braking/driving torque at each
wheel [7]. Kim et al. investigated a VSC algorithm for 4WD
hybrid EVs that uses regenerative braking in the rear motor
in addition to hydraulic brakes [8]. Further studies were
conducted that included not only independent drive but also
active steering control [9]–[14]. Shuai et al. proposed an
optimal integration method of a four-wheel independent drive
system and an active front steering system to improve vehi-
cle lateral stability [9], [10]. An integrated optimal dynam-
ics control of four-wheel driving and four-wheel steering
(4WD4WS) electric ground vehicle was developed by using
an LQR controller and optimal distribution considering a
stable margin at each wheel [11]. To improve the handling
and maneuverability of four-wheel steer (4WS) and in-wheel
motor driven electric vehicle (EV) in which the mechanical
properties of tires are unknown, an optimal coordinated con-
trol combining active rear wheel steering (ARS) and direct
yaw moment control (DYC) in the form of active drive torque
distribution is proposed by Wang et al. [12]. Several stud-
ies have proposed an optimization method proportional to
the load at each wheel in the distribution of the four-wheel
drive system and the front and rear wheel steering sys-
tems [13], [14]. In addition to these, many studies have been
conducted that integrate differential braking and active steer-
ing system for the vehicle lateral stability control, although
not using a four-wheel independent drive system [15]–[18].
There have been the studies that integrated differential brak-
ing and active front steering system [15]–[17] and the study
that integrated differential braking and rear wheel steering

system [18]. Most of these previous studies calculate the
target yaw moment to track the target yaw rate, and deter-
mine the braking and driving force at each wheel through
an optimization method to generate this target yaw moment.
The object of the optimization is to minimize the control
inputs and the error between the yaw moment generated by
these control inputs and the target yaw moment. To minimize
the control inputs, the cost function and constraint of the
optimization are determined so that the optimized control
inputs (braking/driving force) of each wheel are proportional
to the load and controllable margin of that wheel. That is,
it is assumed that the yaw moment generation effect by the
braking or driving force is proportional to the load on the
wheel. However, depending on the driving situation, the yaw
moment generation effects by the braking and driving force
applied to each wheel can be different regardless of the wheel
load. For example, in the case of conventional ESC that uses
only differential braking, the unstable states of the vehicle
are classified into understeer (US) and oversteer (OS). Due
to the non-linearity of tire force, during US, braking at the
rear-inner wheel is most effective for stability, and during
OS, braking at the front-outer wheel [19]. Another problem
here is how to recognize OS and US. It is possible to rec-
ognize US and OS in steady-state cornering such as during
a J-turn or circular turning, but it is difficult to determine
in transient driving situations such as during a single lane
change (SLC) or slalom. To solve these problems, new control
logic that provides lateral stability using independent braking
and driving forces at each wheel is proposed in this paper.
This control logic has the same structure as the previous
studies that calculates the target yaw moment to track the
target yaw rate and determines the braking and driving force
at each wheel through optimization method. The difference
from previous studies is that the yaw moment control per-
formance, lateral movement performance, and deceleration
minimization performance are considered, not the wheel load
when determining the braking and driving force at each wheel
through the optimization method. To do this, this paper intro-
duces a new concept called the yaw moment contour line
and proposes optimal distribution strategies for all driving
situations using this concept. All driving situations can be
defined as eight types according to the lateral forces on the
front and rear wheels and the target yawmoment. By applying
the concept of the yaw moment contour line, the optimal
distribution strategies for each driving situation are deter-
mined by considering yaw moment control performance,
lateral movement performance, and deceleration minimiza-
tion performance. Using the optimal distribution strategies,
we develop the control algorithm consisting of a target yaw
rate, Mz controller, and distributor. To evaluate the proposed
algorithm, simulations using Carsim and Matlab/Simulink
were carried out to confirm that the algorithm improves yaw
rate control, lateral movement, and deceleration minimiza-
tion. The main contribution of this paper is to establish the
optimal distribution strategy by applying the new concept
called yaw moment contour line.
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FIGURE 1. Control architecture.

In order to develop the algorithm, information on the tire-
road friction coefficient, vehicle speed, lateral and vertical
tire forces was required, how these values are known in our
method will not be discussed in detail in this paper because
these signals can be estimated using one of the many estima-
tors proposed by previous researchers [20]–[22]. In addition
to these vehicle signals, vehicle parameters such as inertia
and mass, which are important information for securing the
robustness of the control algorithm, can also be estimated
through the previous study [23].

