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ABSTRACT We consider a linear discrete time-varying input-output system. Our goal is to study the
problem of local assignability of the Lyapunov spectrum by static output feedback control. To this end we
introduce the notion of uniform consistency for discrete-time linear systems which is the extension of the
notion of uniform complete controllability to input-output systems. The property of uniform consistency
is investigated, some necessary and sufficient conditions for this property are obtained. The notion of
uniform local attainability is introduced for the closed-loop system. We prove that uniform consistency
implies uniform local attainability of the closed-loop system. The property of local Lyapunov reducibility is
introduced for the closed-loop system. We prove that uniform local attainability implies local Lyapunov
reducibility. We prove that, for a locally Lyapunov reducible system, the Lyapunov spectrum is locally
assignable, if the free system is diagonalizable or regular (in the Lyapunov sence) or has the stable Lyapunov
spectrum.

INDEX TERMS Linear discrete time-varying input-output systems, local assignability, Lyapunov spectrum,

pole assignment problem, static output feedback, uniform consistency.

I. INTRODUCTION
It is well known that a well-designed feedback controller is
expected not only to produce the required output, but also
to ensure the satisfactory quality for the transition process,
e.g., provide the required overall decay rate of the solutions or
some appropriate oscillatory properties. In many cases, these
properties are determined by the asymptotic behavior of some
linear system, which usually arises as a system in variations
for the original system and most often turns out to be non-
stationary. Mathematical problems arising here are diverse
and often difficult.

The simplest case of such a problem and, at the same time,
its classic example is the stabilization problem, where the
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deviations of the process parameters from the target values are
to be suppressed in the shortest possible time. The state-of-
the-art for the stabilization problem of continuous-time linear
systems is described in [1] (see also [2]), and for discrete
time systems in [3]. Another classic examples are the pole
assignment problem for a stationary system and the problem
of assigning the multiplier spectrum for a periodic system.
Here the ultimate goal is not only to influence the decay
rate of the solutions, but also on other characteristics of the
transient process. It is well known that a necessary and, in the
stationary case, a sufficient condition for the solvability of
these problems is the complete controllability of the open
system [4]-[7].

The spectrum of eigenvalues of a stationary system deter-
mines almost all features of this system. That is why for
stationary systems it is possible to fine-tune their asymptotic
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properties even with the help of stationary linear feedback.
In the non-stationary case, it is difficult to provide some-
thing like this, and we are to seek for some alternative
approaches.

One of the useful way to handle the asymptotic prop-
erties of time-varying linear systems is the use of the
Lyapunov spectrum and some related characteristics of these
systems such as the Bohl exponents, the dichotomy spec-
trum, the properties of stability, reducibility, regularity in the
Lyapunov sense, etc. For example, the stabilization problem
as arule can be reduced to the problem of assigning the higher
Lyapunov exponent to be negative. In turn, to ensure uniform
stability, the upper Bohl exponent is to be assigned. It should
be stressed that by assigning some asymptotic characteristics
of a linear system, we can influence various properties of this
system that are not reduced only to the overall decay rate
of solutions. In particular, by the simultaneous assignment
of all Lyapunov exponents of a system (i.e., the assignment
of the Lyapunov spectrum), it is possible to influence the
conditional stability of its solutions. By assigning a zero value
to the irregularity coefficient, it is possible to ensure a more
reliable preservation of stability under the action of nonlinear
perturbations.

All the above characteristics and properties are studied
within the framework of the theory of Lyapunov exponents,
the foundations of which were laid by A.M. Lyapunov in his
doctoral thesis of 1892 [8]. Since then, the exponents theory
for both differential and discrete case has been intensively
developed in many directions and is now a well-established
mathematical theory having many applications. The current
state-of-the-art and basic definitions can be found in [9]-[14].
Some necessary definitions are also given below.

Thus, we may assert that the problem of ensuring the
required quality of the transition process leads to the problem
of assigning some prescribed asymptotic properties of a given
linear control system by introducing some appropriate linear
feedback into it. These problems have been intensively inves-
tigated for the continuous-time case, and the monograph [15]
contains a summary and history of this research before 2012.
Recently, some substantially new results have been obtained
in this direction. In particular, necessary and sufficient
conditions for assignability of the dichotomy spectrum
for continuous time-varying linear systems are obtained
in [16].

There exist few alternative approaches to the problem
of assigning asymptotic properties of a linear system.
An approach based on reducing of a periodic system to
a stationary form using special feedback were considered,
for example, in [17]-[19]. Starting from [20], a number
of authors have tried to solve the problem of assigning
asymptotic properties for a system with smooth coefficients
by reducing it to the second canonical Luenberger form
with subsequent transformation into stationary one by means
of suitable feedback, see e.g. [21]-[23]. These results are
quite advanced and provide a well-developed computational
technique for practical applications. However, they have
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significant limitations of the scope due to the requirements
for the original control system.

Much less is currently known for discrete systems. Results
related to the canonical Luenberger form are presented in
[24]-[26]. An approach similar to the approach of [17]
for discrete systems is developed in [27]. Sufficient condi-
tions for assignability of the dichotomy spectra for discrete
time-varying linear control systems were obtained in [28].
Necessary and sufficient conditions for assignability of the
dichotomy spectrum for one-sided discrete time-varying lin-
ear systems are obtained in [29].

A series of papers [30]-[33] discussed investigations of the
problem of Lyapunov exponents placement for discrete-time
systems. In these works, sufficient conditions are obtained
for the solvability of the problem of assigning the Lyapunov
spectrum of discrete non-stationary systems in various for-
mulations. The main one among these conditions is, as in the
continuous case, the uniform complete controllability of the
original (open-loop) control system.

More precisely, in [32] it was established that if a linear
discrete-time system

x(r + 1) = A(0)x(1) + B()u(t),

with time-varying coefficients is uniformly completely con-
trollable and the free system

x(t+ 1) = A@)x(1),

is diagonalizable or regular (in the sense of Lyapunov) or has
the stable Lyapunov spectrum, then the Lyapunov spectrum
of the closed-system (by linear state feedback)

Xt +1) = (A) + BOUM)x(1), te€Z xeR", (3)

is proportionally locally assignable. Here proportional local
assignability means that for an arbitrary set of numbers lying
in a small neighborhood of the Lyapunov spectrum of the free
system (2), we can construct a small-norm control (U (t)) tez,
such that the Lyapunov spectrum of the closed-loop sys-
tem (3) coincides with the given set. Moreover, we can choose
the control (U(7)),_, so that the value of [|U(z)]|| satisfies
some Lipshitz-type estimate with respect to the required
exponents shift.

An essential feature of the above result is the use of static
state feedback. Such a restriction significantly narrows the
scope of the result, but makes it easier to obtain. Our main
goal in this paper is to overcome this deficiency. Here we con-
sider the problem of assignment of the Lyapunov spectrum for
a linear input-output discrete-time system with time-varying
coefficients

teZ, xeR", (1)

teZ, xelR", (2)

x(®+ 1) = A()x(@) + B(H)u(t), )
y(t) = C*(t)x(1),
te€Z, (uyeK'xK'xK, (5

where K = R or K = C, by means of linear static output

feedback
ult) =U@)y@), teZ, (6)
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that is for the closed-loop system of the form

x(t+ 1) = (A®) + BOUOCH (0)x(t), te€Z. (1)

The problem is considered in a local setting, i.e., for an
arbitrary set of numbers lying in a small neighborhood of
the Lyapunov spectrum of the free system (2) one needs
to construct a small-norm control (U (t)) 1z such that the
Lyapunov spectrum of the closed-loop system (7) coincides
with the given set. Note that we do not assume the control
(U (t)) 1<z, t0 have any Lipshitz-type estimate with respect to

the required exponents shift.

To extend the results obtained in [32] to system (7), we
use the concept of uniform consistency of system (4), (5),
which is a generalization of the concept of uniform complete
controllability of system (4). The definition of uniform con-
sistency was given in [34] for continuous-time systems, and
in [35] for discrete-time systems. This new notion allows us to
obtain sufficient condition for the above formulated problem.
However, unlike the case of state feedback, we failed to obtain
proportional local controllability. In [32] we construct the
control explicitly and due to that we easily obtain the desired
estimate. To construct a control in the case of output feedback,
we have to use some sophisticated technique that severely
restricts our options.

