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ABSTRACT The improved equivalent circuit models considering the end effects are put forward to predict
the performance of annular linear induction electromagnetic pump (ALIP) based on the one-dimensional
analytical model built in this paper. First, the one-dimensional physical model of ALIP is established, and
the analytical expressions of electromagnetic fields are deduced and the impact of the end effects on it is
analyzed. Then, two equivalent circuit models including the model only considering the end effects and the
model fully taking the end effects and the difference of synchronous velocity among the end effect traveling
waves and the fundamental wave into account are developed. Meanwhile, the key impedance parameters
in the equivalent circuit models are obtained and the correction coefficients of the impedance generated by
the end effects are abstracted. Furtherly, the performances of a small designed ALIP are calculated by the
conventional and two improved equivalent circuit models respectively, the results obtained from them are
compared with measured data to validate the rationality and feasibility of the models proposed.

INDEX TERMS ALIP, electromagnetic field, equivalent circuit, end effect, developed pressure.

I. INTRODUCTION
Electromagnetic pump (EMP) [1] plays an important role in
the cooling process of the liquid metal cooled nuclear reactor
and space nuclear reactor power supply [2]–[4]. Compared
with conventional mechanical pumps, EMP transmits liquid
metal through Lorentz force, so there is no need for rotating
shafts, gears, impellers and other mechanical transmission
components. This means that it has natural advantages in
terms of sealing, safety and economy [5]. ALIP, as a special
form of EMP, has better structural symmetry, and is more
suitable for ordinary piping systems, then the annular channel
can also improve output stability to a certain extent. More-
over, the current in the liquid metal of ALIP is induced by
an alternating magnetic field originated from the excitation
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windings, thereby the inherent problems associated with elec-
trode corrosion of the conduction EMPs are virtually non-
existent [6]. Based on these advantages, ALIP has emerged
as the preferred choice for the liquid metal cooled reactors.

The ALIP can be totally regarded as a short-primary tubu-
lar linear induction motor (TLIM) when the liquid metal
fluid being transported is considered as superior conductive
solid moving at a time-average velocity. As a result, it is
feasible and reasonable to analyze the electromagnetic prop-
erties of ALIP with the theory of linear induction motors
(LIMs) [7]–[9]. At present, with the theory of LIMs, a lot
of research works have been carried out for the characteristic
prediction of ALIP in the design stage.

Based on the basic equivalent circuit model of the tube
linear induction motor (TLIM) established by Nasar in [8],
Baker and Tessier derived the equivalent circuit parame-
ters and electromagnetic pressure expression of ALIP, then

VOLUME 9, 2021 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ 121493

https://orcid.org/0000-0002-5830-3448
https://orcid.org/0000-0002-2552-7920
https://orcid.org/0000-0003-0975-0943


Z. Zhang et al.: Improved Equivalent Circuit Models Considering End Effects of ALIP

proposed an end effects coefficient related to the number of
poles to correct the expression [1].

Following up on the direction of the equivalent circuit,
Kim and Kwak have obtained the analytical expression of
developed pressure via introducing the major hydraulic pres-
sure loss calculated by Darcy–Weisbach equation and minor
hydraulic pressure loss calculated by the empirical coeffi-
cient, and discussed the influence of different characteristic
parameters on P-Q characteristic curve and efficiency of the
electromagnetic pump [10]–[13]. In [14], [15], based on the
combination of circuit and magnetic circuit, a new equivalent
circuit model for predicting electromagnetic pressure is pro-
posed, whereas the simple end effects coefficient in [1] was
still adopted. On this basis, Wang introduced the hydraulic
loss including friction pressure loss and form pressure loss,
then corrected the electromagnetic pressure by the end cor-
rection coefficient of experimental data fitting and carried out
the performance optimization design [16]. Although the end
effects and saturation problem have been considered in the
correction coefficient, this method has some limitations and
cannot be applied in the theoretical design stage.

Different from the equivalent circuit method, in [17], [18],
the electromagnetic fields characteristics of ALIP were
presented based on the Maxwell electromagnetic field
equations. In [19], Seong categorized the induced eddy cur-
rent in the liquid metal as the time derivative term gener-
ated by the time-varying magnetic field and the convective
term originating from the sodium flow. The magnetic field,
the time-varying part of the induced eddy current and the elec-
tromagnetic force produced by it were less affected by flow
rate, and the convective part and the electromagnetic force
produced by it was more affected. In addition, the research
indicated that the convective eddy current was the main cause
of the end effects and the double supply frequency (DSF)
pressure pulsation, and the amplitude of the DSF pressure
pulsation was proportional to the flow rate and the end effect
in the outlet region was more obvious than the inlet. Kim
draw several conclusions that the end effects caused by the
finite length of stator core structure were significant, and the
effect of viscosity losses on generating developed pressure
in the high-slip operations of ALIP can be neglected when
compared with the electromagnetic driving force in [20].

The above theoretical research indicated that the equiva-
lent circuit model can quickly reflect the influence of basic
parameters on the performance of ALIP, which is of great
significance in guiding the design process of ALIP. Besides,
the influence of end effects on the developed pressure char-
acteristic of ALIP cannot be eliminated and should be fully
taken into account, especially for ALIP with a small pole
number. However, the equivalent circuit model proposed pre-
viously more considers the role of the fundamental magnetic
field, and less or simpler considers the influence of the end
effect on the electromagnetic pressure of ALIP. According
to the theory of LIMs, the existence of end effects pro-
duced by finite stator core length causes the magnetic field
in the electromagnetic coupling region to be divided into

three components: the fundamental magnetic field, the for-
ward decaying traveling wave magnetic field and the back-
ward decaying traveling wave magnetic field [21]–[23]. The
fundamental wave travels with the synchronous speed, how-
ever the forward decaying wave moves along the flow direc-
tion of liquid metal at a speed less than the synchronous
speed and the backward decaying wave moves in the opposite
direction of the liquid metal flow at a speed less than the
synchronous speed. This means that when the liquid metal
flows at a certain speed, the slip corresponding to different
traveling wave magnetic field compositions is different in the
conversion of the secondary side impedance in the equivalent
circuit model, and it is not accurate to calculate the output
power by using a single slip under the fundamental wave
magnetic field. Therefore, the end effects should be appro-
priately addressed in the equivalent circuit model.

This paper employs the air-gap flux density equation to
develop an improved equivalent circuit model, which consid-
ers the influences of the inlet and outlet end-wave flux waves
in the annular channel of ALIP. First, the 1-D physical model
of ALIP is described, and the distribution expressions of
magnetic and electrical fields are presented. The impact of the
end effects on electromagnetic field is analyzed. Second, two
equivalent circuit models are developed, and the impedance
parameters are solved, then the impedance parameters gen-
erated by the end effect are abstracted. Finally, the perfor-
mance of a small ALIP is calculated by the equivalent circuit
models, the results obtained from the proposed equivalent
circuit models are compared with measured data to validate
the rationality and accuracy of this new model.

