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ABSTRACT Community detection in network-type data provides a powerful tool in analyzing and
understanding real-world systems. In fact, community detection approaches aim to reduce the network’s
dimensionality and partition it into a set of disjoint clusters or communities. However, real networks are
usually corrupted with noise or outliers which affect the detected community structure quality. In this
paper, a new robust community detection algorithm that is capable of recovering a clean or a smoothed
version of the corrupted graph and detecting the correct community structure is introduced. The proposed
approach combines robust principal component analysis (RPCA) and symmetric nonnegative matrix factor-
ization (SymNMF) in a single optimization problem. The proposed problem is solved under the framework
of alternating direction methods of multipliers (ADMM). In particular, the corrupted adjacency matrix is
decomposed into a low-rank and sparse components using RPCA and the community structure is detected by
applying SymNMF to the extracted low-rank component. Extensive experiments that have been conducted on
real and simulated binary and weighted networks show that the proposed approach significantly outperforms
existing algorithms in detecting the correct community structure even in grossly corrupted networks.

INDEX TERMS Community detection, graph theory, robust principal component analysis, symmetric

nonnegative matrix factorization.

I. INTRODUCTION

In recent years, graph or network theory has become one of
the most popular tools in modeling and analyzing relational
data. Networks are currently used in many disciplines to
describe the relationship between entities, such as biological
[1], [2], social [3], [4] and communication networks [5],
to name a few. In particular, objects in the system and the
interactions between them can be modeled as the nodes and
edges of the network, respectively. One of the most popu-
lar approaches used in investigating and analyzing networks
is community detection [2], [6], [7]. Community detection
methods reflect the organization of the nodes into clusters
or communities where the nodes in each community share
common properties. Moreover, it provides a significant tool
in network’s dimensionality reduction.

Various community detection or clustering approaches in
networks have been proposed over the past few years [8],
including partitional algorithms [9], [10], hierarchical clus-
tering [11], and Newman-Girvan algorithm [12], [13]. In par-
titional algorithms, multiple approaches have been proposed
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to cluster objects into multiple clusters such as k-means
clustering, spectral clustering and symmetric nonnega-
tive matrix factorization (SymNMF) for graph clustering.
In k-means [14], a cost function that minimizes the
intra-cluster distances and maximizes the inter-clusters dis-
tances is adopted. In spectral clustering [9], an efficient solu-
tion to the relaxed versions of the different cut problems is
provided. In particular, the cut cost depends on the spec-
tral properties of the graph. In SymNMF [10], [15], a sym-
metric nonnegative lower rank approximation is computed
for the input nonnegative similarity matrix. This low-rank
approximation provides the nodes clustering assignment of
the network.On the other hand, authors in [16] suggested
dropping the symmetry for fast SymNMF. This will transfer
the SymNMF problem to a nonsymmetric one and then the
idea from the state-of-the-art algorithms for nonsymmetric
NMF is adopted for the solution. Another approach that is
built upon NMF is introduced in [17], where the authors
propose to learn the affinity matrix adaptively (A2NMF).
In particular, A2NMF embeds each node into a low dimen-
tional space through a transformation matrix that preserves
the community structure as a first stage. Then, the affinity
matrix is learned in this low-dimensional space and utilized
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to guide the learning of the community membership matrix
via manifold regularization. Under hierarchical clustering
approaches, a hierarchical structure is constructed using a
distance matrix. This structure is visualized through a dendro-
gram. More precisely, hierarchical clustering can be imple-
mented by agglomerative or divisive algorithms [18], [19].
Under modularity optimization methods, in [13], the mod-
ularity is defined as the deviation of the within community
edges from the expected value of the same quantity in a
network with the same community partitions but random
connections between the nodes. Specifically, the community
structure is found by maximizing the modularity thorough a
greedy algorithm namely agglomerative hierarchical cluster-
ing. In [20], the authors proposed a different greedy approach
to maximize the modularity, known as Louvain modularity,
to detect the community structure in large weighted networks.
Although the aforementioned methods proved their signifi-
cance in detecting the community structure in networks, their
performance degrades when the networks are corrupted with
noise.

More recently, community detection methods using label
propagation algorithms have been proposed. In [21], a node’s
label influence policy for label propagation algorithm
(LP-LPA) is proposed. The purpose of the LP-LPA algo-
rithm is to improve the initial node selections and tie-break
technique. In particular, it computes link strength value for
links and nodes’ label influence value for nodes in a new
label propagation strategy with preference on link strength
and for initial nodes selection and avoid random behavior in
tie-break states to efficiently update order and rule update.
In [22], a new version of the LPA algorithm for attributed
graphs is introduced, namely structure-attribute similarities
label propagation (SAS-LP). The purpose of SAS-LP is to
detect the communities that solve the problems related to
instability, low quality and to possessing structural cohesive-
ness and attribute homogeneity. Another local approach that
depends on detecting and expansion of core nodes is proposed
in [23]. This approach used local information and identify the
different functions of the nodes to detect all the communities
in the network. A detailed review of the various community
detection algorithms in networks, problems and challenges
can be found in [8], [24] and [25].

In this paper, a robust community detection algorithm
in graphs is proposed. The proposed approach presents an
improved formulation for graph clustering even when the
network is corrupted with noise or outliers. In particular,
the proposed approach aims to recover a clean version of
the corrupted graph and use it for community detection. The
contributions of the proposed algorithm are four fold. First,
the proposed approach can detect the community structure in
both binary and weighted networks under the same optimiza-
tion problem. Second, the recovery of the low-rank compo-
nent gets rid of outliers in the graph which leads to a better
community detection results. Third, the proposed approach
does not assume the number of clusters or any model for
the underlying network unlike many other existing methods.
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Finally, the network’s community structure is detected
through nonnegative embedding.

This paper is organized as follows: Section II provides
a background description about graph theory, nonnegative
matrix factorization and robust principal component analysis.
In Section III, the proposed algorithm along with the pro-
posed solution are presented with a detailed solution of the
problem in Appendix A- D. Experiments and results are pre-
sented in Section IV. Finally, the conclusions are summarized
in Section V.

Notation: List of notation used in this paper is summarized
in Table 1.

Il. BACKGROUND

A. GRAPH THEORY

An undirected weighted graph can be defined as G =
{V,E,A} where V = {v{, ..., v,} defines the set of nodes
that models the objects in the network, and E defines the
set of edges that models the pairwise similarities between
the objects [6]. |V| and |E| are the number of nodes and
edges in the network, respectively. The adjacency matrix, A €
R™"_is symmetric and its elements represent the similarities
between each pair of nodes. In this paper, A can be either
weighted or binary, where A7 € [0, 1] in the former and
AY € {0, 1} in the latter.

TABLE 1. List of notation.