II. CONTROL ARCHITECTURE
Fig. 1 shows the architecture of the proposed lateral stability
control algorithm. This algorithm receives the wheel speed,
yaw rate, longitudinal, lateral acceleration, and the driver’s
steering input, it then outputs the required motor torque and
hydraulic friction braking torque for each wheel. The base
logic for braking/driving module receives the driver’s brake
and accelerator pedal signals then calculates the motor torque
(Tq.Base.M .i) and hydraulic braking torque (Tq.Base.H .i) to be
applied at each wheel for the desired deceleration or accelera-
tion of the vehicle. These control values are calculated in con-
sideration of fuel economy and traction performance rather
than lateral stability. The lateral stability control module con-
sists of the target yaw rate, Mz controller, and distributor. The
target yaw rate (γt ) is determined based on vehicle velocity
and the driver’s steering angle. To track this target motion,
the Mz controller calculates the target yaw moment (Mz.tar ),
which is the control value for the sprung mass of the vehi-
cle. Finally, the distributor calculates the final motor torque
(Tq.M .i) and the hydraulic braking torque (Tq.H .i) required
to generate the target yaw moment in consideration of the
control signals being generated by the base logic for brak-
ing/driving module. The optimization module in the distribu-
tor calculates the additional torque required (1Tq.i) at each
wheel to generate the target yaw moment. These are then
distributed as motor torque (1Tq.M .i) and hydraulic braking
torque (1Tq.H .i) through the blending module and the final
control values (Tq.M .i and Tq.H .i) are determined by adding
the motor torque and the hydraulic braking torque of the base
logic for braking/driving module. Next, each module will be

FIGURE 2. Bicycle model and equation.

described in detail. Since the goal of this paper is to develop
a control algorithm for improving lateral stability, we do not
discuss the base logic of braking/driving module as this is
not related to lateral stability. The target yaw rate and Mz
controller of the lateral stability control modulewill be briefly
introduced because the results of previous studies are used.

III. TARGET YAW RATE & MZ CONTROLLER
Since the target yaw rate and Mz controller are the same
as those in previous research, detailed descriptions will be
omitted. The bicycle model is used to calculate the target yaw
rate [17]. Fig. 2 shows the bicycle model and its equations.
This model is a two-degrees-of-freedom model that consists
of the yaw rate (γ ) and sideslip angle (β), and assumes that
the longitudinal velocity is constant.

Using this model, it is possible to calculate the steady state
yaw rate for the driver’s steering angle (γ̇ = 0, β̇ = 0).

γss =
1

1− m(lf ·Cf−lr ·Cr)V 2
x

Cf ·Cr(lf+lr)
2

vx
lf + lr

δf (1)

To avoid a large target yaw rate that exceeds the tires
cornering capability, the yaw rate is constrained as follows:

γss.Lim = sign (γss) ·min
(
|γss| ,

µg
Vx

)
(2)

As the yaw rate from (2) will have the same phase as the
steering angle, a phase difference from the actual yaw rate
will occur. To solve this problem, the final target yaw rate is
determined as follows by imposing a certain phase delay on
the result from (2).

γt =
1

1+ τ s
γss.Lim (3)

The Mz controller calculates the target yaw moment
needed to track the target yaw rate. This module is simply
designed using PD control.

Mz.tar = Kp · (γt − γ )+ Kd · (γ̇t − γ̇ ) (4)

IV. DISTRIBUTOR
The distributor calculates motor torque and hydraulic braking
torque for each wheel to achieve the target yaw moment.
Driving situations are classified into eight categories accord-
ing to the signs of the target yaw moment, front-wheel lateral
forces, and rear-wheel lateral forces, we then introduce a
new concept called the yaw moment contour line to derive
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an optimal distribution strategy for every situation. Based on
this concept, the optimal distribution strategy is derived by
analyzing yaw moment control performance, lateral move-
ment performance, and deceleration minimization in each
situation. Fig. 3 shows the architecture of the distributor.
It is composed of an optimization module and a blending
module. In the optimization module, the optimal torque to
be applied at each wheel to achieve the target yaw moment
is determined based on the established distribution strategy
and the torque limit of the motors. This torque is distributed
as motor torque and hydraulic braking torque through the
blending module. We will now describe the distributor in
detail. First, the concept of the yaw moment contour line
and the optimal distribution strategy based on this concept
are described. In addition, the optimization module and the
blending module are explained.

A. YAW MOMENT CONTOUR LINE
The yaw moment contour line is a line that represents the
possible longitudinal and lateral tire forces that generate the
same yaw moment, as shown in Fig. 4. Looking at Fig. 4,
the black circle represents the friction circle of each wheel
and the dotted black lines represent the yaw moment contour
lines. The same yaw moment is generated if the resultant
force from the longitudinal and lateral tire forces are located
on the same yaw moment contour line. As shown on the right
side of Fig.4, if the resultant forces for the longitudinal and
lateral tire forces are located on the red line, it can be seen
that the generated yaw moment is 1F × L. Also, it can be
seen that when the yawmoment contour line moves to the left
based on the center of gravity of the vehicle, the generated
yaw moment sees a positive increase, in the opposite case,
it sees a negative increase. Using this concept, the optimal
distribution strategy for each driving situation is established
in the next section.

FIGURE 3. Architecture of the distributor.

B. OPTIMAL DISTRIBUTION STRATEGY
In this section, the optimal distribution strategy for each
driving situation is established using the yawmoment contour
lines described in the previous section. In order to optimally
distribute forces to each wheel, the following three distribu-
tion optimization goals are established in this paper.

FIGURE 4. Concept of yaw moment contours.