The paper is organized as follows. In Section II, we
introduce the definition of uniform consistency for a linear
discrete-time input-output system. The properties of uni-
formly consistent systems are investigated. Necessary con-
ditions and sufficient conditions for uniform consistency
are established, in terms of the coefficients of the original
system, as well as in terms of the coefficients of the big
system. In Section III, we recall the concept of dynamical
equivalence and its sufficient condition. In Section IV, cri-
teria for uniform consistency are obtained for time-invariant
systems. In Section V, we introduce and investigate the
definition of uniform local attainability for a closed-loop
system by static output feedback. In Section VI, we estab-
lish an interrelation between the properties of the uniform
consistency and uniform local attainability. It is proved that
uniform consistency of the open-loop system implies uni-
form local attainability of the closed-loop system but the
converse is not true. In Section VII, we introduce the defi-
nition of the property of local Lyapunov reducibility for the
closed-loop system and prove that the uniform local attain-
ability is a sufficient condition for local Lyapunov reducibil-
ity. In Section VIII, we introduce the definition of local
assignability of the Lyapunov spectrum for a closed-loop
system by static output feedback. We prove that, under some
additional assumptions on the matrix of the free system,
uniform local attainability implies local assignability of the
Lyapunov spectrum. Corollaries are obtained on local
assignability of the Lyapunov spectrum for uniformly consis-
tent systems. In Section IX, an example is presented to illus-
trate the results obtained. In Section X, conclusion comments
are given.
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Notation. Relations @ := fB and 8 =: o mean that
« is assumed, by definition, equal to 8. Let K = C or
K = R; K" = {x = col(xy,...,x3): x; € K} is the
linear space of vectors over K; M,, ,(K) is the space of
m x n-matrices over K; M,,(K) := M, ,(K); I € M,(K) is
the identity matrix; [eq, ..., e,] := I; set AY .= [ for any
A e M,(K); A is the complex conjugation of a matrix A;
T is the transposition and * is the Hermitian conjugation of
a matrix or a vector treated as a matrix; |x| = /x*x is the
norm in K”; ||A|| = maxy|=1 |Ax]| is the norm in M,, ,,(K);
B.(H) = {G € Mp,(K) : |G—-—H| < ¢}; Nand Z
are the sets of natural numbers and integers, respectively; an
interval [fp, t;), where ty, 1y € 7Z, tg < ty, is understood

as the set of integer points fg,fo + 1,...,7 — 1 (respec-
tively [f9, +00) = {f,7%0 + 1,...}); [0, 1] = {0,700 +
1, ..., t1}; A®B denotes the right Kronecker (tensor) product

of matrices A and B [36, Sect. 12.1]. By vec : M), ,(K) —
KP4 denote the mapping, which ‘“unrolls” a matrix H =
{h}, i = ﬁ j = l,_q, by rows into the column vector
vecH =col(hi1, ..., hg, ..., hp1, ..., hyy) € KPY. For any
matrices A € M, ,(K), B € M, x(K), C € M (K), we
have

vec (ABC) = (A ® CT)vecB. (8)

A quadratic form Vp(y) := y*Py is identified with its
Hermitian matrix P = P*; the inequalities P > Q and
P > Q for Hermitian matrices P, Q are understood in the
sense of quadratic forms, i.e., P > Q iff Vp(y) > Vp(y)
forall y € K"\ {0}, and P > Qiff Vp(y) = Vp(y) for
ally e K".

Let

No(@) == {H € M: detH #0, |H| <o, |[H'| < a}.
For every matrix H € N, («) the inequality
2a > [|H| +I|H ' = |H| +|H|™" =2

holds; therefore, the set NV, (c) is nonempty only for o > 1.
For this reason, below we consider the set AV, («) only for
a>1.

We say that a sequence L(-) = (L(t))[eZ C M, forms
a Lyapunov sequence if there exists « > 1 such that
L) € N, (o) forallt € Z.

For any sequence F(-) = (F(t))teZ C M,,, we define

1Flloo = sup [F(@®)]I.
teZ

Il. UNIFORM CONSISTENCY FOR LINEAR DISCRETE-TIME
SYSTEMS

A. DEFINITIONS

Consider a linear discrete time-varying control system (4), (5)
with a Lyapunov sequence (A(t)) ez C M,,(K) and bounded
sequences (B(1)),., C Mpn(X), (C(1),., C Mui(K).
We assume that the inclusion

AQ) = (A®), oy, C Nola) ©)
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and the inequalities

[Blloo = b,

[Clle = ¢ (10)

hold for some finitea > 1,5 > 0, ¢ > 0.
By Xu(¢, 1), t, T € Z, denote the transition matrix of the
corresponding free system (2), that is

At —1)---A(1), t> T,
Xalt, 1) =11, t=r1,
A\ ATl =), <t

From (9) it follows that, for any ¢ € Z,

IAOI < a, [A7'®) < a,

hence, by definition of X4(¢, v), for every r,t € Z the
estimation

IXa(t, T)|| < a7 (11)

holds.

Recall that system (4) is said to be completely reachable on
(completely controllable on) [1y, t1) if for any X € K" there
exists a control functionu(z), t € [fg, 1), steering the solution
of system (4) from the state x(f9) = 0 (x(f9) = X) into the state
x(t1) =X (x(11) = 0).

Let us construct the reachability gramian

tH—1
Wit 10) = Y Xa(ti. s + DBS)B* ()X (11, s + 1)

S=1p
and the controllability gramian
t1—1
Wa(t1, 10) = Y Xa(to, s + DB)B ()X} (t0, s + 1)
S=1p
(t1 > 1o). Note that W(r1, to) = W/ (11, t0), Wj(t1, 10) = 0,
j=1,2,and

Wit to) = Xa(t1, to)Walt1, 1o)X (11, to).

It is known the following proposition.

Proposition 1: System (4) is completely reachable
(controllable) on [#g, 1) iff Wi(t1, ty) > 0 (Wa(tq, tg) > 0).

Remark 1: If condition (9) is satisfied, then the proper-
ties of complete reachability and complete controllability
on [ty, t1) are equivalent, and relations Wj(#1, fp) > 0 and
Wa(t1, to) > 0 are equivalent.

Definition 1 (see [37, Definition 1]): System (4),(5) is
said to be consistent on the interval [t,t + ¥) if for any
matrix G € M, (K) there exists a control function ﬁ(t) €
M, 1 (K), t € [T, T + ¥), steering the solution of the matrix
system

Z(t +1) = AOZ(1) + BOUMNC* OXalt, 1) (12)

from the state Z(t) = 0 into the state Z(t + ) = G.
Remark 2: The property of consistency is, in a sense,
a generalization of the notion of complete reachability
(controllability) from systems with the complete output
(C(t) = 1,y = x) to systems with the incomplete output
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(rank C(¢) < n). In particular: (a) if system (4), (5) is con-
sistent on the interval [7, T 4 ¢), then system (4), (5) is com-
pletely reachable (controllable) and completely observable on
[z, T+ ¢) [37, Proposition 3]; () If C(¢t) = 1,t € [t, T+ D),
then system (4), (5) is consistent on [t, T + ¢) if and only
if it is completely reachable (controllable) on [z,7 + ¥)
[37, Proposition 7].

Let ¥ € Nbe fixed. Let us construct the following matrices
fort € [t, T + ¥):

B(t,7) := Xz(t + 0,1 + 1)B(1) € My, u(K),
Ct, 1) := X} (t, 1)C(t) € My 4 (K),
0i(t,7) := B(t, 1) ® (C*(1, 1)) € My2 (K,

Ti(t,9) := [Q1(r, D), ..., Q1(x+P =1, 1) | €M, 2 5 (K,
Si(z, ¥) := Ti(tr, )T} (z, 9) € Mo (K). (13)

Then ST(I, %) = Si(z, ¥), Si(r, ¥) > 0, and the matrix
S1(t, ©) has the form (see [37])

T+ —1
Siw o)=Y (B 0B 1) ® (Cs, 1T 5. 1)".

S=T

The matrix Si(z, ¥) for system (4), (5) is an analogue of the
matrix W1 (749, 7) for system (4). The following proposition
is similar to Proposition 1.

Proposition 2 (see [37, Proposition 2]): The
assertions are equivalent.

1. System (4), (5) is consistent on [z, T + ¥).
2. rank Ty (z, ©) = n?.
3.851(z, 9) > 0.

Definition 2: System (4) is said to be &-uniformly com-
pletely controllable (¥ € N) if there exist o; = «;j() > 0,
i=1,2,3,4, such that for all T € Z the following inequali-
ties hold:

following

Wit +9, 1) > 0,
O<a I <W't+d,1)<al,
0 <3l <Xj(r+9, OW, (T +9, DXa(t+0, 1) < aa I.

System (4) is said to be uniformly completely controllable
if there exists ¥ € N such that system (4) is ¢-uniformly
completely controllable (see [38, Definition 6.3]).

Definition 2 repeats Kalman’s definition [39] for
continuous-time systems adapted for discrete-time systems.
Note that Definition 2 does not require invertibility of A(%).
Nevertheless, invertibility of A(¢) follows necessarily from
Definition 2 (see, e.g., [40, Proposition 1]). Hence, W>(t +
9, 7) is well-defined, and, in fact, one can prove the following
proposition (see, e.g., [40, Theorem 2]).

Proposition 3: System (4) is ¥ -uniformly completely con-
trollable iff there exist o; = «;() > 0,i = 5,6, 7, 8, such
that for all v € Z the following inequalities hold:

O<asl =Wi(t+d,1)<asl,
O<a7l <Wo(t+9,7)<agl.
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In addition, the following proposition was proved
(see [40, Theorem 4]).

Proposition 4: System (4) is ¥ -uniformly completely con-
trollable if and only if there exists a number »; > 0 such that
forany v € Z and for any x; € K" there exists a control func-
tion u(t), t € [t, T + ), steering the solution of system (4)
from the state x(7) = 0 into the state x(t + ) = x1, and the
inequality [7(7)| < x1|x1| holds for all 7 € [z, T + ).

Let us introduce the following definition by analogy with
Definition 2.

Definition 3: System (4), (5) is said to be ¢ -uniformly con-
sistent ( € N) if there exist o; = o;(#) > 0,i =1, 2, 3,4,
such that for all T € Z the following inequalities hold:

Si(z, ) > 0, (14)
0 < ail <S;7'(zr,9) <, (15)
0<asl < (Xi(z+9,0)®1)S; (r,9)

X (Xar +9,0)®1) < ayl. (16)

System (4), (5) is said to be uniformly consistent if there
exists ¥ € N such that system (4),(5) is ¢-uniformly
consistent.