II. PHSICAL MODEL OF ALIP
A. THE BASIC STRUCTURE AND PRINCIPLE OF ALIP
Fig. 1 shows the schematic of the general structure and
principle of ALIP. The ALIP is generally classified into two
parts: the primary and the secondary. The primary includes
the stator iron core, winding coils and inner core, and the
secondary is composed of the ducts with a narrow annular
channel and the liquid metal fluid in the annular channel.
The stacking thin silicon iron sheets are usually adopted to
fabricate the inner and stator cores. In the stator core slots, the
disc windings rolling by the copper band are placed. The duct
material is made up of stainless steel of the austenite-series
of nonferromagnetic material. The annular channel formed
between the fixed inner and outer ducts is filled with liq-
uid metal with higher thermal conductivity and electrical
conductivity.

When the symmetric three-phase AC supply is applied to
the three-phase windings, a traveling wave magnetic field
along the axis of the pipeline is generated. Then, eddy cur-
rents are induced in the conductive liquid metal when the
alternating radial magnetic field passes through the annular
channel, thus the interaction between the radial magnetic
field and the circumferential eddy currents produces the
axial electromagnetic thrust, which pushes the working fluid
forward.
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FIGURE 1. Cross section diagram of an ALIP.

B. ONE DIMENSIONAL THEORY MODEL
To solve the magnetic field in the annular channel of ALIP
and analyze the influence of end effects on the fundamental
characteristics of ALIP, a one-dimensional field model in
Cartesian coordinate system is established in Fig. 2. Some
assumptions are set as follows for reducing the complexity of
calculating [19], [21].

FIGURE 2. Analysis model with the equivalent current sheet of ALIP.

1) The slot effect is equivalent to the Cater coefficient.
And the skin effect in the liquid metal flow, core
saturation and eddy currents induced in iron core are
neglected. The permeability of silicon steel core is
infinite, and the conductivity is zero.

2) The input power into a pump is symmetric three phase.
All field quantities are sinusoidal functions of time.
The magnetic field has only a y component in the
non-magnetic gap, and the induced currents are in the
z direction.

3) The liquid metal flow is incompressible and considered
as a conductive solid with the time-average velocity vx.

In Fig. 2, a schematic view of the model in the coordinates
x and y is presented. The liquid metal flows in from the inlet
zone I, through the coupled zone II, out from the zone III
along the x-axis through a df-width channel between two
non-ferromagnetic surfaces. And dwi, dwo are the thickness
of the inner and outer ducts respectively, 2pτ is the length of
stator iron core, g is the width of the non-magnetic air gap,
and g = df + dwi + dwo. According to the same principle of
traveling wave magnetic force [7], [9], the excitation currents
of three-phase windings in coupled zone II are equivalent by

the line current sheet density js without thickness close to the
inner surface of the stator core as

js = Re
(
Jsmaxej(ωt−kx)

)
(1)

where k = π/τ , Jsmax =
√
2(m1nN1kw1IIpha/(pτ )), ω is

the angular velocity, τ is the pole pitch, m1 is the number
of phases, nN1 is the number of turns of series-connected
primary winding, kw1 is the winding coefficient, IIpha is the
effective value of applied primary phase current, and p is the
number of pole pairs.

In the inlet zone I and the outlet zone III, the fringing
fields outside the iron in absence of the conductor can be
simulated by assuming that there are proper virtual current
sheets (jk1, jk3) [24], which are defined as

jk1 = −jσ13Ez1
jk3 = −jσ13Ez3

}
(2)

where jk1 is the virtual current sheet density in region I and
jk3 is in region III. Ez1, Ez3 represent z-component of the
electric field intensity respectively in region I and III. σ13 is
the virtual conductivity.

C. ANALYSIS APPROCH
The basic equations describing the pumping process in the
channel is MHD equations for incompressible flows. And
the electromagnetic force, as an external force, which can
be described by Maxwell equations. Based the Maxwell
equations, introducing the magnetic vector potential A and
applying the Ampere’s loop theorem to the rectangular
loop 1, 2, 3 in the zone I, II, III respectively, three equations
about magnetic vector potential are obtained as follows.

ge
µ0

d2A11
dx2

− σfdfvf
dA11
dx

− (jωσfdf (1+ kw)− ωσ13)A11 = 0 (3)
ge
µ0

d2A33
dx2

− σfdfvf
dA33
dx

− (jωσfdf (1+ kw)− ωσ13)A33 = 0 (4)
ge
µ0

d2A22
dx2

− σfdfvf
dA22
dx

− jωσfdf (1+ kw)A22 = −Jsmaxe−jkx (5)

where

kw =
dwiσwDf

σfdfDwi
+
dwoσwDf

σfdfDwo
(6)

where, A11, A22, A33 is the magnetic vector potential function
of space in zone I, II and III, separately. kw shows the effect
of stainless-steel ducts, σf is the conductivity of liquid metal
and σw is the conductivity of duct. Df, Dwi, Dwo are the
average diameter of annular channel, inner and outer ducts,
respectively.

According to the distribution function of the theoretical
airgap centerline fringing field at the end of an airgap in [25],
solving the in Eq. (3) and Eq. (4) under no-load condition
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without pipe and liquid metal, then the value of σ13 can be
represented as

σ13 = −
0.732

geωµ0
= −

k2f ge
ωµ0

(7)

Then, by solving the Eq. (3)-(5) and combining the rela-
tionship between the magnetic vector potential A and the
magnetic density B, the expression of the magnetic density
in the zone I, II, III is listed in Eq. (8)-(10).

By1 = −c11rk1erk1xejωtx < 0 (8)

By2 =
(
jkcte−jkx − r1c21er1x − r2c22er2x

)
ejωt0 < x < Ls

(9)

By3 = −c12rk3erk3xejωtx > Ls (10)

where,

rk1 = αk1 + jkβ13, rk3 = αk3 − jkβ13
rc21 = α1 + jkβ, rc22 = α2 − jkβ

ct =
µ0Jsmax

k2ge
(
1+ G2 (s+ kw)2

) − j
µ0JsmaxG (s+ kw)

k2ge
(
1+ G2 (s+ kw)2

)
= ct Re + jctm

where ctRe, ctIm are the real and imaginary parts of ct.G is the
goodness factor. And other parameters are listed in appendix
section.

