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ABSTRACT The uncertainty in the data is an obstacle in decision-making (DM) problems. In order to
solve problems with a variety of uncertainties a number of useful mathematical approaches together with
fuzzy sets, rough sets, soft sets, bipolar soft sets have been developed. The rough set theory is an effective
technique to study the uncertainty in data, while bipolar soft sets have the ability to handle the vagueness,
as well as bipolarity of the data in a variety of situations. This study develops a new methodology, which we
call the theory of dominance-based bipolar soft rough sets (DB-BSRSs), which will be used to propose a new
technique to solve decision-making problems. The idea introduced in this study has never been discussed
earlier. Furthermore, this concept has been explored by means of a detailed study of the structural properties.
Moreover, some important measures like the accuracy measure, the measure of precision, and the measure
of quality for DB-BSRSs are also provided. Finally, an application of the DB-BSRSs in multi-criteria
group decision-making (MCGDM) problem is presented and an algorithm for this application is proposed,
supported by an example, which yields the best decision, as well as, the worst decision between some objects.

In comparison with some existing results, we also present some advantages of our proposed method.

INDEX TERMS Rough set, bipolar soft rough set, DB-BSRSs, decision-making.

I. INTRODUCTION

Cantor’s set theory is essential for the entire of mathematics.
But one issue related to the notion of a set is the concept
of uncertainty. This uncertainty has been an issue for a long
time for researchers and mathematicians to solve complicated
problems in various fields, like social sciences, economics,
medical sciences, management sciences, engineering, deci-
sion making, and artificial intelligence, etc.

To get rid of this uncertainty, researchers in mathemat-
ics, computer science, and many other related fields have
proposed various theories like Probability theory, Fuzzy set
theory [68], Rough set (RS) theory [52], Vague set theory,
Graph theory, Decision-Making theory, etc. But, all of these
theories have their own internal problems, which might be
due to the inadequacy of the parameterization tools of the
theories as discussed in [48].
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In 1999, Molodtsov [48] initiated the idea of the soft
set (SS) as a new mathematical approach for handling uncer-
tainty and vagueness. SS theory has rich potential for appli-
cations in many areas. Many interesting applications of
SS theory can be seen in [12]-[14], [27], [29], [31], [42], [69].

There has been a growing interest in SS theory.
Maji et al. [42] introduced some operations on soft sets
and made a theoretical study of soft sets. Based on [42],
Ali et al. [4] proposed a number of new operations on soft
sets and improve the concept of compliment of the soft set.
Fatimah et al. [16] introduced the concept of N-soft set as an
extension of SS. Feng er al. [17], [18], proposed the relation-
ships among soft sets, rough sets, and fuzzy sets, obtaining
three types of hybrid models: rough soft sets, soft rough sets,
and soft-rough fuzzy sets. Shabir er al. [57] reclassified a
model of a soft rough set known as a modified soft rough
set (MRS-set). Malik and Shabir [46] introduced the idea of
soft mapping and studied some of its properties. They applied
soft mapping in medical diagnosis. Maji et al. [43] proposed
the notion of fuzzy soft sets by combining fuzzy sets and
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soft sets. Babitha and Sunil [11] introduced the concept of soft
relations and soft functions. Then Qin et al. [54] pointed out
that Babitha and Sunil’s definition contradicts Cantor’s set
theory. Therefore they redefined the notion of soft relations
and soft functions.

SS theory [48] and RS theory [52] are regarded as effective
mathematical approaches to address uncertainty. In 2011,
Feng et al. [17] established a relationship among these two
theories and introduced the concept of a new hybrid version of
the soft rough sets (SRSs), that can give better approximations
over Pawlak’s RS theory in some cases ([17], Example 4.7).
This approach can be viewed as a generalization of RS theory.

The idea of dominance-based rough sets was proposed by
Greco et al. [21]-[24], [65]. It is an extension of RS theory.
Du and Hu [15] presented the notion of a dominance-based
rough fuzzy set. In 2019, Shaheen et al. [64] put forth
the idea of dominance-based SRSs and discuss their appli-
cation in decision analysis. Jun and Ahn [30] discussed
the double-framed soft sets with applications in BCK/
BCl-algebras.

A. LITERATURE REVIEW

In numerous sorts of data analysis, the bipolarity of the data
is a key component to be taken into consideration while
developing mathematical models for some issues. Bipolar-
ity discusses the positive and negative aspects of the data.
The positive data addresses what is assumed to be possible,
while the negative data addresses what is not possible or
certainly false. The concept that lies behind the presence
of bipolar information is that a wide assortment of human
decision-making depends on bipolar judgemental thinking.
For example, sweetness and sourness of food, participation
and rivalry, friendship and hostility, effects and side effects
of drugs are the two different aspects of information in
decision-making and coordination. The soft sets, the fuzzy
sets, and the rough sets are not appropriate tools to handle
this bipolarity.

Because of the significance of giving positive and nega-
tive aspects of data, Shabir and Naz [59] in 2013, initiated
the concept of bipolar soft sets (BSSs) and its set-theoretic
operations such as union, intersection, and complement and
discuss its application to DM problems. After this research,
BSSs have become increasingly popular with researchers.
In 2015, Karaaslan and Karatag [33] reclassified a version
of BSSs with another approximation giving opportunity to
examine topological structures of BSSs. They also provide
a DM methodology using BSSs with the help of an exam-
ple. Later on, Karaaslan et al. [35] presented the notion of
bipolar soft groups. In addition, Naz and Shabir [49] initiated
the notion of fuzzy BSSs and studied their algebraic struc-
tures. In 2017, Shabir and Bakhtawar [60] first proposed the
notion of bipolar soft connected, bipolar soft disconnected,
and bipolar soft compact spaces. Then, Oztiirk * [51] fur-
ther discussed the notions of interior and closure operators,
basis, and subspaces in the bipolar soft topological spaces.
Abdullah et al. [1] brought the idea of bipolar fuzzy soft
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sets by hybridizing the soft sets and the bipolar fuzzy sets
and applied this idea in DM problem. Alkouri et al. [8]
initiated the idea of bipolar complex fuzzy sets and dis-
cussed their application in DM problems. In 2018, Karaaslan
and Cagman [36] proposed the concept of the bipolar soft
rough sets (BSRSs) which is a combination of RS theory
and BSSs. They also provide applications of BSRSs in DM.
Shabir and Gul [61] introduced the notion of modified rough
bipolar soft sets (MRBS-sets) and discussed their application
in MCGDM. Mahmood et al. [41] introduced a novel com-
plex fuzzy N-soft sets and their DM algorithm. Malik and
Shabir [45] initiated the idea of rough fuzzy BSSs and applied
this idea to solve DM problems. Also, Malik and Shabir [46]
developed a consensus model based on rough bipolar fuzzy
approximations. Mahmood [40] redefined a version of BSSs
which is called T-bipolar soft sets and applied this idea in
DM problems. Shabir et al. [62] initiated the idea of rough
approximations of BSSs by soft relations and applied this idea
in DM. Al-Shami [9] came up with the concept of belong
and nonbelong relations between a BSS and an ordinary
point. Riaz and Tehrim [55] initiated the concept of bipolar
fuzzy soft mappings and discuss their applications to bipolar
disorders. Kamaci and Petchimuthu [32] proposed the idea
of bipolar N-soft set, which is an extension of N-soft set, and
discuss its applications in DM problems. Akram and Ali [2]
developed a hybrid model for DM under rough Pythagorean
fuzzy bipolar soft information.

B. MOTIVATION

If we summarize all the above arguments, then we have
noticed that the BSSs have the capability to deal with the
bipolarity of the information about certain objects with the
help of two mappings. One mapping handles the positivity
of the information, while the other mapping measures the
negativity. Keeping in view the association between RSs and
BSSs, two attempts have been made to study the rough-
ness of BSSs: one by Karaaslan and Cagman [36], and the
other by Shabir and Gul [61]. This is the main motiva-
tion for us to introduce and study the novel approach of
the roughness of BSSs by using dominance-based bipolar
soft rough sets (DB-BSRSs) and discuss their application in
decision-making.

C. AIM OF THE PROPOSED STUDY
The main goal of this study is to present another interesting
and novel version of BSRSs by utilizing DB-BSRSs.

We highlight the article by the following pioneering work:

« A novel concept known as DB-BSRSs is proposed.

« Some important structural properties of DB-BSRSs are
investigated in detail.

« Some important measures associated with DB-BSRSs
are proposed.

o A comprehensive MAGDM method in the framework
of DB-BSRSs is introduced and the validity of this
approach is also verified by a practical example.
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o The detailed comparative analysis with other existing
methods is done in order to show the advantages of the
proposed methodology.

D. ORGANIZATION OF THE PAPER

The article has been organized in the following manner.
Section 2 gives an overview of some basic ideas, which
is required for the understanding of our research work.
Section 3 starts by characterizing some dominance-based
bipolar soft operators. Further, we discuss the relationship
between these operators and their properties. Moreover, based
upon these operators, we proposed the notion of DB-BSRSs.
The notion is further investigated by considering its important
structural properties in detail. In section 4, we discuss some
important measures associated with DB-BSRSs and examine
their properties. In section 5, we present a general framework
of the MCGDM technique based on DB-BSRSs to choose
the best element among the alternatives. Section 6 states our
proposed DM algorithm for selecting the best alternative.
After that, we give an illustrative example of the proposed
DM technique to show that the technique can be effectively
applied to some real-life problems in section 7. In section 8§,
a comparison analysis is made between the proposed model
and some other well-known DM techniques. At the last,
section 9 concludes with a summary of the present work and
a suggestion for further research.

