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ABSTRACT A hexapod robot has six legs; as such it can always walk in a statically stable way. In addition,
people do not often see large-legged robots in real life. For these reasons, we design and develop a large
hexapod robot to impress people at retail stores. The developed hexapod robot, named Probe, has a height
of 2.1m, width of 3.3m, and mass of 480kg. The actuator is customized with a frameless BLDC motor,
a harmonic drive gear, an electromagnetic brake, a multi-turn absolute magnetic encoder, heat sinks, etc.
To firmly secure the frameless motor, we use a clamping ring and suggest the design of a tapered shaft hub
and insert. We design an interface circuit board to acquire sensor data and a brake switch board to engage
and release brake via an Elmo driver’s signal. Additionally, an analytic solution to the kinematic equations
of Probe’s legs is described. After development of the Probe, Two Probes are deployed at two different stores
in South Korea and they conduct scenario motions during business hours. In future, the design of the foot
tip will be modified because the urethane cover beneath foot tip wears while the Probe is walking.

INDEX TERMS Actuator design, hexapod robot, legged robot design.

I. INTRODUCTION
As robotic research is maturing, many types of robots are
being deployed in various domains. Collaborative robots [1]
help workers make products in factories, service robots [2]
can assist humans in hospitals, restaurants, and so on, and
mobile robots [3] in retail shops can help customers find
items or monitor goods for inventory management. The fash-
ion industry is no exception. HRP-4C, a humanoid robot
developed at AIST, wore a wedding dress and walked on
the runway at the 2009 Yumi Katsura grand collection [4].
Drones flew slowly over the runway, each carrying a bag from
Dolce & Gabbana’s A/W 2018 women’s collection during
Milan Fashion Week [5]. Presently, we have unveiled two
large hexapod robots named ’Probe’ at our eyewear brand
(GENTLE MONSTER) retail stores in South Korea. These
Probes are presented in Figure 1.

A hexapod robot has six legs and can always walk in a
statically stable manner, which means that three legs on the
ground perpetually form a supporting polygonwhile the other
three legs are engaged in movement above the floor. That is
the most significant reason why I chose a six-legged robot for
display at a retail store. Next, because people see few legged
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robots in real life and do not often see large robots, they will
be impressed to see Probe walking.

Studies related to hexapod robots have been widely carried
out. The MELMANTIS, a hexapod robot with an integrated
limb mechanism, was developed in the mid-1990s [6], [7].
It was able to transform its forelegs into arms. The FZI
Research Center for Information Technology has been devel-
oping the LAURON series since 1994 and its fifth gener-
ation was introduced in 2014 [8]. Each leg of LAURON
V had four degrees of freedom(DOF). Accordingly, LAU-
RON V expanded its workspace, walked over steep slope
and large obstacles, and manipulated objects using forelegs.
A hexapod robot for subsea operations, HexaTerra, was
developed at the National Technical University of Athens in
Greece [9]. TheHexaTerra was driven by an electro-hydraulic
actuation system. Another subsea hexapod robot named
CRABSTER200 was developed by the Korea Institute of
Ocean Science and Technology for seabed investigation and
underwater tasks in coastal areas with powerful tidal currents
[10], [11]. Its two forelegs had six DOF and were designed
for leg-arm transformation. The other four legs had four DOF.
Each joint was designedwith a customized actuator combined
with Kollmorgen frameless bushless DC (BLDC) motors and
harmonic gears. Lee et al. [12] developed a six-legged robot
called the Multi-legged Giant Yardwalker; this robot can
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FIGURE 1. (a) The first Probe at HAUS DOSAN store and (b) the second
Probe at the Starfield Hanam store were deployed in February and
June 2021, respectively.

transform its leg configuration to change its body height.
Faudzi et al. [13] developed a long, light and thin legged hexa-
pod robot named Giacometti robot. They developed a thin
soft McKibben muscle which is a pneumatic artificial muscle
for Giacometti robot’s thin legs. Chen et al. [14] presented a
hexapod robot which can rearrange legs around its body.