The following criterion for uniform consistency holds
(see [35, Definition 7, Theorem 10]).

Theorem 1: System (4),(5) is ¥-uniformly consistent if
and only if there exists », > 0 such that for any 7 € Z and
for any G € M, (K) there exists a control function ﬁ(t) €
M, 1 (K), t € [t, T + ), steering the solution of system (12)
from the state Z(t) = 0 into the state Z(t + ) = G, and the
inequality ||ﬁ(t)|| < x%||G|| holds for all t € [z, T + ¥).

The aim of this section is studying the property of uniform
consistency.

B. AUXILIARY STATEMENTS
Let us give some auxiliary statements.

Lemma 1: Let W € M,(K) be a Hermitian, positive defi-
nite matrix,and 0 < w1 I < W < pu, I. Then the matrix w-l
is also Hermitian, positive definite and

0<pu'T<wl<u'L

Lemma 2: Let W € M,(K) be a Hermitian, positive
semidefinite matrix. Then inequality |W| < « is equivalent
toW <al.

Lemmas 1 and 2 are clear. The proofs are given, e.g., in [35,
Lemma 8 and Lemma 9].

Lemma 3: Forany Y € M), ;,(K) and Z € M, ((K),

1Y ®Z| =IYIIZ].

Proof: 1t is known that: (a) by properties of the spectral
norm [41, Example 5.6.6], ||Y|| coincides with the square root
of the largest eigenvalue of Y*Y; (b) if A1, ..., A4 are the
eigenvalues of ' € My (K) and u1, ..., us are the eigen-
values of G € M(K), then {Aju;, i = 1,2,...,9,j =
1,2, ..., s} are the eigenvalues of F ® G [36, Sect. 12.2].
We have

YRZD)'YQRZ)=X"Y)Q(Z*Z). (17)
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Set F := Y*Y and G := Z*Z. Then all eigenvalues of F
and G are real and nonnegative: 0 < A1 < ... < A4 and
0<pm <...<pu.By@, Yl = /a and |Z|| = /.
By (@), (17), and (b), we get ||Y @ Z|| = \/Aqus. QED. W

Remark 3: Note that, by properties of the spectral norm,
forany ¥ € M, 4(K), [|Y[ = [Y*| = IYT].

C. PROPERTIES OF UNIFORMLY CONSISTENT SYSTEMS
1) NECESSARY CONDITIONS AND SUFFICIENT CONDITIONS
Proposition 5: If system (4),(5) is ¢-uniformly consis-
tent, then for any 7 € Z it is consistent on [7, T + ¥).
Proposition 5 follows from inequality (14) of Definition 3
and Proposition 2. The converse is not true, in general, by the
following example.
Example 1: Supposethatn =m=k =1,

1/t, t>1,

At) = B(t) = 1, cm:{l o (18)

For ¢+ = 1, inequality (14) holds for any t € Z, hence,
system (4), (5), (18) is consistent on [z, T + ). But the last
inequality Sl_1 (t,9) < ap I of (15) does not hold, hence, (4),
(5), (18) is not ¥ -uniformly consistent.

Suppose that system (4), (5) is @ -uniformly consistent. Let
us construct the following matrices for ¢ > t:

B(t, 1) := Xa(z, t + DB(t) € My, n(K),
0x(t,7) == B(t, 1) ® (C*(1, 7)) € My i (K,
To(t,9) := [Q2(7, ), ..., 2t +D =1, )| €M, 2 (K),
Sy(t, 9) == Ta(r, MTS (1, 9) € M, (K). (19)

Then S;‘(r, 9) = Sy(z, 1), So(r, ¥) > 0, and the matrix
S>(t, ) has the form

T+ -1
SEN= Y (Bes. 0B 6. 1)@ (Ci 6. 1)

S=T

Matrices (13) and (19) are related by the equality

Si(z.9) = (Xa(t + 9, 1) ®1)
x So(r, ) (Xa(r + 9, 1) ®I)"  (20)
forall T € Z, ¥ € N. Thus, inequality (15) is equivalent to
0 < a3l <85 (z,9) < aul. 1)

Theorem 2: System (4),(5) is ¥ -uniformly consistent if
and only if there exist o; = «;(¥) > 0,i = 5,6, 7, 8, such
that for all v € Z the following inequalities hold:

0 < asl <8i(z,9) < ael, (22)

0 < a7l <8(t,9) <agl. (23)

The proof follows from Lemma 1 and inequalities (15) and
(21) if we set a5 := a;l,% = afl,on =, 08 = a;l.

Remark 4: Theorem 2 is an analogue of Proposition 3.
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2) THE BIG SYSTEMS
Let us construct the control system (so-called the big system)

ot +1) = F(t)w(t) + G@t)v(t),

F) = A0 ® (A1) e Ma(K), (24)
G(t) = B() ® ((A*‘(t))TE(r)) € My i (K),
tel, weK”, veK™, (25)

By £2(¢, t) denote the transition matrix of the free system
ot +1) = F(t)w(1).
Then, by properties of the Kronecker product, we get
Q(t, 1) =Xat, ) ® X1 (7, 1).

Theorem 3: System (4),(5) is ¢-uniformly consistent iff
system (24), (25) is ¥ -uniformly completely controllable.
Proof: By Vi(t1, tp) and Vi(t1, t9) denote the reach-
ability and controllability gramian respectively for system
(24), (25). Then

+9—1
Vit +0.1)= Y Pls.T)P(s.T) (26)

S=T

where P(s, t) = 2(t, s + 1)G(s), and
Vit +9,17) = 2(t + 9, 1)Val(r +9, 1) (t+9, 7). (27)
We have
P(s, ) = £2(7, s + DG(s)
= (XA(‘L’, sHD@X (s +1, ‘L’))
x (B e ((4') )
= (Xa(z, s+ DB() ® (X (5, C(5))
=B 0® (C* 5. 0) =05 0). (28)
So, it follows from (19), (28), and (26) that
Va(r + 9, ) = Sa(z, V). (29)
Consequently, by (20) and (27), the equalities

Si(r, ) = (Xa(t +9,0)®1)
x Va(t + 0, D) (Xa(t + 9, 1) ®1)"
=X+ 0)R)2, T+ NHVi(r +9, 1)
x 2%, 1+ NXat + 0,0 1) (30)
hold.
Let system (4),(5) be ¢-uniformly consistent. Then

inequalities (22) and (23) hold. From (23) and (29), it follows
that, for all T € Z,

a7l < Vo(t+0,1) < agl. 31
From (9) and Lemma 3, it follows that
125 @+, ) <. (32)
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Here the notation 2%!(z + @, T) means the matrix £2(z +
9, v) and its inverse 21 (z +¥, ). From (27), (31), and (32),
it follows that there exist a = a5(1) > 0 and arg = ag(9) >
0 such that

all < Vi(t +9,7) < ayl. (33)

So, from (31) and (33), by Proposition 3, it follows that
system (24), (25) is ¥ -uniformly completely controllable.
Conversely, let system (24),(25) be ¢-uniformly com-
pletely controllable. Then the matrices Vi(r + ¢, t) and
Va(r + 9, 1) satisfy the inequalities (33) and (31), respec-
tively, where the positive numbers a5(9), ag(9), a7(),
ag() donotdepend on t € Z. From (31) and (29), we get the
inequality (23). It follows from (30), (32) and (33) that there
exist positive a5(1), ag() such that (22) holds for every
T € Z. Therefore, by virtue of Theorem 2, system (4), (5)
is ¥-uniformly consistent. [ ]
Theorem 4: If system (4),(5) is ¥ -uniformly consistent,
then this system is ¢1-uniformly consistent for any ¢ > ¢.
The proof follows from Theorem 3 and [40, Corollary 1].
Let us construct the other big system

1+ 1) = K051+ N,
KO =An® A0 -1) e Ma®), (34
N(t) = B1t) ® C(t) € M2, (K),
teZ, EeK”, veK"™, (35)
By & (¢, t) denote the transition matrix of the free system

E(r+1) = K(0E@).

Then Z(t, ) = Xa(t, )®X] (r —1,£—1). By Vi (11, to) and
Va(t1, to) denote the reachability and controllability gramian
respectively for system (34), (35). Then

T+ —1
Vic+9. )= Y P 0)Ps1) (36)

where P(s, 7) = &Z(t + 0, s + 1)N(s), and

Vot 4+ 9, 1) = E(r, t+9)Vi (49, 1)E* (T, T+ ). (37)
We have

P(s, T)
= (XA(r FO s+ DX (s, T+ 0 — 1)) (B(s) ® C(s))
= (Xa(r + 9,5+ DB() ® (X4 (s, T + 9 — DHC(s))
=(I®X{(r,t+0 - 1)

x (Xa(r + 9.5+ DBE) ® (X] (5. T)))

= (I ®X;(r, T+ —1)Qi(s, 7). (38)
Therefore, it follows from (36), (38), and (13) that

Vi +0,1)= (I ® X5 (r, T+ — 1)Si(r, 9)

x(I®@Xi(t,t+9—1D)". (39
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By (9) and (39), inequalities (22) are equivalent to
as I <Vi(T+9,7) < agl, (40)

for some o] = a[(¥) > 0,i = 5,6, forall T € Z. By (9),
estimations (22) and (23) are equivalent. By (9), K(-) is a
Lyapunov sequence. Therefore, due to (37), it follows that
inequalities (40) are equivalent to

of I <Vt +0,1)<ogl,

for some o] = (%) > 0,i = 7,8, for all z € Z. Thus,
the following theorem is true.

