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ABSTRACT The paper deals with a minimum potential energy algorithm considering the maximum
deflection angle of joint (MPE-MDA algorithm) for three key factors including the maximum deflection
angle of the joint, the total length of the path, and the minimum distance from obstacles. The algorithm is
applied for space obstacle avoidance of hyper-redundant manipulators. On the path-following planning of
the hyper-redundant manipulator, the MPE-MDA algorithm equates one link to multiple virtual small links
and then derives the relationship between the length of the small links and the deflection angle of the small
links. The planned path based on this relationship meets that the deflection angle of the link does not exceed
the limited angle. The MPE-MDA algorithm resolves the problem that the traditional algorithm cannot limit
the maximum deflection angle of the joint. Besides, the paper checks different paths by changing the step
length, the direction of path planning, and other factors, and then selects the optimal path according to the
evaluation function. Furthermore, by comparing the simulation results of path-following planning employing
the MPE-MDA algorithm and the artificial potential field (APF) method, respectively. It is found that when
the manipulator moves along the optimal path planned by the MPE-MDA algorithm, it can not only keep the
specified distance from the obstacle but also can satisfy the condition that the deflection angle of the joint
never exceeds the limited range, which verifies the reliability and effectiveness of the algorithm.

INDEX TERMS Deflection angle, hyper-redundant manipulators, path-following, obstacle avoidance,
minimum potential energy.

I. INTRODUCTION
Hyper-redundant manipulators are widely used in various
fields owing to the characteristics of multiple degrees of free-
dom and motion modes, which can perform tasks in a small,
complex, or unstructured environment and are provided with
excellent environmental adaptability and superior capabilities
of obstacle avoidance. Path planning is of great significance
in the process of research and practical application of hyper-
redundant manipulators. According to whether the environ-
mental parameters of the manipulator are known, the path can
be generated in two ways: offline pre-generation and online
real-time generation. In the process of offline pre-generation
of a path based on the known environmental parameters,
a feasible path curve to avoid obstacles can be obtained by
artificially setting the path curve or utilizing some automatic
path planning algorithms such as A∗ algorithm [1], Dijkstra
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algorithm [2], ant colony optimization [3]–[6], genetic algo-
rithm [7], [8], particle swarm optimization algorithm [9], etc.
On the contrary, online real-time generation of a path refers to
the method of acquiring environmental characteristics in real-
time and adjusting the route based on various sensors in the
real-time control of the robot [10]. The algorithm proposed
in this paper can be applied to both offline and online path
planning.

Different types of algorithms have been put forward in
the research of path planning, including rapidly exploring
random tree (RRT) algorithm, artificial potential field (APF)
method, etc. Steven [11] first proposed the RRT algorithm
in 1998, which possesses fast searching speed and can effec-
tively solve the planning problems in complex environments,
so the algorithm has a good application prospect in obstacle
avoidance of manipulators. For the traditional RRT algo-
rithm, the single tree RRTwas first used to plan a path. Owing
to the complexity of the environment and the requirements
for higher searching efficiency, the traditional RRT algorithm
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has been improved to a certain extent. Burget [12] proposed
a bidirectional extended random tree (bi_RRT) search algo-
rithm. Chen et al. [13] proposed a novel approach of RRT∗