In DLR, a small hexapod robot, DLR-Crawler, was devel-
oped by using the fingers of DLR-Hand II [15]. It used to be
an equipment for the evaluation of locomotion control algo-
rithms in the uneven terrain and the different position-based
and force-based leg. A hexapod named Weaver was devel-
oped by Bjelonic et al. [16]. They combined proprioceptive
and exteroceptive sensing to improve the terrain perception
for autonomous navigation of Weaver on outdoor terrain.
Minati et al. [17] proposed an approach to joint motor pat-
tern generation based on a hierarchical network of coupled
nonlinear oscillators arranged over two levels, and they ver-
ified it using a hexapod robot. Travers et al. [18] focused

on rough terrain locomotion, and designed a two-layered
control scheme to adapt to climb over a variety of steps
and ledges. They demonstrated that a series-elastic actuated
hexapod robt climbed over different obstacles. Tam et al.with
CSIRO’s Robotics and Autonomous Systems Group devel-
oped Open-source Syropod High-level Controller (Open-
SHC) which is a controller for multilegged robots to generate
statically stable gaits [19]. For a hexapod robot, Belter and
Skrzypczyński [20] developed feasible gait patterns using
evolutionary algorithm with dependencies inspired by typical
insect behaviour.

My contributions related to actuator development are that
I design a joint module consisting of a frameless BLDC
motor, harmonic drive, electric brake, and absolute contact-
less encoder for a revolute joint, as well as introducing an
adhesive-free design for tightening rotor of frameless motor
and a drive shaft. Furthermore, based on the actuator design,
I develop the Probe (a large hexapod robot) with a mass
of 480kg and height of 2.1m. All mechanical and electronic
parts (e.g., actuator, leg, body, and exterior parts, electronic
circuit boards, wire harnesses, etc.) are fabricated in the
laboratory. Another contribution is that I present an example
of a legged robot application in the real world. Since the
first and second deployments in February and June 2021,
respectively, the Probe has shown people its walking like a
fashion model at our retail shop. The Probe’s walking can
make people interested and visit at our retail shops. Also,
we have a plan to show a third Probe in Shanghai in Septem-
ber 2021.

The paper is organized as follows. Section 2 provides the
hardware design including details of the actuator, legs, and
electronic circuit boards. The inverse kinematics of the Probe
is described in Section 3 and gait strategy is presented in
Section 4. In Sections 5, experiment results are presented
and results of installations at retail stores are shown in
section 6. Finally, discussion and conclusions are described in
Sections 7 and 8, respectively.

II. HARDWARE DESIGN
The aims of robot design are for people to be impressed by the
size of the robot and for robot to walk stably at a store during
business hours (about 10 hours) every day. Thus, I have
developed a large hexapod robot named Probe. Except for
exterior parts on legs, its standing posture is a height of 2.0m,
width of 2.7m, and mass of 427kg. Moreover, with exterior
parts on legs, it has a height of 2.1m, width of 3.3m, and mass
of 480kg. The robot design with and without exterior parts are
presented in Figures 2 and 3, respectively.

The hardware specifications of Probe with exterior parts
are summarized in Table 1. Each leg has three DOF; total
DOF of Probe are eighteen. Designed actuators, which
include a frameless BLDC motor and harmonic drive gear,
are applied at each joint. For real-time control, a Xenomai-
patched Linux kernel is implemented on Ubuntu 16.04; the
control frequency is 250Hz. A USB camera is applied for
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FIGURE 2. Mechanical design of Probe without exterior parts. Maximum
width is 2.7m, height is 2.0m, and shortest length from ground is 0.8m.
This configuration is body-up posture before walking.

FIGURE 3. Probe with exterior parts on legs in body-up posture.
Maximum width is 3.3m and height is 2.1m.

adjusting the position and rotation of Probe when it comes
back to the starting point.

A. DESIGN OF ACTUATOR
I design actuators for all revolute joints, as presented in
Figure 4. The actuator contains a frameless BLDCmotor, har-
monic drive gear, electromagnetic brake, multi-turn absolute
magnetic encoder, housing components, drive shaft and shaft
hub components for tightening motor rotor, etc. To transfer
heat generated by BLDC motor to the open-air, six heat
sink blocks are placed around stator of motor. Thermal pads
between the heat sinks and the stator are applied to improve
the heat sink performance. I employ the electromagnetic
brake to allow Probe to stand up and the absolute encoder
to memorize the current joint angle after shutting down. Each
brake is connected to a brake controller and brake controllers
are synchronized with motor drivers, i.e. if motor is in oper-
ation, the brake is released automatically.