Theorem 5: System (4),(5) is ¢-uniformly consistent iff
system (34), (35) is ¥ -uniformly completely controllable.

3) INTERCONNECTION BETWEEN UNIFORM COMPLETE
CONTROLLABILITY AND UNIFORM CONSISTENCY

The following statements establish an interconnection
between the properties of uniform complete controll-
ability of system (4) and uniform consistency of
system (4), (5).

Theorem 6: Suppose that system (4),(5) is ¥-uniformly
consistent. Then system (4) is -uniformly completely
controllable.

Proof: For the proof, we use Theorem 1. Let T € Z and
x1 € K" be given. Construct G = [x1,0,...,0] € Mu(XK).
Then ||G|| = |x1|. By using Theorem 1, let us construct the
control function ﬁ(t) € My, (K), t € [T, T+7), steering the
solution of system (12) from Z(t) = Ointo Z(t + ¢) = G
such that |U ()|l < »2||G|l. Theni(t) = U(t)C*()X(t, T)e;
steers the solution of (4) from x(t) = 0 into x(t + ) = x;.
We have

@) < 1T@IIC I IXt, D
<

9—1 .
ca’ " Txolxt| =: xq|x1].

So, the required follows from Proposition 4. [ |
Theorem 7: Letk = nand C(t) € M,(K),t € Z, be a
Lyapunov sequence. Suppose that system (4) is ¢-uniformly
completely controllable. Then system (4), (5) is ¥ -uniformly
consistent.
Proof: Suppose that C(-) = (C(1)),_, C Na(c), where
c>1.Lett € Zand G = [g1,...,&n] € My(K) be given;
gieKYi= 1, n. We have

lgil = Gl

By Proposition 4, for every i = 1, n construct the func-
tions vi(¢), t € [r,T + ¥), steering the solution of (4)
from x(r) = 0 into x(t + ¥) = g; such that |v;(t)] <
x1|gil. By (41), we have |vi(¥)| < x1||G]|, t € [t,T + D).
Set

i=1,n. 41)

V(t) = [Vl(t), cet Vn(t)] € Mm,n(K)v
@) == V()Xa(r, (C*@) .

Then the function ﬁ(t) € My, n(K), t € [t, T 4+ D), steers the
solution of system (12) from Z(t) = 0 into Z(t + ) = G.
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‘We have
1T

V@I IXa( 0l | (C*@) 7|
<@ lev/n max )] < a”leymallGll =t x| Gl

IA

So, by Theorem 1, system (4), (5) is ¥-uniformly consistent.
|

lll. DYNAMIC EQUIVALENCE
Definition 4 (see [42, p. 15]): Let L: Z — M,(K) be a
Lyapunov sequence. A linear transformation

0=L1tx, telZ, (42)

of the space K" is called a Lyapunov transformation.
Definition 5 (see [42, p. 15]): We say that system (2) is
dynamically equivalent to the system

0@t +1)=A00@), teZ, 6¢ecK", (43)

if there exists a Lyapunov transformation (42) which connects
these systems, i.e., for every solution x(¢) of system (2) the
function 6(¢) = L(#)x(¢) is a solution of system (43) and
for every solution 6(r) of system (43) the function x(t) =
L~Y(1)0(¢) is a solution of system (2).

Let us note that if a Lyapunov transformation (42) estab-
lishes the dynamic equivalence between systems (2) and (43),
then

O(r + 1) = L(t + Dx(t + 1) = L(r + DA@D)x(?)
= L(t + DAL~ 0)0(r), 1€ Z:

hence,

At) =Lt + DAL\ @), teZ. (44)

Thus, systems (2) and (43) are dynamically equivalent
if and only if there exists a Lyapunov sequence L(-) =
(L(1)), - such that the equality (44) is satisfied.

Denote by ©(¢, 7) the transition matrix of the free
system (43). There is the following criterion of dynamic
equivalence [30, Lemma 4.5].

Lemma 4: Suppose that (A(t)) ez and (.A(t)) ;ez, are Lya-
punov sequences. Assume that @(t;11, t;) = Xa(ti+1, t;) for
all t; € Z, where t;, i € Z, is a sequence of integer numbers
such that 0 < t41 — 6 < ¢ < oo for all i € Z. Then
systems (2) and (43) are dynamically equivalent.

Remark 5: Lemma 4 was proved in [30, Lemma 4.5] for
positive semiaxis of integers but the proof remains the same
for the whole axes of integers.

IV. UNIFORM CONSISTENCY FOR TIME-INVARIANT
SYSTEMS
Consider a linear discrete time-invariant control system

x(t + 1) = Ax(¢) + Bu(t), (45)
y(t) = C*x(1),
te€Z, (x,uyeK' xK"xKK (46)
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where detA # 0. It is clear that if system (45),(46) is
consistent on [t, T + ©) for some t € Z, then it is consistent
on [t,t + ¥) for any T € Z. In this case, we say that the
system (45), (46) is ¥ -consistent.

Theorem 8: System (45), (46) is ¥-uniformly consistent
iff it is ¥ -consistent.

Proof: Necessity follows from Proposition 5.

Sufficiency. Since detA # 0, it follows (9). Moreover
(10) holds as well. We have Si(t,9) = S1(¥), T € Z.
By Proposition 2, S1(¢) > 0. Hence, S1(¢}) > a5 > 0 where
a5 = a5() is the least eigenvalue of S1(¢). The estimation
S1(¥) < ag I > 0 follows from (13). In turn, from (20) we
obtain the inequalities (23). It follows from Theorem 2 that
system (45), (46) is ¥ -uniformly consistent. [ |

The property of ¥-consistency of system (45), (46) was
studied in detail in [26], [37].

For system (45),(46), let us construct the big sys-
tem (34), (35):

E(r+1) = K&(1) + Nv(1),

K=4® @™ eMaK), (47)
N =B®C €M, . (K),
teZ, EeK", veK™. (48)

System (47), (48) is completely controllable iff
rank [N, KN, ..., K" " 'N] = n’. (49)

Suppose that system (45),(46) is uniformly consistent.
Hence, by Theorem 8, there exists ¢ € N such that system
(45), (46) is consistent on [0, ©#). Then, by [37, Theorem 1],
system (47), (48) is completely controllable on [0, #). There-
fore, condition (49) is satisfied.

Vice versa, let condition (49) be satisfied. Then
system (47),(48) is completely controllable on [O, n2).
By [37, Theorem 1], system (45), (46) is consistent on [0, n?).
Then by Theorem 8, system (45), (46) is n>-uniformly con-
sistent, hence, it is uniformly consistent. Thus, the following
theorem is proved.

Theorem 9: System (45), (46) is uniformly consistent if
and only if condition (49) is satisfied.

V. UNIFORM LOCAL ATTAINABILITY

Consider system (4),(5). Suppose that the control in this
system is constructed as static output feedback (6). The
closed-loop system has the form (7). By @y(t, 1), t > 1,
denote the transition matrix of system (7). In particular,

Do(t, 7) = Xa(t, 7). (50)

Definition 6: System (7) is said to be:

(a) O-uniformly locally attainable if there exists y > 1
such that, for any ¢ > 0, there exists § > 0 such that, for
any matrix H € Bs(I) C M,(K) and any t9 € Z, there
exists a control function U : [#y, to+9) — B.(0) C M, 1 (K)
ensuring the equality

Dyt + B, t9) = Doty + U, 10)H , (5D
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and the following inclusion holds:

A(t) +BO)U()C* (1) € Nu(y), t€lto, 1o+ 9). (52)

(b) uniformly locally attainable if there exists ¢ > 0 such
that the system is ©*-uniformly locally attainable.

Let us prove some properties of uniformly locally attain-
able systems.

Proposition 6: Suppose that system (7) is ¢-uniformly
locally attainable. Then system (7) is (¢ + 1)-uniformly
locally attainable.

Proof: Let y > 1 be from Definition 6. Denote y; :=
max{a, y}, where a > 1 is from (9). Let U(¢), t € [ty, o +
¥), by Definition 6, ensure equality (51) and inclusion (52).
Construct

V@) = U@), te€lty, to+ 1),

0, t=1ty+ 0.
Then, taking into account (51), we obtain
Py(to+ 0 +1,10) = Py(to+0 + 1, 1g + H) Py (t1o+ 3, 1o)
= Po(to + 0 + 1, 10 + )Py (to + ¥, to)
= Qoto+ 0 + 1, 10)H.

In addition, for all ¢ € [y, ty + ©}), the estimations
[0+ Bovaorc )| = n

hold due to (52). Att = to + ¥, these estimations hold due
to (9). |

Corollary 1: If system (7) is ¥ -uniformly locally attain-
able, then this system is ¢1-uniformly locally attainable for
any v > 0.