Symbol Description
A € R**™ Adjacency matrix
L € RXn Low-rank component
S € RnX™ Sparse component
H e R»X™ Nonnegative factors matrix
M € RnX™ Auxiliary variable
Z1,Z> € R™*™  Lagrange multipliers

k Number of clusters

A1, Ao Regularization parameters
Y1, Y2 Lagrangian penalty parameters
l iteration index
1HIFa Frobenious norm
-1 I-1 norm
-1l Nuclear norm
T Transpose of a matrix
s.t subject to

B. NONNEGATIVE MATRIX FACTORIZATION (NMF)
let X = [x1,x2,...,%,] € R™™ be a nonnegative data
matrix with m samples and x; € R” is the vector representa-
tion of the i-th sample. In order to reduce the dimensionality
of the input data matrix, NMF factorizes X as follows:
min IX-UH"|2 s5s:tU>=0,H>0 (1)
UeRnxk HeRmxk

where U and V are the basis matrix and the low-dimensional
representation, respectively. ||.||F is the Frobenious norm and
T is the transpose operator. Multiple approaches have been
proposed to solve the NMF problem [26], [27].

A special variant of this factorization is when the input
matrix is symmetric. This variant is known as symmetric
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nonnegative matrix factorization (SymNMF) and plays an
important role in network-type data clustering [10]. The input
to SymNMEF is the adjacency matrix where X = X = A and
its optimization problem is defined as follows:

min |[A-HH'[|? s:H>0, )

HeRnxk

where k represents the number of communities or clusters in
the network. The solution of Eq. 2, H = [h1, Ay, ..., ] €
Rk can be obtained by a Newton-like algorithm or an
alternating nonnegative least squares (ANLS) algorithm as
suggested in [10]. The clustering membership of the i-th node
can be obtained as the location of the largest value in the i-th
row of H.

C. ROBUST PRINCIPAL COMPONENT ANALYSIS

Various methods have been proposed in literature to obtain a
low-rank approximation for noisy matrices such as Principal
Component Analysis (PCA) [28]-[30]. However, PCA per-
formance in recovering the low-rank component of a noisy
matrix decays when the noise is non-Gaussian. An alter-
native approach that is proposed to overcome this problem
is the Robust Principal Component Analysis (RPCA) [31].
In RPCA, the noisy matrix, A € R"*"2_is decomposed into
a low-rank component, L. € R™*"2 and a sparse compo-
nent, S € R">*"2_ In particular, RPCA solves the following
optimization problem:

min Ll + Al st L+8=A, 3)
where ||.||« and ||.||1 are the nuclear norm and the /;-norm of
a matrix, respectively. A > 0 is the regularization parameter
that penalizes the sparse term. The problem in Eq. 3 can be
rewritten as an unconstrained problem as follows:

. 14 2
Lil« +AISl + Z||A — L — S|z, 4
in L[« + AlIS|ly 2II Iz )

where the solution of the problem can be found using iter-
ative singular value decomposition (SVD) soft-thresholding
algorithm efficiently [31].

IlIl. ROBUST COMMUNITY DETECTION IN
GRAPHS (RCDG)
A. PROBLEM FORMULATION
Let A € R™" be a noise-corrupted adjacency matrix of
a low-rank network, L € R"*". In order to detect the
true community structure of the underlying network, it is
important to extract a clean version of the aforementioned
corrupted adjacency matrix. In this paper, we decompose the
adjacency matrix into a low-rank and sparse components, L. €
R™" and S € R™", respectively. Moreover, the recovered
low-rank component, L, is used to detect the network’s com-
munity structure through learning nonnegative embedding.
Our proposed problem is formulated as follows:

min |Lil + 41 (8]l + A2/L — HHT ||

L,S.H

st L+S=A,L=L", L>0H>0. (5
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The terms included in the optimization problem in Eq. 5
are considered to achieve the following objectives:

o The terms ||L||4 and ||S|| with the constraint, L+S = A,
represent the RPCA problem. The additional constraints,
L = LT and L > 0 are considered to guarantee the
symmetry and nonnegativity of the recovered low-rank
network.

e Theterm |[L—HH' ||% with the constraint H > 0 defines
the SymNMF problem for graph clustering.

e A1 > 0and A, > O are regularization parameters.

B. PROBLEM SOLUTION

To solve the proposed problem in Eq. 5, an alternating itera-
tive method is proposed. The solution starts with introducing
an auxiliary variable M € R™ " in order to separate the
variable H from L as follows:

min_|[Lils + A1[IS]| 4 22| M — HH" ||
L.SSHM

stL+S=AM=LM=M', M>0,H>0.

The problem proposed in Eq. 4 is a nonconvex problem
since the included SymNMF formulation term is a nonconvex
optimization problem. To tackle this issue, an iteratively alter-
nating approach is adopted where each variable is obtained by
fixing the other variables until convergence. More precisely,
assuming that H is estimated, the rest of the problem consists
of three convex but non-smooth functions. Consequently,
we propose to solve for L, S and M using a combination
of alternating direction methods of multipliers (ADMM)
[32], [33] and proximal algorithms [34], [35]. In a similar
fashion, in each iteration, after L, S and M are obtained,
the estimate of the variable H can be updated using SymNMF
as proposed in [10].

The augmented Lagrange multiplier function with respect
to the primal variables L, S and M of Eq. 6 can be formulated
by adding the Lagrange multipliers or dual variables, Z; and
7, as:

lﬂa&WJD=L?$JmM+AmW1
+12[M —HH' [} +(Z;, A - L —8)
+2 1A - L -S|} + (Z5 M- L)
+2IM - L.
stM=M', M=>0, @)
where Z and Z; can be computed at the /-th iteration as:
Zl]+1 _ Zzl £ (A — LI g, 8)
and

Z12+1 — Z[2 + VZ(MZ+1 _ Ll+1). (9)

ADMM along with proximal algorithms are adopted to
solve for the primal and dual variables in Eq. 7. The proposed
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solution is summarized in Algorithm 1 and a detailed expla-
nation can be found in Appendix A-D. The update rules of
the primal variables can be defined as follows:

MWL+ W, |
1L, : (10)
Y1+

L/*! = prox__1

itry
" VA y/)
where W! = A — S + R W, = MF + = and proxy(W) =
argming, cgnxn f (L) + % | L—W ||12¢ is the proximity operator
of the convex function f where f(L) is defined as f(L) =
[IL]|«. Details are included in Appendix A.
Also,

Zl
Si*! = prox (A — L 4 —1) )
SISO Y1

as explained in Appendix B.
Next, M is updated, as explained in Appendix C, by
computing the following closed form solution:

2LHH + Ll -7}
205 + 72

Finally, the nonnegative factor H is computed using
SymNMF [10] approach. In particular, SymNMF updates H
by solving:

min M —HH"||Z s:H>0, (13)

HeRnxk
where the solution suggested in [10] is based on a multistart
global optimization algorithm which combines random
sampling with a local search procedure.