A frameless motor is used to customize robotic joints.
Thus, design approaches are needed to clamp the motor stator
and housing and secure the motor rotor firmly to the drive

TABLE 1. Hardware specifications of Probe.

shaft. In the case of the stator, referring to Kollmorgen’s
mounting and installation guidelines [21], it is fastened to the
housing using a clamp ring. On the other hand, in the case
of the rotor, I suggest a design approach to secure it firmly
without using any adhesives. Components of rotor module are
shown in Figure 5 and a cross section of the rotor module is
presented in Figure 6. A shaft hub, an inner-tapered cylinder,
is placed between rotor yoke and shaft. A tapered insert fitting
inside the shaft hub, and the shaft, are bolted together. With
more bolting, the tapered insert moves deeper, and then the
outer surface of the shaft hub presses more against the rotor
yoke.

B. DESIGN OF LEG
Based on the customized actuator, the leg of the Probe is
designed as an RRR configuration and is shown in Figure 7.
From the body side, the three joints are named as the hip
yaw, hip pitch, and knee joint, sequentially. The six trapezoid
prisms of the shank are placed next to each other to make
a hexagonal outline; a hexagonal ring inside them increases
the stiffness of the shank. The shank is divided into three
segments and, from segment 1 to segment 3, the diameter
of segment contour becomes narrower. Then, the shank is
tapered at the foot tip. Moreover, urethane covers beneath the
foot tips are applied to decrease slip of legs and impact when
legs touch down.

C. DESIGN OF ELECTRONIC CIRCUIT BOARDS
I design an interface circuit board; its block diagram is shown
in Figure 8. A STM32F413VGT is used for MCU and a
buzzer is on the board as an audio indicator. The main func-
tions of the interface board are to acquire the data of the IMU
fixed beneath the interface board through SPI and the data
of the photoelectric sensors installed on the fence through
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FIGURE 4. An assembled actuator is placed at top left and it breaks down as follows: a harmonic drive gear, housing, drive shaft,
shaft hub, shaft hub insert, BLDC motor, clamp ring, electromagnetic brake, magnetic absolute encoder, six heat sinks, etc. All parts
except for a drive shaft are made of aluminium alloy and the drive shaft is made of stainless steel.

FIGURE 5. A rotor module consists of a drive shaft, motor rotor, shaft
hub, and shaft hub insert.

RS232C. Also, the interface circuit board can be the 24V
power distributor for the electromagnetic brakes and the CAN
bus hub. The odd-numbered legs (leg1, leg3, and leg5) are
connected to the channel 1 CAN bus, and the even-numbered
legs (leg2, leg4, and leg6) to the channel 2 bus.
Next, for engaging and releasing brake, I also design the

brake switch board; its schematic is presented in Figure 9.
The brake can be engaged or released through a solid
state relay (SSR) as well as a manual toggle switch. Thus,

FIGURE 6. This is a cross section of an assembled rotor module. Because
of an inner-tapered cylinder and tapered insert, a rotor yoke and drive
shaft are secured firmly together after bolting.

bymeans of connection to each Elmomotor driver, each brake
switch board is synchronized with the Elmo driver’s digital
output signal.

The assembled PCBs of an interface circuit board and a
brake switch board are shown in Figure 10. The IMU is
combined at the bottom of the interface circuit board. The
brake switch board consists of two PCBs; they are connected
by pin headers. All connectors are on the top PCB and an SSR
and manual toggle switch are on the bottom PCB.

III. INVERSE KINEMATICS
Following the standard Denavit and Hartenberg (DH) con-
vention, the coordinate frames for the nth leg are presented
in Figure 11. The body fixed frame, hip base frame, hip yaw
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FIGURE 7. A leg has three DOF and the shank is longer than the thigh. To make the shank longer, three
segments are connected with hexagonal adaptors. Urethane covers beneath foot tips can absorb touch-down
shock.