in collaboration with a double-tree structure to separate the
extension and optimization procedure. Li et al. [14] pro-
poses a PQ-RRT∗ algorithm, which combines the strength
of P-RRT∗ (potential functions based RRT∗) and Quick-
RRT∗, but the kinematic constraints of the robot are not
considered. The path planned by these RRT algorithms is
not smooth enough. The main idea of the artificial potential
field (APF) method is to treat the manipulator as a point
under the influence of an artificial potential field, which
moves when the field changes. Furthermore, the relationship
between the manipulator and the target is mutually attractive,
and the relationship between the manipulator and obstacles
is mutually exclusive in the APF method. The APF method
has been widely used in obstacle avoidance because of its
simple structure, but the disadvantage of this method is that
it is prone to lockup and fall into a local minimum. In actual
application, local traps can be eliminated by some improved
APF methods, but the range of the deflection angle and
other factors are still not considered. Wu et al. [15] proposed
the backtracking-filling method to solve the local minimum
problem in the APF. Batista et al. [16] using particle swarm
optimization, genetic algorithm, and differential evolution
by optimizing the APF parameters in collision avoidance.
Fan et al. [17] added a distance correction factor to the repul-
sive potential field function to solve the goal unreachable with
obstacle nearby problem, and the regular hexagon-guided
method is proposed to improve the local minima problem.
Wang et al. [18] and Wu et al. [19] combine APF with RRT
for path planning for solving the problem of narrow channels,
these algorithms flexibly adjust the sampling space, greatly
reduce the invalid spatial sampling, and improve the conver-
gence rate. But, all these improved RRT algorithms and APF
methods provide effective solutions for manipulators moving
in narrow spaces and can meet the planning of obstacle
avoidance for the low-degrees-of-freedom manipulator to a
certain extent, but the planning efficiency for the 17-degrees-
of-freedom hyper-redundant manipulator is still very low,
and the limitation of the deflection angle of the joint not
considered.

The above shows relative researches of two commonly
used algorithms in path planning. For hyper-redundant
manipulators, different methods for path-following planning
and analysis of obstacle avoidance are proposed [20]. The
object is discretely into the large number of small rigid links
connected by joints and the motion of all other links is com-
puted by using the equations of a tractrix [21]. A solution to
the minimum acceleration norm is proposed to realize obsta-
cle avoidance [22] by adopting a combination of dynamically
updated inequality standards and physical constraints of a
joint (eg, limitation of the angle, speed, and acceleration of
the joint). However, there are few studies that can both avoid
obstacles and ensure that the deflection angle of the link does
not exceed the limitation of the angle.

In summary, the efficiency of path-following planning
applied for obstacle avoidance of a hyper-redundant manip-
ulator with multiple degrees of freedom is still very low in
existing methods and there is no limitation of the maximum
deflection angle. Therefore, a novel algorithm is proposed
that can plan a path away from obstacles and ensure that
the deflection angle of the joint does not exceed the limiting
range. Compared with the existing path planning algorithm,
there are some advantages for the MPE-MDA algorithm:

(1) The existing algorithm is mainly single-objective opti-
mization (e.g., the shortest path). MPE-MDA algorithm can
optimize the total length of the path, the maximum deflection
angle of the joint, and the closest distance between the path
and obstacle at the same time.

(2) In order to solve the problem that the path obtained by
the existing algorithm does not necessarilymeet the limitation
of the maximum deflection angle of the joint, the relationship
between the step length and the deflection angle of the path
is theoretically derived in this paper. Take into account this
relationship, the optimal path that satisfies the limitation can
be obtained.

(3) In this paper, the MPE-MDA algorithm is divided into
six types according to three factors, which are whether the
step size is equal, the direction of path-following, andwhether
the selection direction of the first discrete point is limited.
Besides, six optimal paths can be obtained by applying these
six sub-algorithms, which improves the environmental adapt-
ability of the algorithm.

The remainder of this paper is organized as follows.
In Section II, models of the hyper-redundant manipulator
and obstacle are established and the conversion relationship
between potential energy and distance of spatial point is
obtained with the evaluated function of the path set up.
In Section III, on the premise of specifying the maximum
deflection angle of the joint, the relationship between the
maximum deflection angle of the small link and the length
of the small link in equal step length or variable step length
is derived, to obtain the selection range of the next dis-
crete point. Section IV shows the simulation results under
four APF methods and six MPE-MDA algorithms. The final
section presents the summary and conclusions.

II. THEORETICAL MODEL
A. MODEL OF HYPER-REDUNDANT MANIPULATOR
As shown in Fig. 1, the hyper-redundant manipulator stud-
ied in this paper consists of the manipulator, the driven
mechanism, and the propulsion platform. The manipulator
is composed of eight rigid links connected in series, and
the adjacent links are connected by a universal joint. The
driven mechanism is composed of servo motors, couplings,
ball screws, and sliders. When the servo motor drives the
ball screw to rotate to control the slider to move back and
forth, the drive cables are pulled to produce displacement.
By controlling the displacement and tension produced by the
drive cables, two degrees of freedom at each joint can be
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changed. The ith link has two degrees of freedom that are the
yaw angle αi and the pitch angle θi relative to the (i − 1)th

link. Thus, the posture of the manipulator can be adjusted by
the relative rotation of two adjacent links to change the link
to the specified direction in space.