C. COMPUTATIONAL COMPLEXITY OF RCDG APPROACH
In the proposed approach, the variables L, S, and M in the
optimization problem are solved by ADMM and proximal
algorithms assuming H is fixed until convergence. In each
iteration, the computation of the nuclear norm proximal has
a complexity of O(2n%) and the computation of H using
projected gradient descent (PGD) by alternating nonnegative
least square (ANLS) requires C’)(knz), where n and k are
the number of nodes and number of clusters in the network,
respectively. Moreover, the number of clusters is determined
during each iteration using AS metric by computing it over
a range of clusters, K. The computational complexity of
AS is KO(e) where e is the number of edges in the adja-
cency matrix. By Considering the computational complexity
for the different terms during each iteration, the effective
computational cost is due to the computation of the nuclear
proximal operator. Consequently, assuming the total num-
ber of iterations needed for the algorithm to converge is Ir,
the computational complexity of the proposed algorithm is
L1 Om?).

IV. RESULTS

A set of undirected weighted and binary simulated networks
are generated to evaluate the performance and robustness
of the proposed approach in extracting a clean version of
the adjacency matrix and detecting the correct community
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Algorithm 1 RCDG
Input: A € R™", Ay, A, €.
Output: L, S, H, Clustering labels.
1: 1 <0
2: Initialize L <~ A, S <« zeros(n,n), M < L.
3y < 1,y <« 1.
4 Z « A-L' -8,7) « M — L
9%Dual variables definition
50 P{ = L[4, Py = 21811, P} = Ao|M' — HHT 7.
%Primal objectives definition
P =Pl 2

[+1 [ 12
P2 _PZHF

. [
6: vlv:il]e . HZHPII B > € and G > € and
—3”1)5”%3 £ > edo

7. Estimate H**! by solving Eq. 13.

8: if [ =2 then

9: Determine the number of clusters using asymp-

totical surprise (AS) metric [36].
10.  end if

11:  Update L**! using Eq. (17).
%Updating primal and dual variables
12 Update S**! using Eq. (19).
13:  Update M*+! using Eq. (22).
14:  Update leJrl using Eq. (8).
15:  Update le“ using Eq. (9).
16:  Update PIIH, P§+1 and P§+1 using Step 5.
17: < 1+1.

18: end while
19: Obtain clustering labels.

structure in graphs. The experiments are performed using
MATLAB R2020b on a desktop with the specifications
(Intel(R) Core(TM) i7-9700 CPU @ 3.00GHz 3.00 GHz
and RAM of 16GB). The proposed method is compared
to other existing methods including, spectral clustering
(SO) 9], modularity—Louvain1 [20], symmetric nonnega-
tive matrix factorization using alternating nonnegative least
square2 (SymNMF-ANLS) [10], [15], symmetric nonneg-
ative matrix factorization using Newton-like algorithm?
(SymNMF-Newton) [10], [15], fast symmetric nonnega-
tive matrix factorization using hierarchical alternating least
squaure4 (SymNMF-HALS) [16] and adaptive affinity learn-
ing nonnegative matrix factorization’ (A2ZNMF) [17]. The
number of the clusters is estimated for each network as the
number that maximizes the asymptotical surprise® (AS) met-
ric [36] for all the algorithms except for modularity-Louvain
since the number of clusters is estimated by the algorithm

1 https://sites.google.com/site/bctnet/

2https ://github.com/hiroyuki-kasai/NMFLibrary
3 https://github.com/hiroyuki-kasai/NMFLibrary
4https ://github.com/hiroyuki-kasai/NMFLibrary
5 https://github.com/smartyfth/AANMF

6https ://github.com/CarloNicolini/communityalg
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itself. The comparison is conducted using multiple accuracy
measures including normalized mutual information (NMI),
normalized variation of information (VI), F-value, precision,
recall, purity and the detected number of clusters (DNOC)
where all the measures are averaged over 50 simulations.
In addition to these validation measures, an Error Rate
(ER) measure is adopted form [37] to evaluate the per-
formance of the different algorithms. The error rate is
defined as:

Error Rate = IICLCLT — GzG,TH}zv, (14)

where G, € R"** is the indicator matrix that is built for the
network’s community ground truth and C; € R"*K is the
indicator matrix that is storing the clustering labels obtained
by the algorithm. error rate are employed. In other words,
the error rate quantifies the distance between the community
structures represented by C; and G;. A better clustering
results should achieve a higher NMI, F-value, precision,
recall and purity values and a lower VI and ER values. The
values of all metrics values are normalized between [0, 1]
except for ER.

A. SIMULATED WEIGHTED NETWORKS

1) EXPERIMENT 1: SIMULATED NETWORKS WITH
DIFFERENT COMMUNITY STRUCTURES

In this experiment, the generated simulated networks consist
of 100 nodes and sparse noise SN = 20%, with different com-
munity structures. The variation in the community structure is
achieved by changing the number and the sizes of the clusters.
The number of the clusters is estimated for each network as
the number that maximizes the asymptotical surprise (AS)
metric [36]. The intra- and inter-cluster edges are randomly
generated from a truncated Gaussian distribution in the range
of [0, 1] with winra = 0.5, Oinra = 0.2, Winger = 0.1,
Ointer = 0.1. The parameters are selected empirically as
A1 = 0.3 and A, = 1. The ground truth and the networks’
statistics used in this experiment are presented in Table 2 and
Table 3, respectively.

TABLE 2. The ground truth of the generated networks for experiment 1.

Network Ground truth (Nodes in each cluster C)

Network 1 C7 (1 — 60), C2(61 — 80), C3(81 — 100)

Network 2 C7 (1 — 30), C2(31 — 60), C3(61 — 80),
C4(81 — 100)

Network 3 C1 (1 — 30), C2(31 — 45),C3(46 — 60),
Cy4(61 — 80),C5(81 — 100)

Network4  C1(1 — 15), C2(16 — 30), C3(31 — 45),
C4(46 — 60), C5(61 — 80),C(81 — 100)

Network 5 C1(1 — 15), C2(16 — 30), C3(31 — 45),

C4(46 — 60), C5(61 — 70), Cs(71 — 80),
C17(81 — 90), Cs(91 — 100)

A comparison of the performance between the proposed
algorithm and existing algorithms is presented in Table 4.
The comparison is conducted by normalized mutual informa-
tion (NMI), variation of information (VI), Error Rate (ER),
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F-value, precision, recall, purity and detected number of
clusters (DNOC) where all the measures are averaged over
50 simulations.

As it can be seen from Table 4, the proposed algorithm
performs better than the other methods in terms of the dif-
ferent validation measures. In this experiment, the effect of
increasing the number of clusters while decreasing their size
is studied. Usually, it is hard to detect small communities in
networks and this is one of the challenges that faces commu-
nity detection algorithms. From the results shown in Table 4,
it is clear that RCDG can detect the correct community struc-
ture of the underlying network efficiently. Moreover, RCDG
is capable of detecting small communities even in noisy
networks, in addition to its ability of detecting the correct
number of clusters. On the other hand, the performance of
the other existing algorithms decays rapidly as the number
of clusters increases and their sizes decrease. As it can be
noticed from the results, many of these algorithms succeed in
detecting the correct number of clusters, however, they fail in
detecting the correct clustering labels.