• Yaw moment control performance
The purpose of this paper is to improve lateral stability
through yaw rate control, so yaw rate should be con-
trolled efficiently. That is, a large (yaw moment con-
trol) effects must be obtained with small control values
(motor torque and hydraulic braking torque).

• Lateral movement performance
Due to the non-linear characteristics of tires, when lon-
gitudinal forces such as braking or driving forces are
applied during cornering, the magnitude of the lateral
tire force changes. Using this principle, we can ana-
lyze lateral movement performance. Lateral movement
performance is a criterion for determining how much a
vehicle has moved to the left (right) side when turning
left (right), it can be determined by looking at whether
the lateral tire force has increased or decreased. If the
torque applied for yaw rate control increases the lateral
tire force in the turning direction, it can be said that
lateral movement performance is good.

• Deceleration minimization performance
In the case of the conventional ESC systems, the desired
yaw moment is generated by differential braking. How-
ever, differential braking leads to significant longitudi-
nal decelerations and pitch motion of the vehicle body.
These could be sensed by the driver and thus lead to a
degradation of ride comfort. Therefore, it is necessary to
minimize deceleration that is not intended by the driver.

Among the three goalsmentioned above, the optimal distri-
bution strategy can be established based on the yaw moment
control performance and lateral movement performance.
The deceleration minimization performance is reflected in
the design of the optimal distribution algorithm. The yaw
moment contour lines in Fig. 4 show that the yaw moment
control performance by braking or driving forces depends on
tire lateral force signs. Therefore, optimal distribution strate-
gies are established for eight driving situations according to
the signs of the target yawmoment, front-wheel lateral forces,
and rear-wheel lateral forces. This paper does not mention all
eight driving situations, but only deals with four cases where
the target yaw moment has a positive value. This is because
when the yaw moment is negative, the same method as with
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the positive yaw moment is applied. In addition, since it is a
situation that requires vehicle stability control, it is assumed
that all tire forces exist in the friction circle. Then, from now
on, we will mention the optimal distribution strategy for the
four cases where the target yaw moment is positive.

1) CASE 1: Mz,tar > 0, Fyf > 0, Fyr > 0
Fig. 5 shows the driving situation and the control performance
analysis result for Case 1. The purple, black, and gray dots
represent the tire forces under acceleration, constant speed,
and deceleration, respectively. Since the lateral forces of the
front and rear wheels are both positive, this represents a left
turn. In addition, since the target yaw moment direction is
counterclockwise, additional rotation to the left is required.
To generate the target yaw moment, the left wheels (FL and
RL) need braking and the right wheels (FR and RR) need
drive. The purple, black, and gray arrows indicate the travel
path of the tire force due to the yaw moment control. As the
direction of the arrow and the direction of the yaw moment
contour line become closer to the vertical, the yaw moment
control performance becomes more effective. That is, a large
yaw moment can be generated by a small change in tire
force. In the case of the FL wheel, if the current acceleration
state (purple dot), the tire force moves in the direction of
the purple arrow (FL Region 1) by braking control. In this
situation, the direction of travel of the tire force is nearly per-
pendicular to the direction of the yaw moment contour line,
so the yaw moment control performance is effective. As the
lateral tire force increases to the left, the lateral movement
performance also becomes better. However, when the braking
force increases and passes the black point (FL Region 2),
the direction of travel of the tire force (black arrow) becomes
parallel to the direction of the yaw moment contour line, and
the lateral force decreases. In other words, the yaw moment
control performance and the lateral movement performance
deteriorate. If the tire force passes the gray point as a result
of an increase in braking control, the yaw moment control
has the opposite effect. In the case of the analysis on the FR
wheel, unlike the FL, the analysis starts from the deceleration
situation (gray dot). As the tire force moves in the direction
of the gray arrow (FR Region 1), both the yaw moment
control performance and the lateral movement performance
are good. However, if the tire force passes through the black
point due to an increase in the required driving force (FR
Region 2), the yaw moment control performance and the
lateral movement performance deteriorate, in a similar way
to the FL. In the case of the RL wheel, the yaw moment
control performance is not good under acceleration (purple
dot), but it can be seen that the lateral force increases to
the left. When the braking force increases and passes the
black point, the lateral force decreases but the yaw moment
control performance improves. In this case, it can be seen that
the larger the braking force is, the better the yaw moment
control performance is. The analysis for the RR wheel is not
mentioned as it is similar to that of the RL wheel.

FIGURE 5. Control performance analysis result for Case 1.

FIGURE 6. Optimal distribution strategy for Case 1.

Based on the above analysis results, the optimal distribu-
tion strategy for Case 1 is established as shown in Fig. 6.
1Fx.i (i = FL, FR, RL, RR), Fx.FL and Fx.FR represent
the required control values to be distributed to each wheel,
and the longitudinal tire forces of the FL and FR wheels,
respectively. As shown in the figure, the target yaw moment
is first achieved by distributing braking force to the FL wheel
and driving force to the FR wheel. However, since the FL
braking force and FR driving force are only effective in
Region 1, constraints on the wheel forces are required. When
the braking and the driving of the front wheels alone is not
enough to generate the target yaw moment, the insufficient
yaw moment is achieved by distributing braking force to the
RL wheel and driving force to the RR wheel.

