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ABSTRACT In this paper, a new filtered observer-based IDA-PBC (Interconnection and Damping
Assignment-Passivity Based Control) strategy is developed for trajectory tracking of a quadrotor in the
presence of disturbances and model uncertainties. The proposed algorithm allows the control of the quadrotor
in all its states. It can deal with the noisy output measurements and uncertainties in the translational
and rotational dynamics, as unmodeled dynamics inherent to real systems or unknown external signals
(exogenous signals). The designed filtered observer estimates the state from noisy output measurements,
and it depends only on two design parameters. Numerical simulation tests are carried out to highlight the
overall controller approach in a realistic scenario.

INDEX TERMS Observer-based control IDA-PBC, quadrotor, filtered observer, model uncertainties.

I. INTRODUCTION

Quadrotors are widely used in everyday life, they have been
used in many applications, e.g., surveillance, photography,
transport of packages, agriculture, rescue, etc, [1], [2]. How-
ever, the performance of these vehicles can be degraded by
the presence of disturbances, such as measurement noise and
uncertainties. For the control of quadrotors, it is necessary
to have specific characteristics of smoothness in both control
signals and sensors, for this has been used innumerable tech-
niques using filters [3], [4].

The use and research of observers for state estimation, per-
turbations, and the calculation of output controllers in drones
is still very active, e.g., [5]-[8]. Given the complexity and
its enormous applications, this research is still open [9]-[12].
To the best of our knowledge, there are few works oriented
to the use of the novel filtered observers to applications in
drones or quadrotors as [13].

Thus, the design problem of controllers and observers for
quadrotors has been widely researched in the literature and is
a novel subject in the current research. Within the framework
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of this theme, a continuous high-gain observer-based PD
(Proportional Derivative) control for a quadrotor vehicle
is synthesized in [14], where the high-gain observer esti-
mates the state vector from the position coordinates and only
one angle (yaw), the interesting of this paper is that the
continuous-time estimation (the roll and pitch angles and
all velocities) is achievable by using sampled measurements
and a PD control. Other recent work [15] includes the prob-
lem of fault estimation for a quadrotor using a robust H o
observer, where the supposed faults are external disturbances,
parameter uncertainties, and nonlinear terms. In [16] a cas-
cade active disturbance rejection control and a backstepping
sliding-mode control are applied to achieve the desired trajec-
tory tracking performance of a quadrotor in the presence of
external disturbances and model uncertainties. [17] presents
an integral sliding mode and backstepping sliding mode
controllers in a double loop control structure, which ensure
the trajectory tracking capability for the desired position of
a quadrotor. Also, [18] developed an observer to estimate
the external wrench forces applied on a UAV (Unmanned
Aerial Vehicle). The lagrangian representation of the UAV is
used, which permits to shape the interactive behavior of the
quadrotor using an IDA-PBC (Interconnection and Damping
Assignment Passivity Based Control).
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The IDA-PBC strategy has been successfully applied to
mechatronic systems, for example: [19] presents a dynamic
feedback control by the IDA-PBC algorithm, to stabilize
a class of weakly-coupled electromechanical systems as
the electrostatic MEMS devices and the magnetic levi-
tation. [20] designs two adaptive control techniques to
handle uncertainties caused by parametric and modeling
errors in the Acrobot and non-prehensile planar rolling
robotic (disk-on-disk) systems. The techniques use the PCH
(Port-controlled Hamiltonian) modelling framework and the
IDA-PBC algorithm. [21] introduces an alternative construc-
tion that yields a continuous IDA-PBC law.

Other important works are: [22], [23]. [22] presents a linear
matrix inequality-based second-order sliding set control for
the uncertain systems with time-varying uncertainties, non-
linearities and external disturbances. [23] develops a passivity
cascade technique-based control for a nonlinear inverted pen-
dulum system with uncertainties and exogenous disturbances.

Other approaches have addressed the observer-based
control design. For example, in [24] the design prob-
lem of the observer-based adaptive sliding mode control
is studied and applied to a fixed-wing UAV. In [25] an
observer-based backstepping control for a quadrotor in the
presence of disturbances and parametric uncertainties is
proposed. The disturbance observer is used to compensate
the unknown disturbance, however, it only compensates
small measurement noises. [26] develops an observed-based
control strategy for position-yaw tracking of quadrotors.
A disturbance observer-based nonlinear controller for the tra-
jectory tracking of a quadrotor in the presence of noisy output
measurements is introduced in [27], where the translational
positions have a good performance, however, the rotational
positions have highly significant variations.

It is noteworthy that several relatively recent works have
been focused on the improvement of the high-gain observer
performances, especially in the presence of measurement
noises, by proposing versions with a time-varying design
parameter or by slightly changing the structure of the gain
in the observer [13], [28], [29]. This new work falls within
the framework of this last approach.