Depending on the continuity of tangent component of mag-
netic field strength and current at the boundary x = 0 and
x = Ls, the boundary conditions are written as

By1
∣∣
x=0 = By2

∣∣
x=0 , By3

∣∣
x=Ls
= By2

∣∣
x=Ls

∂By1
µ0∂x

∣∣∣∣
x=0
=

∂By2
µ0∂x

∣∣∣∣
x=0

,
∂By3
µ0∂x

∣∣∣∣
x=Ls

=
∂By2
µ0∂x

∣∣∣∣
x=Ls

(11)

Further, from Eq. (11), the four unknown parameters c11,
c12, c21, c22 are derived and presented in the general complex
number form below.

ci,n
i=1,2
n=1,2

= ci,nRe
i=1,2
n=1,2

+ jci,nIm
i=1,2
n=1,2

=
1

02
Re + 0

2
Im

[
3Reci,n 3Imci,n

] [0Re −0Im
0Im 0Re

]
×

[
ctRe ctIm
−ctIm ctRe

] [
1
j

]
(12)

where ci,nRe, ci,nIm are the real and imaginary parts of
ci,n, the other parameters are given in the appendix section.
Besides, defining |Z | as the modulus of complex number Z .
And γc11, γc12, γc21 and γc22 are defined to satisfy the follow-
ing formula.

sin γci,n
i = 1, 2
n = 1, 2

=
ci,nIm∣∣ci,n∣∣ , cos γci,n

i = 1, 2
n = 1, 2

=
ci,nRe∣∣ci,n∣∣

Furthermore, the explicit complex number expression of
the magnetic flux density B in the zone I, II, III can be
summarized from Eq. (8)-(10) and Eq. (12).

In the zone II (0 < x < Ls)

By2 = By2ct + By2c21 + By2c22

By2ct = −k |ct| e
j(ωt−kx+arctan( ctImctRe

))

By2c21 = − |r1c21| e
α1x+j(ωt+kβx+arctan(

kβ
α1

)+γc21)

By2c22 = |r2c22| e
α2x+j(ωt−kβx+arctan(

kβ
−α2

)+γc22)

 (13)

In the zone I(x < 0) and zone III (x > Ls)

By1 = − |rk1c11| e
αk1x+j(ωt+kβ13x+arctan(

kβ13
αk1

)+γc11) (14)

By3 = |rk3c12| e
αk3(x−Ls)+j(ωt−kβ13(x−Ls)+arctan(

kβ13
−αk3

)+γc12)

(15)

As shown in Eq. (14)-(15), the magnetic field in both
zone I and III are the sinusoidal functions of time which
decrease exponentially along the x-axis away from the stator
core. Besides, the exponential attenuation factors are deter-
mined by αk1 and αk3, respectively. Eq. (13) presents that
the magnetic field By2 in the coupled zone II contains three
components which are By2ct, By2c21 and By2c22. By2ct is the
fundamental wave in the constant amplitude which transmits
with synchronous speed 2f τ . By2c21 and By2c22 are the outlet
and inlet end-effect waves, and the wavelength is τ/β. The
former is a decaying wave traveling along the x-axis in the
negative direction with an attenuation factor of α1, whereas
the latter moves along the x-axis in the positive direction with
an attenuation constant of α2.
The electric field intensity Ez1, Ez2 and Ez3 in

region I, II, III can also be obtained respectively from the
magnetic vector potential as follows.

In the zone I(x < 0) and zone III (x > Ls)

Ez1 = ω |c11| eαk1x+j(ωt+kβ13x+γc11+
π
2 ) (16)

Ez3 = ω |c12| eαk3(x−Ls)+j(ωt−kβ13(x−Ls)+γc12+
π
2 ) (17)

In the zone II (0 < x < Ls)

Ez2 = Ez2ct + Ez2c21 + Ez2c22

Ez2ct = ω |ct| e
j(ωt−kx+arctan( ctImctRe

)+ π2 )

Ez2c21 = ω |c21| eα1x+j(ωt+kβx+γc21+
π
2 )

Ez2c22 = ω |c22| eα2x+j(ωt−kβx+γc22+
π
2 )

 (18)

where Ez2ct, Ez2c22 and Ez2c21 are the electric field intensity
from the fundamental magnetic field, the forward and back-
ward traveling magnetic fields.

With Eq. (14)-(18), the induced current in ducts jw1, jw2
and jw3 are deduced as Eq. (19)-(21).

jw1 = ωσfdfkw |c11| eαk1x+j(ωt+kβ13x+γc11+π/2)x < 0 (19)
jw2 = jw2ct + jw2c21 + jw2c22

jw2ct = ωσfdfkw |ct| e
j(ωt−kx+arctan( ctImctRe

)+ π2 )

jw2c21 = ωσfdfkw |c21| eα1x+j(ωt+kβx+γc21+
π
2 )

jw2c22 = ωσfdfkw |c22| eα2x+j(ωt−kβx+γc22+
π
2 )

0<x<Ls


(20)

jw3 = ωσfdfkw |c12|

×eαk3(x−Ls)+j(ωt−kβ13(x−Ls)+γc12+π/2)x > Ls (21)
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where jw2ct, jw2c22 and jw2c21 are the induced current from
the fundamental magnetic field, the forward and backward
traveling magnetic fields.

Similarly, the induced currents jf1, jf2 and jf3 in the liquid
metal are listed in Eq. (22)-(24).

In the zone I (x < 0) and III (x > Ls)

jf1 = −σfdf
√
((vfαk1)2 + (ω + vfkβ13)2)

× |c11| eαk1xe
j(ωt+kβ13x+arctan(

ω+vfkβ13
vfαk1

)+γc11) (22)

jf3 = σfdfeαk3(x−Ls)
√
((vfαk3)2 + (vfkβ13 − ω)2)

× |c12| e
j(ωt−kβ13(x−Ls)+arctan(

vfkβ13−ω
−vfαk3

)+γc12) (23)

In the zone II (0< x < Ls)

jf2 = jf2ct + jf2c21 + jf2c22

jf2ct = −jsωσfdf |ct| e
j(ωt−kx+arctan( ctImctRe

))

jf2c21 = −σfdfeα1x
√
((vfα1)2 + (ω + vfkβ)2)

× |c21| e
j(ωt+kβx+arctan( ω+vfkβvfα1

)+γc21)

jf2c22 = σfdfeα2x
√
((vfα2)2 + (vfkβ − ω)2)

× |c22| e
j(ωt−kβx+arctan( vfkβ−ω

−vfα2
)+γc22)


(24)

where jf2ct, jf2c22 and jf2c21 are the induced current from
the fundamental magnetic field, the forward and backward
traveling magnetic fields.

From Eq. (18), Eq. (20), Eq. (24), it can be clearly seen
that the electric field intensity and induced current in the
coupled zone respectively contain three components, which
correspond to the fundamental magnetic field, the forward
and backward traveling magnetic fields as a consequence of
the existence of the end effects.