A fixed world coordinate system {OXYZ} relative to the
ground is established whose origin is just the start point,
as shown in Fig. 1. When the axes of the eight links are in
the same horizontal direction, the axis direction of the eight
links is the X-axis direction, the opposite direction of gravity
is the Z-axis direction, and the Y-axis direction is determined
according to the right-hand rule. Coordinate systems of the
base {O0} and eight links {O1} − {O8} all can be obtained
based on the above method of setting a coordinate, and the
mutual transformation between {OXYZ} and {O0} is received
by the transfer matrix Oxyz

0 T = Trans(dx0, dy0, dz0). Besides,
coordinate systems of adjacent links also can be converted
to each other by means of Eq. (1). After the conversion rela-
tions are set up, the mutual relationship of three parameters
including the length of cables, the angle of the joints, and
the position of end point of the manipulator will be derived.
Furthermore, the kinematic model of the hyper-redundant
manipulator is established.

i−1
iT = Trans(L,0,0) · Rot(Z,αi) · Rot(Y,θi)

=


cosαi · cosθi −sinαi cosαi · sinθi L
sinαi · cosθi cosαi sinαi · sinθi 0
−sinθi 0 cosθi 0

0 0 0 1

 (1)

In this paper, the parameters such as distance and length
are defined by using the per-unit system, and the length from
the center of mass of the single link to the end of the link is
regarded as the basic value of distance. For example, L=2 in
the formula represents the total length of a link.

FIGURE 1. Scheme of the hyper-redundant manipulator.

The first picture at the bottom of Fig. 1 is a partially
magnified view of the fourth joint and the second picture is
the schematic of the maximum deflection angle of the fourth
link relative to the third link that is 42.5◦. The variable ψi
is the angle between the axis of the ith link and the axis
of the (i − 1)th link. When ψi is greater than 42.5◦, due to
the influence of the mechanical structure, adjacent links will
become in interference, just as the third picture is shown
at the bottom of Fig. 1. Therefore, in the process of path-
following planning, the deflection angle ψi of each link must
not exceed the limitation of 42.5◦ that is determined by the
corresponding structure.

B. MODEL OF OBSTACLES
There are various obstacle shapes in actual application,
including regular-shaped obstacles, and irregular-shaped
obstacles with uneven surfaces. Generally, in order to accu-
rately calculate the distance from a spatial point to the surface
of a complex obstacle, the irregular-shaped obstacle can be
converted into a conventional obstacle. In this paper, the way
to make the 8-link manipulator move from the start point to
the target point in the environment where is provided with
five different obstacles and four walls is analyzed under the
premise that the 8-link manipulator is as far away from the
obstacle as possible and the maximum deflection angle of
the joint does not exceed the limitation.

FIGURE 2. Diagram of obstacle model.

As shown in Fig. 2, there are five obstacles including
sphere, cuboid, cylinder, cone, incomplete cylinder, and four
walls of y = −4, y = 6, z = −3, z = 4 in space. The
center of rotation of the sphere and the cuboid are the center of
mass, the center of rotation of the cylinder and the incomplete
cylinder is placed on the center of the bottom, and the center
of rotation of the cone is the vertex. Besides, the start point
locates in (0, 0, 0) and the target point locates in (20, 0, 0).

Taking the rotating center of the ith obstacle as the origin,
a fixed body coordinate system {Oobsi} relative to the ith

obstacle is established. The world coordinate system {OXYZ}
and the body coordinate system {Oobsi} of the obstacle can be
transformed through the conversion matrix. Initially, the rota-
tion center of the obstacle coincides with the origin. After
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rotating around the three axes and translating along the three
axes, the final obstacle is formed whose position data is
ϕxi, ϕyi, ϕzi, dxi, dyi, dzi, just as shown in Table 1. Thus,
the conversion matrix can be represented by means of Eq. (2)
with the help of the above position data.