Il. PRELIMINARIES
This section is dedicated to recall some essential ideas and
notions that will be utilized in the coming sections. All
through this article, we will use 4l to denote the initial uni-
verse, A to denote the parameters set, and 2% to denote the
power set of 4, except if expressed something else.
Definition 1 [52]: Assume that L[ be a non-empty finite
universe, and 2 be an equivalence relation on L[. Then
P = (4, ) is named an approximation space.
For a non-empty set X C &l the lower and upper approx-
imations of X with respect to P = (4, ) are respectively
characterized as follows:

Q.(X) = {x e t: [xlg € X}, (1)
QX)) = {reld:xloNX # 0}, 2)

where
[xlo = {u' e 4: (x,u) € Q. 3)

Moreover, the set
Bndgo(X) = Q*(X) — Q.(X) 4

is regarded as the Q2-boundary region of X.

Subsequently set X is called definable with respect to €2 if
Q. (X) = Q*(X); equivalently Bndg(X) = @. Furthermore,
set X is called undefinable (rough) with respect to 2 if
Q(X) # Q*X); equivalently Bndo(X) # @.

Definition 2 [48]: Let 4l be a non-empty finite universe
of objects and .A be a non-empty set of parameters associated
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with the objects of LI. Then a pair (f, .A) is named a SS over 4,
where f is a set-valued mapping given by f : A —> 2%,

Thus, a SS over the universe i offers a parameterized
family of subsets of the universe il. For e € A, f(e) could
also be considered as the set of e-approximate elements of L[
by the SS (f, . A). A SS over 4 may also be expressed by the
set of ordered pairs:

(f,A)Z{(E,f(e)):eeA,f(e)e ZU}. 5)

Definition 3 [42]: By a NOT set of parameters of A,
we mean a set of the form A = {—e:e € A} in which
—e¢ =not e fore € A.

Definition 4 [59]: Letf and g are two mappings, given by
f:A— 2%and g: A —> 2% such that f(e) N g(—e) = @
for all ¢ € A. Then, a triplet (f, g : A) is called a BSS over
the universe 4[.

Subsequently, a BSS over the universe 4l offers a couple of
parameterized families of subsets of Ll and f'(e) N g(—e) =¥
forall e € A, —e € A, is used as a consistency constraint.
A BSS can also be represented through the set of triples as
follows:

f,g: A= {(e,f(e),g(—-e)) cec A, —e e A
and f(e) N g(—e) = 0)}. 6)

From now onward, the set of all BSSs over the universe (
are going to be represented by BPSS(LI).
Definition 5 [36]: ABSS (f,g : A) € BPSS(Y)) is said
to be a full BSS if the following two conditions are satisfied:
M Ureo=yu
ec A
@ | g-e) =1t
—ee A
Definition 6 [36]: For (f, g : A) € BPSS(4), the object
of the form T = (il, f.g: .A)) is known as a BS.A-space
(bipolar soft approximation space). Based on Y, the subse-
quent four operators are defined for any X C 4l as follows:

Ser(X) ={red:dec Alrese cx]},
Sev(X) = {x etl:I—eed [x e g-o)

gy nx £},

Syr(X) = {x etl:Tee A xefle)

fenx £a]},

Sev(X) = {x eil:3—ee A [x € g(—e) gxf]}

@)

are regarded as soft Y -lower positive, soft Y -lower negative,
soft Y -upper positive, and soft Y -upper negative approxima-
tions of X, respectively. Generally, the ordered pairs are given
as:

BS1(X) = (Syr(0). S ().

_ _ _ (®)
BSr(X) = (STP(X), Sew (X))
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are called bipolar soft rough approximations (BSR-
approximations) of X with respect to BS.A-space. Moreover,
when BS~+(X) # @T(X), then X is referred to as bipolar
soft rough set (BSRS); in any case, X is referred to as bipolar
soft T-definable. Further, the boundary region of the BSRS is
characterized as follows:

Bndy(X) = (ETP(X) — Spr(X), S (X) —ETN(X)).
)

The properties satisfied by BSR-approximations of X C ${
can be found in [36].

To preserve the underlying idea of the BSSs as a parame-
terization tool and the capacity of RS theory to accommodate
with vague ideas because of indiscernibility in data, Shabir
and Gul [61] offered the notions of modified rough bipolar
soft sets (MRBS-sets) as follows:

Definition 7 [61]: Assume that (f, g : A) € BPSS\),
where the mappings f and g are given by f : A —> 2% and
g: A — 2% Let us characterize two different mappings ®
and W as follows:

@y — 24
d(x) ={e:xefle)}
and
Wt —s 24
W(x) = {—e:x € g(—e)} forallx € L.
Then © = (U, (®, V)) is named as MRBSA-space (modi-
fied rough bipolar soft approximation space).
For any M C I, the lower and the upper modified bipolar

pairs with respect to ® are respectively characterized as
follows:

MBSo(M) = (A_4¢+,A_/I\P,), (10)
MBS@(M) = (Mq;&,Mq,—),
where
Mg ={x e M : d(x) # d(y)forally e M},
Mg+ = {x € : ®(x) = D(y) for somey € M}, an

]\_/I\Iﬁ:{xeil:\ll(x) = W(y) forsomey € M i,
My-={x e M : V(x) # W(y forally e M}.

—_— —— —— ——

Here M¢ = 4 — M. Generally X 4+, X ot Xy- and
Xy- are called ®-lower positive, ®-upper positive,
W-lower negative and W-upper negative MRBS-approximati-
ons of M C il respectively. Moreover, If MBSo(M) #
MBSg(M), then M is stated to be MRBS -set; otherwise, M is
called MRBS-definable. Furthermore, the boundary region of
the MRBS-set is described as follows:

MBnde(M) = (M<D+ \ Mg, My \m,f). (12)

The properties satisfied by MRBS-approximations can be
found in [61].
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1Il. DOMINANCE-BASED BIPOLAR SOFT ROUGH
SETS (DB-BSRSs)
BSRSs were initially presented by Karaaslan and Cag-
man [36] to deal with the roughness through BSSs which
were subsequently altered and upgraded by Shabir and
Gul [61]. In the current section, we introduce another novel
version of BSRSs by using DB-BSRSs.

Definition 8: Assume that (f,g : A) € BPSS(U). For
any object, u € I, define the A-dominating set f *(u) and
A-dominating set g (u) as follows:

vell:véf(e) .
{ foralle A} ifu ¢ fle)
foralle € A
0y
0= N re ifuef(e)
uef(e)
for some e € A,
veu:vgég(—-e)~ .
{ forall—-eeA} ifu ¢ g( e)N
forall —e € A
+) —
R I g e if u € g(—e)
ueg(—e) -
for some —e € A.

(13)

Similarly, A-dominated set f~(u) and A-dominated set
g~ (u) are defined as follows:

ffay={ved:u ef+(v)},}

g (uw)= {v el:ue g+(v)}. (14)

And, A-equivalent sets f*(u) and Z—equivalent set g% (u)
are defined as follows:

FEw =f*w) ﬂf‘(u),>

15
g W) =g wNg ). (1)

Generally, the operators f +t gt g . fFand gi are called
A-dominating, A-dominating, A-dominated, A-dominated,
A-equivalent and A-equivalent bipolar soft operators,
respectively.

Remark 1: From the above definition, we have f+, f~, f .
U—2%andgt, g7, gt : U — 24

Remark 2: From the above definition, we can see that:

(1) The sets f*(u)and g7 (u) consists of all those elements
that are not inferior to u subject to given parameters in
A and A, respectively.

(2) The sets f~ (#)and g~ (1) consists of all those elements
that are not superior to u subject to given parameters in
Aand 4.

(3) The sets f*(u)and g¥(u), is the intersection of the pre-
ceding two, consists of all those elements that have the
similar parameters as u.

(4) The objects that do not have any parameter from the
given set of parameters are going to be mapped under
the six operators to all those objects that have a similar
behavior subject to the given parameter set.
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Definition 9: Let x,y € A, then preference among the FH(ug) = {ug, ug),
objects of 41 is taken in the following sense: Fus) = fe) Nflex) Nf(es) = {us),
e We say that x is preferred over y with respect to the F(ug) = {ua, ug)
parameter e, represented as x >, y, if x is at least as _ . ’ ’
good as y with respect to the parameter e. S ) = {u},
e Similarly, x is preferred over y with respect to the not fu2) = {uz},
parameter —e, represented as x <, y, if x is at least as f~w3) = {u1, uz},
bad as y with respect to the not parameter —e. F(us) = {ua, u)
Equivalently. S~ (us) = {u1, ua, u3, us}
X ie y — x’y ¢f(€) Or-xsy ef(e) or x ef(e) fi(l/t6) = {M4, Mﬁ},
buty ¢ f(e), FEu) = ()}
and [Fw) = {u),
+ —
X 2y = x,y ¢ g(me)orx,y € g(—e)orx € g(—e) fi(”3) = lus),
buty ¢ g(—e). S (ug) = {ug, us},

. _ FEus) = {us),

In the framework of BSSs, the relation x >, y implies that i
either x and y both have the parameter e or x possesses this J(ue) = {ua, ue},
parameter but y does not, or x and y both do not have the and
parameter e. Similarly, the relation x <—, y means that either n
x and y both have the not parameter —e or x possesses this not g () = {ur, us},
parameter but y does not or x and y both does not have the not g (w2) = {uz, ua},
parameter —e. gt (u3) = {u3, us, ue).