2) EXPERIMENT 2: SIMULATED NETWORKS WITH
DIFFERENT NOISE LEVELS

The purpose of this experiment is to evaluate the performance
and robustness of the proposed algorithm in networks that
is affected with different noise levels. In this experiment,
the simulated networks consist of 100 nodes, 4 clusters
and different noise levels SN%. The ground truth of the
nodes’ community membership is C1(1 — 30), C2(31 — 60),
C3(61 — 80), C4(81 — 100) and the networks’ statistics are
given in Table 3. The number of the clusters is estimated for
each network by asymptotic surprise. Intra- and inter-cluster
edges are randomly generated from a truncated Gaussian
distribution in the range of [0, 1] with Uijnse = 0.5, Cingra =
0.1, tinter = 0.1, Ginrer = 0.1. The parameters are selected
asA1 =0.3and A = 1.

A comparison of the performance between RCDG and
other algorithms is presented in Table 5. The comparison
is done using normalized NMI, VI, ER, F-value, precision,
recall, purity and DNOC where all the measures are averaged
over 50 simulations.

As it can be seen in Table 5, The noise levels are set
to SN% = {5%, 10%, 15%, 20%, 30%}. The results in the
table show that RCDG outperforms the other methods in
terms of the different measures. From this experiment, we can
notice that the other algorithms perform well as long as the
noise levels are low. However, as the noise level increases
and the network become grossly corrupted, their performance
decays significantly. On the other hand, the proposed RCDG
shows robustness to higher levels of sparse noise where it
can detect the correct community structure of the network
and the correct number of clusters too. For instance, with
SN% = 30%, all the other algorithms failed to detect the
correct community structure while RCDG performed very
well and achieved very high accuracy in term of the different
measures.
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TABLE 3. Networks 1-10 statistics averaged over 50 simulations, including: Number of nodes (|V|), Number of edges (|E|), average degree (Dqyg), node
betweenness centrality (NBC), edge betweenness centrality (EBC), density, clustering coefficient (¢) and assortativity coefficient (r).

Network Type V| |E| Davg NBC EBC Density ¢ r

Network1 Weighted 100 4950 37.6308 65.3590 1.6436 1 0.2940 —0.0101
Network2 Weighted 100 4950  33.6967  72.7680 1.7177 1 0.2435 —0.0101
Network3 Weighted 100 4950 32.6114  74.5500 1.7355 1 0.2318 —0.0101
Network4 Weighted 100 4950 31.8496  75.9600 1.7496 1 0.2226  —0.0101
Network5 Weighted 100 4950 30.9284  77.5140 1.7651 1 0.2128 —0.0101
Network6 Weighted 100 4950 25.1605  83.4070 1.8241 1 0.1923  —0.0101
Network7 Weighted 100 4950 28.1740  77.2800 1.7628 1 0.2104 —0.0101
Network8 Weighted 100 4950 30.9970 74.5070 1.7351 1 0.2289 —0.0101
Network9 Weighted 100 4950 33.5975  72.6030 1.71603 1 0.2467 —0.0101
Networkl0  Weighted 100 4950 38.7608  67.3520 1.6635 1 0.2852 —0.0101

TABLE 4. Performance comparison between the proposed method (RCDG), spectral clustering, modularity, SymNMF-ANLS, SymNMF-Newton,
SymNMF-HALS and AANMF in terms of average NMI, VI, ER, F-value, Precision, Recall, Purity and DNOC. Networks are constructed with 100 nodes,

SN = 20% and variable number of clusters (NOC).

Network | Method | NMI | VI ER | F-value | Precision | Recall | Purity | DNOC
Networkl | Spectral clustering | 0.87591 0.05202 385.15 0.87591 0.86725 0.88519 0.9685 3
3 clusters | Modularity 0.58121 0.15548 1915.1 0.58121 0.68775 0.50517 0.7455 2
SymNMF-ANLS 0.78646 0.09000 659.2 0.78646 0.77426 0.79968 0.936 3
SymNMF-Newton | 0.70271 0.12073 1349 0.70271 0.73872 0.68282 0.853 3
SymNMF-HALS 0.75416 0.09199 961.3 0.75416 0.83717 0.69621 0.846 2
A2NMF 0.61654 0.14251 1935.25 | 0.58465 0.69149 0.51212 0.7815 4
RCDG 1 0 0 1 1 1 1 3
Network2 | Spectral clustering 0.81692 0.10814 648.7 0.81692 0.82117 0.81367 0.9175 4
4 clusters | Modularity 0.5524 0.2729 1719.8 0.5524 0.5575 0.5499 0.7380 4
SymNMF-ANLS 0.75302 0.14883 892.15 0.75033 | 0.749964 | 0.75218 0.887 4
SymNMF-Newton | 0.67657 0.19668 1362.3 0.66426 0.66189 0.67142 0.843 4
SymNMF-HALS 0.60325 0.19752 1912.9 0.60325 0.71309 0.53308 0.7195 3
AZNMF 0.44107 0.27389 2926.35 | 0.41854 0.5478 0.34949 0.612 4
RCDG 1 0 60 1 1 1 1 4
Network3 | Spectral clustering 0.6244 0.25563 1296.85 0.6244 0.63508 0.61652 0.78 5
5 clusters | Modularity 0.3327 0.4576 2316.1 0.3318 0.3475 0.3200 0.5540 5
SymNMF-ANLS 0.56131 0.30381 1501.7 0.56131 0.56087 0.56455 0.739 5
SymNMF-Newton | 0.47906 0.37907 1806.9 0.45376 0.44971 0.45965 0.687 6
SymNMF-HALS 0.37119 0.32477 3236.9 0.37119 0.55431 0.2848 0.527 2
A2NMF 0.28361 0.368 3885.1 0.2742 0.42777 0.20608 0.458 3
RCDG 1 0 20 1 1 1 1 5
Network4 | Spectral clustering 0.39346 0.49187 1840 0.38069 0.37184 0.39021 0.5755 7
6 clusters | Modularity 0.1981 0.5985 2551.4 0.1981 0.2070 0.1907 0.4030 (]
SymNMF-ANLS 0.37168 0.50344 1869.05 | 0.35978 0.35346 0.36697 0.568 74
SymNMF-Newton | 0.33326 0.54449 1920.35 0.3173 0.31098 0.32445 0.529 7
SymNMF-HALS 0.10968 0.49727 4379.2 0.10968 0.17759 | 0.081366 0.295 2
A2NMF 0.20974 0.46667 3923.6 0.20974 0.31292 0.16174 0.354 4
RCDG 0.99896 0.00081 45.4 0.99896 | 0.99897 | 0.99895 | 0.9995 7
Network5 | Spectral clustering 0.31038 0.63487 1708.8 0.30104 0.29669 0.30571 0.417 9
8 clusters | Modularity 0.18511 0.66402 2420.7 0.18511 0.20554 0.16858 | 0.31300 6
SymNMF-ANLS 0.29582 0.63419 1816.55 | 0.29161 0.29149 0.29209 0.4065 8
SymNMF-Newton | 0.29639 0.63745 1798.15 | 0.29233 0.2912 0.29414 0.4055 9
SymNMF-HALS 0.06765 0.57974 4511.3 0.06765 0.12104 | 0.048295 0.216 2
A?NMF 0.16241 0.54994 4199.9 0.1612 0.25653 0.1218 0.274 5
RCDG 0.95647 | 0.038779 157.6 0.95275 0.9567 0.94923 | 0.9655 8

