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ABSTRACT Deep learning models, such as convolutional neural networks, have long been applied to
image and multi-media tasks, particularly those with structured data. More recently, there has been more
attention to unstructured data that can be represented via graphs. These types of data are often found in
health and medicine, social networks, and research data repositories. Graph convolutional neural networks
have recently gained attention in the field of deep learning that takes advantage of graph-based data
representation with automatic feature extraction via convolutions. Given the popularity of these methods
in a wide range of applications, robust uncertainty quantification is vital. This remains a challenge for
large models and unstructured datasets. Bayesian inference provides a principled approach to uncertainty
quantification of model parameters for deep learning models. Although Bayesian inference has been used
extensively elsewhere, its application to deep learning remains limited due to the computational requirements
of the Markov Chain Monte Carlo (MCMC) methods. Recent advances in parallel computing and advanced
proposal schemes in MCMC sampling methods has opened the path for Bayesian deep learning. In this
paper, we present Bayesian graph convolutional neural networks that employ tempered MCMC sampling
with Langevin-gradient proposal distribution implemented via parallel computing. Our results show that
the proposed method can provide accuracy similar to advanced optimisers while providing uncertainty
quantification for key benchmark problems.

INDEX TERMS Bayesian neural networks, MCMC, Langevin dynamics, Bayesian deep learning, graph

neural networks.

I. INTRODUCTION

Graph neural networks are a type of artificial neural network
designed for data which features graph-based representa-
tion [1]-[4]. Graph-based representation can be used to
analyse non-structured and non-sequential data, such as a
social network comprising users and their activities [5].
Recently, a wide variety of graph-based deep learning
network architectures has been introduced [3], such as
graph convolutional neural networks (CNNs) [6]-[8], graph
recurrent neural networks featuring long short-term mem-
ory (LSTM) networks [9]-[12], graph auto-encoders [13],
[14], and graph generative adversarial networks (GANs) [15].
Applications of graph neural networks have included time
series forecasting [16], traffic flow forecasting [17], [18],
particle physics [19], molecular property prediction [20],
sentiment analysis [21], recommender systems [22], and
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social media popularity prediction [23]. A review of appli-
cations of graph neural networks has been given in [24].

Deep learning methods, such as convolution neural net-
works [25], [26] (CNNs) and recurrent neural networks
[27], [28] (RNNs) have been applied to image data and
temporal sequences; however, these are structured, regular,
Euclidean data, although they can be viewed as graphs (i.e.,
lattices). CNNs and RNNSs are less applicable to unstructured
or graph-based data with multi-layer hierarchical structure,
with features that occur on different scales. On the other hand,
graph neural networks (GNNs) use graph-based representa-
tion of data to propagate on each node. Aspects of the data
such as the input order of the nodes are irrelevant, with the
graph instead representing the dependencies between them;
hence, GNNs can enable propagation guided by graph struc-
ture similar to the forward propagation in simple (canonical)
neural networks [29], [30].

As the impact of graph neural networks on different
deep learning architectures and applications grows, there is
also a growing need for robust uncertainty quantification
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in model parameters. Bayesian inference provides a means
for robust uncertainty quantification in deep learning mod-
els by sampling from the posterior distribution that repre-
sents the model parameters [31], [32] using Markov-Chain
Monte Carlo (MCMC) methods [33], [34]. Implementation
of Bayesian inference via MCMC becomes very challenging
with growing size of the data and the number of model param-
eters. MCMC methods have extensive computational require-
ments since thousands of samples (iterations) are needed for
training, and hence limited work has been done in implement-
ing deep learning models such as Bayesian CNNs via MCMC
sampling. Variational inference, provides an alternative for
uncertainty quantification in deep learning methods via Bayes
by backpropagation [35]. At the same time, there has been
progress in the MCMC approach, making use of parallel com-
puting and advanced MCMC methods [33], [34], which can
enable the framework for graph CNNs. Advanced proposal
distribution in MCMC that incorporate gradients [32], [34],
[36] has opened the door to Bayesian deep learning methods
for novel deep learning methods.

In this paper, we present Bayesian graph convolutional
neural networks that employs tempered MCMC sampling
via parallel computing with Langevin-gradient proposal dis-
tribution. We apply the method to selected benchmark
graph-based datasets obtained from research data reposito-
ries such as PubMed." The parallel computing framework
features inter-process communication for exchange of tem-
pered MCMC replica states as demonstrated previously for
Bayesian neural networks [34].

The remainder of the paper is organised as follows.
In Section II, we review the background of the problem and
related methods. Section III presents the proposed method-
ology, followed by experiments and results in Section IV.
We discuss the implications of our work and directions of
future work in Section V, and Section VI concludes the paper.