PVOpOSi?iOl’l 1: Suppose that (f, g A) e B,PSS(L[) Then g+(u4) = g(—e1) N g(—er) N g(—e3) = {ua},
for any object u € LI, we have n _

(1) f*(u)is the greatest set which is contained in both f (i) g (us) = {ur, us},

and f~(u). 8" (ug) = g(=e2) Ng(=e3) = {us, ug},
(2) g¥(u)is the greatest set which is contained in both g* (u) g (u1) = {uy, us},
and g~ (u). g (u2) = {uz2},

Proof 1: Straightforward.
To understand the ideas of bipolar soft operators given in
Definition 8, here, we consider an example.

g (u3) = {us},
g (u4) = {u2, u3, us, up},

Example 1: Suppose that (f, g : A) € BPSS(Y), where g (us) = {u1, us},
U = {ur,up, u3, uq, us, ug}, A = f{er, ez, ez} and A = g (ug) = {u3, us},
{—e1, —ep, —e3}. The maps f and g are characterized as gi(m) = {uy, us},

foll :
oTows . gt ) = (1),
frA— 27 g (u3) = {us),

{ulv us, MS} lfe =€, gi(u4) = {],[4}’
gt (us) = {ur, us},

g ue) = {ue).

er> | {uz,u3, us} ife=ey,
{u2, us} ife=es,

T s
g:A 2 Similarly, we can calculate

, if —e = —ey,
{uz, ug} I —e €1 (x’y);x,yggf(el)orx,yef(ﬂ)}

orx € f(ey) buty ¢ f(er)
(u2, u4), (uz, ug), (us, u), (u4, ug), (ug, u2),
(ug, ug), (u1, us), (u1, us), (us, uy), (us, us),

—e — 1 {ug, ug} if e = —ey, X Ze Y=
{us, ug, ug} if —e = —es.

Now, according to Definition 8, the .A-dominating, the A-
dominating, the A-dominated, the A-dominated, the A-

equivalent and the A-equivalent bipolar soft operators for the = 1 (us, ur), (us, u3), (ui, uz), (uy, ua), (uy, ue),
elements of the universe  can be calculated as follows: (w3, u2), (U3, ua), (U3, ue), (us, uz), (us, ua),
) = {ur, u, us}, (us, ue)
fHu) = f(ea) Nf(e3) = {ua, us}, xmy y= | @V By Efeorx,y efle)
[Hw3) = flen Nfler) = {us, us}, - or x € f(e2) buty ¢ f(e)
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(ur, ua), (ur, ue), (ug, ur), (ua, ue), (ue, u1),
(ug, ua), (2, u3), (U2, us), (U3, uz), (U3, us),
= § (us, up), (us, u3), (uz, uy), (U2, ug), (U2, us),
(u3, uy), (u3, ua), (u3, ue), (us, uy), (us, us),
(us, ue)
(x,y):x,y & f(e3)orx,y€f(e3)
orx € f(e3) buty ¢ f(e3)
(w1, u3), (w1, ua), (1, ue), (U3, ur), (U3, ug),
(3, ue), (ug, ur), (uq, u3), (u4, ue), (ue, u),
= 1 (ue, u3), (ue, ua), (uz, us), (us, u2), (uz, uy),
(w2, u3), (U2, ua), (U2, ue), (us, u), (us, usz),
(us, uq), (us, ug)

X Ze3 Y =

and

. < B (x,y):x,y ¢ g(—ep)orx,y € g(—ey)
=mea Y= orx € g(—ep)buty ¢ g(—eq)

(w1, u3), (u1, us), (u1, us), (uz, ur), (U3, us),
(u3, ug), (us, u), (us, u3), (us, ug), (ug, u1),

= 1 (ue, u3), (ue, us), (U2, ug), (ug, uz), (U2, uy), ¢ .

(u2, u3), (uz, us), (u2, us), (ug, uy), (usg, u3),
(us, ug), (ug, ug)

X <y = (x,y):x,y & g(—ez) or x, y € g(—e) }
orx € g(—ep) buty ¢ g(—e2)
(w1, u), (w1, u3), (uy, us), (ua, ur), (uz, uz),
(u2, us), (u3, ur), (U3, uz), (us, us), (us, uy),
= (us, up), (us, u3), (ug, us), (ug, ua), (U4, uy), ¢ .
(ug, u2), (ug, u3), (ug, us), (us, uy), (us, u2),
(ug, u3), (us, us)
[y ixy ¢ g(mes)orx,y € g(—es) }
X X3 Y =
orx € g(—e3)buty ¢ g(—e3)

(w1, u2), (w1, us), (uz, ur), (uz, us), (us, ur),
(us, uz), (u3, ug), (us, ue), (usg, u3), (u4, ue),
= 1 (ug, u3), (ue, ua), (u3, ur), (us, uz), (U3, us), ¢ .
(ug, ur), (ug, uz), (U4, us), (us, uy), (us, uz),
(ue, us)
Proposition 2: Assume that (f, g : A) € BPSS(U). Then
for any uy, uy € 4, the following axioms are true.
(1a) up € f*(uy) if and only if f*(u2) € f(u1),
(1b) up € g*(uy) if and only if g% (u2) € g¥(u1).
(2a) up € f~(wy) if and only if f~(u2) C f~ (1),
(2b) up € g™ (uy) if and only if g~ (u2) € g~ (1),
(3a) up € f¥(uy) if and only if £ (up) = fF(uy),
(3b) uz € g*(uy) if and only if g* (1) = g*(u1),
(4a) fEu) = {uz € 4 fFu) = fruw)} = {uz € & -
[ ) =f~ ()},
(4b) g=(up) = {uz € U : gt (ur) = gt )} = {up € & :
g () = g~ (w)}.
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Proof 2: Obvious.

Proposition 2 is better explained through Example 1. Sup-
pose, for instance

us € fT(up) implies that f*(us) = {us} S {ua, us)
fH(up) and ug € g (up) implies that g7 (us) = {ug)
{ua, us} = g (u2).

Similarly,

u; € f(u3) implies that f~(u;) = {u1} <€ {u1,u3} =
f (u3) and us € g (ug) implies that g~ (u3) = {u3z} <
{uz, ue} = g~ (ue).

Also,

us € fF(ug) implies that fF(us) = {ug,ug) =
fE(ug) and u; € g¥(us) implies that g¥(u1) = {uy, us) =
8" (us).

Finally, consider

f*(us) = {us, ug}. It contains two objects which satisfies
frus) = fHue) = {ua,ue} = f~(us) = f~ (ug). Also,
gi(ul) = {u1, us}. It contains two objects which satisfies
gt ) = gt (us) = {ur, us} = g~ (uy) = g~ (us).

Now, we give the definition of bipolar soft dominating
rough set, bipolar soft dominated rough set, and bipolar soft
equivalent rough set with the help of soft operators given in
Definition 8.

Definition 10: Let (f,g : A) € BPSS). Then for
any X C 4, the bipolar lower and upper approximations
of X under the A-dominating bipolar soft operator f * and
the A-dominating bipolar soft operator gt can be defined,
respectively, by the following two pairs:

N

D_BS(fﬁng)(X) = (Xer,)_(ng),} (16)
DBS+ g+)X) = (Xp+, Xg+),
where,
Xp+ = {uetl:fTu) X},
X ={uet:g"wnXx 0},
X+ ={uet:ffw)nX # 0},
Xer = {uetl: gt <X

If DBS s+ o+)(X) # DBS s+ 4+)(X) then X is called bipo-
lar soft dominating rough set, otherwise, it is called bipolar
soft dominating definable set.

Similarly, the bipolar lower and upper approximations
of X under the A-dominated bipolar soft operator f~ and the
A-dominated bipolar soft operator g~ can be defined by the
following two pairs:

DBS¢- - (X) = (X —’—g‘)’
— — (17)
DBS ¢~ ,4(X) = (Yf”xg’)’
where,
X, ={ued:f~wc X},
X, ={uetl: g w)nX 0},
X~ ={uesl:f~wynX # 0},
Yg— = {u ed:g (u)C Xc}.
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IfDBS ;- ,(X) # DBSf- ¢ (X) then X is called bipo-
lar soft dominated rough set, otherwise, it is called bipolar
soft dominated definable set.

Moreover, the bipolar lower and upper approximations
of X under the .A-equivalent bipolar soft operator f *+ and the
A-equivalent bipolar soft operator g% can be defined by the
following two pairs:

DBS g+ ¢+)(X) = (X )—(gi)’}

— —_ 18
DBS(fi’gi)(X) = (Yf:t,Xg:E), ( )

where,

Xpe = {uesl:fSw c X},
Xo+ {ueﬂ.:gi(u)ﬂXC;é@},
Xpe = {uetl:fFwnXx # 0},
}_(gi = {u el gt C X”}.

I DBS s o+)(X) # 'Z)_BS(fi’gi)(X) then X is called bipo-
lar soft equivalent rough set, otherwise, it is named bipolar
soft equivalent definable set.

The approximations in Equations (16) to (18) are collec-
tively called dominance-based bipolar soft rough approxima-
tions (DB-BSR-approximations) of X C §l.