A very common practical situation in the real-time imple-
mentation of any observer-based control is that output
measurements can be strongly disturbed by noisy measure-
ments, resulting in high estimation errors, or worse, unstable
estimation behavior. In this situation, the main problem is to
prove the exponential error convergence to a neighborhood
of the origin for any initial conditions of a proposed observer
that provides a free noise estimation of the state vector for a
quadrotor. In this sense, the main focus of this work consists
in the synthesis of a novel filtered observer-based IDA-PBC
control for trajectory tracking of a quadrotor, which by the
observer will be capable of dealing with the noisy output mea-
surements and uncertainties in the translational and rotational
dynamics, as unmodeled dynamics inherent to real systems or
unknown external signals (exogenous signals).
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There is currently little work on control algorithms applied
to quadrotors that can handle and thus perform well in the
presence of relatively large noise signals in the output mea-
surements and uncertainties, in fact, most of the few current
designs perform well only for small values of noise signals
that are present in the output measurements, e.g. [14], [25].
Furthermore, current approaches do not consider all the sys-
tem dynamics to propose estimates, e.g. [24]. Moreover, most
of the works consider only the presence of noise in the
rotation dynamics, e.g. [27].

Unlike many works published in the literature, the pro-
posed observer system only needs two tuning parameters,
one to adjust the state estimate and the other to filter the
measurement noise. Traditional observer systems use several
tuning parameters and most of them perform a lineariza-
tion, e.g. [9], [10]. Also, some works consider more than 4
(out of 12) elements of the state vector as measured output,
e.g. [26].

Thus, motivated by the aforementioned works, in this
paper, we offer an alternative approach for trajectory tracking
of a quadrotor in the presence of measurement noise and
uncertainty in the states by using an observer-based IDA-PBC
strategy. In order to design a filtered observer that estimates
the state from noisy output measurements, one represents
the quadrotor dynamic model as a non-uniformly observable
nonlinear system with coupled blocks, based on the pro-
posed observer from [14], for nonlinear systems with block-
state-affine cascade structure, where a sufficient persistent
excitation condition is provided. In the case when the noise
signal is of high intensity or is strongly variable, the existing
observer-based control design results fail to provide a good
behavior. However, this paper introduces an algorithm that
works for relatively large noise signals, which are present in
the output measurements, and it also deals with uncertainties.

The primary aim of unmanned aerial vehicles is to follow
a trajectory within the desired operating and safety limits.
However, in many cases this is not possible due to the pres-
ence of measurement noise and uncertainty. It is evident that
the quadrotor needs a robust controller to compensate for
disturbances. Faced with this problem, the novelty of this
work is to design a robust observer-based IDA-PBC control
with respect to uncertainty in states and external signals that
disturb the system, such as measurement noise, for trajectory
tracking of a quadrotor. The contribution is then, the observer
design that considers the nonlinearities of the model and
that is able to estimate with a good performance, despite the
presence of relatively large measurement noise and uncer-
tainty in the state, this causes the controller performance
to be adequate, i.e. even if the controller is not robust to
measurement noise and uncertainty in the states, the observer
will feedback to the controller signals free of measurement
noise and uncertainty. In the case of many physical systems,
the above is very important, for example, in the quadrotor the
noise in the tracker positions has a significant impact on the
accuracy of the position measurement.
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FIGURE 1. Quadrotor UAV.

The paper is organized as follows: Section II presents
the quadrotor dynamic model. In Section 3, the IDA-PBC
strategy is developed. The filtered observer design is designed
in Section IV. Before addressing the observer design for a
quadrotor, some fundamental definitions are given. The per-
formances of the proposed observer-based control are shown
in Section V. Finally, conclusion is given in Section V1.

Il. QUADROTOR DYNAMIC MODEL

In this section, the quadcopter dynamic model is introduced.
Figure 1 shows the free-body diagram of a quadrotor, which
has six degrees of freedom and only four control inputs.

As reported in Figure 1, O = {ey, ey, e;} is the inertial
coordinate frame fixed to the ground and B = {ey, €3, e3}
is the body fixed coordinate frame. The vector ¢ =
[v Q]T € R, where v = [x y z]T denotes the trans-
lational position of the vehicle. The rotational position of
the quadcopter is represented by the Euler angles: roll, pitch
and yaw, ie, 0 = [¢ 6 ¥ ]T, the distance between the
motors and the gravity center is represented by d. Finally,
fi, . f3 and f4 are the thrust forces provided by each
rotor.

The control input is defined as u = [ fr ]T e R*, where f
is the total thrust magnitude, T = [y 7 74" is the input
torques vector. Particularly for a quadcopter, the relationships
between the input torques and forces are defined as

4
f E;ﬂhw?

Ty — kq (a)12 — a)22 + a)32 - a)42)
70 (k> @3 — ks })d
T (k3 0} — ki w})d

where k; a)lz defines the thrust of the propeller of motor i w.r.t.
angular velocity w;, on each rotor. R is the rotational matrix
from the body frame to the inertial one, where the shorthand
notations for trigonometric functions s = sin(f) and ¢y =
cos(6) are used, this also applies for all angles, it yields:

CyCo —SyCp + CySpSo Sy Sy + CyCpSo
R = CoSyr Sy 89Sy + CyCy —Cy Sy + Sy SeCe
—Sg CoS¢p CoCo
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The mathematical model of the quadcopter for the transla-
tional and rotational motions is represented as follows [14]:

0 SySy + CyCySo
V=1 0 |+ | —cysy + sysocy e
L8] wce 1)
a0y —i—bl‘t(p
0= | axpy +bro
_a39'(]'5 + b3ty

where the mass of the quadcopter is introduced by m,
the gravity acceleration is represented by g, the constants a1,
az, as, by, by and b3 are obtained as:

I—1, L—1 IL—1,
ay = ———, a = —- asz = )
I I I
by = ! by = ! b3 = !
1 = Ix ’ 2 = 1y7 3= IZ

where Iy, I, and I, represent the moments of inertia of the
vehicle with respect to frame B.