Il. BACKGROUND AND RELATED WORK

A. GRAPH NEURAL NETWORKS

A graph G data structure consists of a set of vertices V (nodes)
and edges E, which can be either directed or undirected [37],
[38]. Each node represents a data element, and the edges
denote the relationships between the data elements. Each
node has its own graph embedding via a feature vector, which
summarises the properties of that particular data element.
The nodes send their graph embedding to their immediate
neighbours in the form of messages [39].

The message received by node v at GNN layer index ¢,
m!, is constructed by aggregating over the set of neighbours v,
N (v), the results of a message function M, which takes three
arguments: the feature vector of v itself (h’v), the feature vector
of neighbour w (h!,), and the features of the edge between v
and w (e,y):

mh= " M, . en). ey
weN (v)

1 https://pubmed.ncbi.nlm.nih.gov/
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Based on this message m', and the previous value A, the lat-
ter is updated via a function Uy:

KA = U, (W, m!). 2)

A variety of graph representations are possible, includ-
ing directed graphs, heterogeneous graphs, edge information
graphs, and dynamic graphs [24]. The goal of GNN is to
learn a state embedding which incorporates the neighbour-
hood information of for each node; this state embedding
can then be used for classification and other purposes. The
choice of the propagation and the output step of a GNN are
required to obtain the hidden states of nodes or edges and
depend on the application. In relation to the canonical GNNs,
the focus has been on refinements in the propagation step,
while a simple feedforward neural network is retained in the
output step. The major variants in the propagation step utilise
different aggregators to gather information from each node’s
neighbors. Some of the key propagation step methods include
attention aggregator (graph attention network [40] and gated
attention network [41]), gated aggregator (gated graph neural
networks [42] and graph LSTM [10]), skip connection (high-
way GNN [43] and jump-knowledge network [44]), hierar-
chical graph edge conditioned convolution [45]), and finally,
the convolutional aggregator which features graph CNN with
spatial [46] and spectral methods [30].

Spatial methods in graph CNNs include neural fingerprints
(FPs) [47], dual graph convolution network (DGCN) [48],
and model networks (MoNet) [49]. Some of the com-
monly used spectral methods in graph CNNs are ChebNet
(Chebyshev polynomial approximation algorithm) [50],
graph convolutional networks (GCNs) which is first-order
approximation of graph convolutions [30], and adaptive
graph convolutional networks (AGCN) [51]. In spectral con-
volution, the underlying structure of the graph is deduced
by eigen-decomposition of the graph laplacian. The entire
graph is processed simultaneously, which makes spectral
convolution more computationally expensive. However, it is
still widely used, because the spectral filters excel at captur-
ing complex patterns. Spatial methods use information from
neighbouring nodes and deduce properties of a node based
on features of its closest k neighbours. The graph can be
processed in batches of nodes, which help improve speed and
efficiency.

A number of approaches can be used to update or train-
ing GNNs. They include neighbourhood sampling (Graph
SAGE [52], Pin-Sage [53] and Fast-GCN [54]), receptive
field control [55], data augmentation such as co-training and
self-training [6], and unsupervised training such as graph
autoencoder (GAE) [56] and adversarially regularized graph
autoencoder (ARGA) [14].

B. BAYESIAN DEEP LEARNING

Research in area of Bayesian deep learning has been lim-
ited due to the limitations of canonical MCMC methods for
large number of parameters, and other characteristics such
as complex architectural properties of deep learning mod-
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els [57], [58]. As we noted earlier, variational inference pro-
vides a computationally cheaper approach, with variational
autoencoders [59], variational autoencoders and GANSs [60],
pruned variational CNNs [61]-[63], variational RNNs and
long short-term memory (LSTM) networks [64], recurrent
variational graph convolutions [65], and variational graph
neural networks with focus on autoencoders [56] and Markov
networks [66]. Most of these methods were developed in
the last five years, particularly after 2017, with applications
summarised in [57]. Although work has been done in area of
variational CNNs [67], we did not find any work in the area
of variational graph-CNNs.