Remark 3: In the framework of the decision-making
process:

(1) X;+ may be considered as the collection of most favored
alternatives in X under f*, while X ¢+ may be consid-
ered as the collection of most favored alternatives in X
under g™

(2) X;- may be considered as the collection of least favored
alternatives in X under f~, while Yg, may be consid-
ered as the collection of least favored alternatives in X°¢
under g~ .

3) )_(f+ may be considered as the collection of all possible
alternatives that could be favored over the elements of X
under £+, while X o+ can be considered as the collection
of all possible alternatives that could be favored over the
elements of X¢ under g*.

“4) )_(f— may be interpreted as having elements over which
the elements of X could possibly be favored under f —,
while X, may be interpreted as having elements over
which the elements of X¢ could possibly be favored
under g~ .

Definition 11: The regions listed below:

(1) POSg+ o) (X) = (Xp+, Xgt),

(2) BND(+ o+)(X) = (Xp+ — Xpo, Xgv — Xgt),

(3) NEG(+ o) (X) = (&, ) — (Xp+, Xt ),

are called the bipolar positive dominating region, the bipolar
boundary dominating region and the bipolar negative dom-
inating region, respectively. The same terminologies can be
defined for bipolar dominated region and bipolar equivalent
region.

Corollary 1: From the above definition, we immedi-
ately have that X < 4l is a dominance-based bipolar
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soft definable set if and only if BNDy+ o+)(X) =
BND- o (X) = BNDp+ +(X) = (4, 0).

Example 2: To illustrate the notion of DB-BSR-
approximations, let us revisit Example 1, where X =
{ur,uz,us} < U and X¢ = {un, us, us}. Now using
Definition 10, we get

Xpv ={ur,uz, ush, X+ = {uz, u3, ua, ue},

Xp+ = {u1, up, us, us},

X g+ = {u2, ug, us}.

Thus, bipolar soft dominating rough approximations of
X C $lare:

DBS p+ o+)X) = ({u1, u3, us}, {ua, us, us, us}),
DBS(f+,g+)(X) = ({ula MZ, I/l?,, MS}» {u2a M4, uﬁ})

Similarly,

Xf— = {M], M3}, Xg_ = {M27 Uy, u6}’
Xp- = {ur,u3,us}, X = {ua}.

Therefore, bipolar soft dominated rough approximations of
X C $lare:

%(f’jg*)(x) = ({u1, usz}, {up, ug, ué}),
DBS (- (X) = ({u1, u3, us}, {ua}).

Also,

Xpe = {ur,uz, us}h,  Xoe = {uz, us, ugl,

Xpe = {ur,uz, us}, Xt = {uz, us, us}.

So, bipolar soft equivalent rough approximations of X C 4(
are:

DBS y+ o4)(X) = ({u1, u3, us}, {uz, ua, us}),
DBS = o+)(X) = ({u1, u3, us}, {uz, us, ug}).
Moreover, the bipolar positive dominating region, the bipo-

lar boundary dominating region and the bipolar negative
dominating region can be calculated as:

P@S(f+’g+)(X) = ({ul, us, u5}, {uz, Uyq, u6})’
BND(f—%—’gﬁ-)(X) = ({uz}’ {u3})’
NEG s+ g+)(X) = ({ua, ug}, {u1, us}).

Similarly, the bipolar positive dominated region, the bipo-

lar boundary dominated region and the bipolar negative dom-
inated region can be calculated as:

POS- ¢ (X) = ({u1, uz}, {u2}),
BND(— (%) = ({us). lua. ug}).
N]E(G(f‘»g‘)(x) = ({’42» ug, ug}, {u1, us, us}).
Also, the bipolar positive equivalent region, the bipolar

boundary equivalent region and the bipolar negative equiv-
alent region can be calculated as:

PQS(fi,gi)(X) = ({ulv u31 uS}’ {u27 u47 I/l6}),
BND+ g+)(X) = (4, 9),
NEGf= o+)(X) = ({uz, us, ug}, {u1, u3, us}).
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Since BND s+ g+)(X) # (@, 0), BND- ,—(X) # (4, 0)
and BND s+ o+)(X) = (, ¥), so X is a bipolar soft dominat-
ing (as well as bipolar soft dominated) rough set and a bipolar
soft equivalent definable set.

Remark 4: Assume that (f, g : A) € BPSS(4). Then:

(1) For any u € 4 such that u ¢ f(e) for all e € A, we have

veu:v¢f(e)}

+ . _ rt _
Fraw=f-w=s (u)—{ foralle € A

In this situation, we express the set by f*(«). That is,

) =1~ =+ = f*@w). 5
(2) For any u € 4l such that u ¢ g(—e) for all —e € A,
we have

e vedivgg-e
gw=g =g (u)—{ forall—'eez .

In this situation, we express the set by g*(u). That is,
g7 =g ) = g=u) = g*(w).

For instance, in Example 1, us,ue ¢ f(e) for all e € A,
80 f*(us) = f*(ue) = {ua, ug}. Similarly, u;, us ¢ g(—e) for
all e € A, so g (uy) = g*(us) = {uy, us}.

Definition 12: For (f,g : A) € BPSS(Ll), an object u €
$l1is said to be a redundant object with respect to f if u ¢ f(e)
for all e € A. Similarly, an object u € U is said to be a
redundant object with respect to g if u ¢ g(—e) for all A.

Proposition 3: Let (f,g : A) € BPSS(). Then (f, g :
A) is a full BSS if and only if (f, g : .A) has no redundant
object with respect to f and g.

Proof 3: Straightforward.

Proposition 4: Let (f, g : A) € BPSS(L).

(1) If u € 4 is a redundant object with respect to f, then
u € f*(u).

(2) If u € 4 is a redundant object with respect to g, then
u € g*(u).
Proof 4: Straightforward.

Example 3: We can observe that in Example 1, u4, ug € 44
are redundant objects with respect to f and uy, us € Ll are
redundant objects with respect to g. Thus, u4, ug € f*(ua) =
f*(ue) = {ua, ug}. Similarly, uy,us € g*(u1) = g*(us) =
{u1, us}.

In order to discover the relationship between the DB-
BSR-approximations of a single set and the DB-BSR-
approximations of two sets under the operators f+, g%, f~
and g, the following properties are given.

Theorem 1: Assume that (f,g : A) € BPSS(L). Then
for any X, Y < 4, the DB-BSR-approximations fulfill the
following axioms:

(la) Xp+ ©X C Xpe,

(1b) X, € X CX,-,

(a) By =0 =D+,

@b) B, =0 =0,

(3a) i_1f+ =4U= )j[f+,

(3b) gy =84 ="Tr-,

(4 XY =>}_(f+ c Zer,
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(4b) XCY:>Xf_ cY,,
(Sa) X CY :>Xf+ - Yf+,
(5b) X S ¥ = Xy- C Yy,
(63) (X N Y)f+ - Xf+ N Yf+,
(6b) XN Y- < Xf Ny,
(Ta) XN Y)p+ =Xp+ NYpo,
(7b) X N Y)f, = Xf— N Yf—
(83) (X U Y)f+ = Xf+ U Yf+,
(8b) XUY)- =Xy~ UYp-,
(9a) X UY)r+ 2 Xp+ UY s,
(9b) (XUY)f DX, UY,,
(10a) Xf+ = X%+,

(10b) Xf— =X ff)c

(1a) Xpe = ((X)p+)",

(11b) X, = (X)),

(128) Xp+)p+ = Xp+ © (Xf+)f+,

(12b) Xy-)r- =Xy~ S (Xf )=
(13a) (&)f+ Y + = (Xf+)f+,
(13b) (Xp-)p- € X = Xp-)p-»

(142) Xg+ © X C X,

(14b) Xo- SX° S X,

(152) Bgr = =P

(15b) G- =0 =9,

(162) Ly = 4 = 8yt

(16b) Lo = S0 =4,

(172) XY = Y s S X,

(7b) XY =Y, CX, .
(182) X CY = Y+ C X+

(18b) X €Y = ¥, C X,-,
(19a) (X N Y)g+ 2 X+ NY gt
(19b) X NY)y- 2 X,- NY,-,
(202) (X O V) 2 X e NY

(20b) (XNY)- DX, NY,-,
(21a) (X UY)e+ € X+ UY g+,
21b) XUY),- CX,- UY,-,
(222) (X UY)pr SXe UY,
(22b) X UY),- CX, UY,,
(23a) X, = ((xc)g+)

(23b) X, = ((X9),-)",

(242) X+ = (X04)",

(24b) X = (X°,-)",

(252) Xgi)gr = X+ S Kgt g,
(25b) (Xg-)g- = (X)g- € Kg-)g-
(262) (Xgi)gr € (X9, = X+ gt
(26b) (X-)g- (X“) =X,

Proof 5: Follows from Definition 10.

In order to discover the connection between the DB-
BSR-approximations of X C 4l under the operators
fr.gt.f~,g . f* and g%, the subsequent results are
given.
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Proposition 5: Suppose that (f, g : A) € BPSS(). Then
the following properties hold for any X C if;

(1) Xf_ - Xf:t and)_(fi - Yf’

(2) Xf* - Xfi andei - Xf+

(3) X+ € X, 7andX CX £,

4 X o+ C Xg+ anng+ CX ot
Proof 6:

(1) Letu € X,-. Then by Definition 10, we have f ~(u) C
X . But from Definition 8, it follows that f*(u) € f~ ().
This implies that f jE(u) C X.Thus,u € X e and hence
Xf— - Xf;t
Now, assume that u € Xf:t Then by Definition 10,
we have f*(u) N X # ¢. But according to Definition 8,
FE@w) € f~(u). Thus, f~(u)NX # ¢ which implies that
u € X;- and hence X+ C Xj-.