FIGURE 8. Block diagram of an interface circuit board.

frame, hip pitch frame, knee frame, and foot frame are placed
sequentially. qh, qhy, qhp, and qkn are hip base angle with
respect to the body fixed frame, hip yaw angle with respect
to the hip base frame, hip pitch angle with respect to the hip
yaw frame, and knee angle with respect to the hip pitch frame,
respectively. Also, l0, l1, l2, l3, and l4 are the length between
the body fixed frame and the hip base frame, the vertical
offset length from the hip base frame to the hip yaw frame,
the thigh length, the offset between the hip pitch frame and
the knee frame, and a shank length, respectively. The legs
are positioned equally along the body contour. Thus, qh of
the legi (i=1, . . . , 6) are 0, π/3, 2π/3, π , 4π/3, and 5π/3,
respectively. From the coordinate frames, the DH parameters
for the nth leg are derived and shown in Table 2.

FIGURE 9. Elmo motor driver controls electromagnetic brake via brake
switch board.

TABLE 2. DH parameters for nth leg.

Based on Table 2, the five homogenous transformation
matrices are equal to

cTh =


ch −sh 0 l0ch
sh ch 0 l0sh
0 0 1 0
0 0 0 1

 ,
125632 VOLUME 9, 2021
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FIGURE 10. Assembled PCB of interface circuit board is at left side and
assembled brake switch board PCB at right side.

hThy =


chy 0 −shy 0
shy 0 chy 0
0 −1 0 l1
0 0 0 1

 ,

hyThp =


chp −shp 0 l2chp
shp chp 0 l2shp
0 0 1 0
0 0 0 1

 ,

hpTkn =


ckn −skn 0 l3ckn
skn ckn 0 l3skn
0 0 1 0
0 0 0 1

 ,

knTf =


0 −1 0 0
1 0 0 l4
0 0 1 0
0 0 0 1

 , (1)

where ch = cos qh, sh = sin qh, chy = cos qhy, shy = sin qhy,
chp = cos qhp, shp = sin qhp, ckn = cos qkn, and skn = sin qkn.
The vector from the body fixed frame to the foot frame is

FIGURE 11. Coordinate frames for Probe legs.

the same as the sum of one vector from the body fixed frame
to the hip base frame and another vector from the hip base
frame to the foot frame. Since the one vector from the body
fixed frame to the hip base frame is constant, I use the another
vector from the hip base frame to the foot frame to derive an
analytic solution of the kinematic equations. Based on Eq. (1),
the foot frame with respect to the hip base frame is given by

hTf = hThyhyThphpTknknTf

=


−chyshpkn −chychpkn −shy Pf ,x
−shyshpkn −shychpkn chy Pf ,y
−chpkn shpkn 0 Pf ,z

0 0 0 1

 , (2)

where chpkn = cos (qhp + qkn) and shpkn = sin (qhp + qkn).
From the fourth column of Eq. (2), the x, y, and z positions
of the foot are derived and I call them Pf ,x , Pf ,y, and Pf ,z,
respectively. Then, Eq. (2) can be summarized as three kine-
matic equations,

Pf ,x = −l4chyshpkn + l3chychpkn + l2chychp (3)

Pf ,y = −l4shyshpkn + l3shychpkn + l2shychp (4)

Pf ,z = −l4chpkn − l3shpkn − l2shp + l1. (5)

Throughout inverse kinematics process, the analytic solu-
tions to Eq. (3), (4), and (5) are derived as

qhy = tan−1
Pf ,y
Pf ,x

(6)

qhp = tan−1
shp
chp

(7)

qkn = tan−1
−l3k6 − l4k5
l3k5 − l4k6

, (8)

where,

k1 = Pf ,x/chy,

k2 = l1 − Pf ,z,

k3 = (l22 + l
2
3 + l

2
4 − k

2
1 − k

2
2 )/2l2,
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k4 = l2 − k3,

k5 = k1chp + k2shp − l2,

k6 = k1shp − k2chp,

chy = cos qhy,

chp = ( k4k1 + k2
√
k21 + k

2
2 − k

2
4 )/( k21 + k

2
2 ),

and shp = −
√
1− c2hp.

Therefore, when the foot coordinates are given, the joint
angles can be determined using the analytic solutions of
Eqs. (6), (7), and (8). Regarding the process of inverse kine-
matics, further details are provided in Appendix.