Over the last decade, advanced proposal distributions
incorporating gradients have been applied, such as Langevin
and Hamiltonian MCMC for statistical models [32], [68].
However, only in last five years has there been progress
in area of Bayesian neural networks with Hamiltonian
MCMC [69], and graphic processing unit (GPU) implementa-
tion to enhance computation [70]. Langevin MCMC methods
for neural networks include the use of tempered (parallel
tempering) MCMC for simple neural networks applied to pat-
tern classification and time series prediction problems [34].
Furthermore, surrogate assisted estimation via Langevin
tempered MCMC has been developed for Bayesian neural
networks which is useful when the model and data are com-
putationally expensive [33]. Transfer learning has been used
to take advantage of multiple sources of data in a Bayesian
framework via Langevin MCMC sampling [36]. Although
simple neural networks have been used in pattern classifi-
cation problems [33], [36], some of the problems had large
numbers of features, and hence the neural network models
had more than 5,000 parameters, which is comparable to
smaller deep learning models.

lll. METHODOLOGY

In this section, we present details for Bayesian graph
convolutional neural networks, which uses spectral con-
volution and tempered MCMC sampling framework with
Langevin-gradient proposal distribution. The framework is
used for classification of nodes in datasets with graph
representation.

A. MODEL AND LIKELIHOOD FUNCTION

In conventional CNNs, the input data are multiplied by a
matrix of weights having the same dimension as the input
data. This matrix of weights is known as the filter or kernel.
A single layer can have multiple filters to extract different
features in the data. The output can then be fed into more
convolution layers or pooling layers to extract the prominent
features of the data. Given a CNN with multiple layers,
the output Yl.l for layer !/ with m; filters is computed as
follows

=D

1

O} () Dy (1=1)

v\ =B + E KX, 3
J=1
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where, BEI) is the bias matrix, Xi(lfl) is the input data to the
layer, and Ki(’? is the filter.

In comparison to conventional neural networks, graph
neural networks do not operate on euclidean data, with a
fixed dimension and a tabular structure. Graph information
such as the edge directionality, node attributes, and edge
attributes cannot necessarily be mapped to a higher dimen-
sion euclidean space. In our proposed Bayesian graph CNN
(Bayes-GCNN), we use the fast approximate spectral graph
convolution technique of Kipf and Welling [30]. We adapt
Equation (3) such that it can work on graphs, where the
number of node connections is dynamic and the nodes are
unordered. Hence, the equation to compute the convolved
signal matrix is given as follows

Z = D2Ap=12xp 4)

where Z is the convolved signal matrix, D is the degree
matrix, A is the adjacency matrix, X is the node feature vector
and 6 is a matrix of filter parameters.

Our focus in this paper is the application of Bayes-CNN to
node classification using graph datasets. Therefore, we con-
struct the likelihood function that is used for MCMC sam-
pling of parameters (weights and biases) in Bayes-GCNN.
The likelihood function enables the comparison of the train-
ing data featuring graph representation g with graph CNN
output g’ = z(g, w, b); where, w and b are the Bayes-GCNN
parameters (weights and biases combined) shown in Figure 1,
respectively. These weights and biases include those in con-
volution and max-pooling layers of graph CNNs.

Pattern classification problems entail discrete outcomes,
and thus we use a multinomial likelihood function. Suppose
that we have K classes in the training data, and assume
that the outputs y = (y1, ..., yn) are drawn from a multi-

nomial distribution with parameters 8 = (0y, ..., 6g), for
Zszl Or = 1. We define indicator variables
1, ify,=k
Zik = 5
ik 0, otherwise ®)
for observations i = 1,...,N and classes k = 1,...,K.

Then, the multinomial likelihood function can be expressed
as

N K
po10) =[] ]6% 6)
i=1 k=1
where 6; ¢ is the Bayes-GCNN model’s predicted probabil-
ity that observation i is in class k. We use a multinomial
expit (softmax) function to link the output f (x;) (of inputs x;)
of the Bayes-GCNN to the predicted probability:

o = —XPUCD) )

Yo exp(fx)

The prior distribution is given by

1 1 /&
P(0)=WX3XP{—2G_2<§9?>} )
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FIGURE 1. Graph convolutional neural network (GCNN) showing convolutional and pooling layers.

where 6 represents the GCNN parameters (weights and
biases), P is the total number of parameters, and o2 is
user-defined variance which is typically obtained from prior
knowledge about distribution of parameters in trained neural
networks.

Our implementation performs these calculations on the log
scale to minimise numerical instability.

B. LANGEVIN-GRADIENT PROPOSAL DISTRIBUTION
Next, we use MCMC sampling to sample the posterior distri-
bution of weights and biases of Bayes-GCNN. Deep learning
models (such as GCNNs), can feature hundreds of thousands
of parameters, hence state-of-art MCMC sampling meth-
ods are needed. Therefore, we employ 1) efficient proposal
distribution via Langevin-gradients, 2) parallel computing
that features inter-process communication, and 3) tempered
MCMC to optimise sampling from multi-modal posterior
distributions.