2) CASE 2: Mz,tar > 0, Fyf < 0, Fyr > 0
Case 2 is where the lateral forces on the front and rear wheels
are negative and positive, respectively, this situation occurs
just after steering clockwise to change the direction of a
vehicle that was turning left to turn right. Since the target
yaw moment direction was counterclockwise, it is necessary
to transition into the right turn slowly. In this case, since the
signs of the lateral forces on the front and rear wheels are
opposite, an analysis of lateral movement performance is not
carried out. Fig. 7 shows the driving situation and control
performance analysis results for Case 2. For all four wheels,
we can see that the direction of travel of the tire force is
effective for yaw moment control performance. Therefore,
in Case 2, the yawmoment is equally distributed to all wheels.
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FIGURE 7. Control performance analysis result for Case 2.

FIGURE 8. Control performance analysis result for Case 3.

3) CASE 3: Mz,tar > 0, Fyf < 0, Fyr < 0
In Case 3, since the lateral forces on the front and the rear
wheels are both negative this represents a right turn while
the target yaw moment direction is counterclockwise, so it
is necessary to suppress the right turn. Fig. 8 shows the
driving situation and control performance analysis results for
Case 3. It can be seen that the analysis results for the front
and rear wheels have changed compared to Case 1. Therefore,
the optimal distribution strategy for Case 3 can be expressed
as shown in Fig. 9.

4) CASE 4: Mz,tar > 0, Fyf > 0, Fyr < 0
Case 4 is the case where the lateral forces of the front and
rear wheels are positive and negative, respectively, and the
driving situation is just after turning the steering counter-
clockwise to change the direction of a vehicle that was turning
right to turn left. The direction of the target yaw moment is
counterclockwise while the vehicle has already achieved a
counterclockwise yaw moment, it simply needs to transition
to a faster left turn. For the same reasons as in Case 2, the lat-
eral movement performance is not analyzed. Fig. 10 shows
the driving situation and the control performance analysis
results for Case 4. It can be seen that the yaw moment control
performance of all 4 wheels is not good except for in Region
1. Therefore, the optimal distribution strategy for Case 4 is
to first distribute the yaw moment to the wheel where the
current tire force is in Region 1. If this is still insufficient to

FIGURE 9. Optimal distribution strategy for Case 3.

TABLE 1. Optimal distribution strategies for eight driving situations.

generate the target yawmoment, the insufficient yawmoment
is achieved by distributing appropriate forces to all wheels.
However, in Region 2, the yaw moment control performance
is not good, and in this situation, if the control value is
increased further, it has the opposite effect on performance.
Therefore, the yaw moment should only be distributed before
this opposite effect region (gray arrow) is reached.

Table 1 shows the optimal distribution strategies for each
of the eight driving situations.

C. OPTIMIZATION
Based on the optimal distribution strategies for each driv-
ing situation derived in the previous section, the optimiza-
tion module was developed. In optimization design, we are
considering the optimal distribution strategy, the minimizing
deceleration performance which is one of the goals of the
distributor, and the limit torques of the motors. In the case
of braking force, not only motor braking but also hydraulic
braking can be used, so a limit on the braking force available
is not considered. From now on, we will describe the opti-
mization module in situations where the target yaw moment
is positive. Prior to the design of the optimization module,
we must perform unit conversion for the signals received as
torque since the optimization module was designed based
on the tire forces. The motor drive and hydraulic braking
torque of each wheel that is output from the base logic of the
braking/driving module and the traction limit torque of the
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FIGURE 10. Control performance analysis result for Case 4.

motor can be converted into units of force as follows.

Fx.Base.i =

(
Tq.Base.M .i + Tq.Base.H .i

)
RWheel

Fx.Max.M .j =
Tq.Max.M .j
RWheel

(5)

where, i = FL, FR, RL, RR and j = FR, RR.
The first equation in (5) is the current longitudinal tire force

of each wheel, the second equation represents the traction
force limit of the motor for the FR and RR wheels.

1) CASE 1: Mz > 0, Fyf > 0, Fyr > 0
If the tire forces of the FL wheel and FR wheel are in
Region 1, the target yaw moment is achieved by first dis-
tributing a braking force to the FL wheel and a driving force
to the FR wheel. If the yaw moment generated by these is
still insufficient, the insufficient yaw moment is achieved by
distributing a braking force to the RL wheel and a driving
force to the RR wheel. Therefore, the optimal distribution
problem for Case 1 can be stated as follows:

L = q1

{
Mz,tar +

t
2

(
1Fx.FL.∗ −1Fx.FR.∗
+ 1Fx.RL.∗ −1Fx.RR.∗

)}2

+ q2

 ∑
i=FL,FR,
RL,RR

1Fx.i.∗


2

+

∑
j=RL,RR

rj1Fx.j.∗2

subject to −max (0,Fx.Base.FL) ≤ 1Fx.FL.∗ ≤ 0

0 ≤ 1Fx.FR.∗ ≤ −min (0,Fx.Base.FR)

1Fx.RR.∗ ≤ Fx.Max.M .RR − Fx.Base.RR (6)

where, ∗ indicates CASE 1; q1, q2, and rj (j = RL, RR) are
weighting factors.