According to g = [v Q]T, the mathematical model (1)
can be rewritten as follows:

X = ]% (SllfS¢ + C,/,C¢S(9) ¢ = a1é¢ + b1‘5¢

j} = —% (_CI/IS(P =+ sl/,sng;) 9 = a2¢31/} + by1y (2)

I=—g+ T C0Co ¥ = a30¢ + b3ty

lll. IDA-PBC STRATEGY FOR A QUADROTOR
We can represent (2) as:

Mg+ C(§)g+ G = B(q)u

where the inertia matrix M is constant and independent of
q, C(q) represents the Coriolis matrix, G is the gravitational
vector and B(q) takes the form:

sySy +cycpss 0 0 0
—cysy +syspcy 0 0 0
cpc 0O 0 O
Blg) = %¢ 1 0 0
0 0O 1 O
0 0 0 1
The total energy is
|
H@mﬁ=?7M r+Vig 3)

where the total energy H(g, p) is a Hamiltonian function,
g € RO represents the generalized position and p € R
introduces the generalized momentum. Then, the dynamic
system is defined as

g1 [0 L[VH 0
I S |t s P G

where I, € R®*0 is the identity matrix, V4H = 0H /dq and
VpH = 0H /0p.
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The desired Hamiltonian function can be written as:
1 _
Hu(q,p) = EPTMa' 'p+ Va(g) ()

where M; = MdT > 0 introduces the closed loop inertia
matrix and V; expresses the desired potential energy. It is
necessary that the energy V; have an isolated minimum at
g« 1.e., g, = argmin Vy(q).

The PBC control signal is the sum of energy shaping and
injects the damping:

u = ues(q, p) + uqi(q, p) (6)

The desired port controlled Hamiltonian dynamics is taken
as [30]:

é] Vqu
L | = Walg, p) — Ra(q, 7
[p} [Ja(q,p) — Ralq p)][VpHJ (7N
where
0 MMy ]
Jg=-J = _
¢ [—MdM ' h(g.p)
0 0
R; =Rl = >0
¢ = [0 B(q)KVB(q)T} =
J> is a skew-symmetric matrix and K, = KVT > 0, both
containing design parameters.
The damping injection term is given by
uai(q, p) = —KuB(q)" VpHa ®)

To compute u,; we substitute (6) and (8) in (4) and make it
equal to (7), then

0 I,|[V.H 0
5 oS+ Lot ]

[ 0 M—lMd}[Vqu} ©)
T -M~'My  D(q.p) || VoHa

One can observe from (9) that the first row is clearly
satisfied. In the second set of equations the PDEs (Partial Dif-
ferential Equations) yield to the energy shaping expression
given by

-1
ues = (B@"B@) B

x (qu — MM~V Hy + Jsz_lp) (10)

The PDEs (9) can be separated into the equations

By { Voo™ M p) = MaM ™', M p)
+ 2J2Mcjlp] =0

B(g)* {qu _ MdM’IVqu] =0 (11)

where B(q)J- is the full rank left annihilator of B(g).
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To obtain the energy-shaping, we consider J, = 0 and My
a constant matrix of the form:

aiy 0 0 a7 O
0 0 0 ag
0 0 a3 O 0
ay 0 0 ay 0
0 ag O 0 as
0 0 0 0 0 ag

arayazagasag > 0 (12)

Mg =

el eNelNeNe]

With B(q)L = [c¢,c¢, cosy —sp 00 0], the potential
energy PDE (11) takes the form:

ar» Vg ag dVy a1 dVy a7 0V,
oSy (m—y * E%) T eocy (za—z * ZW)
+Mgsy — “_3%% =0 (13)
m " 0z

which is solved and thus the desired potential energy is
computed by

mgl,
agcy,

Vg =

Incy + @ (o) (14)

where ®(g) is an arbitrary differentiable function. For this,
the necessary condition V,V;(q+) = 0 and the sufficient
condition V? Vi(g+«) > 0 will hold if the Hessian of ®(gq)
at g, is positive. We choose ®(g) to be a quadratic function
which leads to

2 2
mgl, kpx arm kpy agm
Vi = 1 =6 - AL R
d agcy ney + 2 allxx + 2 ¢ azlyy

k ml,, 2
+2E(z— —Incy (15)
2 azagcy

where (x4, Y4, z4) denotes the equilibrium configuration and
the kyy, kpy, kp; terms are proportional gains and are used as
tuning parameters. In order to determine the final control law,
we first compute the energy-shaping expression u,s from (10)
and second, we obtain the damping injection expression ug;
from (8).