The Langevin-gradient proposal distribution essentially
incorporates Gaussian noise with a gradient step taken using
a single iteration (epoch) [32]. The gradient step can be either
in form of stochastic-gradient descent (SGD) or adaptive
gradient-descent, such as the Adam optimiser [34], [71].
Henceforth, we refer to SGD-based proposal distribution as
Langevin-gradients (LG) and Adam-based proposal distribu-
tion as adaptive Langevin gradients (adapt-LG).

At a given step or chain position (n) of a MCMC sam-
pler, we create a proposal denoted by superscript (*) from a

130356

multivariate normal distribution 6}, as follows:
0 ~ N0, + viva, v3lp). ©)

Here, Ip is an P x P identity matrix, scaled by the tuning
parameter v%; and v, is the Langevin gradient scaled by
the user-defined learning rate v;. The Metropolis—Hastings
probability («) is used to accept/reject a proposed sample is
as follows

o= mm{ P<xl0;)p(0;)Q(on|0;)}
' p(x10,)p(8,)0(6310,) |

where 0(0710,) = p(0},10,), the conditional proposal density
and vice versa. Calculating the Q ratio is necessary because
the Langevin-gradients are not symmetric at different steps in
the chain.

Initially motivated by thermodynamics, tempered MCMC
(also known as replica exchange and parallel tempering
MCMQO) [72], [72]-[74], samples an ensemble of M MCMC
replicas 2 = [Ry, Ry, ..Ryr]. Each replica features tempera-
ture ¢ from the temperature ladder T = [1, . .. T}, ] which is
typically geometrically spaced, with Ty,,, defined by the user
to control the extent of exploration. The likelihood of each
replica in the ensemble is attenuated to form an attenuated
posterior distribution p, (8’ |x) oc p(x|0%)!/!p(@"). This ““flat-
tens” the distribution according to the temperature level of the
replica, which increases the Metropolis—Hastings acceptance
rates for replicas with higher temperature levels, which also
helps in escaping from local minima. The neighbouring repli-

(10)
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FIGURE 2. Bayesian GCNN framework implemented using tempered MCMC and parallel computing.

cas are periodically exchanged via a Metropolis—Hastings
step, balancing exploration and exploitation [75], [76].
Effectively, this augments the sample space of 8, into 8/, =
(0, T2, 1), sampling jointly across @ and . Those realisations
with + = 1 then have the target distribution. Therefore,
periodically, a proposal is made to exchange the states of the
neighbouring replicas, so that 8’ = 6! and 6’1 = ¢!,
The proposal distribution is symmetric and hence the priors
cancel. Therefore, the acceptance probability is given by

Plx 10 )1/ @+ piy|gt+Dy1/t
g = min | 1, P10 o8, " D7 g
P(x|0§1t+l))1/(’+1)P(x|02)1/’

C. BAYES-GCNN FRAMEWORK

Our Bayes-GCNN employs parallel processing for execution
of tempered MCMC replicas that exchange states at regular
interval via inter-process communication. The Bayes-GCNN
framework that features parallel MCMC replica samplers,
inter-process communication, and graph-based data is shown
in Figure 2 and presented as an algorithm in Figure 3.
We begin by defining the graph-CNN architecture that
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includes the size of convolution and max-pooling layers and
number of output neurons given by the classification problem
with given graph-based data representation for input as shown
in Figure 1.

The execution begins with tempered replica sampling
(Stage 1.1) with the manager process overseeing parallel
replica processes. Each replica sample creates a proposal
depending on the /.4, (Stage 1.2) using either random-walk
or Langevin-gradients (9). In Stage 1.3, the log-likelihood
is computed along with the Metropolis—Hastings probabil-
ity (Stage 1.4) to accept/reject a proposed sample. Then,
the algorithm checks (Stage 1.5) whether to carry on with
tempered MCMC or change the replica temperature values
to 1 for canonical MCMC. In this way, tempered MCMC
is used in first-phase, then it switches to canonical MCMC
in second-phase defined by Rgywitch to further balance global
exploration with local and to ensure that the true posterior
distribution is sampled during the second-phase as done in
our previous works [34], [77]. Hence, the tempered MCMC
is used as a burn-in sampling procedure which is not part of
the posterior distribution. The tempered MCMC is used for
exploration but the samples do not become part of the true
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Data: Graph-based Data

Result: Bayes-GCNN posterior distribution

Stage 0: initialisation:

* Define Bayes-GCNN architecture (number of input, convolution
and pooling layers, number of outputs, and respective activation
functions). * Provide user-defined parameters: maximum
temperature (T ), swap-interval (Rgyap), and maximum replica
samples (Rmax ).