The first and second terms of the cost function represent
yaw moment tracking performance and deceleration mini-
mization performance, respectively. The third term is to prior-
itize distribution of braking force of the FL wheel and driving
force of the FR wheel under out optimal distribution strategy.
The first and second constraint equations indicate the range of
forces capable of using the FL braking force and FR driving
force, respectively. The last constraint equation is a condition

that considers the traction limit torque of the motor for the
RR wheel. As shown in Fig. 5, there is no need to consider
the traction limit torque of the motor for the FR wheel, since
it is distributed only in Region 1.

2) CASE 2: Mz > 0, Fyf < 0, Fyr > 0
In Case 2, since all four wheels are effective in yaw moment
tracking performance, the target yaw moment is achieved by
optimally distributing forces to each wheel in proportion to
the weight on each wheel. (7) shows the optimal distribution
problem in Case 2.

L = q1

{
Mz,tar +

t
2

(
1Fx.FL.∗ −1Fx.FR.∗
+ 1Fx.RL.∗ −1Fx.RR.∗

)}2

+ q2

 ∑
i=FL,FR,
RL,RR

1Fx.i.∗


2

+

∑
j=FL,FR,
RL,RR

(
1Fx.j.∗

Fz.j

)2

subject to 1Fx.FR.∗ ≤ Fx.Max.M .FR − Fx.Base.FR
1Fx.RR.∗ ≤ Fx.Max.M .RR − Fx.Base.RR (7)

where ∗ indicates CASE 2.
In the same way as Case 1, the first and second terms

of the cost function represent yaw moment tracking perfor-
mance and deceleration minimization performance, respec-
tively. The terms after the third term are there to distribute
forces in proportion to the weight on each wheel to achieve
the target yawmoment. The constraint equations consider the
traction limit torques of the motors for the FR and RRwheels.

3) CASE 3: Mz > 0, Fyf < 0, Fyr < 0
The optimal distribution problem for Case 3 can be expressed
as follows by swapping the front and rear wheels fromCase 1.

L = q1

{
Mz,tar +

t
2

(
1Fx.FL.∗ −1Fx.FR.∗
+1Fx.RL.∗ −1Fx.RR.∗

)}2

+ q2

 ∑
i=FL,FR,
RL,RR

1Fx.i.∗


2

+

∑
j=FL,FR

rj1Fx.j.∗2

subject to −max (0,Fx.Base.RL) ≤ 1Fx.RL.∗ ≤ 0

0 ≤ 1Fx.RR.∗ ≤ −min (0,Fx.Base.RR)

1Fx.FR.∗ ≤ Fx.Max.M .FR − Fx.Base.FR (8)

4) CASE 4: Mz > 0, Fyf > 0, Fyr < 0
The distribution strategy in Case 4 is to first achieve the target
yaw moment by distributing forces to the wheels where the
current tire force is in Region 1. After this if the yaw moment
generated is still insufficient, the insufficient yaw moment is
achieved by distributing appropriate forces considering the
controllable margin of each wheel. The controllable margin
refers to the amount of the braking or driving force to be
added at each wheel that can move the tire force to just before
the yaw moment adverse effect region, as shown in Fig. 10.
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FIGURE 11. Structure of the optimal distribution algorithm for Case 4.

Fig. 11 shows the structure of the optimal distribution algo-
rithm for Case 4. This structure is made up of Optimization I
for priority distribution in Region 1 and Optimization II for
the distribution of forces in proportion to the controllable
margin. The optimal forces to be distributed to each wheel
in Case 4 are determined by summing the outputs of Opti-
mization I and Optimization II modules.

The optimal distribution problem in Optimization I can be
expressed as follows.

L = q1

{
Mz,tar +

t
2

(
1F1st

x.FL −1F
1st
x.FR

+1F1st
x.RL −1F

1st
x.RR

)}2
+

∑
j=FL,FR,RL,RR

rj
(
1F1st

x.j

)2
subject to −max (0,Fx.Base.FL) ≤ 1F1st

x.FL ≤ 0

0 ≤ 1F1st
x.FR ≤ −min (0,Fx.Base.FR)

−max (0,Fx.Base.RL) ≤ 1F1st
x.RL ≤ 0

0 ≤1F1st
x.RR≤−min (0,Fx.Base.RR) (9)

The constraint equations in (9) relate to Region 1 for each
wheel. For all four wheels, Region 1 includes a longitudinal
tire force of up to 0, so the traction limit torque of the motor
is not considered. From the results of (9), the insufficient yaw
moment can be calculated as follows.