IV. DESIGN OF THE FILTERED OBSERVER

The excessive cost of the motion capture systems have
motivated researchers to propose estimation and control
approaches, which are able to handle this condition. Thus,
a simple and cost-effective way to obtain the position v of
the quadrotor is to use a Global Positioning System (GPS),
in addition, the yaw angle ¥ can be obtained from a digital
compass. Another obstacle of the robust control design for the
quadrotor is the presence of the adverse effects as disturbance,
uncertainty and noisy measurements. The output measure-
ments are usually transmitted with measurement noise, there
is therefore a peaking phenomenon of the state estimates
affecting the control performance. Then, in order to propose
an observer with filtering capabilities for the system (2),
firstly, one defines the continuous-time measured output of
the quadrotor system as: ¥ = [x y z {].

VOLUME 9, 2021
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With the aim of providing a filtered observer based
IDA-PBC control for the system (2) and (3), one should
consider a change of coordinates ® : K C R2 &> M c R!2,
these set are compact and where Z = ®(g), in such a way
that the quadrotor system (2) in their coordinates can be ren-
dered a canonical form. Thus, the new vector of coordinates

is given: z = [z! z2 2 z4]T, where the first two variables
is? = [z’l z’zzgza] ,j = 1,2 and the other two is 7 =
[, 517, i=3,4.
Now, the new system of coordinates is defined as follows:
d=x 2=y 8=z
z; =X z% =y z% =z
d=s0 B=—cosy a=v
z}‘ = ése zi = 959s¢ — écecqg zg =y

Consider the quadrotor positions y; = x and yp = y be the
first two measured outputs, therefore, Z for j = 1,2 and it
yields:

{d=d 4=Ld d=d 4=dew

where ¢, (z, u) = (a2¢v + byty)cg — 6% 59 and @3 (z, u) =
(aqulﬂ + bzr,/,)sesq; + 62 cosp + 2¢9sec¢ — (a191/f +
b]f@)C@C¢ + ¢ CoSep-

Thus, the first two subsystems of the coordinates can be
written as:

éj = Aj(l/l)Z/ + (/7i(Z, u), (16)
yjojzj, forj=1,2
where C;=[1 0 0 0] and:
0 1 ]9 0 0
0o 0 = 0
Aj(u) = m paw=|
0 0 O 1
0 0 0 0 @4(1, u)

The same procedure is also possible for the other two
states, therefore the quadrotor position y3 = z and the angular
position y4 = i, thus:

=AW + ¢'(z, w), 17
yi= Ci7', fori=3,4
where
0 1
A = [0 o] c;i=[1 0],
; 0
l Z, u) = )
@'(z, u) [(plz(z, u)]
where the nonlinear terms are (pg (z,u) = —g+co c¢, L and

<p§(z, u) = a3pb + bz us4.

Based on the obtained nonlinear subsystems (16)-(17),
the purpose of this work is to propose an observer for a
quadrotor, which is subject to unknown uncertainties and
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noise signals, i.e., these signals are present in each subsys-
tem. This leads to the following class of block state affine
nonlinear uncertain systems:

{)'C:A(u)x+<p(x,u)+Bs a8

y=Cx+w

where x = (xl, - ,xq)T € R” represents the state vec-

Sk k Lk kAT P ko _

tor, with x* = (x},x;,.. xkk) € R™, where x; =
k k \T Pk —

(xi’l,... xlpk) e R w1thx” e Rfork =1,...,q,

q q
, Pk With Z ng = Y prhk =M
=

i=1,..  hj=1...

pr > 1land Ay > 2. u(t) e R" deflnes the input vector.

Finally, y = (v, ..., yq) € RP? denotes the output vector,
q

withy, € RP fork = 1,...,gand ) px = p. The unknown
k=1

function is ¢ = (¢!,..., &9 € R” and the noise signal is
w = (wl, .,w‘f)T e RP.

The matrix of the functions A and the matrix C are
expressed as follows:

A(u) = diag[A1(u) --- A;w)], C =diag[C -+ C4]

0 Aw - 0
Ay = | 0
0 Af
0 0 0 0
Ce=[I, 0 - 0]

The matrix B is defined as follows:

B=[5 8] B=[0 -~ 0 bl

The nonlinear function ¢(u, x) is given by the expression:

o' (u, x)
@*(u, x)
o(u,x) = e R",
9, x)
of (u, x)
o4 (u, x)

o (u, x) = e R™

@ (u, x)

where the function (pf (u, x) € RPk is differentiable w.r.t. x
and assumes a structural dependence on the state variables.
Additionally, in order to provide a filtered observer, the fol-
lowing classical assumptions are considered (see [13])
Al  The state vector and the control input are bounded,
ie,xeXandue U.
A2 The function ¢ (x, u) is Lipschitz w.r.t. x uniformly
w.r.t. 4, with a Lipschitz constant L.
A3  The upper bound of the function Ax(u) is denoted
by Ay = SUp;>o lAk ()]l
A4  The unknown function & and the noise sig-
nal w are essentially bounded, ie., 3¢ > O,
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Sup.Ess.;»¢ llell < & and 3w > 0, Sup.Ess.;(
Iwll < w.