3) EXPERIMENT 3: SIMULATED NETWORKS WITH
DIFFERENT SIZES

In this experiment, the simulated networks consist of 4 clus-
ters, SN = 20% and variable size or number of nodes from
32 to 2048 on a logarithmic scale. In particular, the objective
of this experiment is to test the scalability of the algorithm.
The networks’ Intra- and inter-cluster edges are randomly
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generated from a truncated Gaussian distribution in the range
of [0, 1] with: pinya = 0.7, Ginnra = 0.2, Wineer = 0.2,
Ointer = 0.2. A comparison of the run time between the pro-
posed RCDG algorithm and the other algorithms is presented
in Fig. 1.

As it can be seen from Fig. 1, the proposed algorithm
takes longer time compared to the other methods except for
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TABLE 5. Performance comparison between the proposed method (RCDG), spectral clustering, modularity, SymNMF-ANLS, SymNMF-Newton,
SymNMF-HALS and AANMF in terms of average NMI, VI, ER, F-value, Precision, Recall, Purity and DNOC. Networks are constructed with 100 nodes,
4 clusters and variable sparse noise levels SN%.

Sparse Noise | Method NMI VI ER | F-value | Precision | Recall | Purity | DNOC

Spectral clustering 1 0 0 1 1 1 1 4

Modularity 0.98871 0.006 80 0.98871 1 0.97971 0.98 4

Network6 SymNMF-ANLS 1 0 0 1 1 1 1 4
5% SymNMF-Newton | 0.99854 0.00087 3.9 0.99854 0.99855 0.99853 0.9995 4
SymNMF-HALS 1 0 0 1 1 1 1 4

A2NMF 0.92422 0.04478 872.45 0.86684 0.90907 0.83459 0.962 6

RCDG 1 0 0 1 1 1 1 4

Spectral clustering 1 0 0 1 1 1 1 4

Modularity 0.99646 0.00226 0 1 1 1 0.9925 4

Network7 SymNMF-ANLS 0.99846 0.00091 4.9 0.99846 0.9984 0.99853 0.9995 4
10% SymNMF-Newton 0.9737 0.016073 123.65 0.97724 0.97437 0.98053 0.985 4
SymNMF-HALS 0.99646 0.00226 0 1 1 1 0.9925 4

A2NMF 0.83617 0.09558 836.1 0.83802 0.85203 0.82993 0.887 4

RCDG 1 0 0 1 1 1 1 4

Spectral clustering | 0.98618 | 0.0082109 44.1 0.98618 0.98575 0.98661 0.9955 4

Modularity 0.94582 0.036199 167.05 0.94868 0.94837 0.94905 0.9625 4

Network8 SymNMF-ANLS 0.97455 0.015114 81 0.97455 0.9739 0.9752 0.9915 4
15% SymNMF-Newton | 0.89959 0.061442 456.7 0.90069 0.89498 0.90875 0.951 4
SymNMF-HALS 0.9584 0.023866 161.9 0.96182 | 0.971624 | 0.95409 0.9645 4

A?NMF 0.66594 0.18807 1726.65 | 0.66309 0.71683 0.62824 0.766 4

RCDG 1 0 0 1 1 1 1 4

Spectral clustering | 0.87023 0.07770 436 0.870234 | 0.86722 0.8736 0.9525 4

Modularity 0.71328 0.17497 1134.25 0.71421 0.73603 0.6975 0.811 4

Network9 SymNMF-ANLS 0.80515 0.11669 685.15 0.80515 0.80121 0.80945 0.92 4
20% SymNMEF-Newton | 0.71269 0.17068 1217.4 0.70438 0.72141 0.69225 0.8405 4
SymNMF-HALS 0.63764 0.19201 1663.6 0.63992 0.71022 0.58984 0.753 3

A2NMF 0.35436 0.28864 3799.4 0.35553 0.51283 0.29494 0.5425 3

RCDG 1 0 0 1 1 1 1 4

Spectral clustering 0.23581 0.51063 2783.4 0.21067 0.19823 0.22489 0.558 6

Modularity 0.08257 0.60085 3131.25 0.0755 0.07169 0.07989 0.409 5

Network10 SymNMF-ANLS 0.21993 0.51821 2722.7 0.20858 0.19625 0.22275 0.553 6
30% SymNMF-Newton 0.2069 0.52693 2826.05 | 0.19657 0.18613 0.20852 0.533 6
SymNMF-HALS 0.10834 0.45516 4055.85 0.1074 0.15265 | 0.085017 0.411 3

A2NMF 0.0187 0.36273 6255.55 | 0.01718 0.08691 0.01228 0.317 3

RCDG 0.96989 0.01369 160 0.96989 | 0.98024 | 0.96468 | 0.9795 4

the A2NMF algorithm, especially as the size of the network
increases. However, the other methods fall behind the pro-
posed algorithm in extracting a clean version of the adjacency
matrix and detecting the correct community structure. In fact,
it can be said that the performance of the proposed algorithm
is a trade-off between complexity and accuracy.

B. PERFORMANCE SENSITIVITY TO THE
REGULARIZATION PARAMETERS

In the proposed algorithm, there are two regularization
parameters; A; and Ap. A controls the /i-norm of the sparse
component while A, controls the symmetric nonnegative
matrix factorization term. To study the effect of these param-
eters, the performance of the proposed algorithm in terms
of different quality metrics is explored for a range of the
parameters. In particular, the effect of the variation of each
parameter on the clustering results is investigated by fixing
the other one. Fig. 2(a)- Fig.2(n) show the variation of the reg-
ularization parameters impact on the performance of RCDG
in terms of average NMI, VI, ER, Recall, Precision, F-value
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and Purity. As it can be seen from the figures, RCDG per-
forms well under a variety of parameter values. For instance,
RCDG performs well under the different values of A, e.g.
Az € [0.3, 1]. In terms of Ay, the proposed method performs
efficiently for different values of A1. In RPCA problem, 1|
can be selected as A; = Ln as suggested in [31] and this
value can be modified depending on the application. In the
proposed method, RCDG, we suggest a value of A; = b

NG
where b m. In other words, the parameter A can be set
depending on the network’s sparsity and its value decreases
as the sparsity increases.