1Mz = Mz,tar +
t
2

(
1F1st

x.FL−1F
1st
x.FR +1F

1st
x.RL −1F

1st
x.RR

)
(10)

Optimization II module is used to generate the yaw
moment in (10). As mentioned above, it should be distributed
so that the tires forces move stop just before entering the yaw
moment adverse effect region. To do this, the controllable
margin of each wheel must first be calculated. Fig. 12 shows
the limit for longitudinal tire forces on the FL wheel that
generate the maximum yaw moment. These can be obtained
from the tire-road friction coefficient, the vertical force, and
the slope of the yaw moment contour line.

The longitudinal tire force limits of the remaining wheels
can be calculated as follows by applying the same method.

Fx.Mz.Lim.FL = −µFz.FL cos θ1
Fx.Mz.Lim.FR = µFz.FR cos θ1
Fx.Mz.Lim.RL = −µFz.RL cos θ2
Fx.Mz.Lim.RR = µFz.RR cos θ2

FIGURE 12. Limit longitudinal tire force of the FL wheel.

where, θ1 =
2lf
t
, θ2 =

2lr
t

(11)

Using (10) and (11), the controllable margin of each wheel
can be calculated.

Fx.FL.Mar = min
(
0, Fx.Mz.Lim.FL−Fx.Base.FL −1F1st

x.FL

)
Fx.FR.Mar = max

(
0,

min (Fx.Mz.Lim.FR,Fx.Max.M .FR)
−Fx.Base.FR −1F1st

x.FR

)
Fx.RL.Mar = min

(
0, Fx.Mz.Lim.RL−Fx.Base.RL −1F1st

x.RL

)
Fx.RR.Mar = max

(
0,

min (Fx.Mz.Lim.RR,Fx.Max.M .RR)
−Fx.Base.RR −1F1st

x.RR

)
(12)

Since the FR and RL wheels are being driven, the control-
lable margins for those wheels must take into account the
traction torque limit of the motor. Using (12), the optimal
distribution problem from Optimization II can be expressed
as follows.

L = q1

{
1Mz +

t
2

(
1F2nd

x.FL −1F
2nd
x.FR

+1F2nd
x.RL −1F

2nd
x.RR

)}2

+ q2


∑

i=FL,FR,
RL,RR

(
1F1st

x.i +1F
2nd
x.i

)
2

+

∑
i=FL,FR,
RL,RR

(
1F2nd

x.i

Fx.i.Mar

)2

subject to Fx.FL.Mar ≤ 1F2nd
x.FL ≤ 0

0 ≤ 1F2nd
x.FR ≤ Fx.FR.Mar

Fx.RL.Mar ≤ 1F2nd
x.RL ≤ 0

0 ≤ 1F2nd
x.RR ≤ Fx.RR.Mar (13)

The second term of the cost function shows the decel-
eration minimization performance. Optimization I does not
consider deceleration minimization performance, so it is nec-
essary to compensate for this. By summing the results of
Optimization I and Optimization II, the forces distributed to
each wheel in Case 4 can be determined as follows.

1Fx.FL.CASE4 = 1F1st
x.FL +1F

2nd
x.FL

1Fx.FR.CASE4 = 1F1st
x.FR +1F

2nd
x.FR

1Fx.RL.CASE4 = 1F1st
x.RL +1F

2nd
x.RL

1Fx.RR.CASE4 = 1F1st
x.RR +1F

2nd
x.RR (14)
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5) FINAL DISTRIBUTED OPTIMAL FORCE
So far, the optimal forces distributed to each wheel have been
determined in the four cases where the target yaw moment
is positive. From these outputs, the final forces distributed to
each wheel can be calculated simply by changing the results
for each case according to the sign of the lateral tire force
of the front and rear wheels. However, when the sign of the
lateral tire force changes, the final forces change discretely.
Also, the optimal distribution strategy is not valid when the
tire lateral force is small, since this strategy was established
under the assumption that the tire lateral force is large. If the
lateral tire force is small, all wheels have the same control
effect, because the lateral tire force changes according to the
longitudinal tire force changes are small. Therefore, the final
forces are determined by the sum of the weights as follows.

1Fx.i
= wr

{
wf1Fx.i.CASE1 +

(
1− wf

)
1Fx.i.CASE2

}
+ (1−wr )

{(
1−wf

)
1Fx.i.CASE3+wf1Fx.i.CASE4

}
(15)

where, i = FL, FR, RL, RR.
wf and wr are the weighting factors used according to

the signs of the lateral tire forces on the front and rear
wheels, respectively. As shown in Fig. 13, it can be seen
that the range of this lateral tire force, which goes from
−Fyf .threshold (−Fyr .threshold ) to Fyf .threshold (Fyr .threshold ),
is defined as a transition area and the weighting factors are
determined to change linearly. Fyf .threshold and Fyr .threshold
can be determined by tuning through experiments. From (15)
and Fig. 13, when the lateral tire forces on the front and rear
wheels are both zero, it can be seen that the final force is
calculated as the average of the forces determined in 4 cases.
Looking at the architecture shown in Fig.1, the final output

of the optimization module is torque. This is calculated by
multiplying the result of (15) by the tire radius.