III. EQUIVALENT CIRCUIT OF ALIP
A. CONVENTIONAL EQUIVALENT CIRCUIT MODEL
Fig. 3 is the conventional equivalent circuit model (EC-I) put
forward in [1], [8] and is constantly arranged to estimate the
basic performance of ALIP. In Fig. 3, U1 is the input phase
voltage.E1 is the phase induced electromotive force. I1, Im, Iw
and If are the input phase current, the magnetization current,
the total induced current in the ducts and the induced current
in the liquid metal respectively. R1 is the phase resistance of
stator winding and X1 means the leakage reactance of stator
winding.Xm represents themagnetization reactance.Rwo,Rwi
are respectively the outer and inner ducts resistance converted
into the primary. R2 is the electrical resistance of liquid metal,
and the (1-s)R2/s stands for the output mechanical power
producing the electromagnetic force.

The impedance parameters of the EC-I model are written
as follows

R1 = πρcunN1(Dco + Dci)/sc (25)

X1 = 4µ0f λcπ2n2N1/ (pq) (26)

Xm = 4m1µ0f τDsik2w1n
2
N1/ (pge) (27)

FIGURE 3. The conventional equivalent circuit model of ALIP (EC-I).

Rw =
RwoRwi

Rwo + Rwi
=

2m1πDfk2w1n
2
N1

τpσfdfkw
(28)

R2 = 2m1πDfk2w1n
2
N1/ (τpσfdf) (29)

where Dci, Dco are respectively the inner and outer diameters
of the winding coil. sc is the cross-sectional area of a single
turn coil. ρcu is the resistivity of copper winding. λc reflects
the sum of slot leakage reactance, harmonic leakage reactance
and tooth leakage reactance, and the detailed derivation of
λc is given in the appendix.

The EC-I is developed with only considering the funda-
mental wave magnetic field. The influence of end effects is
not shown in the EC-I model. Although a correcting coeffi-
cient (2p-1)/(2p+1) is introduced, which is more suitable for
the ALIP with a large pole number, and the accuracy is low
for the case with small number of poles.

B. IMPROVED EQUIVALENT CIRCUIT MODEL
In order for the end effects to be reflected in the basic param-
eters of the equivalent circuit model, this paper proposed the
improved equivalent circuit models EC-II (Fig. 4) and EC-III
(Fig. 5) based on the established one-dimensional field model
in section II.

In EC-II model, Kx, Krw, Krf are respectively correction
coefficients of end effects of magnetization reactance, ducts
resistance and liquid metal resistance. In EC-III model, Kx,
Krw are the same to the Fig. 4. And Ef1, Ef3, and Ef2 are the
induced electromotive force matched with the forward and
backward and fundamental waves, and the sum of them is
E1. Zn,i is the impedance highlighted the interaction of the
forward and backward and fundamental waves and it is com-
posed of three components: the resistance Rvn,i represents the
mechanical power, the resistanceR1n,i generating the thermal
power and the reactance Xn,i producing reactive power. R′f is
the total resistance of the liquid metal. Z ′1 and Z ′3 is the
impedances introduced by the backward and forward wave.
Z ′2 includes the impedance Z22 originating from the funda-
mental wave and the impedances (Z21 and Z23) generated by
the interaction of backward and forward travelling waves.

The difference between EC-II model and EC-III model
is that the former only considers the end effect and still
uses the slip of the fundamental wave to separate the out-
put mechanical power and ignores the characteristic that the
wavelength of the forward and backward traveling wave is
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FIGURE 4. The improved equivalent circuit model II (EC-II).

FIGURE 5. The improved equivalent circuit model III (EC-III).

different from the fundamental wave, however in the latter,
the issues are taken into full account and the output powers
corresponding to the forward traveling wave, backward trav-
eling wave and the fundamental wave are extracted as sepa-
rate impedance parameters. Considering the output powers of
the zone I and III in Fig. 2 are far less than that of the coupled
zone II because of the rapid decay of the magnetic fields,
especially in the large slip, and the conventional slip of ALIP
is greater than 0.3, therefore, to simplify the calculation, this
paper ignores the power in the zone I and III when calculating
the equivalent circuit parameters in EC-II and EC-III models.

Based on the equal complex power relationship between
the magnetic field and the electrical circuit, the parameters
in EC-II and EC-III models can be calculated by the elec-
tromagnetic parameters obtained from the one-dimensional
field model. Stator phase resistance R1 and stator winding
leakage reactance X1 is independent to the end effects, so they
are same to EC-I model. The other parameters are derived as
follows.

1) THE INDUCED ELECTROMOTIVE FORCE
According to the Eq. (1) and Eq. (18), the total input power
Si2 from the primary is obtained as

Si2 =
πDsi

2

∫ Ls

0
−j∗sEz2dx = Pi2 + jQi2 (30)

where j∗s means the conjugate of js. The active power Pi2 and
the reactive power Qi2 are written as

Pi2 =
πωµ0DsiLsG (s+ kw) J2smax

2k2ge
(
1+ G2 (s+ kw)2

) Cp (31)

Qi2 =
πωµ0DsiLsG (s+ kw) J2smax

2k2ge
(
1+ G2 (s+ kw)2

) Cq (32)

where Cp and Cq are presented in the appendix section.
Then the phase induced electromotive force E1 is derived

as

E1=
Si2
m1I1
=

√
2πωµ0nN1kw1DsiGJsmax (s+ kw)

(
Cp+jCq

)
k2ge

(
1+ G2 (s+ kw)2

)
(33)

2) THE MAGNETIZATION REACTANCE
The magnetization reactance X ′m(X ′m = KxXm) with end
effects can be calculated by the relationship of Qi2 and E1.

X ′m =
m1 |E1|2

Qi2
=

G (s+ kw)

1+ G2 (s+ kw)2
C2
p + C

2
q

Cq
Xm (34)

where Xm is the magnetization reactance with no end effects.
The correction factor Kx of end effect of magnetization

reactance is presented as follow

Kx =
G (s+ kw)

(
C2
p + C

2
q

)
Cq
(
1+ G2 (s+ kw)2

) (35)

Then the magnetizing current Im is solved.

Im =
(

jQi2

m1E1

)∗
=

pτJsmaxCq
(
Cq − jCp

)
√
2m1nN1kw1

(
C2
p + C2

q

) (36)

3) THE DUCTS RESISTANCE
The power consumed on ducts Sw2 can be given by Eq. (18)
and Eq. (20).

Sw2 = Pw2 =
πDf

2

∫ Ls

0
j∗w2Ez2dx

=
πω2DfσfdfkwLsµ0JsmaxG (s+ kw)

2k2ge
(
1+ G2 (s+ kw)2

) Cw (37)

where the coefficient Cw are listed in the appendix section.
Since the secondary leakage reactance is ignored in the
1-D model, the imaginary part of Sw2 is zero and the active
power Pw2 belongs to thermal power.

The total resistance R′w (R′rw = KrwRw) of the inner and
outer ducts are deduced with Pw2 and E1.