Oxyz
obsi T = Trans(dxi, dyi, dzi) · Rot(Z0, ϕzi) · Rot(Y0, ϕyi)

·Rot(X0, ϕxi) (2)

Furthermore, the shape of obstacles can be represented
by relative parameters. The sphere can be represented by
radius r1 and the cuboid can be represented by length a2,
width b2, and height c2. The cylinder can be represented
by radius r3 and height h3 and the cone can be represented
by radius r4 and height h4. And the shape of an incomplete
cylinder can be represented by the distance a5 between the
tangent plane and the rotation axis, the radius r5, and the
height h5. All the above parameters are shown in Table 1.

TABLE 1. Position and dimension of obstacle.

C. DISTANCE BETWEEN SPACE POINT AND OBSTACLE
The distance between the point (x, y, z) in the space and the
target point is daim = (x − 20)2 + y2 + z2. The minimum
value of the distance dobsi between the point (x, y, z) and
each obstacle is taken as the practical distance dobs between
the point and the obstacle, that is, dobs = min(dobsi). Thus,
we need to figure out dobsi first. If the obstacle is simplified
as a ball to calculate dobsi, the amount of calculation is small,
but some passable spaces are also regarded as obstacles,
which restricts the movement path of the manipulator and
makes the obtained path longer. Then, a method to accurately
calculate the distance dobsi between the space point (x, y, z)
and the obstacle is proposed. Although the calculated amount
increases, a shorter path of motion is obtained where the
maximum deflection angle is always within the limitation and
the obstacle will not be touched.

First, the coordinates (x, y, z) of the point in the world
coordinate system {OXYZ} are converted to the coordinates
(xobsi, yobsi, zobsi) in the body coordinate system {Oobsi} of the
obstacle through the conversion matrix which is the inverse
matrix of Eq. (2). Then, the distance between (xobsi, yobsi,
zobsi) and obstacles can be listed by taking cone (obs4) and

FIGURE 3. Schematic diagram of zoning. (a) Areas based on the center of
a cone. (b) Areas based on the center of an incomplete cylinder.

incomplete cylinder (obs5) as examples.

dobs4=



zobs4 − h, (xobs4, yobs4, zobs4) ∈ area 4− 1√
(
√
x2obs4 + y

2
obs4 − r)

2 + (zobs4 − h)2,

(xobs4, yobs4, zobs4) ∈ area 4− 2

h4
√
x2obs4 + y

2
obs4 − r4zobs4√

h24 + r
2
4

,

(xobs4, yobs4, zobs4) ∈ area 4− 3√
x2obs4 + y

2
obs4 + z

2
obs4, (xobs4, yobs4, zobs4)

∈ area 4− 4
0, (xobs4, yobs4, zobs4) ∈ area 4− 5

(3)

As shown in Fig. 3(a), space is divided into five areas
centered on the cone (area 4-5), and the formula of calculating
the distance between (xobs4, yobs4, zobs4) and the cone is
derived corresponding to each area, as shown in Eq. (3). In the
actual calculation, the area that the point (xobs4, yobs4, zobs4)
locates in is analyzed firstly and then the value of dobs4 can be
acquired through the calculated formula of the corresponding
area.

d2obs5 = kxy5(

√
(xobs5+ka5a5)2+ky5(yobs5+kb5

√
r25 − a

2
5)

2

− kr5r5)2 + kz5(zobs5 − kh5h5)2 (4)

kz5 =


1, zobs5 > h5
0, 0 ≤ zobs5 ≤ h5
1, zobs5 < 0

(5)

kh5 =

{
1, zobs5 > h5
0, zobs5 ≤ h5

(6)

Eq. (4) is the calculated formula for the distance dobs5
between the space point (xobs5, yobs5, zobs5) and the incom-
plete cylinder. Firstly, kz5 and kh5 are determined by the value
of zobs5, (as shown in Eq. (5) and Eq. (6)), and then the
space is divided into five areas according to xobs5 and yobs5
as shown in Fig. 3(b). All above parameter in different areas
can be obtained from Table 2. In short, through the value of
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(xobs5, yobs5, zobs5), the size of each unknown parameter in
Eq. (4) can be acquired and then dobs5 can be calculated.