IV. TRIPOD GAIT
The tripod gait algorithm, which ensures that the three legs on
the ground while the other three legs swing, is implemented
on the Probe. The gait scheme is presented in Figure 12.
Legs are grouped into odd-numbered legs (leg1, leg3, and
leg5), OL, and even-numbered legs (leg2, leg4, and leg6), EL.
When the Probe is supported by either OL or EL, I call the
status single support phase (SSP), and when the Probe is
supported by both OL and EL, I call the status double support
phase (DSP). DSP sequences of the tripod gait are as follows;
(OL0, EL0)→ (OL1, EL0)→ (OL1, EL1)→ (OL2, EL1) · · · .
Initially, the Probe is supported by both OL and EL (DSP
state). When starting a forward walk, the OL swings forward,
the EL still supports the Probe (SSP state) and meanwhile,
the body moves forward with constant velocity. After the
OL touches down, the Probe is supported by all legs again
(DSP state); in the meantime, the body keeps moving forward
constantly. At the end of all-leg support, the set of swing
legs changes to the EL and the OL keeps supporting the
Probe (SSP state). Therefore, the gait begins every period by
alternating between OL and EL.

FIGURE 12. DSP sequences of the tripod gait for forward walking: (OL0,
EL0)→ (OL1, EL0)→ (OL1, EL1)→ (OL2, EL1) · · · . When SSP, either OL or
EL makes a triangular supporting area. When DSP, both OL and EL make a
hexagonal supporting area.

For example, I can think about walking twelve steps for-
ward with a walking period of 3.2s (SSP of 1.92s and DSP
of 1.28s), a step length of 26cm, and a height of foot lift
of 4.5cm. Then, the x, y, and z coordinates of each leg’s

FIGURE 13. Each grey area is DSP in each walking period. While DSP,
body of the Probe moves constantly. Displacements of foot2 and foot6
are identical and displacements of foot3 and foot5 overlap.

FIGURE 14. Each leg’s position is maintained for forward walking.

FIGURE 15. While walking, sets of feet alternate between odd-numbered
legs and even-numbered legs and moves simultaneously.

foot are presented in Figures 13, 14, and 15. In the forward
walking case, the y coordinate of each leg’s foot stays in the
initial position.
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V. EXPERIMENT RESULTS
A USB camera is used to make the Probe adjust its position
and rotation at the end of backward walking. The camera is
installed at a bottom part of the Probe’s body and a black
square marker (8cm× 8cm) is used to make starting position
and is placed under the camera. Then, the camera detects the
edge of the marker. The installation and the camera image are
illustrated in Figure 16. A resolution of the camera image is
320 × 240 pixels. To detect the edge of the marker, I adopt
OpenCV’s functions: a ‘‘GaussianBlur’’ for image smooth-
ing, ‘‘Canny’’ for edge detection, and ‘‘findContours’’ for
finding contours.

FIGURE 16. A camera is installed at a bottom part of the Probe’s body
and a black square marker is placed under the camera. A camera image
and the detected edge is shown in a right side.

To explain a strategy for returning to the starting position,
I call the scenario a sequence of the Probe’smotions from now
on. The camera memorizes position and rotation of the edge
before the first scenario for a reference and calculates position
and rotation differentials between the memorized edge and
the edge detected after each scenario. Then, the Probe can
move and rotate to compensate the differentials.

The results of an adjustment to the starting position after
eleven scenarios are illustrated in Figure 17. A red square and
a red dot are the edge of the starting position and the center
of it, respectively. Blue squares and blue dots are the detected
edges and the centers of them after scenarios, respectively.
The root-mean-square deviation (RMSD) of X-position of the
blue dots is 2.149 pixel, the RMSD of Y-position of them
is 2.294 pixel and the RMSD of rotation angle of the blue
squares is 0.279◦.

VI. INSTALLATION RESULTS
Two Probes are installed at the HAUS DOSAN store and
the Starfield Hanam store. An installation diagram of the
implemented system is illustrated in Figure 18. For safety,
the Probe is surrounded by metal fences and is not allowed
to step out of dual boundaries: a physical boundary and an
invisible boundary made by four photoelectric sensors. If the
Probe touches the invisible boundary, remaining scenarios are
promptly ignored, and the Probe keeps staying at the starting

FIGURE 17. The edges of the marker and the centers of them. A red
square and a red dot are the reference edge and the center of it,
respectively. Blue squares and blue dots are the detected edges and the
centers of them, respectively.