(2) Analogous to the proof of part (1).

(3) Letu € X«. Then by Definition 10, we have gt N

X # 0. But from Definition 8, it follows that gi(u) -
g~ (w). This implies that g~ («) N X # ¢ which implies
thatu € X,-. Hence, X = C X .
Similarly, assume that u € X g - Then by Definition 10,
we have g~ (1) € X°¢. But from Definition 8, we have
g (u) € g~ (u). This gives g=(u) C X°. Thus u € X+
and hence, X - S X gt

(4) Analogous to the proof of part (3).

Remark 5: 1If we compare the DB-BSR-approximations
with BSR-approximations given in [36], we conclude the
following points.

(1) To show Syr(X NY) = Syr(X) N Svr(Y), there is
a strong condition on the positive SS to be the inter-
section complete. However, in the case of DB-BSR-
approximations, no such condition is needed to prove
(X N Y)f+ =)_(f+ ﬂzf+ or (X N Y)f— :)_(f, ﬂsz

(2) Similarly, to show Syr(t) = % = Syr(ll), the
BSS (f.g A) must be full. However in DB-
BSR-approximations no such condition is required for
i_lf+ == Llj+,L_(ff == L(f ,ng+ == ot and
U ==Y,

(3) Also to show Sr(X) N Syv(X) = @ and S+r(X) N
ETN (X) = @ in [36] Karaaslan and Cagman imposed a
constraint on the BSS (f, g : A) to be semi-intersection.
But in DB-BSR-approximations, we have X .+ N Y, 5#
B Xpe Yy # 0 X e NY o FPand X g NY - 0
in any case.

IV. MEASURES ASSOCIATED WITH DB-BSRSs
Generally, the uncertainty of a set is because of the presence
of the boundary region. The broader the boundary region
of a set is, the lower the exactness of the set is. To present
the concept accurately, in this section, we propose a few
significant measures related with DB-BSRSs and examine
their properties.

Pawlak [52] proposed the notions of accuracy mea-
sure (AM) and roughness measures (RM) related to
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RS approximations. The AM is the ratio of the cardinality
of lower approximation to the cardinality of upper approx-
imation while the RM is the complement of the AM. The
aim of introducing these measures is to express the degree of
completeness of information about set X or to communicate
the quality of an approximation. The RM is considered as the
degree of incompleteness of information about set X. As an
extension of these measures, we introduce AM and RM using
DB-BSR-approximations as follows:

Definition 13: Let (f, g : A) € BPSS®), T = (L, (f,
g : A) be BSA-space and X C $L Then the accuracy
measure for DB-BSRS with respect to X under dominating
bipolar soft operators f T and g™ is denoted by AM(X ™) and
is defined by an ordered pair:

AMC) = (26, 2), (19)

X | ¥

- and 25 = Xet| rovided Xp+ #0,

| fr | X ot '
+ # 0. Here |e| denote the cardinality of the set.
Similarly, the roughness measure for DB-BSRS with

respect to X under dominating bipolar soft operators f and

g* denoted by RMI(X ™) and is defined as:

where Ql];( =

RM(XH) = (1, 1) — AM(X*) = (1 —of - m§+).
(20)

Obviously, 0 < Q[j; <land 0 < Qlif < 1 for any ¥ #
X Cc il

Also the accuracy measures for DB-BSRS with respect
to X under dominated bipolar soft operators f~ and g~ and
equivalent bipolar soft operators f* and g* are respectively
given as:

AMXCO) = (% 2f), @1
aMect) = (2, 2%, (22)
. X, _ Y _ X+
where QlJ;( = ‘_A, Qli |Xg i Qt’; = )_f and
X | ’)_( ) | X=|
mgi X | ided X 0, X, # 0, X 0
provided Xy- # # 0, Xp= # 0,

X,
L #£0.

The corresponding roughness measures are:

RM(X ) = (1, 1) - AMKXO) = (1= %, 1-2),
(23)

RM(X*) = (1, 1) — AM(x*) = (1 - o 1 Qlff).
(24)

Clearly,O<Qlf <1,0<2% <1,0<% <1land

0<91g < 1forany ¥ # X C 4l
Proposztzon 6: Let (f,g : A € BPSS@UL) and ¥ =
(& (f. g - A) be BSA-space. For any X C &, AM(XT)

VOLUME 9, 2021



R. Gul et al.: Novel Approach Toward Roughness of BSSs and Their Applications in MCGDM

IEEE Access

under dominating bipolar soft operators f and g™ satisfies
the following properties.
(1) AM(X*) = (1,1) if and only if Xpv = 7f+ and
X gt = X ot
(2) AM(X™) = (0, 0) if and only if Xp+ = ¢ and )_(g+ = 0.
(3) AM(X*) = (1, 1) if and only if X = 4l.
Proof 7: Straightforward.

Similar results can be proved for AM(X ™) and AM(X ™).

Proposition7: Let § # X,Y C $ and AMX™") =
(2(’;, 2[?:), AM((Y ) = (Qt’;r, Qlfj) be the accuracy mea-
sures of X and Y under dominating bipolar soft operators
f+ and g7 respectively. If X C Y, then QIJ; < Qlf; and
A > AL

Proof 8: Obvious.

In 2001, Gediga and Diintsch [19] described the idea of the
measure of the precision for ) # X C 4, which is the ratio of
the cardinality of lower approximation of X to the cardinality
of X. In the framework of DB-BSR-approximations it can be
characterized in the following manner:

Definition 14: Let (f,g : A) € BPSS®) and ¥ =
(¢ (f.g : A)) be BSA-space. Then for any # # X < 4
the measure of the precision for DB-BSRS with respect to
X under dominating bipolar soft operators f and g% is
expressed as MIP(X +) and is characterized by an ordered pair:

MP(X) = (7} 7§ ). (25)

o
where 7T§+ = = rr;‘:r = |—M.
X |X<|

Here X¢ = 4l — X. Clearly, MP(X*) > AM(X™). It is
noteworthy that MIP(X ) needs complete knowledge about
the set X; while +AM(X *) does not. N

Also, 0 < n{( <land0 < n)g( < 1 for any #X C il
Moreover, it can be noticed that MP(X+) = (1, 1) if and only
if ‘)_(ﬁ) = [X] and [X+ | = |X°].

Same terminologies of measure of the precision can be
defined for DB-BSRS with respect to X under dominated and
equivalent bipolar soft operators.

o+ +

Proposition 8: LetX,Y C Yland MP(X ) = (rrg( ,nfé ),
MPYt) = (71“};,+ n§+) be the measures of the precision of
X and Y under dominating bipolar soft operators f* and g*,

K + + ot ot
respectively. If X C Y, then n{( > n{, andry <7y .
Proof 9: Straightforward.

In 2010, Yao [67] proposed another measure related to
RS approximations known as the measure of quality, which
is described in the following way:

12| + 12X
|£1] '
In the framework of the DB-BSR-approximations it can be
characterized in the following manner:
Definition 15: Let (f,g : A) € BPSS@) and ¥ =
(¢ (f.g : A)) be BSA-space. Then for any # # X < 4
the measure of quality for DB-BSRS with respect to X under

aqX) =

(26)
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dominating bipolar soft operators f+ and g% is expressed as
MQ(X™) and is characterized by means of an ordered pair:

MOXH) = (o, ), @7)
where
Xev| + ‘)Lcﬁ
of = ’ / ' 28
&4 28
and

o el + X

B® (29)
|4
Obviously, 0 < of < land 0 < ﬂg+ < 1 for any
B #£X Cl

The corresponding measure of roughness is defined as:

RQXH) = (1, 1) — MQ(X+) = (1 —d 1= ﬂf).
(30)

Same terminologies of measure of quality can be defined
for DB-BSRS with respect to X under dominated and equiv-
alent bipolar soft operators.

Proposition 9: Let (f, g A € BPSSW), T =
(Ll, ., g: A)) aBSA-spaceand  # X C 4. Then MQ(X) =
(1,1)ifandonly if X = or X = 0.

Proof 10: Straightforward.

In order to understand the aforementioned terminologies,
here we employ an example.

Example 4: Let us consider (f,g : A) € BPSS@) as
given in Example 1, where 4 = {u1, uz, u3, us, us, uc}, A=
{e1,e2,e3}, A = {—ey, —ey, —e3} and the maps f and g
describe as:

f:A— 2
{ur, uz, us} ife=ey,
et { {uy,uz,us} ife=en,
{u, us} ife=es,
g: A— 2t
{uz, us} if —me = —ey,
—e > \ {u4, us} if —e = —es,
{us, ug, ug} if —e = —es.

We already know that DB-BSR-approximations of X =
{u1, u3, us) € Yunder fT and g™ are:

Xp+ = {ur, u3, us},
X+ = {u2, u3, us, ue},
Xp+ = {ur, uz, u3, us},
X g+ = {uz, ug, ug},
X+ = {u),

X<, = {uy, us}).
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So the values of accuracy measure, measure of precision
and measure of quality are respectively given as:

AMXY) = (%, 28) = (i i) (0.75,0.75),

33

MQX™*) = (o, B¢) = (3%1 3—22) =(0.666, 0.833).