TABLE 2. Values of parameters in different areas.

The above are two methods for calculating dobsi and dobs.
Next, the distance is converted into potential energy through
the specified conversion relationship.

D. POTENTIAL ENERGT OF SPATIAL POINT
The calculated values of dobs and daim can be converted into
the repulsive potential energy Eobs related to the obstacle and
the attractive potential energy Eaim associated with the target
point, respectively, which can calculate the overall potential
energy E (E = Eaim − Eobs) of the point.

FIGURE 4. Conversion relationship between potential energy and
distance.

The Eobs and Eaim of each point (x, y, z) in the space are
related to dobs and daim respectively. The conversion func-
tion between distance and potential energy can be adjusted
according to the shortest distance between the set path and
the obstacle. The shortest distance between the path set in
this paper and the obstacle is 0.6 with consider the error and
other factors. And the set transformation function is shown
in Fig. 4 and Eq. (7). Among them, the conversion function
between potential energy Eaim/Eobs and distance daim/dobs
is divided into four sections. It can be seen from Fig. 4 and
Eq. (7) that when daim/dobs ≤ 0.1, Eaim/Eobs is the smallest
and a constant value; when daim/dobs changes from 0.1 to
0.8, the changing speed of Eaim/Eobs is faster with an average
slope of 130 probably; when daim/dobs changes from 0.8 to
2.5, the changing speed of Eaim/Eobs gradually slows down;
when daim/dobs > 2.5, the changing rate of Eaim/Eobs is

constant of 1.

Eobs=


dobs, dobs>2.5
−18811e−9dobs+ dobs, 2.5 ≥ dobs > 0.8
−276d3obs+ 456d2obs− 83dobs−96, 0.8 ≥ dobs>0.1
−100, dobs ≤ 0.1

(7)

Taking the plane of z0 = 0 as an example, the above
method is used to calculate the distance between the point
and the obstacle by area, and distributions of dobs and E of
each point (x0, y0,0) in the plane can be obtained, as shown
in Fig. 5 and Fig. 6.

FIGURE 5. The distribution of dobs in the plane of z0 = 0.

FIGURE 6. The distribution of E in the plane of z0 = 0.

It can be seen from the above two figures that the point
farthest from the obstacle, that is, the point with the largest
dobs is near the starting point and the point closer to the
obstacle or four walls possesses the smaller dobs. The point
close to the obstacle or the wall has a large value of E and the
value of E near the target point is small. Besides, the change
of E in other places is small, and the range of change is about
0 to 20. When x changes from 0 to 20, E gradually decreases
regardless of the impact of five obstacles.

E. EVALUATION FUNCTION OF THE PATH
In this paper, three parameters are mainly considered includ-
ing the total length Plong of path, the maximum deflection
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angle max(ψi) of the joint and the shortest distance min(dobs)
from the obstacle. According to these parameters, the quality
of the planned path can bemeasured. And the evaluation func-
tion and the conditions to be satisfied are shown in Eq. (8).

max J =
[42.5−max(ψi)][min(dobs)− 0.6)]3

(Plong − 20)3

s.t. max(ψi) < 42.5◦

min(dobs) > 0.6
20 < Plong < 23

(8)

III. PRINCIPLE OF THE MPE-MDA ALGORITHM
The total length of the path and the distance from obstacles
cannot be well balanced simultaneously and it is also difficult
to control the deflection angle of the link by adopting the
APF algorithm. Besides, if the APF algorithm is used to
plan the path, it is easy to fall into a local minimum point
and the deflection angle of the link cannot be restricted.
In response to the above problems, a minimum potential
energy algorithm considering the maximum deflection angle
of joint (MPE-MDA algorithm) is proposed. By using the
MPE-MDA algorithm, a minimum potential point within the
range of the maximum deflection angle of the link can be
selected and a series of discrete points also can be drawn
by analogy. When the distance between the discrete point
and the target point is less than or equal to the step length,
the search for the discrete points is terminated, and then the
discrete points are connected by straight lines to form a path
away from the obstacle and approaching the target. Finally,
when the manipulator moves along the path planned by these
algorithms, the deflection angle of each link does not exceed
the limiting angle and the function of avoiding obstacles can
be realized without falling into a local minimum point.