FIGURE 18. An installation diagram of the implemented system. The
Probe is surrounded by metal fences and they makes a physical boundary.
Particularly, an invisible boundary made by four photoelectric sensors is
indicated by red dotted lines. Digital signals of the photoelectric sensors
are encoded in a power box, and an encoded byte is sent to the Probe
through RS232C serial communication. Power cables and a RS232C cable
are connected to trolleys that runs on a suspended rail.

position. It is wired with a power box for continuous power
and RS232C serial communication.

They are not autonomous but conduct a set of pre-
defined motions repeatedly during business hours (about
10 hours). The sequence of motions is as follows: body
move-up, forward walking, move-down, move-up, back-
ward walking, adjustment to starting position, and move-
down. In Figures 19 and 20, parts of the scenario are
shown.

VII. DISCUSSION
At the beginning of conceptual design, the Probe was a walk-
ing showroom to display eyewear outside. Thus, its height
and width were 2.4m and 4.0m, respectively, and it carried a

VOLUME 9, 2021 125635



S. Park: Probe: Design and Development of Large Hexapod Robot

FIGURE 19. Part of scenario in HAUS DOSAN store. From (1) to (4), the Probe moves its body up; then from (5) to (12), it walks
forward. From (13) to (16), its body goes down.

FIGURE 20. Part of scenario in Starfield Hanam store. From (1) to (16), the Probe walks backward.

payload of 80kg. As its name implies, we also considered that
the Probe would explore the unknown places and pretend to
investigate soil, rocks, etc. like the Mars exploration rovers.

After design discussion, however, we decided that the Probe
would be operated in retail stores, then I modified its size as
a height of 2.0m and width of 2.7m.
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While operating the first Probe at the HAUSDOSAN store,
I found a minor issue. The urethane covers beneath the foot
tips are worn a lot. A sample of a worn urethane cover is
shown in Figure 21. While the Probe’s body is supported by
its legs andmoves forward and backward, each supporting leg
rotates around its foot tip; then, the urethane covers are easily
damaged. Thus, the foot tip needs to be modified to add a
free-rotation joint. Currently, to solve this issue, I replace the
worn urethane cover with a new one.

FIGURE 21. Sample of worn urethane covers. Left one is worst case, with
hole.

VIII. CONCLUSION
This paper describes the design and development of a large
hexapod robot named Probe which has a height of 2.1m,
width of 3.3m, and mass of 480kg. Actuator is designed for
all joints of the Probe. It consists of a frameless BLDCmotor,
a harmonic drive gear, an electromagnetic brake, a multi-
turn absolute magnetic encoder, etc. Six heat sink blocks
are placed around a stator of the motor and a clamping
ring is used to tighten the motor stator. To secure the motor
rotor firmly to the drive shaft, a tapered shaft hub and insert
are designed. The leg of the Probe is designed as an RRR
configuration. The shank is divided into three segments. The
shank is tapered at the foot tip. Each segment of the shank
consists of six trapezoid prisms to make a hexagonal outline.
To decrease slip of leg and impact force, a urethane cover is
applied beneath each foot tip. An interface circuit board is
implemented to acquire the data of the IMU fixed beneath
the interface board through SPI and the data of photoelectric
sensors installed on the fence through RS232C. The brake
switch board is designed for engaging and releasing brake
via an Elmo driver’s signal. An analytic solution of the leg’s
RRR configuration is derived and exact joint angles can
be calculated when walking pattern is given. Additionally,
a camera is implemented to adjust the position and rotation
of the Probe at the end of backward walking. As a result, two

Probes are installed at two different stores in South Korea and
they conduct predefined motions during business hours.

While operating the first Probe, aminor issue, that urethane
covers are worn, is raised. Currently, I solve the issue by
replacing the worn urethne covers with new ones. In future,
the design of the foot tip will be modified.
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APPENDIX
A. ANGLE OF HIP YAW JOINT
Eq. (3) multiplied by shy is

Pf ,xshy = −l4chyshpknshy + l3chychpknshy + l2chychpshy. (9)

Eq. (4) multiplied by chy is

Pf ,ychy = −l4shyshpknchy+l3shychpknchy+l2shychpchy. (10)

Then, Eq. (10) subtracted from Eq. (9) is

Pf ,xshy − Pf ,ychy = 0. (11)

Therefore,

qhy = tan−1
Pf ,y
Pf ,x

. (12)