VI. INTERCONNECTION BETWEEN UNIFORM
CONSISTENCY AND UNIFORM
LOCAL ATTAINABILITY

Lemma 5: Letinclusion (9) and inequality (23) hold. Then
forany o € Z and t € [tg, to + ©) the following estimations
hold:

10:(t, 1)l < /e, (53)
I1B(t) ® C(1)|| < a\/as (54)

Proof: By definition (19) of the matrix S2(#o, ¥),
we have

O (t, 10)Q5(t, t9) < Sa(to, V). (55)

From (23), it follows that the maximal eigenvalue A of
the matrix Q»(t, t0)Q5(t, to) satisfies the inequality A < asg.
Hence,

102(1, 1)1l = 105z, 1) = VA < Jas.
By definition,
(Xa(to, t + DB(®)) ® (X; (, 1)C(1)) = Oa(t, 10).
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Substituting here #y = ¢, we obtain
Ox(t,1) = (Xa(t, t + DB®)) ® (Xj (1, HC(1))
= (A" 0B®) ® C(1)
= (A" ®1)(B()® C1)).
Hence, (B(1) ® C(1)) = (A(t) ® I)Qx(t, 1), so,
1B(1) ® CO)Il < IADI1Q2(, DIl < ay/as.

| |

Lemma 6: If system (4),(5) is ¥-uniformly consistent,

then there exists &g = ¢eo(#) > 0 such that, for any ¢ €

(0, 0], there exists § = §(¢) > 0 ensuring the following

property: for any G € Bs(0) C M,(K) and any #yp € Z there
exists a function

[to,t0+ V)2t V(t)=V(t; 19, G) € Bo(0) C My, 1 (K)
steering the solution Y (-) of the system
Y(t+ 1) =A@)Y )+ B@)V(@)C*()Xal(t, t0)
+BOVE)C* )Y (1) (56)
from the state
Y(t) =0 (57)
into the state
Y(to+9)=0G. (58)

Proof: By Theorem 2, inequalities (22), (23) hold. With-
out loss of generality, we can assume that

a7 < 1< asg. (59)

Let 19 € Z be fixed. Let us construct the matrix
t—1

Wt T) =Y s, 10)Q5(s, 1) € M,2(K)

S=T

fort > 7;set W(z, 1) := 0 € M,2(K). Then W(to + 9, tp) =
S (2o, ¥), hence, by (23),

O0<ayl <W(tg+ 9, 19) < agl. (60)

For t,t € [tg,%0 + ¥, let us construct the following
matrices:

N(to, 1) = W (to + 0, 10) (Xalto, T) ® I) € M,2(K),
Ki(t,t) = —(XA(I, ) ® I)W(t() + 9, )N (1o, T) € M, 2(K),
Kr(t, t) = (XA(I, ) ®I)W(t, to)N (1o, 7) € M2 (K),

Kit,t), o<t <t=<tn+7

K, t) =
Kyt,t), W<t<t=<t+7,
L(t, T) = Q5(t, to)N(to, T) € M,y ,2(K),

i, ) = [:IZ((; ’ T’))] € My p e 2 (K).
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Let us show thaLthe fgllowing assertion (%) holds:
(a) the pair (Y(1), V(1)), t € [to, 1o + ¥), is a solution of
the nonlinear matrix system of equations

to+9—1
vecY(t) = — Z K(t, s+ 1)vec (B(s)V(s)C*(s)Y(s))
S=Io
+ K (¢, tg + v)vec G, (61)
to+9—1
vecV(t) = — Z L(t, s+ 1)vec (B(s)V(s)C*(s)Y(s))
s=1o
+ L(¢, ty + 9)vec G, (62)

if and only if

®) ?(t), t € [ty, tp + U], is a solution of equation (56)
(with V(1) = V(t)) with the initial condition (57) satisfying
condition (58).

Let (b) hold. From (56) and (57), it follows that

t—1

Y(t) =) Xalt.s + DB(s)V()C*(s)

S=Io

x (Xa(s.10) + Y(5)).  (63)
From (58), it follows that

to+0—1 R
D Xalto+ 0.5+ DBV (S)C*(5)Xa(s, 10)

S=I0
to+9—1
+ ) Xalto+ 9. s+ DBOVE)C ()Y () =G (64)

S=Io

Multiplying (64) from the left by X4 (79, to + ¢), we obtain

to+v—1
Y Xalto, s+ DBOV()CH()Xa(s, 10)
S=1o
1o+ —1 R _
= Xa(to, 1o+ )G = Y Xalto, s + DB($s)V (5)C* ()Y (s).
S=I(
(65)
Applying vec to (65), we obtain
to+9—1
> 0as. to)vec V(s)
S=Ip
= (Xa(t0, to + ) ® I)vec G
to+0—1
— > (Xatto, s+ D)@ I)vec (B)V()CH)Y ().
s=to
(66)

Solving (66) with respect to vec ?(s) in the left-hand side,
we obtain

vec V(t)
= Q3(t. o))V~ (20 + 0. 10)
x ((Xato, 10 +9) @ I)vec G (67)
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to+0—1

— Y (Xatto.s+ 1) ®TI)vec (B(s)V(s)C*(s)?(s)))

s=ty
fo+0—1

=— Y L(t.s+ Dyvec (B(s)V(5)C* ()Y ()

S=to

+L(t, to + O)vec G. (68)
Next, from (63), it follows that
Y(t) = Xa(t. 10)

t—1
x (3 Xalto, s + DBOVOC (5)Xas: 10)
S=I{
t—10
+ Y Xalto. s + 1)B(s)?(s)c*(s)?(s)). (69)

S=Io

Applying vec to (69), we get

i—1
vec ?(t) = (XA(I, o) ® I)( Z QO) (s, to)vec V(s)

S=1o
t—1
+> (Xalto. s+1)®I)vec (B(s)?(s)c*(s)?(s))) :

s=ty

(70)

Substituting (67) for vec V(s) in the first summand of (70),
we get

vec ?(t)
= (Xatt, 10) @ 1) (Wit )W 1 + 9, 10)
x (Xa(to, to + ) @ I)vec H — W(t, to))V ™\ (to + 9, 10)

fo+0—1
x Y (Xalto. s+ 1) @ I)vec (B)V(s)C* ()Y (s))
S=I
t—1 ' . .
+> (Xalto. s+ 1)®I)vec (B(s)V(s)C*(s)Y(s))). (71)

s=to

Dividing in (71) the summing over s from g to fp + 9 — 1
into two parts — from ¢y to  — 1 and from ¢ to o+ — 1, and
using the equality W(z, o) = W(ty + 0, t9) — W(to + 0, 1),
from (71), we obtain that

vec ?(t)
= (Xa(t, 10) ® I)W(to + 9, OW ™! (tg + ¥, 1)

t—1

x Y (Xalto, s+ 1) ® Dvec (B&V(s)C* ()Y (5))

S=1o
— (Xa(t, t0) @ )W(t, to))V (1o + 9, 19)
to+v—1
x Z (Xa(to, s + 1) ® Ivec (B(s)V (5)C*(5)Y (5))
s=t

+ (Xa(t, 10) @ IYW(t, 1))V (1o + ¥, 10)

X (XA(to, th+1)® I)vec G
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to+0—1
=— > K(t.s+ Dvec(Be)V(s)C* ()Y (s))
s=ty

+K(t, to + 9)vec G. (72)

Thus, from (68) and (72), it follows (a). All above argu-
ments are reversible, hence, (a) = (b). So, () is true.

Let us prove the existence of a solution to system (61), (62)
vecY

2
e K”» +mk.
vecV

by a fixed-point theorem. Let Z :=

Denote

B = 9./ as,

where a7, ag are from (60), and a from (9). Let

W ey
() = — g

The function ¢t + ¥ (¢t) is well-defined, continuous,
and strictly increasing on [0, “@p%p)~1; ) = o,
v (4p?B)~") = (2pB)~". Hence, the function t +—> (1)
is a one-to-one mapping from [0, (4p?8)~!] to [0, 2pB)~'].
In addition, ¥(1), t € [0, (4p?B)~'], satisfies

R 219 -1
p:=2a agoy

p(BY(0) +1) = ¥ (o). (73)

We set gy = (2,0,3)_1, and for any ¢ € (0, gg] we set
8 := ¥~ 1(e)//n. Let us fix an arbitrary matrix G € B;(0) C
M, (K). Let g = vec G, then

gl < VallGll < /ns =y (e) < (4p*B)7",
hence,

v(lgh <e. (74)

Denote £y := [I 0] € M, 2, (K) where I € M,»(K),
0 € Mp,; (K); E2 := [0 1] € My 21, (K) where I €
Mk (K), 0 € My, 2(K). Then E1 Z = vecY,Ey Z = vec V.
Denote v; : K" M,(K), vi(q) := vec 1 (¢); v2: K" —
My 1 (K), va(q) = vec’l(q). Then v; and v, are linear
operators.