MP(X) = (n§+,n§+) = (3, E) =1, D,

Hence, Qlé: and Q[?’: depicts the elements of &l precisely up

to the degree 0.75. While JT{: and n§+ depict the elements of
I precisely up to the degree 1. Moreover, o " and B ’ depicts
the elements of L precisely up to the degree 0.666 and 0.833,
respectively.

V. MCGDM USING DB-BSRSs
The growing complexity of the socio-economic environ-
ment, operational research, and industrial engineering force
humans to address problems crossing many fields. Group
decision-making (GDM), as one of the successful techniques
to cope with complex DM problems, is characterized as a
decision problem in which numerous experts give their judg-
ment over a set of alternatives. The purpose is to reconcile
(or compromise) variations of opinion expressed by individ-
ual experts to discover an alternative (or set of alternatives)
that is most acceptable by the group of experts as a whole. In a
complex society, GDM methods must inevitably take many
criteria (or factors) under consideration. Thus, research on
GDM that explicitly incorporates multiple criteria has been
a major perspective and has made significant advancement
with the rapid development of operations research, manage-
ment science, systems engineering, and other fields. Hwang
and Lin [28] first look at to investigate systematically how
multiple criteria could be used in GDM.

In general, MCGDM is a procedure in which a group

a general DM methodology for the MCGDM problem by
using the DB-BSRSs.

A. PROBLEM DESCRIPTION
We firstly provide the basic description of the considered
MCGDM problem in this section.

Let 4 = {uy, us, ..., u,} be the non-empty finite universe
of n objects (alternatives) and A = {ej,e2,..., ey} be
the finite collection of all possible parameters of objects.
Suppose that H = {p1, p2, ..., pr} is a set of k independent
experts (decision-makers), Xi,X>, ..., X are non-empty
subsets of L[, represent results of primary assessments of
experts pi, p2, ..., Pk, respectively and Ty, 72, ...,T, €
BPSS() are the actual results that previously received
for problems in various periods or various locations. Then
the decision-making for this MCGDM problem is: “how
to obtain the evaluation of these particular experts so
that the selected object (alternative) is optimal for all
criteria”.

B. METHODOLOGY OF DECISION-MAKING
In this subsection, we propose the mathematical formula-
tion and the strategy of the MCGDM approach based on
the DB-BSRSs.

Definition 16: Assume that DBS+Tq()(j) = (X X; )

Sy 2

gt Dot
and DBS*7,(X)) = (X; o X, +) be lower and upper dom-
inating soft rough approx1mat1ons of Xj; G = 1,2,...,k)

related to Ty, = (fy, g4 : A) € BPSS(W); (¢ = 1,2,...,71).
Then, (31) and (32), as shown at the bottom of the page,
are called the dominating bipolar soft lower approximation
matrix and the dominating bipolar soft upper approximation
matrix, respectively. Here

X

of experts (decision-makers) collaborates to select the best i . = <u1 o UDj s ey Uy +) (34)
alternative from a set of feasible alternatives that are classi- 8 T8 T8 8
fled.accordmg to their attributes in a given s1tuat.10n. In this _Jf — <’4_1jf . M_zjf R unjf +> (35)
section, we develop a novel MCGDM approach using the DB- a a a
BSRSs. We give a brief description of a MCGDM problem A S 36
under the environment of the DB-BSRSs, and afterward, give Jgy = \Mlgf o W2ighs - M"Jg (36)
(&fl+’&gl+> <&f1+’&gT> <)L](-fl+’&gT>
9 _ (&fz‘f-v)&g;) <&f2+’&g;> ()&f2+7)&g3’> 31
®le o) = _ . , : 31)
(le.+,X1 +) <X2f-+1X2 +) (ka+7Xk +)
(X1f+ Xlg +) <X2f+ ng +) (ka+,ng +)
—_ Kipr, Xigr)  (Xopr. Xopt) Kiegr - Xigt)
[®l+ g4 = S e e (32)
Kipr, Xigr)  (Kopr, Xo ) Xicps X g )
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where,
ifu; € j -+
i = 37
= i ¢ X &7
—1/2 ifu e X] s
.= 38
Yigy ifu; ¢ X] %)
172 ifu; e X, "
T — Iy
Yt = { if u; ¢ X; 59
—-1 fu;eX +,
Tjgp = . _@ (40)
a 0 if u; ¢ ng;r.
In the same style, let DBS™ 7 (X)) = (X; ) and

g~
DBS™ 7,X;) = (Xj = Y] _) be lower and upper domlnated
soft rough appr0x1mat10ns of Xj; G =1,2,..., k) related to
T, = (fg. 84 - A € BPSS(W); (g = 1, 2, ..., r). Then,
(41) and (42), as shown at the bottom of the page, are referred
to as the dominated bipolar soft lower and the dominated
bipolar soft upper approximation matrix, respectively. Here,

X = ey Upi , 43
s <u]ij Wy M"’f;f) @

X _ = <u]j _,uzj e (44)
—g4

)
Ty ) (45)
)

Xij’ - uzjf e
ng; = M2]g unjg (46)

where,

{ if u; € X] _,
uj,_ = ¢

—1 ifueXj, -,
T, = BRRLT (50)
a 0 if u; ¢ ngf.
Definition 17: Let [Q](f+ o)’ [@](,ur gt [@](f_ ) @ and

[”D]«—Y ¢-) be the dominating bipolar soft lower, dominating
bipolar soft upper, dominated bipolar soft lower and dom-
inated bipolar soft upper approximation matrices, respec-
tively. Then

(/V)(er et Z Z ( ]f+ @&g;) (51)

qul

Dp+.gt) = Z Z ( i ©% ) (52)

J=1 q=1

are called the dominating bipolar soft lower approximation
vector and the dominating bipolar soft upper approximation
vector, respectively.

Similarly,
DNy ey ZZ( G- @ ) (53)
j=1 g=1
Ny = ZZ( i @Yg;)' o
j=1 g=1

are called the dominated bipolar soft lower approximation
vector and the dominated bipolar soft upper approximation
vector, respectively.

Here the operations )  and @ represent the vector addition.

Definition 18: Suppose that (7/)(f+ o)’ %(ﬁ,gﬂ,
v )(f* _. and %(f -y be the dominating bipolar soft
lower, and dominating blpolar soft upper, dominated bipolar
soft lower and dominated bipolar soft upper approximation
vectors, respectively. Then

il if u; ¢ X
—1/2 ifu € x , = Digpr gh) ® Ny+g0) @ Dy O Dy o)
@g; = if 1 ¢ X _ (43) = (vl, Vo, et vn> (55)
_gq
172 ifue is known as the decision vector.
- = ]f ' (49) Definition 19: Foradecision vector g = (vi, v2, ..., vy),
! 0 ifu¢X; e each v; is known as the weighted number (WN) of u; € 1.
X1, X X, Xy — X, Xp _
o1 _ (_1f2 1,-) (_2f2 _2g2) (_kf2 _kg2> @)
—(f".¢7) . : )
(le—,Xl -) (Xzf-—,Xz -) (kaﬂXk -)
(le i) (Xzf ,X_zg ) (ka ,X_kg )
_ Xi-. X1,-)  (Xop-.Xo,-) (X X - )
Dl =| = & “hTE Rt “2)
(le; s Xlg ) OTZf; s )TZg; ) ()ka; s }Tkg; >
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soﬂ lower approximation
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vector vector

< 4 ~ v

S

FIGURE 1. (Procedure of the proposed technique for MCGDM).

(1) Anobject u; € Llis referred to as an optimal object of 4L

if its WN is a maximum of v; foralli = 1,2, ..., n.
(2) Anobject u; € Llis referred to as the worst element of Ll
if its WN is a minimum of v; foralli = 1,2, ..., n.

If there is more than one optimal/worst element of i, then
pick out any individual of them.

Vi. PROPOSED ALGORITHM FOR MCGDM PROBLEM

In the current section, we give an algorithm for the estab-
lished strategy of the MCGDM problem being considered
in section V. The corresponding steps of the algorithm are
given as follows:

Step 1: Take primary assessments X1, Xo, . ..,
P1 D2y - s Dk

Step 2: Construct T, T3, ...,
actual results.

Step 3: By using Definition 10, calculate DBS+Tq()(j),

DBS*1,(X;), DBS” 1, (X;) and DBS™7,(X;) for all

X of experts

T, € BPSS(U) using the

Jj=12,... kandg=12,...,r
Step 4: C_alculate @(fﬂgﬂ’ [D]+,g+)s @(f_,g_) and
[@](f—,g—) by using Equations (31), (32), (41)

and (42).
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Step 5: Calculate (”I/)(f+ o) (”//)(f+ o) (“//)(f_ ) and
), )(f-.g—) by using Definition 17.

Step 6: Compute decision vector #; by using Definition 18.

Step 7: Calculate max;v;; i = 1,2,...,n. An alternative
with maximum WN should be chosen for the final

decision.

Flow chart portrayal of the above algorithm is displayed
in Figure 1.