R′w =
m1 |E1|2

Pw2
=

µ0JsmaxD2
siG (s+ kw)

(
C2
p + C

2
q

)
gek2D2

fCw
(
1+ G2 (s+ kw)2

) Rw

(38)

Thus, the correction factor Krw of end effect of duct resis-
tance is

Krw =
µ0JsmaxD2

siG (s+ kw)
(
C2
p + C

2
q

)
gek2D2

fCw
(
1+ G2 (s+ kw)2

) (39)
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And the induced current Iw in the ducts is also obtained as
below.

Iw =
(
Sw2
m1E1

)∗
=
ωpτσfdfkwCw

(
Cp + jCq

)
√
2m1nN1kw1

(
C2
p + C2

q

) (40)

4) THE LIQUID METAL RESISTANCE
With the obtained powers and the currents in the two
branches-magnetization reactance and ducts resistance,
the power consumed in the liquid metal Pf2 and the induced
current If in it are computed in Eq. (41)-(42).

Pf2 = Pi2 − Pw2

=
G (s+ kw)

2k2ge
(
1+ G2 (s+ kw)2

)
×πωµ0LsJsmax

(
DsiJsmaxCp − ωDfσfdfkwCw

)
(41)

If = I1 − Im − Iw

=
pτ
(
Cp + jCq

) (
JsmaxCp − ωσfdfkwCw

)
√
2 m1nN1kw1

(
C2
p + C2

q

) (42)

So, the resistance R′f (R′f = KrfR2/s) of the liquid metal
and the correction factor Krf of end effect are described as

R′f =
E1
If

=
2µ0f σfdfτ 2DsiJsmaxG(s+ kw)(C2

p + C
2
q )R2

πgeDf
(
1+ G2 (s+ kw)2

) (
CpJsmax − ωσfdfkwCw

)
(43)

Krf =
2µ0sf σfdfτ 2DsiJsmaxG(s+ kw)(C2

p + C
2
q )

πgeDf
(
1+ G2 (s+ kw)2

) (
CpJsmax − ωσfdfkwCw

)
(44)

To further extract the impedance parameters corresponding
to the forward and backward traveling wave magnetic fields
in EC-III model, the power Sf2 consumed in the liquid metal
is computed by jf2 and Ez2.

Sf2 = Pf2 =
πDf

2

∫ Ls

0
j∗f2Ez2dx

=
πDf

2

∫ Ls

0

( (
j∗f2c21 + j

∗

f2ct + j
∗

f2c22

)
× (Ez2c21 + Ez2ct + Ez2c22)

)
dx (45)

For the sake of formal uniformity, the following definitions
are introduced.

Sf2 =
3∑

n,i=1

Sfn,i, Sfn,i = Pfn,i + jQfn,i

3∑
n,i=1

Qfn,i = 0, Pf2 =
3∑

n,i=1

Pfn,i

E1 =
3∑

n=1

Efn,Efn =

(
3∑
i=1

Sfn,i

)
/
(
m1I∗f

)
n, i = 1, 2, 3



The matrix form of the power Sfn,i in each branch in EC-III
model is presented as

Sfn,i
n = 1, 2, 3
i = 1, 2, 3

=
πDf

2

∫ Ls

0

j
∗

f2c21Ez2c21 j
∗

f2ctEz2c21 j∗f2c21Ez2ct
j∗f2c21Ez2c22 j∗f2ctEz2ct j∗f2c22Ez2c21
j∗f2c22Ez2ct j∗f2ctEz2c22 j

∗

f2c22Ez2c22

dx
(46)

Then the impedance Zn,i of each branch, Z ′1 introduced
by the backward and Z ′3 introduced by the forward wave are
derived as the following forms.

Zn,i =
m1 |Efn|2

S∗fn,i
= Rn,i + jXn,i

Z ′n = 1/ (1/Zn1 + 1/Zn2 + 1/Zn3)
n, i = 1, 2, 3

 (47)

where Rn,i is sum of the thermal power resistance R1n,i and
the mechanical power resistance Rvn,i.

To avoid the error caused by the difference of the wave-
length of the forward, backward and fundamental traveling
waves, the output mechanical power Pf2v for propelling the
flow of liquid metal is produced by Eq. (13) and Eq. (24).

Pf2v =
πvDf

2

∫ Ls

0
−Re

(
j∗f2By2

)
dx

=
−πvDf

2

∫ Ls

0
Re
( (

j∗f2c21 + j
∗

f2ct + j
∗

f2c22

)
×
(
By2c21 + By2ct + By2c22

) ) dx
(48)

With Eq. (48), themechanical powerPvn,i in each branch in
EC-III model is also obtained. Analogously, the matrix form
of it is exhibited as

Pvn,i
n = 1, 2, 3
i = 1, 2, 3

=
−πvDf

2

∫ Ls

0

j
∗

f2c21Bz2c21 j
∗

f2ctBz2c21 j∗f2c21Bz2ct
j∗f2c21Bz2c22 j∗f2ctBz2ct j∗f2c22Bz2c21
j∗f2c22Bz2ct j∗f2ctBz2c22 j

∗

f2c22Bz2c22

dx
(49)

Moreover, the mechanical power resistance Rvn,i and the
thermal power resistance R1n,I of each branch are shown as
follows.

Rvn,i = Pvn,iRn,i/Pfn,i

R1n,i =

(
Pfn,i − Pvn,i

)
Rn,i

Pfn,i

n, i = 1, 2, 3

 (50)

5) THE DEVELOPED PRESSURE
For the hydraulic pressure losses [10], Darcy-Weisbach For-
mula is adopted for calculating major hydraulic loss 1PM
caused by friction between the duct and fluid in the annu-
lar channel of ALIP in Eq. (51). Moreover, minor losses
1Pm occurring at both ends of the flow gap are calculated
in Eq. (52).

1PM = fdρfLv2f / (2Dh) (51)

1Pm = Kmρfv2r /2 (52)
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where, L is the length of the annular channel of ALIP,
Dh is the Hydraulic diameter of the flow channel, fd is Darcy
friction factor, Km is minor loss coefficient, vr is the velocity
in the torpedo reducer.

Finally, with the expressions of hydraulic loss and the
parameters obtained in EC-I, II and III models, the developed
pressures of ALIP in different equivalent circuits are given as
follows.

The developed pressure with EC-I model [12], [26]

1PId=
36sf σfµ2

0τ
2(nN1kw1I1)2

p
(
π2g2e+

(
2µ0f σfdfτ 2 (s+ kw)

)2) −1PM −1Pm
(53)

The developed pressure with EC-II model

1PIId =
s (1− s)m1I21

vπDfdfKrfR2
∣∣∣ s
KrfR2
+

1
KrwRw

+
1

jKxXm

∣∣∣2
−1PM −1Pm (54)

The developed pressure with EC-III model

1PIIId =

m1I21
3∑

n=1;i=1

(
Rvn,i

∣∣Z ′n∣∣2 / ∣∣Zn,i∣∣2)
vπDfdfR′2f

∣∣∣ 1R′f + 1
KrwRw

+
1

jKxXm

∣∣∣2 −1PM −1Pm
(55)

IV. RESULTS AND DISCUSSION
In this section, a small three-phase ALIP is designed, and
the design parameters and material properties are shown
in Table 1.