1Tq.i = RWheel1Fx.i, Where, i = FL,FR,RL,RR (16)

D. BLENDING
The blending module distributes the torque of each wheel
calculated by the optimization module as motor torque and
hydraulic torque. The motor torque and hydraulic torque are
determined in a way that maximizes the regenerative braking
of the motor in consideration of fuel economy as follows.

if 1Tq.i < 0

1Tq.M .i = max
{
1Tq.i,min

(
0,Tq.Min.M .i − Tq.Base.M .i

)}
1Tq.H .i = 1Tq.i −1Tq.M .i5

else

1Tq.H .i = min
(
1Tq.i,−Tq.Base.H .i

)
1Tq.M .i = 1Tq.i −1Tb.H .i (17)

If the additional torque to be distributed is negative and
regenerative braking of the motor is possible, torque is first
distributed as braking of the motor, any extra braking torque
needed is distributed as hydraulic braking. Conversely, if the

TABLE 2. Parameters of the CarSim vehicle model.

additional torque to be distributed is positive and hydraulic
braking is underway, reducing this hydraulic braking is prior-
itized.

FIGURE 13. Weighting factors (wf , wr ).

V. EVALUATION
The proposed control logic was evaluated through computer
simulations using CarSim and MATLAB/Simulink. CarSim
is vehicle simulation software, and the proposed control
logic is implemented within the MATLAB/Simulink envi-
ronment. The parameters of the CarSim vehicle model are
given Table 2. The power and the reduction ratio of the
motor mounted at each wheel is 60KWand 12.9, respectively.
Fig. 14 is the characteristic torque curve of the motor, show-
ing themaximum andminimum torques with respect tomotor
speed.

The following two simulations were conducted to test the
effectiveness of the proposed control system: 1) an open-loop
sinemaneuver simulation to evaluate the yawmoment control
performance and the deceleration minimization performance
and 2) an acceleration and turning simulation to evaluate
lateral movement performance. The proposed algorithm was
compared with results of a ESC system and a conventional
optimization method. The ESC system uses only differential
braking, and the conventional optimization is the method that
optimally distributes braking and driving forces in proportion
to the load on each wheel. In these simulations, the steering
wheel angle was determined by a driver steering model that
imitates human drivers’ steering behavior in lane-following
situations. This model is provided in the Carsim software.

A. OPEN-LOOP SINE MANEUVER SIMULATION
To evaluate the yaw moment control performance and the
deceleration minimization performance, an open-loop sine
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FIGURE 14. Motor characteristics.

maneuver was simulated on asphalt road. The initial vehi-
cle speed was set to 120 km/h, and no throttle input was
applied during the simulation. Fig. 15 shows the simulation
results. Fig. 15(a)-(d) show the steering wheel angle, yaw
rate, velocity, and control inputs to the motors and hydraulics,
respectively. The black solid line, red solid line, and blue
dotted line represent the resuslts of the ESC system, conven-
tional optimization method, and proposed method, respec-
tively. In Fig. 15(b), the proposed method shows that the yaw
moment performance is slightly improved compared to the
conventional optimization method. In the case of the ESC
system, it shows the different performance than the other two
methods because only hydraulic braking, which has a slower
response speed than the motor, is used. However, it can be
seen that all methods guarantee the lateral stability of the
vehicle. The deceleration minimization performance results
are shown in Fig. 15(c). When the proposed method and
conventional optimization method are applied, the vehicle
speed remains approximately 20 km/h higher than with the
ESC system. This result can be explained by looking at
the control input results in Fig. 15(d). In the case of the
ESC system, only hydraulic braking was used, resulting in
significant deceleration, however, with the proposed method
and conventional optimization method, the deceleration is
minimized by using both the driving force and braking force
of the motor at the same time.

B. ACCELERATION-TURNING SIMULATION
To evaluate the lateral movement performance, the accel-
eration and turning maneuvers were simulated on a snow
covered road (mu= 0.4), as shown Fig. 16. The initial vehicle
speed was set to 5 km/h, 20% throttle input was then applied
from the 1 second. To clearly show the control effects, the
acceleration torque due to throttle input was only applied
to the rear wheels. In the test, to turn left, the driver turns
the steering wheel counterclockwise. Since the acceleration
torque is applied only to the rear wheel, oversteer occurs
during turning. That is, this test scenario is the same situation
as Case 5 in Table 1.

Fig. 17 shows the simulation results for the acceleration
and turning test. Fig. 17(a)-(e) show the steering wheel angle,
yaw rate, velocity, lateral acceleration, and trajectory, respec-
tively. It can be seen from Fig. 17(a) and (b) that the steering
wheel angle for tracking the reference trajectory and the yaw
rate generated by the steering wheel angle and the lateral
stability control are similar in both the conventional optimal
method and the proposed method. In Fig. 17(d), the lateral

FIGURE 15. Simulation results for open-loop sine maneuver.