* Termination condition: Set active = M

* Define (Rswiwcn) for parallel tempering MCMC to canonical MCMC

* Define lry for applying Lanpevin-gradients.

while (alive # 0 do

Stapge 1.0: Execute each replica via manager process

fori=1toM do

s=0

phase-one: T; = geometric()

for s=1to Rpg do

Stage 1.1: Local Replica Sampling

for k= 1toR,,, do

1.2 if Unif(0, 1) < gy, then
| Langevin-gradient proposal

else
|  Random-walk proposal

end

1.3 Get log-likelihood and computer
Metropolis-Hastings probability «

1.4 if Unif(0, 1) < « then
| Accept proposal, #; «— &;

else

Reject proposed sample, retain current
sample: 8; « 87,

end

1.5 if phase-two is true then
| Change replica temperature, T; = 1

end

end
Stapge 2.0: Neighbouring replica exchange:
2.1 Get neighbouring replica Metropolis-Hastings
acceptance probability g
2.2 if Unif(0,1) = 3 then
Give signal() to the manager process Exchange
replicas, #; « 854
end

end

end
Stage 3.0 Signal() manager process
3.1 Decrement number of replica processes alive

end
Stage 4: Combine posterior using second-phase MCMC samples

FIGURE 3. Tempered MCMC algorithm for Bayesian GCNN using parallel
computing. Note that the Langevin-gradient proposal can be either LG or
adapt-LG. The manager process is highlighted in blue and replica
processes running in parallel are highlighted in pink.

posterior, since it features pseudo-posterior distribution (due
to the temperature level affecting the replica log-likelihood).

Next the replica exchange is done depending on the replica
swap-interval (Rswap) and Metropolis-Hastings probability
(Stage 2.2) which considers the log-likelihood of neighboring
replica processes. We note that the manager process is used to
determine if the neighboring replicas can be swapped. In case
if they are swapped, the chain position is exchanged via
inter-process communication. Finally, the algorithm decre-
ments the number of active replicas if the maximum number
of replica samples (Rmax) are reached which enables the
algorithm to end replica sampling. In post-replica sample
stage (Stage 4), burn-in sampling period is removed (which
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includes tempered MCMC) and then combined with respec-
tive replica posterior distribution of Bayes-GCNN for further
analysis.

In addition to the configuration of the GCNN, the user
sets the number of replicas (M), maximum temperature of
the temperature ladder (Tmax), neighbouring replica swap-
interval (Rswap), and maximum number of replica samples
(Rmax)- The user must also set the Langevin-gradient rate
(lrate), which determines how often it is used for creating the
proposal, as opposed to a random-walk proposal (effectively
setting v1 = 0).

IV. EXPERIMENTS AND RESULTS

We evaluate the distinct features of Bayes-GCNNSs in terms
of computational efficiency of tempered MCMC sampling,
effect of different proposal distributions, and prediction accu-
racy for established benchmark datasets.

A. DATASET DESCRIPTION

We use Cora [78], CiteSeer [79] and PubMed [80] cita-
tion network datasets, which are commonly used to evaluate
graph neural networks. Each dataset has one connected graph
consisting of nodes representing a scientific publication. The
edges of the graph serve as citation links between the scien-
tific publications (nodes). Each publication in each dataset is
described by a word vector indicating the absence/presence
of the corresponding word from the dictionary. The details of
the dataset in terms of number of nodes, edges, classes and
training and test samples are provided in Table 1. We note
that number of training instances is relatively low; however,
this specific data split is used in the literature [29] and hence
we used it for comparing results. The data split has 20 labels
per class for training, and 1000 nodes for testing.

The Cora dataset consists of citation information
for 2708 machine learning papers with 1433 unique
words in its dictionary. The nodes are classified into
7 labels: “‘case-based”, “‘genetic algorithms”, ‘“‘neural net-
works”’, ““probabilistic methods™, “‘reinforcement learning”’,
“rule learning”, and ‘“theory”. The CiteSeer dataset
extracted from the CiteSeer digital library consists
of 3327 scientific papers with 3703 unique words in it’s
dictionary. The nodes are classified into 6 labels: “agents”,
“artificial intelligence”, “DB”’, “IR”, “machine learning”,
“human computer interface”. The PubMed dataset features
papers about diabetes which contains 19717 scientific papers
and 44,338 citation links with 500 unique words in the
dictionary. The nodes are classified into 3 classes which
include ‘“‘diabetes mellitus, experimental”’, ‘“‘diabetes melli-
tus Type 1 and “‘diabetes mellitus Type 2.