Based on this ALIP, the distribution of electromagnetic
field and the influence of end effects on it are analyzed by
using the formula deduced above. The developed pressures
of ALIP with EC-I, II and III models are compared.

A. THE DISTRIBUTION OF MAGNETIC FIELD
Fig. 6 is draw by Eq. (14)-(13) with the load condition of
Iline = 44A, f = 50Hz, vf = 3m/s. Fig. 6(a) illustrates
the space-time distribution of the synthetic magnetic field in
the annular channel of the designed ALIP. And the magni-
tude of it along the axial direction is arranged as Fig. 6(b).
Fig. 6(c) describes the axial amplitude distribution of all mag-
netic field components including the fundamental traveling
wave magnetic field By2ct, the forward By2c22 and backward
By2c21 traveling wave magnetic fields with different slips in
the coupled zone. The comparison figure of the attenuation
factors of different decaying magnetic fields (By2c21, By2c22,
By1 and By3) versus flow rate with different frequency is
presented in Fig. 6(d).

With Fig. 6(a), it is observed that the magnetic fields in
zones I, II and III are all sinusoidal functions of time, and in
space. In Fig. 6(b) and Fig. 6(c), because of the end effects,
the magnetic field By2 in coupled zone II is composed of
three magnetic field components, which are the fundamental

TABLE 1. The main parameters of Alip.

magnetic field By2ct moving along the flow direction with a
speed of 2f τ , the attenuated forward traveling magnetic field
By2c22 with a speed 2f τ /β and the attenuated backwardBy2c21
traveling magnetic field with a speed -2f τ /β.

For By2ct, the magnitude of it is constant independent of
time and location and increases gradually with the decrease of
slip. However, By2c22 and By2c21 start to decay from the inlet
and outlet of the coupled zone along the axial direction with
attenuation coefficients α2 and α1 respectively. In Fig. 6(c)
and Fig. 6(d), it can be seen that α1 is equal to -α2 and the
corresponding attenuation distance and the magnetic field
amplitude at the end of them are same when s = 1. When
s < 1, the attenuation factor α1 of By2c21 increases and the
attenuation distance and the magnetic field amplitude at the
end decreases with the increase of flow rate at the condition
of constant frequency, and yet the regularity of attenuation
factor -α2 and attenuation distance of By2c22 are opposite and
the characteristic of magnetic field amplitude at the end is the
same. When the flow rate is constant, the attenuation factors
both increases with the increase of frequency. In addition,
the attenuation distance of By2c22 is more sensitive to the
variation of slip, and the amplitude of By2c21 at the end is
greatly affected by the slip. When the slip is large, the effects
of both cannot be ignored compared with the fundamental
wave By2ct.

In Fig. 6(a) and Fig. 6(b), the magnetic field By1 and By3
decay faster in the opposite direction along axial annular
channel, respectively. The amplitude of By1 at location of
x = 0 is smaller than By3 at x = Ls as result of the distortion
of By2. The attenuation factor αk1 increases as flow rate
increases, as -αk3, by contrast, decreases gradually.Moreover,
different from α1 and α2, αk1 and αk3 is independent of
frequency. Since the attenuation trend of the magnetic fields
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FIGURE 6. The magnetic field distribution in annular channel of ALIP. (a) The temporal and spatial distribution of synthetic magnetic field.
(b) The axial distribution of the magnitude of flux density in zone I, II and III. (c) The axial distribution of the amplitude of different magnetic
field components in coupled zone II. (d) The attenuation factors of different decaying magnetic fields (By2c21, By2c22, By1 and By3) versus flow
rate with different frequency.

(By1 and By3) are in accord with exponential function, mean-
while, αk1 and -αk3 are much bigger than α1 and -α2 respec-
tively, the contributions of By1 and By3 are negligible to a
certain extent, especially with large slip.

Compared with By2ct, the backward wave By2c2 enhances
the effect of the fundamental magnetic field and the forward
wave By2c1 weakens it at the ends of coupled zone. The
end effects cause the distortion of the synthetic magnetic
field By2, and the distortion becomes more serious with the
increase of flow velocity.

B. THE CORRECTION FACTOR OF THE END EFFECT OF
IMPEDANCE
Based on three equivalent circuits that have been solved,
Fig. 7 and Fig. 8 are illustrated in bellow.

Fig. 7 (a)-(c) show respectively the variation trends of end
effect correction coefficients (Kx, Krw and Krf) of the magne-
tizing reactance, duct resistance and liquid metal resistance
with flow velocity at different frequencies. Fig. 7(d) presents
the variation characteristics of Krf/s relative to the flow rate
with different frequencies.

In Fig. 7(a), Kx = 1 means that there are no end effects.
When the frequency is less than 30Hz, Kx is greater than 1,

and the end effects enhance themagnetizing reactance. On the
other hand, Kx is less than 1 when the frequency is greater
than 30Hz, namely the magnetizing reactance is weakened by
end effects. In addition, when the flow rate is zero, the value
of Kx decreases gradually with the increase of frequency
and approaches a stable value. For the flow rate, at 10Hz,
Kx slowly increases with the increase of flow rate, and the
increase is very small, while it decreases step by step at
frequency not less than 20Hz.

Similarly, Krw is equal to 1 without considering end effects
in Fig. 7(b). At all frequencies, Krw decreases with increasing
flow velocity. When the frequency is 10Hz, Kx is less than 1,
and the end effects reduce the duct resistance. As the increase
of frequency, at 20Hz, Krw > 1 when the slip is less than 0.5,
on the contrary, Krw < 1. Then, Krw is greater 1 when
frequency is no less than 30Hz. Finally, Krw reaches a stable
value greater than 1 at a certain frequency.

According to the results of Fig. 7(c), it can be obtained
that Krf is bigger than 1 when slip is large at the range of
30Hz-60Hz. At 10Hz-20Hz, Krf is smaller than 1. Moreover,
the Krf has a similar pattern to Krw as the velocity or fre-
quency increases. In Fig. 7(d), it is obviously that Krf/s does
not reach the infinity at the synchronous flow rate of the
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FIGURE 7. The End-effects correction coefficients for magnetizing reactance (a), duct resistance (b) and liquid metal resistance (c)-(d) versus
the flow rate with different frequencies.