VIi. APPLICATION: A DESCRIPTIVE EXAMPLE
To illustrate the potential of the above-proposed technique of
DM, here we consider a real-life example

Example 5 (Selection of a Best Company for Investment):
Suppose there are three investors (decision-makers) py, p2,
and p3 who want to make an investment in a specific com-
pany. Assume that L = {uy, uo, u3, us, us} be the universe
consisting of five different companies, where u; = Automo-
bile company, u» = Food company, u3 = Computer company,
us = Arms company and us = Medicine company. Consider
A = {e1, e, e3} is the set of parameters (qualities of compa-
nies), where e; = appreciation, ey = economical growth and
e3 = yearly benefit. Then A = {—e; = depreciation, —e; =
economical decay, —e3 = ayearly loss}.

VOLUME 9, 2021



R. Gul et al.: Novel Approach Toward Roughness of BSSs and Their Applications in MCGDM

IEEE Access

Step 1: Primary assessments of investors p1, p» and p3 are:

Xy = {u1,up, us}, Xo = {u1, u3, us} and X3 =

{uo, us, us}.

Step 2: Actual results in three distinct locations and periods

are represented as BSSs 71 = (fi, g1 : A),T» =
(2, g2 : A)and T3 = (f3, g3 : A) as follows:
fi: A— 211’
{ur} ife=ey,
er— 1 {uy,us} ife=eo,
{ug, us} ife =e3,
g1 A— 24
{uz, us} if —e = —ey,
—e > { {uz} if e = —ey,
{ur, uz} if —e = —e;s.
fr: A—> P
{uz} ife=e,
e { {up,uq} ife=ey,
{uz, uq} ife =es,
g A— 24
{1, ug}  if —e = —ey,
—e = 1 {us} if —e = —ey,
{ur, us} if —e = —es.
and
f3: A— 24,
{uz, us} ife=e,
e\ {uz} ife=e,
{uz, us} ife=es3,
g3 A — o4
{ur, up} if —e = —eyq,
—e = 1 {ua} if e = —es,
{ur, uz} if —e = —es.

Step 3: Using Definition 8 to
[t gt f~and g™ for Ty

fiun) = {ur},

calculate the operators

=(f1,g1: A

g () = {ur, us},

fiTw) = {ua, uz},  gf (2) = {uz, ua},
firuz) = {ua, uz},  gf (u3) = {us},
[ (ua) = {ua, us),  gf (ua) = {uz, ua},

fi(us) = {us},
fi () = {ur},

g1 (us) = {u3, us},
gy (ur) = {u},

i w2) = {uz, uz}, gy (u2) = {uz, us},
fi w3) = {uz, u3}, g, (u3) = {uy, u3, us},
Si (ua) = {ua}, gy (ua) = {uz, ua},

fi (us) = {ua, us},
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gy (us) = {us}.

Similarly, the operators f, g*, f~ and g~ for 7> =

(2, g2 + A):

£ = {uy, us},

f2+ () =

{uz},

£ us) = {u3, us},

£t (ua) = {ua},

fo(us) = {u, us),
S (u1) = {uy, us},
8, () =
8, (u3) = {uz, us},
{us, ua},

1o (us) = {uy, us},
And the operators fT, g%, f~

fy (u2) = {uz},
fy W3) = {us},
fz_(”4) =

(f3, g3 : A): we have
) = {ur, us},

gF (ur) = {u1},

g3 (2) = {ua, u3},
g5 (u3) = {u, u3},
85 (ug) = {ur, us},

g5 (us) = {us},
&, (u1) = {uy, ug},
{uz, us},

8, (ua) = {ua},
8, (us) = {us}.
and g~ for T3 =

g3 ) = {u},

£ ) = {ua), g3 (w2) = {ur, w2},
firua) = {us,us), g3 (u3) = {ur, us},
fi(ua) = {ur, ua}, g3 (us) = {ua},

£ (us) = {us},
Sz (u1) = {u1, ug},

15 (u2) = {ua},
f3 (u3) = {us},
f3 (ua) = {u1, ua},

fs (us) = {us, us},

Therefore, we have

8 (u2) =

g5 (us) = {us},

83 (u1) = {uy, up, us},

{u2},

83 w3) = {us},

83 (ug) = {ua},
83 (us) = {us}.

DBS* 1 (X1) = ({u1, us}, {uy, ua, u3, ug, us}),

DBS+T1 (X)) =

{ur, us}, {ua, us}),

DBS" 1, (X3) = ({ua, us}, {u1, us, us}).

DBST1,(X2) =

(
(

DBS*r,(X1) = ({ur, w2, u3, ug, us}, {us}),
({ur, w2, u3, ug, us}, {uz, us}),
(

DBS*7,(X3) = ({uz, u3, ua, us}, {ur, us}).

Similarly,

DBS™ 7, (X1) = ({ur, uz, us}, {uz, u3, us}),

DBS*;,(X2) =
DBS 7, (X3) =
DBS*r,(X1) =
DBS*1,(X0) =

(
(
(
(
(
(

{us}, {uz, uz, ug}),

{uz, ua}, {ur, uz, us}).
{u1, uz, us}, {}),
{

ut, u3, us}, {}),

DBS+T2(X3) - {M],MZ,M3,M4,I/[5} {Ml})

Also,

DBS* 1, (X1) = ({ua. us}, {u3, us}),
DBS* ;. (X2) = ({us, us}, {uz, us}),
DBS" 1. (X3) = ({u2, us}, {u1, u, us}).
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DBS*r,(X)) = ({w1, w2, uz, ug, us}, {us}),
WT;(Xz) = ({u1, u3, ua, us}, {us}),
DBS*1,(X3) = ({ur, w2, u3, ug, us}, {ur, us}).
In the similar way, we have
DBS” 7, (X1) = ({ur}, {uz. u3, u}),
DBS~ 7, (X2) = ({u1}, {u2, ua}),
DBS” 1, (X3) = ({ug, us}, {ur, us}).
DBS™1,(X1) = ({u1, w2, uz, us}, {}),
(
(

DBS™7,(X2) = ({u1, uz, u3, us}, {uz, us}),
WT] (X3) = ({u2, uz, us, us}, {ur}).
And
DBS” 7, (X1) = ({ur, uz, us}, {ur, ua, u3, us}),
DBS™ 7, (X2) = ({u1, us, us}, {ur, uz, u3, us}),
DBS” 1, (X3) = ({uz}, {u1, uz, u3}).
DBS 1,(X)) = ({u1, u3, us}, {us}),
%TZ(XZ) = ({u1, u3, us, us}, {us}),
DBS ™ 1,(X3) = ({u1, u2, ug, us}, }).
Also,
DBS™ 7, (X1) = ({u2}, {u1, u3, ua}),
DBS~ 1, (X2) = ({us, us}, {u1, uz, ua}),
DBS” 1,(X3) = ({uz}, {u1. us}).
DBS ™ 1,(X1) = ({w1, w2, ug, us}, {us, us}),
%T3(X2) = ({u1, u3, us}, {uz, ua}),
WT}(X?)) = ({u1, u2, ua, us}, {uz}).

Step4 [@] + g+ )’ [@](er gty ] [9] - and [Q](f N )9
shown at the bottom of the next page are obtained by
using Equations (31), (32), (41) and (42) ﬁollows.

Step 5: Using Definitiori 17, (_”f/)(ﬁ,ng), (D )+,g+)s
(_7/)(f— ) and (7/)(1",5"

y can be obtained as

follows:
Dps gy = (1.0 ,—0.5,6.5),
("//)(f+g+ =(1,2,15,0.5, 45)
= (0.5,1,-1.5,-2,4),

(Ky)(f*,gf) = (37 19 17

Step 6: By using Definition 18, the decision vector is
obtained as:

-2, 4.5).

Yq = (5.5,3.5,—1.5,—4.5,19.5).

Step 7: As max;es, u; = us = 19.5. So us (Medicine
company) is the optimal element and min;ej, u; =
ugy = —4.5, so ug (Arms company) is the worst
element.
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Moreover the ranking among the elements of the uni-
verse 1 is given as: us > uy > up > u3z > u4.
The pictorial portrayal for the ranking of the companies is
shown in Figure 2.

22 4

19.5
20 -~
18
16 |
14 -
12 -
10 -
g 5.5
& 3.5
4
i
0 - I T T
-2 4
4 -15 .
6 - 4.5
Automobile  Food Company  Computer  Arms Company Medicine
Company Company Company

FIGURE 2. (Ranking of companies).

VIIl. DISCUSSION AND COMPARATIVE ANALYSIS

In this section, we discuss the validity of the proposed
method, its advantages, and disadvantages, and finally a
comparison of the proposed technique with some existing
methodologies.

A. VALIDITY OF THE PROPOSED MODEL

As we know that, the preferences or opinions of all decision-
makers, aggregation is the crucial step for the classi-
cal GDM methods. In our proposed DM approach, every
decision-maker expressed their opinion as a BSS, and after-
ward, all opinions given by decision-makers are aggregated
through the usage the DB-BSR-approximations, and then a
compromise optimal proposal is acquired. So, the DB-BSRSs
approach to MCGDM provides a different strategy to aggre-
gate the preferences of decision-makers. Therefore, the pro-
posed DM approach is valid and offers a novel technique and
perspective to investigate GDM problems in real life.