Furthermore, theMPE-MDA algorithm can be divided into
MPE-MDA-ES (equal step size) algorithm and MPE-MDA-
VS (variable step size) algorithm according to whether the
step length between discrete points is constant.

A. THE PRINCIPLE OF MPE-MDA-ES ALGORITHM
Three discrete points in series on the path with equal distance
of L can form two straight lines by every two adjacent discrete
points. And if the maximum angle between the two straight
lines isψmax , then, the maximum deflection angle of the joint
of the manipulator when moving along the path is max(ψi),
there is a relationship between these two parameters. For
example, Eq. (9) should be satisfied when n = 1. In order
to make sure that the value of max(ψi) is less than and equal
to 42.5◦, the value of ψmax is chose as 40◦.

max (ψi) = 2 [ψmax − arcsin(0.5 ∗ sin(ψmax))] (9)

As shown in Fig. 7, one link is equivalent to n virtual small
links with the same length ln. The maximum deflection angle
between one link and its equivalent small link is βn, and the
maximum deflection angle between two adjacent small links
is γn. It can be seen from the Fig. 7 that the boundary position
and range of motion of the (w + 1)th small link relative to

FIGURE 7. Schematic diagram of one link that is equivalent to n virtual
small links (n = 3).

the wth small link are related to γn. Therefore, it is necessary
to analyze the relationship between these parameters.

2βn+(n−1)(180◦−γn)=180◦(n−1) (10)

2βn+γn=ψmax (11)

ln

1+2(n−1)/2∑
i=1

cos(
i
n
ψmax)

= L, (n is odd number)

(12)

ln

2n/2∑
i=1

cos(
2i−1
2n

ψmax)

= L, (n is even number)

(13)

ln=L
sin(ψmax/2n)
sin(ψmax/2)

, (n is any natural

number greater than or equal to 1) (14)

When the deflection angle of small link is the largest,
the coordinates of the end point of the link is (ln[cos(γn+βn)+
. . .+cos(nγn+βn)], 0, ln[sin(γn+βn)+. . .+sin(nγn+βn)]).
The link and n equivalent small links form an (n+1) polygon,
and the sum of the internal angle can be obtained, as shown in
Eq. (10). By transformation, we can obtain βn = (n−1)γn/2.
And from Eq. (11), γn = ψmax/n can be obtained. When the
length of the small link is projected onto the link, the relation-
ship between ln and L can be acquired, as shown in Eq. (12)
and Eq. (13). If the above two equations are simplified and
sorted, Eq. (14) will be obtained, where n can be any natural
number greater than or equal to 1. And when n takes different
values, the values of βn, γn and ln are shown in Table 3.
When analyze the selection range of the first discrete point,

there is no need to consider the deflection of the small link in
the front, so γn = 2ψmax/(n+1). When analyze the selection
range of the (w + 1)th discrete point (w ≥ 1), the values of
γn and ln are shown in Table 3. Thus, the selection ranges
of discrete points are shown in Fig. 8 when n takes different
values. It can be seen from the figure that the selection range
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TABLE 3. Values of βn, γn and ln based on different Value of n.

FIGURE 8. Selection range of discrete points in MPE-MDA-ES algorithm.
(a) Selection surface range of the 1th discrete point. (b) Selection surface
range of the (w + 1)th (w ≥ 1) discrete point.

of the first discrete point is larger than the selection range of
the following discrete points and the selection surface range
of the discrete point decreases with n increases.
The MPE-MDA-ES algorithm can be divided into three

types according to the direction of path-following planning
and the condition that whether there is a limit to the selection
direction of the first discrete point. The direction of path-
following planning in the MPE-MDA-ES1 algorithm is from
start point to target point. In the MPE-MDA-ES2 algorithm,
the direction of path-following planning is from target point
to start point, and the selection direction of the first discrete
point is set to (0,0,1). However, in the MPE-MDA-ES3 algo-
rithm, the direction of path-following planning is from target
point to start point, and the direction of the first discrete point
is unlimited.