FIGURE 8. The electromagnetic pressure versus flow rate at different frequencies for EC-I, EC-II (a), and EC-III (b).

fundamental travelling wave magnetic field, in other words,
the forward and backward traveling wave magnetic fields
produced by the end effects causes the slip is the mixture of
some slips. Therefore, it is imprecise to calculate the output
mechanical power by using a single slip from the fundamental
wave.

However, one thing needs to be mentioned that the curve
of Krf or Krf/s changes gently with the flow velocity at large
slip and high frequency, which means that the slip has little

influence on them. Since the end effects are taken into account
and the operating slip of ALIP is large, this method comput-
ing the mechanical power by the fundamental wave slip can
be used for performance prediction of ALIP at some level,
which (EC-II) is more reliable than the case (EC-I) where
the end effect is not taken into account. Of course, the most
accurate approach to obtain the impedance parameters of
the liquid metal through the 1-D field model to avoid the
introduction of slip, such as EC-III.
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FIGURE 9. 3D schematic diagram of test loop (a) of the fabricated ALIP
(b) for experiment.

C. THE ELECTROMAGNETIC PRESSURE WITH DIRRERENT
EC MODELS
Under the premise of introducing no fluid loss, the electro-
magnetic pressures from EC-I, EC-II and EC-III models with
different frequencies are shown in Fig. 8.

With Fig. 8(a), comparing the results of EC-I and EC-II
models, it can be inferred that the electromagnetic pressure
calculated by the latter is higher than that of the former in
the whole range of synchronous flow velocity at 10Hz. With
the increase of frequency, the electromagnetic pressure of the
latter is smaller than that of the former in a certain range of
flow rate, and the flow rate range that meets the requirement
is also getting wider and wider. This means that the accuracy
of EC-II model is better than EC-I model gradually with the
increase of frequency in a large slip range.

Fig. 8(b) reveals the electromagnetic pressure with EC-III
model in different frequencies and the curve (solid line) of
hydraulic loss versus the flow rate. Compared with EC-I and
EC-II models, this model eliminates the error of the slip in
EC-II model and considers the end effects, so the results
gained are smaller and accurate, meanwhile, it also shows that
the end effects cannot be ignored. Moreover, since hydraulic
loss increases rapidly with the increase of the flow rate, which
greatly limits the operating range of ALIP, and the maximum
flow rate is much smaller than the synchronized flow velocity.
Finally, with the hydraulic loss, the developed pressures from
the equivalent circuit models are draw in Fig. 10 at different
frequencies.

FIGURE 10. Comparison curves of calculated and measured developed
pressures under different frequencies and constant current.

V. EXPERIMENTAL TEST
Based on the analysis results of the equivalent circuit models
and the design parameters in Table 1, the electromagnetic
field distribution and impedance parameters in EC-I, EC-II
and EC-III are presented. And the electromagnetic pressures
and developed pressures of the designed ALIP with the three
equivalent circuits model at different frequencies are com-
pared. In order to verify the rationality and accuracy of the
proposed equivalent circuit models based on the 1-D field
model, a small ALIP is manufactured and the ALIP exper-
imental test loop is constructed. The 3D schematic of this
loop and the test ALIP are displayed in Fig. 9. Based on the
test circuit, the developed pressures at different frequencies
are tested, and the measured results are compared with the
calculated values from EC-I, EC-II and EC-III, as shown
in Fig. 10.

With the analysis results from Fig. 10, it can be acquired
that the variation trend of the calculated results of the three
equivalent circuit models are basically consistent with the
experimental values. The calculation results of EC-III model
are closer to the experimental values (average error 13%), and
EC-II model is not far behind except 10Hz, then EC-I model
is the worst. Moreover, the calculated values are generally
higher than measure data and the large errors mainly occur
in the conditions of 10Hz. The error is mainly caused by the
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nonlinear saturation effect of ferromagnetic material, espe-
cially in low frequency conditions.

VI. CONCLUSION
This paper acquires the analytical formulas of electromag-
netic fields in the annular channel of ALIP by building up
the 1-D analysis model. Based on this model, the improved
equivalent circuit models (EC-II and EC-III) are developed to
calculate the performance for ALIP. Meanwhile, the test loop
of a small designed ALIP is set up to validate the reliability
of proposed models. According to contrastive analysis of
the results gained from the conventional equivalent circuit
(EC-I), EC-II, EC-III and experimental data, it can be learned
that the EC-II model taking end effects into account have the
better results than EC-I model without end effects, and the
results from EC-III model considering further the difference
of synchronous velocity among the end effect traveling waves
and the fundamental wave are closer to the experimental
values than EC-II model only with end effects. In other
words, the end effects are not obviously neglectable when
establishing the equivalent circuit model of ALIP. And the
difference of synchronous velocity among the end effect
traveling waves and the fundamental wave can introduce the
error when calculating the resistance which represents the
output mechanical power generating the electromagnetic
pressure.

Compared with the conventional equivalent circuit
(EC-I) the solving accuracy of both EC-II and EC-III models
is significantly improved due to taking the influences of the
end effects into account. About the EC-II and EC-III models,
in contrast, the former is clear in terms of parameters sim-
plicity, and the latter has the higher precision and reliability.
In general, the EC-III model considering the end effects and
the issue of slip is the optimal.

APPENDIX
The relevant parameters and coefficients not listed in the text
are listed in the appendix as follows.

The decaying factor and other parameters of magnetic field
By1, By3, By2c21 and By2c22.

αk1 =
M
2
(1+

√
Y + X

2
), αk3 =

M
2
(1−

√
Y + X

2
)

α1 =
1
2
M +

√
2
4

√√
M4 + N 2 +M2

α2 =
1
2
M −

√
2
4

√√
M4 + N 2 +M2

β13 =
M
2k

√
Y − X

2
, β =

√
2

4k

√√
M4 + N 2 −M2

M = (1− s)kG, N = 4k2G (1+ kw)

X = 1−
4σ13

σfdfG(1− s)2
, Y =

√
X2 +

16(1+ kw)2

G2(1− s)4

G = 2f µ0σfdfτ 2/(πge) (56)

The leakage coefficient λc of stator is

λc=4π2µ0f
n2
N1

pq


(Dco + Dci)(

Dco − Dci

6ws
+
Dci − Dsi

2ws
)

+
mqτDsi

π2ge

v=+∞∑
v = −∞
v 6= 1

(
kwv
v

)2 + Dsi
5g

5ws+4g


(57)

The parameters in the expressions of ci,nRe and ci,nIm is
listed in Eq. (58)-(62).