Consider the space M = {Z: [tp,to + V) — K”2+mk}
with the norm [|Z(-)|lsx = max |Z(¢)|. The space I is

r€ltg,to+9)

finite-dimensional and isomorfic to M,z »(K) consisting
of the elements [Z(to), Z(to+1), ..., Z(tg+0 — 1)]. Consider
the operator F': 90T — I:

(FZ)(1)

= —TJI(t, to + ¥)vec G
to+0—1

+ Y 1, s+ Dyvee (B2 (E2Z(9) C* (s (E1Z(9))-

S=1p

The operator F' is continuous. In the space 901, take the convex
bounded closed set

N =NG) ={Z() € M: [ZO)llam = ¥ (18D}
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Let us show that F maps the set J1(G) to itself. Let
vec Y

Zy = vee Vo s 1Zollam = ¥ (Igl). Then, for all 1 €
[t0, to + 1),
Yol < [vec Yo()| < ¥(IgD, (75)
[vec Vo(n)| < ¥ (Ig). (76)
. | vecly
Denote FZy =: Z; =: |:Vec V1:|' Then, for all ¢t € [1,
o + 1),
to+9—1
vecY((t) = — Z K(t,s+ 1)vec (B(s)Vo(s)C*(s)Yo(s))
S=Ip
+ K (t, tg + ¥)vec G, )
to+9—1
vec Vi(t) = — Z L(t, s+ 1)vec (B(s)Vo(s)C*(s)Yo(s))
S=Ip
+ L(t, tg + 9)vec G, (78)

For all t € [tg, ty + ©), we have

Wito + 0, 1) < W(to + 9, 10) < s 1,
W(t, to) < W(to + 9, 10) < asg 1,
hence,
W(to + 3, DIl < s, [IW(, 10)ll < as. (79)
From (60), Lemma 1, and Lemma 2, it follows that
W0 + 8, 1)l < a5 (80)
For t € [tg, tg + ), we have
IXa(t, 10) @ I1| = [ Xa(t, 10)l] < a”~". 81)
For s € [t, to + ), we have
IXatto, s + D@1 < a”. (82)
We have
vec (B(s)Vo(s)C*(5)Yo(s))
= (I ® Y] (9))(B(s) ® C(s))vec (Vo(s)).  (83)
By (75),
I ® Yy 9l = 1Yy @I < ¥(Igh. (84)

By using (81), (79), (80), (82), (83), (84), (54), (76), and
(73), from (77), we obtain

[vec Y1 (2)]
< va’" asa;lal’wqgl)aw_swugn
+a’agas e’ gl < a®agas (9 s v (g)) + Igl)
= p(BY>(Igh) + Ig1) /2 = ¥(Ig))/2. (85)

By using (53), (80), (82), (83), (84), (54), (76), and (73),
from (78), we obtain

lvec Vi(1)] < 0/age; 'a’ y(1ghavasy(gl)

+ Jaga; 'a’lgl. (86)
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Since

azl, =1 ag=1, 87)

from (86), we obtain

lvec Vi(1)] < a*’ aga; ' (0/as ¥2(Igl) + 1gl)
= p(BY2(gh + Igl)/2 = ¥(Igh/2. (88)
By (85) and (88),
1Z1(1)] < |vec Y1 ()| + |vec Vi(1)] < y¥r(Ig).

Thus, F maps the set JU(G) to itself. Therefore, due to the
fixed-point theorem, the equation Z = FZ has at least one
solution

5. 5 _ Y(,G)
in 9UG). By definition of the operator F, the pair
(Y(-, G), V(, G)) is a solution of system (61), (62). By asser-
tion (), Y(-, G) is a solution of (56) (with V(t) = V(t, G))
satisfying conditions (57) and (58). In addition, due to (74),
the following estimation holds:

max ||V(t G)||< max
telto,to telt

IVeC V(t,G) < ¥(lgh <e.
|
Lemma 7: Let Q,S € M,(K) be arbitrary matrices such
that |Q7'|| < a, |IS|| < 1/(4a) for some a > 0. Then the
matrix Q + S is invertible and ||(Q + 7N < 4a/3.
Proof: We have |Q~'S|| < 1O~ IS]| < 1/4. Hence
(see [41, p.351]), the matrix [ + Q!5 is invertible and

1 - 1
— oS|I 1 - 1/4
Since the matrices Q and I + Q~'S are invertible and the
equality Q + S = QU + Q~'S) holds, it follows that the
matrix Q + S is invertible and the estimates [|[(Q + S)~!|| =
Iz +07')~' o~ < 17 + Q7' )~ IOl < 4a/3 are
valid. [ |
Theorem 10: Suppose that system (4), (5) is ¥-uniformly
consistent. Then system (7) is ¢-uniformly locally attainable.
Proof: By Theorem 2, inequalities (22), (23) hold. Set
ay = 4a/3. Let arbitrary ¢ > 0 be given. Let us set § =
8(¢) > 0 in accordance to the proof of Lemma 6, namely:

_ [y e/,
¥ (e0)/ v/,

Then, for any G € Bs(0) C M,(K), (74) holds, where g =
vec G. Set 81 := 8/a”. Let H € Bs,(I) C M, (K). Set

G = Xa(to + 0, 10)H — Xa(to + 0, o).

la+07's)7!| < - —4/3.

if £ € (0, go],
if &€ > go.

Hence,

Gl = 1 Xa(to + 0, to)H — Xa(to + ¥, to)||
< IXatto + 0, t)| |1H — I < a”8; = 8.

So, G eAB(;(O) C M,(K). By Lemma 6, there exists a
function V: [fy, to + ) — B¢(0) C M, x(K) such that the
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gprresponding solution ?(t) of fquation (56) (with V() =
V(¢)) with the initial condition Y (#y) = O satisfies condition

Y(to + 9) = Xa(to + 0, t0)H — Xa(to + 9, 10).  (89)
Set
Ut):= V), te€ltto+D). (90)

Then [|UQ@)| < e.
Consider the function Z : [fg, tg + ] — M,,(K) defined by
the equality

Z(t) = Xa(t, to) + Y (t). 1)

Then Z(tg) = Xa(to,f0) + Y(19) = I. Next, by (90),
we have, for all ¢t € [1g, to + ),

Z@+1) = Xa(t + 1,80) + Yt + 1)
= A(OXa(t, t0) + ADOY (1)
+ B(OU@)CH()Xa(t, t0) + BOU)C* ()Y ()
= (A() + BOU@C* (1)) (Xa(t. 10) + Y (1))
= (A() + BOUMCH(1))Z(1).

By the uniqueness of the solution, we obtain that, for all
t € [to, 1o + P,

Z(t) = Py(t, 1o). 92)

Substituting ¢ = #y + ¢ into (92), and taking into account
(91), (89), and (50), we obtain

Dy(ty + 9, tg) = Doty + V, t9)H . 93)
By Lemma 5, from (54), for all ¢ € [#g, tp + ), we have
IB() ® C(1)| < ay/ag.

If ¢ < gg, then

A e

208 4da*agd Jog

If ¢ > &9, then, by construction of §, we have, for G € B;(0),
gl < VallGll < v/nd = (o),

i.e., ¥(|g|) < &o. Hence,

[vec U(t)| = |vecV(t)| <ege<g =

lvec U(1)| = |vee V(1)| < ¥ (Ig]) < e,
as well. Thus,
IBOU@CH )] < |vee (BOU®CH1))|
= |(B(t) ® C(t))vec U (1)

< IB(t) ® C(0)]| |vec U(#)] < ——ot

4q29—1ggy "
4

Taking into account (87) and (59), from (94), we obtain
that

IBOUMC* )] < 1/(4a). 95)
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For all [1y, to + ©), from (9) and (95), we obtain
1 a
lA@®) + BOUOC* || < a+ i <a+ 1 < ay. (96)

For all [tg, to + @), from (9), (95), and applying Lemma 7
to Q = A(t), S = B(t)U(t)C*(t), we obtain

[ (A@) + B(t)U(t)C*(t))_l | <4a/3=ai. (97)
It follows from (93), (96), and (97) that system (7) is ¢-
uniformly locally attainable. [ ]

Corollary 2: Suppose that system (4),(5) is uniformly
consistent. Then system (7) is uniformly locally attainable.

Remark 6: By Corollary 2, uniform consistency of
system (4),(5) is a sufficient condition for uniform local
attainability of system (7). But it is not a necessary condition.
The following example 2 confirms this.

Example 2: Consider system (4),(5) withn = 2, m = 1,

: _ . _ |1 _|a®

k=1,A@t)=1,t € Z; B(t) = |:b2(t)i|’ C@t) = [Cz(t)},
Bt)=B(t+3),Ct)=Ct+3),teZ,

b1(0) = c2(0) =1, b(0) = c1(0) = 0;
bi(1) = c2(1) =ba(1) =1, ¢ (1) =0;
b12) =22)=0, bh@Q)=c1)=1.

Let us show that the system is not uniformly consistent.
We have

B(t,7) = B(t), C(t,7)=C(t),

QLT =01, QiD= Qi +3), ©8)
0 0 0

00 =, an=|/|. aa=|]] ©
0 1 0

From (98) and (99), it follows that, for any t € Z and
¥ € N, the first row of the matrix 7(r, #) is equal to
zero. Hence, rank T(z, 9) < n?. Thus, the system is not
consistent on [7, T+ 1), hence, is not ¢ -uniformly consistent.
Nevertheless, the system is ¢*-uniformly locally attainable for
¥ = 12. The proof of this assertion is the same as the proof of
the similar assertion for the corresponding continuous-time
system. This proof was given in [43, Theorem 3] on the
base of Lemmas 2 and 3 [43], and there was constructed
the control U(-) ensuring (51). The proof of Lemma 2 [43]
remains the same with a simpler estimation for |u|. The
proofs of Lemma 3 and Theorem 3 [43] remains the same.
The constructed control U(-) is ¥-periodic. This will imply
estimations (52) for some y > 1.

VII. LOCAL LYAPUNOV REDUCIBILITY
Along with the free system (2) we consider the perturbed
system

zZ(t + 1) = A(O)R()z(1),

The perturbation R(-) = (R(t)),_, C Mn(K) will be called
a multiplicative perturbation of system (2).

teZ, zeK' (100)
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Definition 7 (see [44]): A multiplicative perturbation R(-)
is called admissible if the sequence (R(t)),_, is a Lyapunov
sequence.

The set of all admissible multiplicative perturbations will
be denoted by R and the subset of R consisting of perturba-
tions satisfying the condition ||R — I||» < & will be denoted
by Rs.

Let Xar(z, s) be the transition matrix of system (100).
Below we will need the following lemma.