A. SOME DEFINITIONS AND NOTATIONS

Let us introduce the following diagonal matrix for filtered
observer synthesis:

AK(®) = diag [ I, Iy /O I/ @* D]

(19)

fork = 1, ..., g and where the tuning parameter is ® > 1
and one defines the powers §; such as:

q

3
& =247k 1_[ <ki—§> fork=1,...,q—1,
i=k+1
8, =1
Foranyk =1,...,g — 1, one has:
Sk 3
— = Aky1— = )6 20
> <k+1 2) k+1 (20)

Since A > 2, one has (Agy1 — 3/2) > 1/2 and therefore
the 8y ’s is a positive decreasing sequence of real numbers,
it means that 6; > 8 > --- > §; = L.

Thus, the following sequence of scalar numbers for k =
I,...,qgandi=1,..., A is denoted as:
of =of + (i~ )& (21)

l
where alk = - — D+ — Dé1 +n(1 — zk%l), where
the term 7 is chosen arbitrarily within the interval 1 € (0, 1].
Now, similarly to the Ax’s, one defines fork = 1,...,¢q
the diagonal matrices Ag’s as: Ax(®) = @"’lk Ar(®). Thus,
considering the forms of Ax(®), Ax(®), the matrices Ay and
Cy, one obtains the next equalities:

A(@ AW AL(O) ! = AR(@)AL () Ar(©)~!

= %A (u)
O A (@) = AL =
A (©) = CGeAy =G
3Kk (Sk) = Ki(Sr)Dr(©) (22)

The main drawback for synthesising an observer for
system (18) is that its observability depends on the input.
Therefore, this should be ensured by a condition of the per-
sistent excitation. In this sense, one needs to introduce a state
transition matrix for system (18), as follows:

Ex(t) = AW (1) (23)

where & € R" and u denotes the input. The matrix <I>,]j (t,s)
is defined as follows

ddk(, s)

o= A @k (2, 5),

Vi>s5>0, d@1, 0 =1,
Vi >0

Then, the following condition should be satisfied

114826

AS  The input u satisfies the following persistent exci-
tation condition:
t

/ @k (s, )T I (s, 1)ds

1—1/0%
b
~ O%a(®)

310* > 0,
Vk=1,...,q,

Ar(©)? (24)

380 > 0, VO > O,
Vi > 1/60%,
where a(®) > 1 is such that lim L(;)) =0.
©—00 gog-T
Our main result of the work is addressed to the design of
an observer providing an estimation of the state in presence
of the perturbed output, as noisy output measurements, also,
the nonlinear system considering some uncertainties. The
candidate observer for system (18) is defined as follows:

<k ~ ~ ko _
X = A+ of, ) — 0 AL @)Kk (Sme (25)
§ = @M (—Sk — Ae)T Sk — SiAru) + CT Ck) (26)

i = n 0% ((O*A] — Iome + ClL(GF =) @D)

k

fork = 1,...,k, where 3 = (&F, 2%, ...,fc/]{k)T e R%
denotes the state estimate and the tuning parameters ® > 0
and ;2 > 0. The matrices AT , I} (identity matrix) and Cy, with
dimensions n; X ng, ng x ng and 1 X ng and, respectively,
are given:

0 1 0
A= 0|, c,=[1 0 --- 0
“T 1o 1 =] ]
o o0 0 0

The observer gain is
Ki(Sy) = diag (S,;IC,Z ) (28)

Following the above, the next main theorem can be
established:

Theorem 1: Consider the uncertain nonlinear system with
noisy measurement outputs (18), satisfying assumptions
A1-AS. If there exists two tuning parameters ®* and u*
for sufficiently values of ® and u, such that ® > ©* and
w > p*, system (25)-(27) provides a free noise estimation
of the state vector for system (18) with an exponential error
convergence to a neighborhood of the origin for any initial
conditions (fck(O)) € X and n(0) = 0, thus, the observation
error X% —x* closes to zero, depending on & that is the ultimate
limit of uncertainties and the noise signal w.

Proof of Theorem 1: Now, we prove the convergence to
a neighborhood of the origin of the i-th component of the
observation error & € R™ where e = 3% — x*. Let &t
be the k-th subcomponent of e, which is the estimation error
¢ = x — x. Now we obtain:

-k - ~ N _
¢ = A + g u, x, x) — O% AT (O)Ki(Sk)nk — Brex
(29)

where @ (u, X, x) = ¢F(u, &) — o (u, x).
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Fork =1,...,qset:

& = A(©)  and 7F = Dr(©)7f (30)
where A (®) is given by (19) and Dy (®) is given:
Dy (®) = diag [IPI

[pl/®5k ]pl/@)ak(kk*])] (31)

It is therefore easy to deduce that D;J@)C,ﬁ Cy =
CiCl Ar(©).

k
Using the identities (22) and (30), into equation (29),
it yields:

& = % ALw)et — O% A (@)K (S
+ A (@)@ (u, £5, xF) — A (©)Brex
= ©%A (e — O% Ky (S)Dr(®)nk
+ Ak (©)F" (u, 3*, x*) — Ak(©)Byey
= O%Ap(u)ek — O% K (S)ijk
+ Ap(O@)@F (u, 5%, x%) — A (@)Brer  (32)

Now, from the equations (18) and (27), and also using the
identifies (29), one gets:

iie = —0% ¥ (U = AD — D(®)C, Cu@ — i)
= 0% (1 — ADk + CL CA O — )
= @ ((Ik —ADi—Cr @ + ¢l Ckwk> 33)