B. ANGLE OF HIP PITCH JOINT
Eq. (3) multiplied by chy is

Pf ,xchy = −l4c2hyshpkn + l3c
2
hychpkn + l2c

2
hychp. (13)

Eq. (4) multiplied by shy is

Pf ,yshy = −l4s2hyshpkn + l3s
2
hychpkn + l2s

2
hychp. (14)

Then, Eq. (14) added to Eq. (13) is

l2chp − l4shpkn + l3chpkn = k1,

where k1 = Pf ,x/chy. (15)

Rewriting Eq. (5) as an equation,

l2shp + l4chpkn + l3shpkn = k2,

where k2 = l1 − Pf ,z. (16)

Eq. (15) squared equals

l22c
2
hp + (l4shpkn − l3chpkn)2

− 2l2chp(l4shpkn − l3chpkn) = k21 . (17)

Eq. (16) squared equals

l22s
2
hp + (l4chpkn + l3shpkn)2

+ 2l2shp(l4chpkn + l3shpkn) = k22 . (18)

Then, Eq. (18) added to Eq. (17) is

l22 + l
2
4 + l

2
3 − 2l2(l4skn − l3ckn) = k21 + k

2
2 . (19)
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Rewriting Eq. (19) as

l4skn − l3ckn = k3,

where k3 = (l22 + l
2
3 + l

2
4 − k

2
1 − k

2
2 )/2l2. (20)

Next, Eq. (15) multiplied by chp is

l2c2hp − l4shpknchp + l3chpknchp = k1chp. (21)

Eq. (16) multiplied by shp is

l2s2hp + l4chpknshp + l3shpknshp = k2shp. (22)

Then, Eq. (22) added to Eq. (21) is

l2 − l4skn + l3ckn = k1chp + k2shp. (23)

Substitute Eq. (20) into Eq. (23) and rewrite the equation as

k2shp = k4 − k1chp, where k4 = l2 − k3. (24)

Eq. (24) squared equals

k22 s
2
hp = k24 − 2k4k1chp + k21c

2
hp. (25)

Substitue s2hp = 1− c2hp into Eq. (25) and rewrite the result as

(k21 + k
2
2 )c

2
hp − 2k4k1chp + k24 − k

2
2 = 0. (26)

Then, the solutions of Eq. (26) are

chp = (k4k1 + k2
√
k21 + k

2
2 − k

2
4 )/(k

2
1 + k

2
2 ) or

(−k4k1 + k2
√
k21 + k

2
2 − k

2
4 )/(k

2
1 + k

2
2 ), (27)

but the first is only used for calculating the hip pitch angle.
Therefore, from Eq. (27),

qhp = tan−1
shp
chp

, where shp = −
√
1− c2hp. (28)

C. ANGLE OF KNEE JOINT

Rewriting Eq. (23) as

−l4skn + l3ckn = k5,

where k5 = k1chp + k2shp − l2. (29)

Eq. (15) multiplied by shp is

l2chpshp − l4shpknshp + l3chpknshp = k1shp. (30)

Eq. (16) multiplied by chp is

l2shpchp + l4chpknchp + l3shpknchp = k2chp. (31)

Then, Eq. (31) subtracted from Eq. (30) is

−l4ckn − l3skn = k6,

where k6 = k1shp − k2chp. (32)

Next, Eq. (29) multiplied by l3 is

−l4l3skn + l23ckn = l3k5. (33)

Eq. (32) multiplied by l4 is

−l24ckn − l3l4skn = l4k6. (34)

Then, Eq. (34) subtracted from Eq. (33) is

(l23 + l
2
4 )ckn = l3k5 − l4k6. (35)

From Eq. (35),

ckn = (l3k5 − l4k6)/(l23 + l
2
4 ). (36)

Eq. (29) multiplied by l4 is

−l24skn + l3l4ckn = l4k5. (37)

Eq. (32) multiplied by l3 is

−l3l4ckn − l23skn = l3k6. (38)

Then, Eq. (38) added to Eq. (37) is

−(l23 + l
2
4 )skn = l3k6 + l4k5. (39)

From Eq. (39),

skn = (−l3k6 − l4k5)/(l23 + l
2
4 ). (40)

Therefore, from Eq. (36) and Eq. (40),

qkn = tan−1
skn
ckn
= tan−1

−l3k6 − l4k5
l3k5 − l4k6

. (41)
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