Lemma 8 (see [32]): For any integers ¢ > s the following
equality holds:

teZ

t—1
Xar(t. 8) = Xa(t. ) + > Xa(t. )(RG) — I)Xar (. 5).

j=s

Definition 8: We say that system (7) has the property of
local Lyapunov reducibility if for any ¢ > 0 there exists 5=
3\(5) > 0 such that, for any perturbation R(-) € Ry there
exists a control function U : Z — B.(0) C M, x(K) ensuring
dynamical equivalence of systems (7) and (100).

Theorem 11: If system (7) is uniformly locally attain-
able, then this system has the property of local Lyapunov
reducibility.

Proof: Let ¥ € N be fixed such that system (7) is
P¥-uniformly locally attainable. Let @ > 1 be from (9) and
y > 1 be from Definition 6. Let ¢ > 0 and s € Z be given.
Denote J; := [(s — 1), sﬁl. Construct § = §(¢) > 0 due to
Definition 6. Let us define § = 6(¢) > 0 from the equality

S0a G+ 1) = 6.

Since the function ¢ — #(+ + 1)? is continuous and strictly
increasing on [0, 400) from 0 to 400, it follows that there
exists such 8 > 0.

Take any R(-) € Rj. Consider the corresponding mul-
tiplicatively perturbed system (100). Then, by Lemma 8,
we have

Xar(s9, (s — 1)?)
= Xa(s9, (s — 1)?)
s —1
+ Y XalN(RG) = 1)Xar(js (s — D)
J=(s—1)
= Xa(s9, (s — DY)H;,

where
s9—1
Hy=T+ Y Xa(ts = D0.j)(RG) — I)Xar(j. (s — DP).
J=—=1)
Note that
sv—1
|Hy — 1] < Z [1Xa (s — D)1l - IRG) — Il
j=(s=1v
X | Xar(j. (s— )9 | <9a” |R = I|oc(@llRllo)”
<50a*? S+ 1) =s.
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By Definition 6, for this matrix Hy there exists a control
Us: J; = B:(0) C My, x(K) ensuring the equality

Dy, (s, (s — DY) = Po(s0, (s — D) H,

and inclusions (52) for rg = (s — 1)

Set U(t) := Us(t),t € Jg. Then U: Z — B.(0) C
My, 1 (K), (A(t) + B(t)U(t)C*(t))tGZ C Nu(y), and for every
integer s the following equalities hold:

Dy (s9, (s— 1)) = Po(s9, (s — 1)V )H
= Xa(s9, (s— D)O)Hy=Xar(s9, (s—1)?).

From this, it follows, due to Lemma 4, that systems (100)
and (7) with the constructed control U(-) are dynamically
equivalent. [ ]
Corollary 3: If system (4), (5) is uniformly consistent then
system (7) has the property of local Lyapunov reducibility.
Corollary 3 follows from Corollary 2 and Theorem 11.

VIil. LOCAL ASSIGNABILITY OF THE LYAPUNOV
SPECTRUM

By R we denote the set of all nondecreasing sequences of
n real numbers. For a fixed sequence v = (v1, ..., v,) € R
and any 8 > 0, let us denote by Os(v) the set of all sequences
w = (1, ..., 4y) € RL such that max;—y,._, |vj — uj| < 4.
In other words, Os(v) is a §-neighborhood of the sequence
v € R with respect to the metric generated by the vector /o
norm of the space R” [41, p. 265] on its subset R”.

Suppose that (9) holds. Then the Lyapunov spectrum

MA) = (M(A), 12(A), . .., An(A)) € R

of the free system (2) is well-defined (see [13], [30] for the
definition of this concept).

Let the control in the system (4),(5) have the form of
static output feedback (6). We identify (6) with the sequence
U0) = (V)

Definition 9: A bounded function U: Z — M, x(K) is
said to be an admissible feedback control for system (4), (5)
if (A(t) + B(t)U(t)C*(t))tEZ is a Lyapunov sequence.

Let U(-) be any admissible feedback control for sys-
tem (4), (5). Then, for a closed-loop system (7), the Lyapunov
spectrum A(A + BUC™) is well-defined.

Definition 10: The Lyapunov spectrum of system (7) is
called:

1) locally assignable if for any ¢ > 0 there exists § > 0
such that for any 4 € Os(A(A)) there exists an admissible
feedback control U: Z — B¢(0) C M, «(K) for system
(4), (5), ensuring the equality

MA + BUC*) = u; (101)

2) proportionally locally assignable if there exist £ > 0
and § > O such that for any sequence u = (,ul, cay Mp) €
Os(A(A)) there exists an admissible feedback control U (-) for
system (4), (5), satisfying the estimate

,,,,,

and providing the validity of the relation (101).
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It is clear that the property of proportional local assignabil-
ity implies the property of local assignability, and the reverse
implication is generally not true.

It turns out that the concepts of local and proportional
local assignability of the Lyapunov spectrum of system (7)
are closely related to the concept of proportional global
assignability of the Lyapunov spectrum of the system (100),
in which the multiplicative perturbation R(-) is understood as
a control.

Definition 11: The Lyapunov spectrum of system (100) is
called proportionally globally assignable if for any A > 0
there exists £ = Z\(A) > 0 such that for any sequence u =
(m, ey un) € Oa (A(A)) there exists a perturbation R(-) €
R satisfying the estimation

IR —Tlloo < € max [3;(A) — (102)
J=1
and providing the validity of the relation
MAR) = (103)

Theorem 12: Suppose that system (7) has the property
of local Lyapunov reducibility. If the Lyapunov spectrum
of (100) is proportionally globally assignable, then the Lya-
punov spectrum of (7) is locally assignable.

Proof: From the proportional global assignability of the
spectrum of (100) it follows that for A = 1 there exists
¢ = ¥(1) > 0 such that for any u € Ol(A(A)) there
exists a perturbation R(-) € R satisfying the estimate (102)
and providing the validity of relation (103). Since (7) has
the property of local Lyapunov reducibility, then according
to Definition 8, for any ¢ > 0 there exists 3 = ;S\(s) >0
such that, for any sequence R(-) € Ry, there exists a control
function U: Z — B¢(0) C M, x(K) ensuring dynamical
equivalence of systems (7) and (100). Let any ¢ > 0 be
given. Define § = §(¢) = min{l,;S\/Z} and consider any
sequence i = (i1, ..., un) € Os(A(A)) C O1(A(A)). From
the proportional global assignability of the spectrum of (100)
it follows that there exists a sequence R € R such that

~

IR—1Illoo <€ jmax M(A) — il <08 <3
and (103) is satisfied. By the local Lyapunov reducibility
of system (7) for this sequence R(-) there exists an admis-
sible feedback control U(-) for system (4),(5) such that
IUlloo < € and such that the systems (7) and (100) are
dynamically equivalent. Since equivalent systems have the
same spectrum, it follows that

MA 4+ BUC*) = MAR) = 11

|

Corollary 4: Suppose that system (4),(5) is uniformly

consistent. If the Lyapunov spectrum of (100) is proportion-

ally globally assignable, then the Lyapunov spectrum of (7)
is locally assignable.

This corollary follows from Corollary 3 and Theorem 12.
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Consider a linear control system (4). Let the control in this
system have the form of static state feedback

ult) =U@)x(t), tel.

We get the closed-loop system (3). This system has the
form (7) withk = nand C(t) = I, t € 7Z, therefore, for this
system, one can introduce the concepts of local assignabil-
ity and proportional local assignability of the Lyapunov
spectrum.

Corollary 5: Suppose that system (4) is uniformly com-
pletely controllable. If the Lyapunov spectrum of (100) is
globally proportionally assignable, then the Lyapunov spec-
trum of (3) is locally assignable.

This corollary follows from Theorem 7 and Corollary 4.

Note that in the paper [32] the more strong assertion was
proved.

Theorem 13 (see [32]): If system (4) is uniformly com-
pletely controllable and the Lyapunov spectrum of (100) is
globally proportionally assignable, then the Lyapunov spec-
trum of (3) is proportionally locally assignable.

The method of proving this theorem used in [32] is not
applicable to the input-output system (4), (5).

Now we present results about local assignability of the
Lyapunov spectrum of system (7). They are expressed in the
forms of certain concepts from the asymptotic theory of linear
systems, which are defined below.

Definition 12: System (2) is called diagonalizable if it is
dynamically equivalent to system (43) with a diagonal matrix
A@), t € Z.

Definition 13 (see [24, p. 63]): System (2) is called reg-
ular (in the Lyapunov sense) if the following equality
holds:

ZA (A) = lim inf Z In| detAQ).

i=1

The notion of regularity of linear differential systems was
introduced in the famous paper of Lyapunov [8]. Some facts
about regularity of discrete equations may be found in the
works [24], [45], [46]. Let us notice that all time-invariant or
all periodic systems are regular.

Definition 14 (see [44]): The Lyapunov spectrum of sys-
tem (2) is called stable if for any ¢ > 0 there exists § > 0 such
that A(Rs) C O, (M(A)), where A(Rs) := {A(AR)| R € Rs}.

The effect of instability of the Lyapunov spectrum under
the influence of small coefficient perturbations for linear
continuous-time systems was discovered by O. Perron [47].
Later the stability property of the Lyapunov spectrum for
these systems was investigated in [48], [49]. The study
of this property for discrete-time systems was started
in [44].

In [32], sufficient conditions were obtained for propor-
tional global assignability of the Lyapunov spectrum of
system (100).

Theorem 14 (see [32]): Assume that at least one of the
following conditions holds:
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(i) system (2) is regular;

(ii) system (2) is diagonalizable;

(iii) the Lyapunov spectrum of system (2) is stable.