B. THE PRINCIPLE OF MPE-MDA-VS ALGORITHM
Due to the distance of adjacent discrete points obtained by
MPE-MDA-ES is constant of ln, a minimum potential energy
method with variable step size (MPE-MDA-VS) is proposed,

where the step size is uncertain (the length of the wth small
link is lnw and the length of the (w+ 1)th link is lnw+1). Based
on the above condition, the next minimum potential energy
point is obtained and then the final path is got.

By analogy to the principle of MPE-MDA-ES algorithm,
Eq. (15) and Eq. (16) can be obtained. By combining Eq. (15)
and Eq. (16), Eq. (17) can be obtained.

βnw + γnw+1 + βnw+1 = ψmax (15)

βnw+1 =
nw+1 − 1

2
γnw+1 (16)

nw − 1
2

γnw +
nw+1 + 1

2
γnw+1 = ψmax (17)

where nw and nw+1 is the amount of the equivalent small link,
γnw+1 is the maximum deflection angle of the (w+1)th small
link relative to the wth small link, βnw and βnw+1 is maximum
deflection angle of the wth and (w+1)th small link relative to
the actual link.

After getting the wth discrete point, γnw+1 can be calculated
by bringing in different values of nw+1, and the selection
space range of the (w+1)th discrete point can be determined.
Then, the minimum potential energy point is selected from
the obtained range as the (w+ 1)th discrete point.

According to the above derivation, the selection space
range of discrete points can be obtained, as shown
in Fig. 9. Although the selection range of discrete points in
MPE-MDA-VS is a three-dimensional space, the distance

FIGURE 9. Selection range of discrete points in MPE-MDA-VS algorithm.
(a) Selection space range of the 1th discrete point. (b) Selection space
range of the (w + 1)th discrete point (w ≥ 1).
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FIGURE 10. Planned paths and performance parameters based on different algorithms.

between two discrete points is uncertain and only one path
can be planned by using MPE-MDA-VS algorithm.

IV. SIMULATION ANALYSIS
After analysis, it is found that if the eight-link manipulator
deflects before the point (7,0,0) in the world coordinate sys-
tem {OXYZ}, it is difficult to reach the target point. However,
if the manipulator deflects after the point (7,0,0), it is hard
to avoid obstacles. Therefore, the manipulator is made to
move along the X axis before the point (7,0,0), and the path-
following planning is performed after this point. Besides,
the total length of the corresponding path must be between
20 and 23 to meet the condition that the end point of the
manipulator reaches the target point.

Four different APF methods and six different MPE-MDA
algorithms is adopted for path-following planning. The spe-
cific values of the parameters that can characterize the path is
obtained, such as the total length Plong of the path, the max-
imum deflection angle max(ψi) of the joint, and the shortest
distance min(dobs) to the obstacle. Finally, the path and the
value of each parameter obtained using different algorithms
are shown in Fig. 10.

It can be seen from the figure that many parameters of
the paths planned by the four APF algorithms are not within
the expected range, and the path planed by APF1 has lock
point. If the manipulator moves along the path planned by
the MPE-MDA algorithm, there is no lock point and only
two paths do not satisfy that max(ψi) is less than 42.5◦

because the end point of the path is not within the selection
range of discrete points. Although the values of min(dobs)
of the path planned by the MPE-MDA-ES1 algorithm and
MPE-MDA-VS1 algorithm are large, the Plong is larger. And
most paths planned by the MPE-MDA-ES2 and MPE-MDA-
VS2 algorithms meet the condition that Plong is less than 23,
but the value of min(dobs) is small. The values of Plong of the
path planned by the MPE-MDA-ES3 and MPE-MDA-VS3
algorithms are shorter (both less than 22), and the planned
path always keep a certain distance from the obstacle.

The evaluation function is used to select six optimal
paths corresponding to six MPE-MDA algorithms respec-
tively, as shown in Fig. 11. The performance parameters
corresponding to the six paths and the four paths obtained
using the APF algorithms are all shown in Table 4. As can
be seen from table, the path under the APF1 algorithm falls
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FIGURE 11. The paths planned by six different MPE-MDA algorithms.