C. SIMULATED BINARY NETWORKS

In order to evaluate the performance of the proposed RCDG
algorithm in detecting the community structure in binary net-
works, two network benchmarks are adopted. First, the clas-
sical Girvan-Newman benchmark’ introduced in [13], where
the network is divided into k equal sized clusters and each

7https:// github.com/mmitalidis/ComDetTB
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FIGURE 1. Network size versus run time comparison between proposed
method (RCDG), spectral clustering (SC), modularity-Louvain,
SymNMF-ANLS, SymNMF-Newton, SymNMF-HALS and A2ZNMF. Networks
are constructed with 4 clusters and variable number of nodes.

node has a fixed number of internal and external edges.
As the number of internal edges, z;, increases the density
of the network increases and as the number of the exter-
nal edges, z., decreases the clusters become more distinct.
Second, the planted partitions benchmark” introduced in [38].
In the latter benchmark, the networks are created with
unequal-sized partitions or clusters with internal edge proba-
bility, p; and external edge probability, p.. As p; increases the
clusters become more dense and as p, decreases the clusters
become more distinct.

Multiple networks with different specifications are gen-
erated to evaluate the performance of RCDG. As it can be
seen in Table 8, six different experiments are conducted by
generating six different networks. The first three networks are
form Girvan-Newman benchmark (GNB), where the clusters
in each of these networks are equally sized and the specifica-
tions are given in the table. The last three networks are gen-
erated from the planted partitions benchmark (PPB) where
the clusters in each network are unequally sized. For each
network, the ground truth clusters the networks’ statistics are
reported in Table 6 and Table 7, respectively.

The performance of RCDG is compared to the other exist-
ing algorithms using NMI, VI, ER, F-value, precision, recall,
purity and DNOC. Each experiment is repeated 50 times and
the average values of the validation measures are reported
in Table 8. As it can be noticed from the table, the existing
algorithms perform well in detecting the community structure
and the number of clusters in the network when the clusters
sizes are equal and the network size is relatively small, such
as in GNB1-GNB2. However, their performance declines the
network’s size grows or when the clusters are unequally-
sized, such as in PPB1-PPB3. On the contrary, the proposed
RCDG proved that it is not affected by these factors and can
detect the correct community structure in small and large
networks with either equal or unequal-sized clusters. This is
due to the fact that the proposed RCDG extracts a clean or
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a smoothed version of the corrupted adjacency matrix within
the algorithm and uses it to detect the community structure of
the underlying network.

D. RECOVERING A CLEAN VERSION OF THE

ADJACENCY MATRIX

In this paper, we are proposing a robust community detection
algorithm that decomposes the corrupted graph adjacency
matrix, A, into low-rank, L, and sparse, S, components.
The low-rank property of the adjacency matrix is antici-
pated to strengthen the intra-clusters edges and diminish the
inter-cluster edges [39], [40], [41]. Ideally, the rank of the
adjacency matrix is equal to the number of communities in the
network and the extracted low-rank component is considered
as a clean or smoothed version of the input adjacency matrix.
Furthermore, we solve for the matrix M which is constrained
to equal L with additional constraints to satisfy the properties
of the adjacency matrix.

Figures from Fig. 3-Fig. 7 show some examples of the input
and output of the proposed algorithm. In particular, they show
the input corrupted adjacency matrices from GNB and PPB,
the extracted low-rank component, the sparse component, and
the final output smoothed adjacency matrix. As it can be
seen in the figures, the low-rank components extracted by
the proposed RCDG reinforces the intra-cluster edges and
reduces the inter-cluster edges which creates more distinct
clusters. Consequently, this leads to more accurate commu-
nity detection results even when the input matrix is too noisy
as in Fig. 5-Fig. 7.

In order to measure the accuracy of the resultant com-
munity structure, an Error Rate (ER) validation measure is
adopted. This measure quantifies the distance between a clean
graph that is built from the predetermined ground truth, Gy,
and the resultant clustering assignment, C;, by the algorithm.
The results are reported in Table 4-Table 8. As it can be
noticed from the ER values, the proposed algorithm achieved
the lowest scores among all the algorithms and O ER in
multiple experiments.

E. REAL NETWORKS

1) PRIMARY SCHOOL NETWORK

The data set comprises weighted network of face-to-face
proximity between students and teachers in a primary school
[42]. The school consists of 10 grades and 10 teachers.
In the constructed network, the nodes represent the individ-
uals and the edges represent the face-to-face interactions.
Each node has two attributes: class name which represents the
school class and the grade of the associated individual. Edges
weights represent the duration measured in seconds. Duration
is the total time for the face-to-face time proximity over the
study period and recorded every 20 seconds. The network’s
statistics are: |V| = 242, |E| = 5901, Dy, = 1.0747, NBC
= 1017.165, EBC = 5.1502, density = 0.2024, ¢ = 0.0077
and » = 0.1877. Table 9 shows the grades’ labels and number
of students in each grade.
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TABLE 6. The ground truth of the generated networks from Girvan-Newman benchmark (GNB) and planted-partitions benchmark (PPB).

Network n NOC  Ground truth (Nodes in each cluster C)
GNB1 50 2 C1(1 — 25), C2(26 — 50)
GNB2 100 4 C1(1 — 25), C2(26 — 50), C3(51 — 75), C4(76 — 100)
GNB3 200 8 C1(1 — 25), C2(26 — 50), C3(51 — 75), C4(76 — 100),

C5(101 — 125), C(126 — 150), C(151 — 175), Cg (176 — 200)

PPB1 300 10

C1(1 = 25), C2(26 — 50),C3(51 — 80), C4(81 — 110), C5 (111 — 140),

Cs(141 — 180), C7(181 — 210), Cs(211 — 240),Co(241 — 270),C10(271 — 300)

PPB2 600 15 Ci(1—25), C2(26 — 50).C3(51 — 80), C4 (81 — 110), C5 (111 — 140),C6 (141 — 180),
C7(181 — 210), Cg(211 — 240),Co (241 — 270),C10(271 — 300), C11 (301 — 350),
C12(351 — 400), C13(401 — 440),C14(441 — 500), C15(501 — 600)

PPB3 1000 20  Cy(1 — 50), C2(51 — 80), C3(81 — 110), Ca(111 — 140), C5(141 — 180), Cg (181 — 210),

C7(211 — 240), Cg (241 — 270), Co(271 — 300), C10(301 — 350), C11(351 — 400), C12(401 — 440),
C13(441 — 500), C14(501 — 600), C15(600 — 650), C16(651 — 700), C17(701 — 740), C15(741 — 790),

C19(791 — 830), C20(831 — 1000)

TABLE 7. GNB and PPB Networks’ statistics averaged over 50 simulations, including: Number of nodes (|V|), Number of edges (|E|), average degree
(Davg), node betweenness centrality (NBC), edge betweenness centrality (EBC), density, clustering coefficient (¢) and assortativity coefficient (r).