Then the Lyapunov spectrum of system (100) is propor-
tionally globally assignable.

Theorem 15: Suppose that system (7) has the property of
local Lyapunov reducibility and at least one of the conditions
(@), (if), (iii) of Theorem 14 holds. Then the Lyapunov spec-
trum of system (7) is locally assignable.

This Theorem follows from Theorems 12 and 14.

Corollary 6: Suppose that system (4),(5) is uniformly
consistent. If at least one of the conditions (i), (if), (iif) of
Theorem 14 holds, then the Lyapunov spectrum of (7) is
locally assignable.

Corollary 6 follows from Corollary 4 and Theorem 15.

Corollary 7: Suppose that system (4) is uniformly com-
pletely controllable. If at least one of the conditions
(@), (if), (iii) of Theorem 14 holds, then the Lyapunov spec-
trum of (3) is locally assignable.

Corollary 7 follows from Theorem 7 and Corollary 6.

From Theorem 13, it follows a more strong assertion,
which have been proved in [32].

Theorem 16 (see [32]): If system (4) is uniformly com-
pletely controllable and at least one of the conditions
(@), (i), (iii) of Theorem 14 holds, then the Lyapunov spec-
trum of (3) is proportionally locally assignable.

IX. EXAMPLE
Let us illustrate the results obtained. Consider system (4), (5)
where K=R,m=k=1,n=2,

A(I)EA=|:(1) —Oli|; B(I)EBZ[}];
Ci) = [ﬂ , t=0,1;, C@)= [(1)} , t=2,3;
Ct+4)=C@k), tel. (104)

System (4), (5), (104) is a periodic with the period v =
4. Set ¥ := 4. Let us construct matrices (13), (19) for T =
0, 1,2, 3. For any t € Z, we have

B(r,7) = B(t +2,7) = [_IJ

Bx+1,7)=B(r+3,7)= m

We have
¢(0,0) = (1), &(1,0)= _01},
_ :l: _ :l_
ca.o =y ceo=[y
ca.n=[ can=[y|
ca.n=|y| Can= _01],
_ :1: _ :1_
cay=|y| ce.o=[yl
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C4,2) = (1) , C(,2)= _OJ,

- :1: - :O

C@3.3) = o C(, 3):__1},

~ 0] = 1

C(5,3) = i c(. 3):_0].
So,

[0 0 1 17 (011 07

1 —100 100 —1
HOH=143 o 1 D=1 110}

| —1-1 0 0] | —10 0 —1|

(110 0] 1 0 01

001 —I 0 —-110
NeH=|_1109 o NGY=1_9 01

0 0-1-1 0 —1-10
Hence,

S1(0,4) = S1(1,4) = S1(2, 4) = §1(3,4) = 2I.

By ¢-periodicity of the system, we have Sy(t, %) = 2I for
any T € Z. Since X4(t + 9, t) = I for any T € Z, we have
S2(t, ) = 21. Hence, the system is ¢ -uniformly consistent.
In accordance with the notation of the proof of Lemma 6, we
havea = l,ag = 2, a7 = 1, p = 4, B = 42, Y1) =
(1 — V1 =256v21)/(32v/2), 20 = 32v2)7L, ¥~ (e) =
(4p%B)~" = (2564/2)~!. Let artbitrary & > 0 be given. Set

A GING
- {¢_1(80)/\/ﬁ,
Then § < 1/512. Let
G= [81 82] ’
83 84
G € Bs(0). Let 19 = 0. Construct system (61), (62). Let

y11(#) y12(2)
y21(2) y22(t)

if ¢ € (0, go],
if & > gg.

V() = [ } V() = Ol

Then system (61),(62) represents the following nonlinear
system of equations:

y11(0) = 0, y12(0) = 0, y11(1) = 0, y12(1) = v(0),

»21(0) = 0, y22(0) = 0, y21(1) = 0, y22(1) = v(0),

y11(2) = 0, y12(2) = v(1)v(0) + v(0) — w(1),

»21(2) = 0, y22(2) = v(1)v(0) — v(0) — (1),

y11(3) = v(2), y12(3) = v(2)y12(2) + y12(2),

¥213) = v(2), y22(3) = v(2)y12(2) — y22(2),

v3W(2) +v(2) +v(3) = g1, v(3)y12(3) + y123) = g2,

v(3)Iv(2) — v(2) +v(3) = g3, v(3)y12(3) — y22(3) = ga4.
Since § > 0 is sufficiently small, this system has a solution

(?(t), V(t)), t =0, 1, 2, 3. This solution can be found explic-
itly. Finding this solution, we obtain

82 — 84 — 8184 1T 8283

o
V0 21+ 1)

VOLUME 9, 2021



A. Czornik et al.: Lyapunov Spectrum Local Assignability of Linear Discrete Time-Varying Systems

IEEE Access

82+ 84+ 8184 — 8283

) = — ,
24281 — g +84+28184 — 8283
~ 81—83 81 +83
V2)=—F—, V3 =7"—""—"—,
2 2+g1—g3
PN [0 0
Y(O) - _O O} E)
‘0 82 — 84 — 8184 1 8283
V1) — 2(1+g1)
Ya) = 82— 84— 8184+ 8283 |
L 2(1+g1)
0
8% _ 81
Y2 = o St gt — gy |
L 14 g
rg1— g3 &2 +g1—g3)
T3y — 2 2(1 +g1)
Y@3) = 81— 83 8182+ 8283 — §g4 — 28184
L 2 2(1+g1)

One can check that the matrix sequence Y(-) is a solution of
system (56) and boundary condition (58) holds. So, Lemma 6
is confirmed on [tg, fo+ 1) = [0, 4). Forty = 1, 2, 3, one can
check the solvability of system (61), (62) similarly.

Construct the control U(t) = V(t), and the function
Z(t) = Xu(t, 19) + ?(t). One can check that Z(¢) satisfies
equation

Z(t +1) = (A@®) + BOU®)C*(1)) Z(1)

for t+ € [0,4), and Z(0) = I. Hence, (92) holds and
equality (93) holds. For #p = 1, 2, 3, one can also construct
U (-) ensuring (93). So, the closed-loop system is @ -uniformly
locally attainable. This confirms Theorem 10.

The free system is diagonal. By Corollary 6, the Lyapunov
spectrum of the closed-loop system (7) is locally assignable.
Let us check it. Note that the Lyapunov spectrum A(A) =
(Al(A), )\,Q(A)) of the free system (2) consists of numbers
A(A) = A2(A) = 0. The free system is Lyapunov sta-
ble but not asymtotically stable [24, p.33]. Let 6; > 0
be such that, if |v| < &, then |¢*” — 1| < 4. Take
any sequence u = (w1, pu2) € Os (MA)). Set H =
diag(exp(4/11), exp(4u2)) € Ma(R). Let G = H — I. Then
G € B;s(0). Let us construct, for this matrix G, the control
Uty = V), t € [0,4), as above. Then @y(4,0) =
Do(4,0)H = H and ||U(?)|| < e, t € [0,4). Let us extend
U(t), t € [0,4), periodically on Z with the period v = 4.
Then ®y(4s,0) = diag(exp(4 su1), exp(4 suz)), s € N.
Hence, A1{(A + BUC*) = uy, M(A + BUC*) = up. If
the selected values w1, 1o are negative, then this means that
the closed-loop system is asymptotically stable, and each its
solution tends exponentially to zero as t — +o0. If u; <
0 < w2, then the closed-loop system is hyperbolic. If 1, u2
are positive, then the closed-loop system is unstable, and the
norm of each of its nontrivial solutions tends exponentially to
infinity as t — +-o00.
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X. CONCLUSION
In the paper, linear discrete time-varying input-output sys-
tems have been studied. The problem of local assignability
of the Lyapunov spectrum by static output feedback control
have been investigated. The notion of uniform consistency for
discrete-time systems have been introduced. This property is,
in some sense, the extension of the notion of uniform com-
plete controllability for input-output systems. The property of
uniform consistency have been developed in detail, the nec-
essary and sufficient conditions for this property have been
obtained. The notions of uniform local attainability and local
Lyapunov reducibility have been introduced, which were
previously introduced for continuous-time systems. We have
proved that uniform consistency implies uniform local attain-
ability of the closed-loop system. In turn, uniform local
attainability implies local Lyapunov reducibility. We have
proved that, for a locally Lyapunov reducible system, the
Lyapunov spectrum is locally assignable, if the free system is
diagonalizable, or regular (in the Lyapunov sence), or has the
stable Lyapunov spectrum. This is an extension of the corre-
sponding results proved earlier for continuous-time systems
and for discrete-time systems with static state feedback.
Further development of the results of the paper could be
as follows. We plan to study in more detail the properties of
uniform consistency and uniform local attainability, includ-
ing for the case when conditions (9) and (10) are not satis-
fied. In addition, the invariance of these properties under the
Lyapunov transformations will be proved. We also plan to
prove that, in Theorem 15, the conditions (i)—(iii) could be
weakened. Further, we plan to extend the theory of uniformly
consistent systems to more general systems, namely, to bilin-
ear systems of the form

x(t+1) = (AO+ur (DAL + . .. + u(DAD))x(1)  (105)

and to obtain the corresponding results on uniform local
attainability, local Lyapunov reducibility and Lyapunov spec-
trum assignability for systems (105). Some results concern-
ing global assignability of Lyapunov spectrum for time-
invariant consistent systems of the form (105) were obtained
in [26], [37].
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