B. ADVANTAGES OF THE PROPOSED TECHNIQUE

In general, real-world MCDM and MCGDM problems arise
in a complicated environment under uncertain and imprecise
data, which is hard to address. The proposed technique is
exceptionally appropriate for the scenario when the data is
complex, vague, and uncertain. Especially, when the existing
data is depending on the bipolar information by decision-
makers. A few benefits of the proposed technique are listed
below:

(i) The proposed approach considers positive and nega-
tive aspects of each individual alternative in the form
of a BSS. This hybrid model is more generalized and
appropriate to deal with aggressive DM problems.

(i) This technique is additionally ideal on the grounds that
in this strategy the decision-makers are liberated from
any external conditions and prerequisites.
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(iii) Our proposed technique is effective in solving MCGDM
problems when the weights information of criteria is
completely unknown.

(iv) The proposed MCGDM technique is more effective for
discrete data problems.

(v) The proposed method not only considers the opinions of
key decision-makers but also incorporates the past expe-
riences by DB-BSR-approximations in actual scenarios.
Hence it is a more comprehensive method for a better
interpretation of available information and thus making
decisions using artificial intelligence.

(vi) The proposed MCGDM approach is easy to understand
and can be applied to DM problems in real life.

C. DISADVANTAGES OF THE PROPOSED TECHNIQUE
Some minor flaws are there in the proposed technique, inclu-
sive of its complicated structure, the large data in the form of
bipolar information. Such large data is hard to deal with, due
to massive calculations, which are not so natural to perform.
However, one could create a MATLAB programming code to
make these complicated calculations simpler.

D. COMPARISON WITH SOME EXISTING TECHNIQUES
There are numerous techniques in the literature helpful
for tackling MCGDM problems. All these techniques of

MCGDM have their own merits and demerits. The capability
of every technique relies on the problem under consideration.
In this subsection, we make a set-based comparison of the
proposed MCGDM technique with some current MCGDM
techniques in the fuzzy and bipolar fuzzy environments and
see the significance of the proposed MCGDM strategy.

We talk about comparative analysis of proposed strategy
with dominance-based soft rough sets [64], fuzzy soft set [3],
dominance-based rough fuzzy set [15], intuitionistic fuzzy
rough sets [66], picture fuzzy set [10], generalized hesitant
fuzzy rough sets [63] and generalized intuitionistic fuzzy
soft sets [37]. All these techniques have their own value in
the literature. If we compare all these techniques with our
proposed strategy, we investigate the following points.

(i) The previously-mentioned techniques cannot catch
bipolarity in DM which is a fundamental aspect of
human thinking and behavior.

(ii) Besides, these techniques do not ensure harmony in the
opinions of decision-makers.

(iii) If we compare our proposed model with the methods
presented in [10], [37], we have seen that these methods
require a weight vector that represents the weight of each
alternative, but in our proposed model there is no need
for a weight vector.

(9]

=2(f et
((1,0,0,0, 1), ( ! ! ! 1)) ((1,0,0,0, 1), (0 100 1)) ((00011)(10 10 1))
9 9 b 9 9 27 27 2’ %’ 2 9, 9 9 b 9 9 2’ 9 b 2 9 b 9 9 b 2’ 2’17 2
= 1,1 1 —_ =, == 1 —_ =, == 1 1 —= )
(( 9 b 0’ O’ )7 (07 27 2’ 12’ 0)> ((O’ 07 0’ 0’ )7 (0’ 27 2’ 12’ 0)> ((0’ 9 O’ 9 0)7 ( 2’ 2’ %7 0 0)>
1 1 —_, == 1 1 ——,0, —= 1 D, (—=, —=,—=,0,
N ((O’ b 0’ 07 )7 (0’ 0’ 2’ 2 b 0)) <(0? 0’ 9 07 )’ (O’ 2 b 0’ 2 9 0)) ((0’ b 0’ 0’ )7 ( 2’ 2 b 2 0 O))
[(Dr+,¢4)
((11111)(00 1,0, 0)) <(11111)(0 1,0, -1,0)) ((01111)(10 1,0, 0))
272’2?272’ » Y » Y 272’272’2’ 9 ’272’2?27 » Y s Y
= <(l0101)(00000)) ((10l —)(00000)> ((lllll)(IOOOO))
2’ ’27 ’2’ b 9 9 9 2’ 72 2 272’2 2 b
((lllll)(OOO—IO)) ((10111)(000—10» ((llll—)(IO —1,0,0))
27 2’ 2? 2’2’ 9 b 9 9 2’ ?27 2’2’ b 9 9, 9 2’ 27 2’ 2? b 9
[Q]U’g’)
((10000)(0 ! ! 10)) ((10000)(0 0 10)) ((0,0,0,1, 1), ( 0 100))
2’ 2’ 2’ 27 9 2’ 9 b 9 b 9 9 9 2? 9
=1(1,1,0,0,1),(— —1—1 0))((10101)( —1—1—10))((01000)(—1—1—100))
0,1,0,0,0 ——,—=,0 0,0,1,0,1 ——,0,—=,0 0,1,0,0,0),(—=,0,—=,0,0
_(( )(2,,2, 2,)) (( )(2, 2,,2,)) ((,,,,),(2,,2,,))
[Q]U",g’)
((11 01)(00000)) ((11101)(0 1,0, -1, 0)) ((01111)(10000»
2’2?27 ’2? 9 9 b 9 2’272’ ?27 9 9 72’272 2
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TABLE 1. The results obtained using different methods for Example 5.

Methods The final ranking The best alternative | The worst alternative
Karaaslan and Cagman [36] U5 U T UL U3 T UL us Ul
Shabir and Gul [61] U5 = UL T UL = U2 U3 us us
Our proposed method U5 UL T U2 U3 UL us Ug

—#—FKaraaslan and Cagman [35]

—fl—5habir and Gul [60]

Cur proposed method

ul u2 u3 ud

us

FIGURE 3. (Ranking of companies using different methods for Example 5).

(iv) Itis well known that the models presented in [10], [37],
[66] can manage some DM problems to describe the idea
of decision-makers through a crisp number. However,
because of the uncertainty of the objective world and the
complexity of the decision-making problems, they fail
to handle some GDM problems. For example, several
experts argue the membership degree of an element to
a set and cannot compromise each other. One wants to
assign 0.3, but the other tends to assign 0.7. In this case,
DB-BSRSs can be a very good solution to this problem.

(v) If we compare our proposed result with the method
presented in [9], we have seen that in this method the
optimal alternative is obtained just by using the tab-
ular form of BSSs, while in our proposed model the
optimal alternative is obtained by using the DB-BSR-
approximations.

(vi) In [40], Mahmood uses the tabular form of the T-BSSs
and presented two types of algorithms with the help
of score function to obtain the optimal alternative. But
in our proposed model there is no need for the score
function.

(vii) If we apply the recent approaches proposed in [36]
and [61] to our Example 5, we get the following
ranking among the alternatives (shown in Table 1)
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and the corresponding pictorial depiction is given
in Figure 3.

IX. CONCLUSION AND FUTURE DIRECTIONS

The RS theory is arising as an incredible theory and has
different applications in numerous fields. On the other hand,
the BSSs are the appropriate mathematical model to deal
with the uncertainty as well as the bipolarity of the data.
In this study, we have initiated a novel technique of roughness
of BSSs known as “dominance-based bipolar soft rough
sets (DB-BSRSs)”. For a given BSS, we first define some
dominance-based bipolar soft operators. Using these oper-
ators, DB-BSR-approximations have been defined. Some
important structural properties of DB-BSR-approximations
have also been studied in detail with examples. Additionally,
some significant measures related to DB-BSRSs like the
accuracy measure, the measure of precision, and the measure
of quality are also provided. In the meantime, we provide
a general methodology of the MCGDM approach based on
the DB-BSRSs. An algorithm of decision-making is also pro-
posed which has the following two main advantages. Firstly,
it manipulates the bipolarity of the data, endowed with uncer-
tainty. Secondly, this algorithm accommodates the opinions
of any (finite) number of decision-makers about any (finite)
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number of alternatives. Furthermore, the legitimacy of this
methodology is illustrated by a practical application. Lastly,
a comparison analysis of the proposed model is performed.

In the future, on the basis of the characterized ideas
and operations in this paper, researchers may additionally
look at the algebraic structures of DB-BSRSs. Modeling the
supported natural phenomenon is our subsequent objective.
Another perspective route is to have a look at the topological
axioms and similarity measures of DB-BSRSs in order to
seek a strong basis of the research studies and enhance-
ment of working techniques. Also, the idea of DB-BSRSs
could also be extended to dominance-based bipolar fuzzy
soft rough set and successful decision-making strategies can
be developed. The notions of the DB-BSRSs can also be
extended to multi-granulation DB-BSRSs. For more com-
plicated decision-making problems, the technique requires
further investigation. The different types of correlation coef-
ficients can also be studied in the framework of DB-BSRSs.
Some important aggregation operators such as Hammy mean
operators, weighted aggregation operators, arithmetic and
harmonic aggregation operators, power aggregation opera-
tors, etc. can also be developed in the follow-up work. Also,
the technique is more practical for discrete data problems.
For continuous scaled data sets, this approach requires further
research. Moreover, we will concentrate on the implemen-
tation of the proposed strategy in tackling a more extensive
scope of selection problems, like TOPSIS, VIKOR, ELEC-
TRE, AHP, and PROMETHEE. We may also be searching on
the possible fuzzification of the proposed strategy to obtain
more accuracy in outcomes and applying these procedures
to certifiable problems with large data sets. In this way,
we can acquire and demonstrate the usefulness of our pro-
posed model.
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