FIGURE 16. Acceleration-turning test on snow road.

acceleration of the proposed method is larger than that of
the conventional optimal method because the proposed logic
distributes the wheel forces by considering not only the yaw
moment control performance but also the lateral movement
performance. As a result, it can be seen from Fig. 17(e) that
the trajectory tracking performance of the proposed logic is
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FIGURE 17. Simulation results for acceleration-turning test.

superior. Fig. 17(f) and (g) show the control inputs and the
tire force travel path at each wheel according to these control
inputs, respectively. In Fig. 17(f), when turning (before 10
sec), the conventional optimization method distributes the
braking force and driving force evenly to the 4 wheels, while
the proposed method shows that the driving force and braking
force are distributed to FL and RR, respectively. The tire force
travel path at each wheel according to these control inputs can
be seen in Fig. 17(g). The conventional optimization method

additionally uses the braking of the FR wheel and the driving
of the RL wheel. Here, in the case of the FR wheel braking,
the yaw moment control effect is good because it moves the
yaw moment contour line in the negative direction. However,
the lateral movement performance is poor because the lateral
force is reduced. In the case of the RLwheel driving, it moves
the yaw moment contour line in the positive direction. This
is in the opposite direction to the target yaw moment, and the
yaw moment control performance is very poor. The lateral
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force is also greatly reduced, so the lateral movement perfor-
mance is also poor. In other words, the yaw moment control
effect caused by FR braking is canceled by RL driving.
Also, due to these two control inputs, the lateral tire forces
are reduced. Therefore, both the conventional optimization
method and the proposed method show similar performance
in terms of the lateral stability, but the proposed method is
superior in terms of the lateral movement performance.

VI. CONCLUSION
A new algorithm that independently controls braking and
driving forces at each wheel to improve the lateral stability
of a vehicle equipped with independent-drive motors at all
wheels was proposed. The proposed control algorithm con-
trols the yaw rate to track the target yaw rate using driving
or braking forces to each of the 4 wheels. This is approach
is quite similar to previous research. The algorithm is made
up of a target yaw rate, Mz controller and distributor. The
target yaw rate and Mz controller were designed using the
results of previous research, while the distributor is new.
In order to develop this new distribution logic, the concept
of a yaw moment contour line was introduced, using this
concept, optimal distribution strategies in consideration of
yaw moment control performance, lateral movement perfor-
mance, and deceleration minimization performance for all
possible driving situations (8 cases) were developed. These
optimal distribution strategies are the main contribution of
this paper. Based on these distribution strategies, an optimiza-
tion module for the distributor was designed, the final torques
applied to the motors and the hydraulic brakes were deter-
mined using a blending module. Computer simulations were
conducted to verify the proposed control algorithm. From the
simulation results, it was verified that the proposed algorithm
improves not only yaw moment control performance but also
lateral movement performance and deceleration minimiza-
tion performance.

The optimization module developed in this paper has to
solve a total of 8 optimization problems with constraints.
These problems were solved in MATLAB using fmincon
functions. These occurs an iterative computation which
aggravates the real-time computation. Therefore, our future
research is to improve the distribution logic to secure real-
time computation, and to verify the performance of the pro-
posed logic through actual vehicle testing.

APPENDIX
Nomenclature list:

g Acceleration due to gravity.
lf Distance from CG to front axle.
lr Distance from CG to rear axle.
t Track width.
Cf Front tire cornering stiffness.
Cr Rear tire cornering stiffness.
i 1, 2, 3, and 4 corresponding to front left,

front right, rear left, and rear right
(=FL, FR, RL, RR).

∗ 1, 2, 3, and 4 corresponding to CASE 1,
CASE 2, CASE 3, and CASE 4.

Fx.i Longitudinal tire force at the ith tire.
Fx.Base.i Longitudinal tire force, is generated by the

base logic for braking/driving module, at
the ith tire.

Fx.Max.M .i Maximum driving tire force, can be generated
by the motor of the ith wheel.

Fyf Front lateral tire force.
Fyr Rear lateral tire force.
Iz Moment of inertia about the yaw axis.
Mz.tar Target yaw moment.
RWheel Effective radius of the wheel.
Tq.Base.M .i Motor torque, is calculated by the base

logic for braking/driving module, at the
ith tire.

Tq.Base.H .i Hydraulic braking torque, is calculated
by the base logic for braking/driving module,
at the ith tire.

Tq.Max.M .i Maximum driving torque, can be generated
by the motor of the ith wheel.

Tq.Min.M .i Maximum braking torque, can be generated
by the motor of the ith wheel.

Vx Longitudinal velocity at CG.
1Fx.i Additional longitudinal tire force, is

calculated by the optimization, at ith tire.
1Fx.i.∗ Additional longitudinal tire force,

is calculated by the optimization, at the
ith tire for each case.

1Tq.i Total torque (motor + hydraulic brake),
is calculated by the optimization, applied to
the ith tire.

1Tq.M .i Motor torque calculated by the blending,
applied to the ith tire.

1Tq.H .i Hydraulic brake torque calculated by the
blending, applied to the ith tire.

β Vehicle side slip angle.
δf Front steering angle.
γ Yaw rate.
γt Target yaw rate.
µ Tire-road friction coefficient.
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