Adding and subtracting the term @‘SkS,: IC,{T Cré*, one
obtains the following error dynamics:

& — @k (Ak(u) —s'cr Ck> & — O Ki(Si)ilk
+ Ak(©)@" (u, 3, ) — Ar(©)Byer
+ ks tclcer (34)
From the observation gain Ky (Sy) in (28), one has:
Ke(SUx = S, ' ¢l Gy (35)
which permits to rewrite the error dynamics:
& = o (Ak(u) —s7icl ck) & — O%Ki(SK)a
+ AK(©)¢" (u, #,x*) — Ax(@)Brex  (36)

where Z¥ = Nk — Upik.
From the equations (33) and (36), one obtains the time
derivative of Z¥, as follows:

# = ik — Uger
— —@% ((Ik —AD)i - €T gt + T Ckwk)
— O U A () — Up Ar(©)@F (u, 3%, x5)
+ O UK (St)iik + UrBrex
= O (= (U = AD) + UeKe(S0) ) i
% (M‘Sk cr e - UkAk(u)) ek
— Uk (@) (u, 3, 2) — ©% € Cowy

VOLUME 9, 2021

= % (=i —AD) + Uike (50)) @ + i)
+ o (pﬁk cr o - UkAk(u)) &
— Ue A(©)¢* (u, 3, x*) — ©% % CT Crowy

= 0% (= — A]) + UrKi(S0))
+ 0% (U C] Ch = UrAx o) — 1 (I — AUy

+ UeKi(SOUR) @ — Ur A(©)@" (u, £, x)

— %l Cowy (37)
From (35), one verifies that (I — AkT)Uk = C,ﬁ Cx, there-

fore one gets the following dynamic equation:

=k 1 -
7 = 0%u <_(Ik -AD+ WUkKk(Sk)> Z

+O% (~UpArw) + UpKi(S)Up) &

— Up Ar(©)¢" (u, 5, x%) — ©% uCyp Cow - (38)
Now, consider the following Lyapunov candidate function:

Vie,z,t) = Vi(x) + Va(2)
=else+7z

q q
D Vi@ + ) v (39)
k=1 k=1

where V| () = & Sgek and Vo g (k) = 2 7.
Firstly, one focuses on the term V]yk(ék), differentiating
V1.x(e*) along the trajectories of the system:
Vi@ =228 se 008" + 2 S 0)é (40)

where Sy, is given by (26).
Introducing the ODE Lyapunov equation (36) into (40),
it yields:
Vi(@) = —0%e sk — %kl ¢t
+28* S, AL(©)§* (u, &, x)
— 28" Si AR(©)Brey — ©% K §BF Ky (S0
< —eM 58

2V S o CACE RS
=1 <"
TN YR AN A S —

@t +0—1)d

+ 23/ Sy Vi @) 1K (SIS (41)
k

where 0/ = alk + (@ — 1)é.

In addition, considering Assumption A1-A2, i.e. the
boundedness of g—f, one has:

Vi@ < —0% vy @)

2L i Sy Via@)
Ak g M o
DB

i=1 I=1 j=2

J

{
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+ 2y Am (S V1, k(ek

+()~k 1)dk

+ 23/ A (Si)y/ Vi k(e KLSONZE (42)

where Lz comes from Assumption A2 and the Xk 5 are

defined as in Lemma 1 in [31].
According to assumption AS, one clearly has
-1

hm(Sp) = 20
a(®)

Also, ojl is defined as in (21):

ol = ol +(+ 15

Finally, one obtains:

Vi k(@)
< —0%y k(ék) + 2L~WS

X/ Vik(@) ZZZX’“G’ ol =1

i=1 I=1 j=2

P2 SO Via@)
+2\/AM<sk>muKk<Sk>unz

where:

Ay (Sk)
)\m(Sk)

Moreover, according to Lemma 1 in [31], one has:

Us =

|Gk O % m
J ! 2 2 - 24
of + Ok — D& = (1 — D8

v

Considering (45) and (47), one gets

Vi k(@)
< —O% Vl,k(ék)

(43)

(44)

\/ eV (@)

(45)

(46)

(47)

Mo 4 M
+2L¢ms®—zlq\/mz ZZW

i=1 =1 j=2

+ 2R S0y V14 @) 5
+ 23/ A S0y Vi k@) IKe (SO I

Moreover, let

q
Vi@ = 0%Vi@) Vie) =) vieE
k=1
Since §; = 1, one has
Vi@) = ©%Vi(e) = OV, (@)

114828

(48)

(49)

(50)

where L = max {L(;,k

And inequality (48) becomes:

Vik < Vi

A 4 M
_n _ Z
+2L¢kﬂs® 241/Vl’ik(ek) E E E /Vl*,l(el)

i=1 =1 j=2

+23/A SOy Vi@
+ 2 Sy Vik @O 1Kk (S 111ZF

_ *
- _Vl,k

q M
_a — —
+2L¢kﬂs)\.k® 2‘1,/V1*’k(ek) E E /Vl*,l(el)

I=1 j=2

+ 23 SOy Vi@
+ 2 Sy Vi k@O IIKk (S NIZ I (51)

Then,

g M
Vi < =Viy +2L¢kus/\k®*zlq Vi@ SN v

I=1 j=2
+2V (S \Y Vl(e @()t —1)8;