Network  Type V] |E| Davg NBC EBC Density ¢ r
GNB1 Binary 50 500 19.9670 29.0670 1.5610  0.4070 0.4630 —0.0413
GNB2 Binary 100 1255 25.117 74.263 1.7326  0.2537 0.3352 —0.0170
GNB3 Binary 200 4000 40.0105 159.164 1.7908 0.2011 0.3209 —0.0006
PPB1 Binary 300 15169 101.1267 197.8733 1.6562 0.3382  0.3426  —0.0095
PPB2 Binary 600 59677 198.925 400.075 1.6651  0.3321 0.3374  0.05350
PPB3 Binary 1000 163433 326.866 672.134 1.6711  0.3272  0.3321  0.09890
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FIGURE 3. (a) Example of the corrupted adjacency matrix, A, from GNB2
(b) and (c) Low-rank, L and sparse, S decomposition, respectively,
by RCDG, and (d) the clean version of the adjacency matrix.

The proposed algorithm is applied to the primary school
data set to detect the community structure. The number of
clusters is set to 10 which refers to the number of grades
in the school. The regularization parameters are selected as
A1 = 0.2 and A, = 0.1. The detected clusters are shown
in Fig. 8. The black frames represent the ground truth of the
different grades in the school and the teachers are presented
by the red frame. Whereas the colored rectangles represent
the clusters detected by the proposed algorithm. As it can be
seen in the figure, the detected clusters refer almost to the
different grades including their teachers. This application of
the proposed method to the primary school network shows
its ability to detect the community structure in real-world
networks. In fact, the extraction of the low-rank component or
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FIGURE 4. (a) Example of the corrupted adjacency matrix, A, from GNB3
(b) and (c) Low-rank, L and sparse, S decomposition, respectively,
by RCDG, and (d) the clean version of the adjacency matrix.

the clean version of the adjacency matrix plays an important
role in improving the detected community structure quality.
This due to the fact that it reinforces the intra-cluster edges
and removes the sparse noise or outliers.

2) REALITY MINING NETWORK

This data set was collected in Massachusetts Institute of
Technology (MIT) Reality Mining [43]. The collected data
represents the recorded cell phone activity of 94 individuals
at MIT over a year. Among the 94 individuals there was
68 who worked in the same building and 26 individuals
were incoming students at the university’s business school.
The Media Access Control (MAC) addresses of nearby
Bluetooth devices are recorded at five-minute intervals. The
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TABLE 8. Performance comparison between the proposed method (RCDG), spectral clustering, modularity, SymNMF-ANLS, SymNMF-Newton,

SymNMF-HALS and AANMF in terms of average NMI, VI, ER, F-value, Precision, Recall, Purity and DNOC. Networks are generated using GN-benchmark

(GNB) and Planted Partitions-benchmark (PPB).

Network | Method |  NMI VI ER | F-value | Precision | Recall | Purity | DNOC
GNB1 Spectral clustering 0.99391 0.00216 4.9 0.99391 0.99394 0.99388 0.999 2
n =50 Modularity-Louvain 1 0 0 1 1 1 1 2
NOC= 2 SymNMF-ANLS 0.99391 0.00216 4.9 0.99391 0.99394 0.99388 0.999 2
z; =15 SymNMF-Newton 0.99391 0.00216 4.9 0.99391 0.99394 0.99388 0.999 2
Ze =H SymNMF-HALS 0.99391 0.00216 4.9 0.99391 0.99394 0.99388 0.999 2
A2NMF 1 0 0 1 1 1 1 2
RCDG 1 0 0 1 1 1 1 2
GNB2 Spectral clustering 1 0 0 1 1 1 1 4
n = 100 Modularity-Louvain 1 0 0 1 1 1 1 4
NOC= 14 SymNMEF-ANLS 1 0 0 1 1 1 1 4
z; = 15 SymNMF-Newton 1 0 0 1 1 1 1 4
ze = 10 SymNMF-HALS 1 0 0 1 1 1 1 4
AZNMF 0.82951 0.09983 1030.85 0.82244 0.8451 0.80819 0.8845 4
RCDG 1 0 0 1 1 1 1 4
GNB3 Spectral clustering 1 0 0 1 1 1 1 8
n = 200 Modularity-Louvain | 0.98913 0.00818 312.5 0.98913 1 0.97917 0.96875 8
NOC= 8 SymNMF-ANLS 1 0 0 1 1 1 1 8
z; =20 SymNMF-Newton 0.99901 0.00079 46.25 0.99901 0.99806 1 1 8
ze = 20 SymNMF-HALS 1 0 0 1 1 1 1 8
AZNMF 0.78464 0.16098 3597.2 0.78246 0.82535 0.74837 0.73725 8
RCDG 1 0 0 1 1 1 1 8
PPB1 Spectral clustering 0.92122 0.063398 1455 0.92122 0.92109 0.92135 0.955 10
n = 300 Modularity-Louvain 0.7215 0.2011 8622 0.72154 0.81082 0.65049 0.65667 7
NOC= 10 | SymNMF-ANLS 0.92241 0.062444 1379 0.92241 0.92224 0.92257 0.95833 10
pi =0.7 SymNMF-Newton 0.8565 0.11622 3574.5 0.8565 0.84911 0.86413 0.89833 11
pe = 0.3 SymNMF-HALS 0.84086 0.12514 3604 0.84086 | 0.860874 | 0.82176 0.855 9
A2NMF 0.12169 0.60914 23353 0.12169 0.14068 0.10735 0.22 8
RCDG 0.95693 0.034656 775 0.95693 | 0.95686 0.957 0.97667 10
PPB2 Spectral clustering 0.84795 0.12326 7855 0.84795 0.85611 0.83995 0.875 14
n = 600 Modularity-Louvain | 0.59399 0.27858 44600 0.59399 0.73255 0.49979 0.56 7
NOC= 15 | SymNMF-ANLS 0.82708 0.14171 8413 0.82708 0.82681 0.82752 0.8575 15
pi =0.7 SymNMF-Newton 0.69923 0.23783 17832 0.69923 0.72548 0.67509 0.70917 12
pe = 0.3 SymNMF-HALS 0.72221 0.2193 15384 0.72221 0.7475 0.7003 0.74167 13
A?NMF 0.053055 0.66239 90444 0.053055 | 0.063914 | 0.045351 0.18167 13
RCDG 0.90705 | 0.076429 | 4674.5 | 0.90705 | 0.90404 0.9101 0.93083 15
PPB3 Spectral clustering 0.81703 0.1508 31110 0.81703 0.81813 0.81592 0.847 18
n = 1000 | Modularity-Louvain | 0.60834 0.26809 105574 0.60834 0.76584 0.50457 0.53000 7
NOC= 20 | SymNMF-ANLS 0.84585 0.12799 13791 0.84585 0.84074 0.85103 0.877 21
pi =0.7 SymNMF-Newton 0.58948 0.3386 62024 0.58948 0.58983 0.58912 0.625 18
pe = 0.3 SymNMF-HALS 0.73664 0.21761 24216 0.73664 0.73575 0.73752 0.775 20
AZNMF 0.005421 0.83170 123436 | 0.005421 0.01065 0.00582 0.02817 16
RCDG 0.91914 | 0.066257 7364 0.91914 | 0.92576 | 0.91262 0.933 21
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FIGURE 5. (a) Example of the corrupted adjacency matrix, A, from PPB1
(b) and (c) Low-rank, L and sparse, S decomposition, respectively,

by RCDG, and (d) the clean version of the adjacency matrix.