B. EXPERIMENT DESIGN

We first run experiments to assess the effect of the tempered
MCMC tuning parameters (hyper-parameters) and report the
computational time and classification accuracy. In all exper-
iments, we use the following parameters determined from
our trial experiments. In random-walk proposals, we create
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TABLE 1. Overview of datasets using graph representation showing number (num.) of classes with training, and test instances.

Dataset ~ Nodes Edges Num.classes Num. training Num. testing
Cora 2708 5429 7 140 1000
CiteSeer =~ 3327 4732 6 120 1000
PubMed 19717 44338 3 60 1000

TABLE 2. Bayes-GCNN topology showing the total number of parameters (weights and biases).

Dataset Input Neurons ~ Output Neurons  Hidden Layers  Total parameters
Cora 1433 7 16 23063
CiteSeer 3703 6 16 59366
PubMed 500 3 16 8067

TABLE 3. Effect of adaptive Langevin-gradient (adapt-LG) rate on the classification accuracy (acc.) for the Cora dataset.

adapt-LG Rate  Train Acc.(Mean, Max, Std)  Test Acc. (Mean, Max, Std) Swap Per.  Accept Per.  Time (min.)
0 14.2522.14 1.51 16.85 32.20 7.39 50.89 40.00 72.30
0.25 98.32 100.00 4.50 74.5279.50 3.81 47.74 40.75 79.13
0.5 98.73 100.00 3.45 74.9579.30 3.18 46.58 43.04 83.43
0.75 98.94 100.00 2.28 75.3579.30 2.17 47.04 45.25 87.72
1.0 99.05 100.00 2.06 75.5279.20 1.99 48.43 49.75 85.01
TABLE 4. Effect of number of replicas in tempered MCMC for Cora dataset.
# Chains  Train Acc. (Mean, Max, Std) ~ Test Acc. (Mean, Max, Std)  Accept Per.  Swap Per.  Time (min.)
2 99.22 100.00 0.71 75.8079.60 1.05 44.00 43.62 138.64
4 99.06 100.00 2.01 75.4579.20 1.84 43.75 46.34 84.24
6 98.97 100.00 2.33 75.38 79.30 2.19 44.00 45.89 82.82
8 98.89 100.00 2.50 75.11 78.80 2.50 44.38 47.04 84.76
10 98.70 100.00 3.39 74.9279.30 3.13 43.80 47.52 87.23

Gaussian noise with standard deviation v, = 0.005. We use
maximum temperature (Tnax = 2) in tempered MCMC.
We change tempered MCMC to canonical MCMC with
Rgwitch = 60 percent of total samples. We use a swap interval
Rgwap = 2 samples and a maximum of 48,000 samples which
are distributed across all the replicas.

We implement Bayes-GCNN using pyTorch? and pyTorch-
geometric libraries® and Python multi-processing library for
parallel MCMC replica processes. Table 2 provides the topol-
ogy of Bayes-GCNN in terms of number of input, hidden, and
output neurons for the respective datasets.

In the case of adaptive Langevin-gradients which is based
on the Adam optimiser, the first and second order moments
of the past gradient is used as a means of adapting the gradi-
ents [71]. In this case, we use a user defined learning rate
based on the literature and trial experiments (v = 0.01).
In the case of canonical Langevin-gradients, we use user
defined learning rate based on previous works [33], [34], [36]
(vi =0.1).

C. RESULTS

We begin by evaluating the effect of adaptive Langevin
proposal (adapt-LG rate) on the proposal distribution with
8 replicas in tempered MCMC using the Cora dataset. Table 3
presents the classification accuracy on training and testing
datasets (showing mean, best, and standard deviation), neigh-

2https://pytorch.org/
3 https://pytorch-geometric.readthedocs.io/en/latest/
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bouring replica swap rate (percentage), and percentage of
accepted samples during sampling. We observe a positive
association between the adapt-LG rate and percentage of
acceptance samples which implies that adapt-LG provides
better proposals when compared to random-walk proposal
distribution. There is also an association between adapt-LG
rate and computational time since computing gradients is
expensive [34]. The accuracy for train and test dataset is
much lower for adapt-LG rate of 0, which indicates that
random-walk proposal distribution on its own cannot be used
to train Bayes-GCNNs. However, higher adapt-LG rates do
not appear to yield performance gains.

Table 4 shows the effect of number of replicas in tempered
MCMC for the Cora dataset according to the same metrics
as used previously. We observe a reduction in computational
time as the number of replicas increases from 2 to 4; however,
the classification performance does not change much. This
can be directly attributed to speed and efficiency gained by
having more replica processes running in parallel (one replica
process/thread per processing core). We also observe that
there is a gradual increase in the swap percentage (between
neighboring replicas) for up to 8§ replicas.