+ 2V SOV VI@ K (SONZ

—Vi+ 2nL~kusAk®—z%,/v*k(ék), V@)

=<
+2/AOVVI@ g
+ 2/ SOVVI@ Kk SO
< -V, +2nL~kuS)Lk®_2i‘1Vl*(é)
+2/AOVVI@ 5
+ 2/ A SOVVI@ KL (SO (52)
Hence,

Vi(@) < —V{@ + 2’ Lyus® T V(@)
+2qmmﬁ
+ 2V SOVVI@ Kk (Sl 1]
<— (1 — 2n2us®_2l‘1L~> Vl*(é)
+29v/ A (S) \/W 1)51
+2/2m (S1) \/W ||Kk<sk>|||| I 53)

1<k <gql}
Furthermore, using (50) for 8 high enough such that

(1 _ nzus®_zqu¢) >0 (54)
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According to assumption A3 and (54), one gets:

4
_ /“@ /”ezM(S)L(ﬁ Vi(@)
® 29! 0

+ 20\ Vi@
S EANAG) ||Kk(sk)|||| dl (55)

- T _
Now, we focus on the term V>, k(zk) =z
gets the following differential equation:

V4@ = 022" (—@l - (Af +4) 2

+20% UK (Sp)Z

120%F (U AL ) + UpKi (Si)Uy) &
—zszUkAk(O)gak(u i, b

— 2% /L‘S"CT Crwy

—O% 1 i 17012 + 20 | URKr (SO 1ZE 12
+20% || U Ak () + UrKi(SO U IN1ZE |
2 UkAk((a)(;k(u 2k, xky

—20%zF ;ﬁch Crwy (56)

Vie) < —0©

= |IZX)12, one

IA

where py denotes the smallest eigenvalue of the SPD matrix
20 — (A + Ap).

From Assumption A2,
expressions:

one obtains the following

27 U Ar(©)F (u, ¥, x%)

< 200 A5, va, )Y S 57)

VA (Sk)
20% || Uk Ar () + UnKi (SOUR N1 112 1

< 20% /n(Ay + Ky)y/ Var(F) Y2 VK@) s

N/
where Ay = supyeyA(u) and Ky = sup;>ol| Ki (Sp) .
Then, substituting the above expression into (56), it yields:

Vo i) < —@% 1% pp Vo 1 (Z5) + 20% /nKpy Vo 1 (ZF)

\/ k(e)
+20% /Ay + Ky Vo F) Yt
m(Sk
\/ Vi k(e)
+2n®~ Z’IL ,/Vzk(
N Am(Sk)
+20% 1% [V, 1 FF )W

< —G)’Skua"pk (1 2 MM\P/k_> Vg,k(Zk)

+2Un (ﬁ@*fqb + %Ay + KM))

X/ Vo i ZF lgk +20% ‘Sk\/Vzk(z w

(59)

The value of © can be chosen as (1 — 2 Ku V1 > —, thus,
W ) =2

n > Zﬁi—f and ®% < 1. Therefore, the above inequality

VOLUME 9, 2021

can be rewritten as:
__@8"’; Vau@) + 200 Vax @i
+zf(f@ Ly + O Ay + Kyp)
< Oy, @ 200 v
+2\/’;:§ (\/ﬁ@)‘(znq”")L@ + (Ay + KM)>
x ©% /a(©)/ V2 @)/ V1 (@)
< —wvxk(z’@ 205 %V
; z\/’;ij (iLs + (A + Kn)
x @% m\/ Vo @)/ V(@) (60)

Similarly as in the previous term V1 » one considers that

q -
= > V5@), and
k=1

Vo (@) <

Vs L@ = @% V), therefore, V;(2)

knowing that 84 = 1, one deduces that
Vi@ = ©%V,(2) = OV1(2) (61)

Hence,

. ®
Va3 < —%vz@ +20uy/Va@)w

+2\/7(\/_L + (A + Kum))

x 0/a(0)y/V2(2)V/V1(2)
< ~22v,0) 4 20y V2O

+ 0OV a(©)y/ V2 Vi(e) (62)

where ¢ =2, /5¢ (VnLg + (A + Kn)).
Now, using inequality (55), it leads to:

[ a(®) [n*erp(S)
- ] L
@1 80

+ 20\ i OVVI@ o

+ 2Ky 2 SOV Vi@ Va(2)

< —Ow(®)Vi(e) + c1v/ Vl(é vV Va(z2)
+24\/mm ~1Ds, (63)

where ¢; = 2 Ky +/An(Sk) and

4
B a((?) n eAM(S)L¢ . (64)
VemtV
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Accordingly, it is possible to set:
Ve zn = Vi@ +he (65)
where V| = Ow(®)V;(e) and V, = %Vz(Z). Therefore,

one states V() < V(e, z, 1) and Vo(2) < V(e, Z, 1).
Thus,

Vi)
Ow(®)

2
+ 20\ Vi@
_ 2 _ _
= V1@ + c—l‘/m\/ V1@ V2(2)

+2gv/ D SV V1 (@) ————

Since V() < V(e, 7, 1), it yields:

Vi(e)

IA

—Vi@) +c1©

T (66)