3Rec11 = −2πkβ (β13 − 1)+ αk3τ (α2 − α1)

+

√
ξ23c11 + λ

2
3c11

eα1L5 sin
(
βkLs + θ3c11

)
+

√
ξ ′211 + λ

′2
3c11

eα2L3 sin
(
βkLs + θ ′3c11

)
3Imc11 = π ((α2 − α1) (1− β13)− 2αk3β)

−

√
ξ23c11 + λ

2
3c11

eα1L3 cos
(
βkLs + θ3c11

)
+

√
ξ ′23c11 + λ

′2
3c11

eα2L5 cos
(
βkLs + θ ′3c11

)


(58)

3Rec12 = e(α1+α2)Ls (−2πkβ (β13 + 1)− αk1τ (α2 − α1))

+

√
ξ23c12 + λ

2
3c12

eα1Ls sin
(
βkLs + θ3c12

)
+

√
ξ ′23c12 + λ

′2
3c12

eα2Ls sin
(
βkLs + θ ′3c12

)
3Imc12 = πe

(α1+α2)Ls ((α1 − α2) (1+ β13)+ 2αk1β)

−

√
ξ23c12 + λ

2
3c12

eα1Ls cos
(
βkLs + θ3c12

)
+

√
ξ ′23c12 + λ

′2
3c12

eα2Ls cos
(
βkLs + θ ′3c12

)


(59)

3Rec21 = −πk (β13 − 1) (β13 + β)− αk3τ (αk1 − α2)

+

√
ξ23c21 + λ

2
3c21

eα2L3 sin
(
βkLs + θ3c21

)
3Imc21 = π ((αk1 − α2) (β13 − 1)− αk3 (β + β13))

+

√
ξ23c21 + λ

2
3c21

eα2Ls cos
(
βkLs + θ3c21

)

(60)

3Rec22 = −πk (β13 − 1) (β − β13)+ αk3τ (αk1 − α1)

+

√
ξ23c22 + λ

2
3c22

eα1L3 sin
(
βkLs + θ3c22

)
3Imc22 = π ((αk1 − α1) (1− β13)− αk3 (β − β13))

−

√
ξ23c22 + λ

2
3c22

eα1Ls cos
(
βkLs + θ3c22

)

(61)

0Re =

√
ξ21 + λ

2
0e
α1L3 sin (kβLs + θT)

+

√
ξ ′20 + λ

′2
0 e

α2L3 sin
(
kβLs + θ ′T

)
0Im = −

√
ξ20 + λ

2
0e
α1L3 cos (kβLs + θ0)

+

√
ξ ′20 + λ

′2
0 e

α2L3 cos
(
kβLs + θ ′0

)


(62)

where,
ξ3c11 ξ ′3c11
λ3c11 λ′3c11
sin θ3c11 sin θ ′3c11
cos θ3c11 cos θ ′3c11


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=



(
πk(β − 1) (β + β13)
+α2τ (α1 − αk3)

) (
−πk (β − β13) (1+ β)
+α1τ (αk3 − α2)

)
(
π (α1 − αk3) (β − 1)
−α2π (β + β13)

) (
πα1 (β − β13)
+π (αk3 − α2) (1+ β)

)
ξ3c11√

ξ23c11
+ λ23c11

ξ ′3c11√
ξ ′23c11

+ λ′23c11
λ3c11√

ξ23c11
+ λ23c11

λ′3c11√
ξ ′23c11

+ λ′23c11


(63)

ξ3c12 ξ ′3c12

λ3c12 λ′3c12

sin θ3c12 sin θ ′3c12
cos θ3c12 cos θ ′3c12



=



(
πk(1+ β) (β − β13)
+α1τ (α2 − αk1)

) (
−πk (β − β13) (β − 1)
+α2τ (αk1 − α1)

)
(
π (αk1 − α2) (1+ β)
+πα1 (β + β13)

) (
πα2 (β13 − β)
+π (α1 − αk1) (β − 1)

)
ζ3c12√

ξ23c12
+ λ23c12

ξ ′3c12√
ξ ′23c12

+ λ23c12
λ3c12√

ξ23c12
+ λ23c12

λ′3c12√
ξ ′23c12

+ λ23c12


(64)

ξ3c21 ξ ′3c22
λ3c21 λ′3c22
sin θ3c21 sin θ ′3c22
cos θ3c21 cos θ ′3c22



=



(
−πk (β−β13) (1+β13)
−αk1τ (α2−αk3)

) (
−πk (β+β13) (1+β13)
−αk1τ (αk3−α1)

)
(
−π (α2 − αk3) (1+ β13)
+παk1 (β − β13)

) (
−π (α1 − αk3) (1+ β13)
−παk1 (β + β13)

)
ζ3c21√

ξ23c21
+ λ23c21

ζ3c22√
ξ23c22

+ λ23c22
λ3c21√

ξ23c21
+ λ23c21

λ3c22√
ξ23c22

+ λ23c22


(65)

ξ0 ξ ′0

λ0 λ′

sin θT sin θ ′0
cos θT cos θ ′



=



(
πk (β + β13)2

+τ (α2 − αk1) (α1 − αk3)

) (
−πk (β − β13)2

−τ (α2 − αk3) (α1 − αk1)

)
(
π (β + β13)

× (α1 − α2 + αk1 − αk3)

) (
π (β − β13)

× (α1 − α2 − αk1 + αk3)

)
ξ0√

ξ20 + λ
2
0

ξ ′0√
ξ ′20 + λ

′2
0

λ0√
ξ20 + λ

2
0

λ′0√
ξ ′20 + λ

′2
0


(66)

The parameters Cp, Cq, and Cw are given in bellow.

Cp=


1

+
|c21|

ctImLs|rc21+jk|

(
eα1Lssin (k(β + 1)Ls + γc21 − ϑ21)
−sin (γc21 − ϑ21)

)
−

|c22|
ctImLs|rc22+jk|

(
eα2Lssin (γc22 + ϑ22 − k(β − 1)Ls)
−sin (γc22 + ϑ22)

)


(67)

Cq=


1

G(s+kw)

−
|c21|

ctImLs|rc21+jk|

(
eα1Lscos (k(β + 1)Ls + γc21 − ϑ21)
− cos (γc21 − ϑ21)

)
+

|c22|
ctImLs|rc22+jk|

(
eα2Ls cos (γc22 + ϑ22 − k(β − 1)Ls)
− cos (γc22 + ϑ22)

)


(68)

Cw=



|ct|2
−ctIm

+
|c21|2

(
e2α1Ls−1

)
−2ctImα1Ls

+
|c22|2

(
e2α2Ls−1

)
−2ctImα2Ls

+2ctIm
(
1− Cp

)
+ 2ctRe

(
Cq − 1/ (G (s+ kw))

)
−2|c21||c22|

ctImLs
√
M2+4k2β2

 eMLs cos
(
2kβLs + γc21 − γc22
− arctan(2kβ/M )

)
− cos

(
γc21 − γc22
− arctan(2kβ/M )

)



(69)

where ϑ21 = arctan (k (β + 1)/α1), ϑ22 = arctan
(k (1− β)/(−α2)).
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