We then apply the Bayes-GCNN to the other datasets
(CiteSeer and PubMed), using 8 replicas with adapt-LG
rate of 0.75 and present the training and test classification
accuracy in Table 5. The literature does not report the same
result summaries (best, mean, standard deviation) that we do;
hence, a direct comparison is not possible. We compare the
results assuming those from literature as the best performance
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TABLE 5. Bayesian GCNN results comparison of established methods from the literature (unavailable values are left blank).

Method Cora CiteSeer PubMed

best (mean, std) best (mean, std) best (mean, std)
GCNN (SGD) [29] 2016 75.70 ( , ) 6470 ( , ) 77.20¢( , )
GCNN (Adam) [30] 2017 (81.50, ) (70.30, ) (79.00, )

Bayes-GCNN (LG)
GCNN* (Adam)
Bayes-GCNN (adapt-LG)

54.70 (40.98, 5.04)
81.70 (80.81, 0.65)
79.00 (74.71, 2.42)

43.00 (30.82, 4.45)
72.00 (70.51, 0.85)
68.90 (63.26,2.74 )

69.50 (60.53, 3.01)
79.50 (79.00, 0.60)
78.70 (74.94, 1.63)
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FIGURE 4. Posterior and trace plot for selected weights for Cora.

unless otherwise indicated. In the case of GCNN (SGD) [29],
we report the mean classification accuracy. We also show per-
formance by our own implementation of canonical GCNN*
using Adam optimiser with 30 independent experiential runs
with different initial weights and biases. Note in case of
Bayes-GCNN, the mean, best and standard deviation are
taken from posterior distribution of one experimental run.

Bayes-GCNN (adapt-LG) offers almost comparable clas-
sification accuracy to those in the literature (Table 5).
Although Bayes-GCNN (adapt-LG) offers slightly lower
classification accuracy (taking account the mean perfor-
mance), it provides comprehensive uncertainty quantification
in predictions. We also note that using LG rather than adapt-
LG proposal distribution significantly deteriorates the perfor-
mance of Bayes-GCNN.

130360
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Figures 4-6 show the Bayes-GCNN (adapt-LG) trace plot
and posterior distribution for selected parameters (weights)
from the respective datasets. The trace plots show 8 replica
samples with different colours post the burn-in period (hence
all replica temperature values are 1). Figure 4 presents the
results from the Cora dataset showing the trace-plots (Panels
a and c) and the posterior distribution (Panels b and d) for
two selected weights with evidence of a unimodal posterior
distribution. This can be seen in the dense histograms having
a single peak for both the weights (Panels b and d). In the case
for the CiteSeer dataset shown in Figure 5, we get a similar
observation where the selected weights are similar in trace
plots (Panels a and c), and both the posterior distributions
(Panels b and d) show a single peak and indicate a single node
in a unimodal posterior. In Figure 6 (posterior for PubMed
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FIGURE 5. Posterior and trace plot for selected weights for CiteSeer.

dataset), we see a striking contrast between the trace plots
(Panels a and c) of the selected weights: the posterior dis-
tribution of the first weight (Panel b) indicates a unimodal
posterior, and the posterior distribution of the second weight
(Panel d) indicates a bimodal posterior. An explanation of
this is that Cora and CiteSeer datasets employ a much larger
Bayes-GCNN model architecture given by the number of
parameters when compared PubMed. (See Table 2.) All the
trace plots show high correlation between the chains for all
the respective datasets.

The reason behind the difference in the trace-plot
and respective posterior distributions between the differ-
ent datasets cannot be explained without further analysis.
We note that we only selected two weights from thousands of
parameters and this is merely for visualisation of the sampling
process. The investigation as to why we get unimodal or
multimodal posterior for different datasets and Bayes-GCNN
architectures is beyond the scope of the paper.

Figure 7 shows the log-likelihood plot along with the
training and test classification accuracy for a single MCMC
replica (with temperature level of 1) for the respective
problems. In the respective problems (Panel a, b, and c),
we observe that the log-likelihood value increases in value
over the time (samples), leading to higher training and
test classification accuracy. We also notice that the case of
PubMed dataset in Panel c, is slightly different than Cora
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and CiteSeer datasets (Panel a and b). We find that PubMed
dataset has a higher variance in test classification accuracy
over time when compared to others. This could be purely due
to the application problem and size of the datasets and the
Bayes-GCNN architecture as shown in Table 2.