similarity between two subjects refers to the number of
times (intervals) in which there were physical proximity. The
networks are constructed for multiple time steps where each
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FIGURE 6. (a) Example of the corrupted adjacency matrix, A, from PPB2
(b) and (c) Low-rank, L and sparse, S decomposition, respectively,

by RCDG, and (d) the clean version of the adjacency matrix.

time step represents a one week. In this paper, we obtained
a static network by averaging the networks over the 46 time
steps (The constructed networks between August 2004 and
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FIGURE 7. (a) Example of the corrupted adjacency matrix, A, from PPB3
(b) and (c) Low-rank, L and sparse, S decomposition, respectively,
by RCDG, and (d) the clean version of the adjacency matrix.

TABLE 9. The grades labels and number of students in each grade.

Grade label | # of students
1A 23
1B 25
2A 23
2B 26
3A 23
3B 22
4A 21
4B 23
5A 22
5B 24

Teachers 10

Detected community structure by RCDG
for the primary school cumulative network

Teachers

FIGURE 8. The detected community structure for the primary school
network by the proposed algorithm.

June 2005). The network’s statistics are: |V| = 94, |E| =
3114, D4y = 0.6025, NBC = 303.1064, EBC = 4.1928,
density = 0.7124, € = 0.0026 and r = —0.0579.

The proposed algorithm is applied to the reality mining
network to detect its community structure.The number of
clusters is set to 2. The regularization parameters are selected
as A1 = 0.3 and A, = 1. The detected clusters are shown
in Fig. 9. The black frames represent the ground truth of
the different students and the professor is presented by the
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Detected community structure by RCDG for
the reality mining data set

Incoming
students

Professor

FIGURE 9. The detected community structure for reality mining network
by the proposed algorithm.

red frame. Whereas the colored rectangles represent the clus-
ters detected by the proposed algorithm. As it can be seen in
the figure, the 2 clusters detected by the algorithm refer to
the colleagues working in the same building on campus in
addition to the professor while the second one refers to the
incoming students.

V. CONCLUSION

In this paper, a new robust community detection algorithm
in both binary and weighted graphs is proposed. The objec-
tive of the proposed approach is to detect the true commu-
nity structure even in noisy networks. Particularly, the pro-
posed approach decomposes the noisy adjacency matrix into
low-rank and sparse components. The extracted low-rank
component represents a clean version of the original noisy
network. Moreover, the extracted low-rank component is used
for clustering through nonnegative embedding. The robust-
ness and accuracy of the proposed approach are tested and
evaluated using multiple simulated and real-world networks.
The proposed method shows high accuracy in detecting the
network’s community structure even with the presence of
noise and outperforms other well-known algorithms.

APPENDIX A
UPDATE L
Updating each one of the variables is carried by iteratively
alternating approach. In order to update each variable, we fix
the other variables and solve for the variable of interest
following the solution suggested in [4]. This procedure is
repeated until convergence. A detailed derivation of the
update rules is presented in this appendix and the following
appendices. For the update of L, the terms with L only are
kept:

L'*! = argmin |L|s + (Z},A —L -8/

LeR™"

+ AL =8I} + 2z M -1

Y2
+5||M’ = (15)
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by combining the quadratic terms in Eq. 15, it can be simpli-
fied to:

Zl
. 1
— argmin [LO|, + 2L — (A — 8 + Z1)2
LeRan 2 yl
I

V2 l Zz 2
+= L - M + =)
2 m o

1 1
. yi+ 72 riWi +17»W
= argmin | L||, + IL — L 2|2
LeRnxn 2 Y1+ 2
I 1
Wi + W
=prox_1_ ., (———2), (16)
yitry NI v+ 2

1 1
where W, = A —§' + 2L W) = M/ + 2 and prox; (W) =

12
argming, cgnxn f (L) + %HL — W||% is the proximity operator
. . W 41, W)
of the convex function f [35]. Letting W = % y =

nE”2 and W = QwEwFyy, be the SVD of the matrix W,
singular value soft thresholding is then used to update L/+!
as:

L' = QwQi (Zw)Fyy, (17)
Y

where 2, is the element-wise thresholding operator defined
as Q;(a) = sgn(a)ymax(|a| — t, 0).

APPENDIX B
UPDATE S
Update S by keeping only the terms with S:

S*! = argmin ||S||; + (Z!, A — S — L't
SeRnxn

Y1
+ A =S~ L2

n

Zl
= argmin [|S||; + 2] IS — (A —L"* + y—ll)||12r (18)

SeIRVLXVL
Following the L/*! update, S/*! can be calculated as:

Zl
st = prox. A-—LA 41
ﬁ\lslh( Vi )

Zl
=Qu (A-L*' 4+ =) (19)
71 4!

APPENDIX C

UPDATE M

In a similar fashion to L and S, M is updated by keeping only
the terms with M which reduces the main problem to:

M*! = argmin A,|M — HlH’T||1% +(Z), M — L
MeRnxn

—l—%HM L2 s M=MT,M >0

. T
= argmin A, |M — H'H' |2
MERHXH

1
2 I+1 Z,
+=IM =L = ),
2 e
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M=M'",M>0

= argmin F(M),
MGRVlXVl

M=M"M>0. (20)

By expanding the Frobenius norm terms as trace functions,
the gradient of the function /(M) can be formulated as:
Il T I+1 le

VMmf (M) = 12M —2H'H' ) + (M — L™ 4+ =2).

V2

2D

Then, a closed form solution can be computed for M/*! as:

2HH + Ll -7,

20+

Ml+1 —

, (22)
where a symmetric version of M can be calculated as M+TMT
and M,'j =0 lf M,'j < 0.

APPENDIX D

UPDATE H

Finally, updating H is performed using SymNMF approach
proposed in [10]. In [10], the authors proposed two algo-
rithms to solve the SymNMF problem, namely Newton-like
algorithm and an ANLS-based algorithm. Both algorithms
are guaranteed to converge to stationary point solutions.
However, as suggested by the authors, it is preferred to con-
sider practical considerations about the data of interest to
achieve better clustering results. In particular, Newton-like
algorithm results in higher accuracy but is more suitable for
small networks, e.g. n < 3000. Whereas, the ANLS algo-
rithm suits sparse networks and performs well with large net-
works, e.g. n = 10°. In the proposed approach, the symmetric
nonnegative matrix factorization problem is solved using
the ANLS algorithm due to its low complexity compared
to Newton-like algorithm. Furthermore, since our proposed
approach extracts a clean version of the adjacency matrix and
uses it as an input for the SymNMEF, this improves the final
clustering results using ANLS.
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