FIGURE 12. The relationship between dobs and xend in ten different algorithms.

into the local minimum point that is 0.17 away from the
obstacle, and does not reach the target point, so the length
of the path is small. The paths under the APF2 algorithm
and APF3 algorithm meet the condition of no collision, but
the length of the paths is longer. Although the path under
the IAPF4 algorithm has a short path, the shortest distance
between the path and the obstacle is 0.27, and collisions
are bound to happen. If the manipulator moves along the
path under these four algorithms, the maximum deflection
angle of the link will exceed the limitation of 42.5◦. Besides,
many performance indicators in the path planned by the APF
algorithm are beyond the expected range. However, the six
different paths planned by theMPE-MDA algorithm all reach
the target point with keeping a certain distance from the
obstacle. The maximum deflection angles of the joints of the
six optimal paths are all less than 42.5◦, and the values of
min(dobs) are all greater than 0.6. The total length of each

path is between 20 and 23, and these performance indicators
are all within the expected range.

When the end point (xend, yend, zend) of the manipu-
lator moves along the planned path, the closest distance
dobs = min(dobsi) between the point and the obstacle will also
change. The curves of explaining the relationship between
dobs and xend under the six MPE-MDA algorithms and the
four APF methods are obtained. It can be seen from the
Fig. 12 that the distance between the path and the obstacle
is relatively close when xend = 10 and xend = 16. The values
of min(dobs) corresponding to the four APF methods are
unstable, but the values of min((dobs) corresponding to the
MPE-MDA algorithms are between 0.7 and 1.03.

Because the value of JMPE−MDA−ES3(n=1.5) is equal to
74.84, which means that the evaluating value of the planned
path is the best by adopting the way of starting from the target
point closer to the obstacle and the unrestricted selection
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FIGURE 13. States of the manipulator in different locations.

TABLE 4. Performance parameters of planned paths in 10 different
algorithms.

direction of the first discrete point, is finally the path planned
by the MPE-MDA-ES3(n = 1.5) algorithm of the MPE-
MDA algorithm is used as the final motion path of the
manipulator, as shown in Fig. 13. It can be seen from the
figure that the manipulator always keeps a certain distance
from the obstacle during the movement along the specified
path, and the relative deflection angle of the adjacent links
does not exceed 42.5◦.
Besides, because 35.71◦ is lower than 42.5◦ and the value

of min(dobs) = 0.95 is higher than 0.6, the path connecting
discrete points with smooth curves (such as cubic polynomial,
B-spline curve, rounded corners) can also meet the basic
requirements of motion of the manipulator.

V. CONCLUSION
This paper proposes the MPE-MDA algorithm to solve the
shortcomings of the traditional path planning algorithm, that
is, the total length of the path and the shortest distance to
the obstacle cannot be optimized at the same time during the

space obstacle avoidance, and the joint deflection angle can-
not be limited. First, the paper establishes the models of the
hyper-redundant manipulator and obstacles and determines
the conversion relationship between the potential energy of
spatial point and distance. And then, establishes the evalu-
ation function of a path. Under the premise of specifying
the maximum deflection angle of the joint, the relationship
between the maximum deflection angle and the length of
the small link is derived based on the equal step length and
variable step length, which can ensure the selection range
of the next discrete point. Furthermore, Simulation analysis
of the influence of step size, direction, and other factors on
the path planning of the MPE-MDA algorithm shows that
the maximum joint deflection angle of the six optimal paths
(These paths are chosen by changing n) is less than 42.5 ◦,
the nearest distance between the six optimal paths and obsta-
cles is greater than 0.6, which can achieve the goal of obstacle
avoidance, and the total path length is between 20 and 23.
In these aspects, MPE-MDA algorithms results are all better
than the APF algorithms results. In addition, by comparing
the results of six MPE-MDA algorithms, it is found that the
MPE-MDA-ES3 algorithm possesses the highest evaluation
value of path, and the overall results of path-following plan-
ning of this algorithm are better than the other algorithms.
In summary, the MPE-MDA algorithm achieves repeated
path planning for space obstacle avoidance of the hyper-
redundant manipulator under the condition of limited joint
deflection angle. Similarly, this algorithm can also be used for
path planning of other objects, such as fixed manipulators.
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