Next, we present results to verify if the Bayes-GCNN
(adapt-LG) has converged using the Gelman—Reubin diag-
nostic [81]. Table 6 shows their values for selected weights
for their respective problems; 7 values close to 1 indicates
convergence [81]. We use the different chain replicas for
selected weights with unique identity number (Weight-ID)
to determine if there is convergence between the MCMC
replicas. The diagnostic uses the posterior distribution from
all the replica chains after a burn-in of 60%. We observe
that in Table 6, all the selected weight-IDs for the respective
problems have values close to 1 and hence have obtained
convergence.

V. DISCUSSION

This paper serves as a proof-of-concept of implement-
ing Bayesian inference via tempered MCMC for GCNNS,
achieving comparable performance with traditional meth-
ods (Table 5). Bayes-GCNNs provide a principled approach
to uncertainty quantification for deep learning models.
We observed that the adapt-LG proposal distribution per-
formed significantly better than LG proposal distribution in
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Bayes-GCNN. This can be attributed to the fact that LG based on first and second moment of the past gradient. Hence,
uses a single and constant learning rate for all the weights adapt-LG is better suited for convergence of large number
whereas adapt-LG optimiser transforms the current gradient of parameters when compared to conventional LG proposal
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TABLE 6. Convergence diagnostics for the selected weights denoted by
identity number (Weight-1D) for respective problems (Cora, CiteSeer, and
PubMed).

Weight-ID Cora CiteSeer PubMed
0 125 1.27 1.25

100 1.21 1.18 1.15

1000 1.15 1.16 1.23
5000 1.18 1.26 1.17
8000 1.22 1.28 1.20

distribution. Since a single and constant learning rate is used
for all the weights in LG, only a portion of the weights may
reach their local minima; however, some of the weights may
not converge leading to poor performance or inability to train
as shown in Table 5.

The adaptive nature adapt-LG based on the Adam opti-
miser may also be a mild violation of the Markov assumption
underpinning MCMC, since the exact step length depends on
the previous gradient and the Q-ratio might be approximate;
these requirements can be relaxed somewhat, but need to
be checked carefully [82], which can be the subject for
future work.

The Gelman—Rubin diagnostics has been the most com-
monly used method to evaluate convergence of Markov
chains, due to ease of implementation and availability in
software packages. However, it has also been reported to
sometimes give a premature and unreliable convergence
diagnosis, particularly in cases where the Markov chains are
stuck in a local maxima [83]. Moreover, the effectiveness
of Gelman—Rubin diagnostics for large numbers of param-
eters is not well studied in the literature. Better convergence
diagnosis methods needs to be developed, since deep learning
models features tens of thousands of parameters. Moreover,
auto-correlation and effective sample size has also been
widely used for MCMC convergence [84], [85], and their
applicability for Bayesian deep learning models can also
be evaluated.

The comparison of results with the literature motivates the
implementation of Bayesian framework for other deep learn-
ing models, which includes LSTM and CNN models [47].
The uncertainty quantification in predictions can be useful for
application areas, such as traffic forecasting [86] and emotion
recognition [87]. We addressed graph-based CNNs in this
paper; however, the approach can be used for other graph deep
learning architectures such as graph-LSTM networks [86],
[87] and conventional graph neural networks [88].

The use of Bayesian inference via MCMC schemes in
graph neural networks is largely unexplored. Future work
could focus on implementing Bayesian inference via MCMC
for other architectures of graph neural networks, such as
graph LSTM models [86] and graph attention networks [40]
using different datasets (such as Quantum Machine 9) [89],
[90], bioinformatics (enzymes) [91], [92], and social news
network (Reddit) [93]. Further work could also focus on
the efficacy of other types of MCMC schemes such as
Hamiltonian MCMC methods [94] to further improve the
classification performance.
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VI. CONCLUSION

We presented Bayes-GCNN that featured tempered MCMC
sampling via parallel computing with adaptive Langevin-
gradient proposal distribution. Our results indicated that
while the mean accuracy of the Bayes-GCNN was around
4-5% lower for the CiteSeer problem, the maximum accuracy
in general is on par with the accuracy of canonical GCNN
for all the benchmark problems. Hence, Bayes-GCNN pro-
vides an alternative form of training that features a principled
approach to quantify uncertainty in model parameters. Bayes-
GCNN eliminates the need to run repetitive experiments with
a probabilistic representation of weights and biases. In addi-
tion, canonical optimisers do not offer uncertainty quantifica-
tion on their own which is needed for certain problems; hence,
Bayes-GCNN has good potential for real-world applications.
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