Vi(e) = —V1(6)+— —V(e 7, 1)

w(®)p

+20i OV @ s (6

Similarly, one obtains

Va(Z) < —Va(?) +20u
+ O a(®)

< Vz(Z) + 20u+/ Va(z)w

o(®)
+co ) —— ,a)(®) V(e ,z,1) (63)

Set V(e,z,t) = Vi(x) + Va(2) as the candidate Lyapunov
equation. From equations (67) and (68), and considering

Vi <V and /V, <V, one gets:

S - [ 2 1 _
Vie,z,t) = =V + w(@)p\/;<C1+C0m)V

£ _ =
+2 <q (S g + @pcw) V7V (69)

Va(@w

Vi (e)
Ow(®)

For ® and u sufficiently high, one has:

a(0) 1
= lim — =0. (70)
H—>00 [

lim

®—00 @2,,7_1

That allows us to consider that 0 < & < 1, thus:

[2 i
Ry \/; <c1 +c0,/a(®)) > & 1)

Likewise, one has Ow(®) < ®“p which implies that
®
OO <V < T“pv (72)

114830

Position [m]

i 2 L L L G i L
-2.5 2 -15 -1 -0.5 0
Position [m]

(a) Quadrotor positions z — y

Position [m]

0 10 20 30 40 50 60
Time [sec]

(b) Quadrotor position z

0.08f 73
0.06
T 004
002 \

Angle [rad]
=

002 f

-0.04 ‘ : ‘ ‘ ‘

0 10 20 30 40 50 60
Time [sec]

(c) Quadrotor attitude 1

FIGURE 2. Evaluation of the trajectories with noisy output measurements

(Test 1).
Hence, from (69), (71) and (72), one has:
V(e z,t) = —£Ow(®)V
e B —
+2 <q XM(S)W + @,LLW) \/; (73)

Therefore,
d
E\/V(E, 7,1) = —EQw(OWV
+2<q AM(S)(W T +®m‘v) (74)

According to (64), (70) and (71), allowing us to show
that for large sufficiently values of ® and u, V (e, z, t) expo-
nentially converges to a neighbourhood around zero, as it is
shown in (74), the rate of convergence depends on the upper
bounds of the uncertainties and the noise signals £ and w. This
concludes the proof of Theorem 1.

Remark 1: The complexity of the proposed algorithm
depends on the size of the uncertainty, which can be reduced
to a certain value through the parameter ®. Nevertheless,
there is a trade-off between the sensitivity of the measurement
noise and the convergence error. The sensitivity can be com-
pensated by the observer immersed in the controller by means
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FIGURE 3. Evaluation of the trajectories with noisy output measurements
(Test 2).

of the adjustment parameter w, however, the uncertainty is
limited to a certain value.

V. SIMULATIONS

To validate the performance of the novel observer-based
IDA-PBC, some simulation tests have been performed. The
observer given by (25)-(27) is applied to the quadrotor
dynamical model (18). An IDA-PBC controller with gravity
compensation is used to stabilize the vehicle’s position and
attitude dynamics.

In simulation tests, the model parameters have been taken
close to real aerial platforms, such parameters are given by:
m = 056Kg I, = I, = 14.2¢73Kgm?, d = 0.21m,
g = 9.81m/s* I, = 2I,. From the block structure (18),
it has p = 4, since the available outputs are [x y z /], one
has four subsystems (16) and (17), thus A; = Ay = 4
and A3 = A4 = 2, therefore, according (20) one obtains
69 = 5,8 = 83 = &4 = 1. The tuning parameters
are taken as ® = 1.2 and ¢ = 7. The output vector is
y(t) =[x, y, z, ¥]" + w(t) and represents the noisy output
measurements.

A. PERFORMANCE IN PRESENCE OF

MEASUREMENT NOISE

In order to highlight the performance of the proposed con-
trol law in the presence of the different noise signals, two

VOLUME 9, 2021
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FIGURE 4. Evaluation of the proposed observer based on IDA-PBC control
with noisy output measurements (Test 1).

experimental results are provided. In the first test, the noise
signal w(z) is a Gaussian noise with a variance equal to
0.0005, this results in the noisy output measurements plotted
in Figure 2. In the second test, a noise signal w(¢) is given
by 0.1555in(20¢), the perturbed trajectories are plotted in
Figure 3. In both simulations, the uncertainty is e(r) = ¢!
2 = &3 = &* = 0.1cos(20¢), this uncertainties can be
attached to unmodeled dynamics, such as wind frictions and
structural vibrations, as [25].

The performance of the novel observer-based IDA-PBC
control in the presence of the Gaussian noise is presented
in Figure 4, in addition, the behavior of the design in
the presence of the sinusoidal noise signal is illustrated
in Figure 5. Note that in both experiments the proposed
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FIGURE 5. Evaluation of the proposed observer based on IDA-PBC control
with noisy output measurements (Test 2).
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FIGURE 6. Comparison of the position with different noise signals.
observer-based control provides a good trajectory track-

ing in presence of uncertainties and disturbances as the
measurement noise (Gaussian noise and Sinusoidal noise).
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FIGURE 7. Trajectories of the observer based on IDA-PBC control with
high amplitude noise.

Considering all these non-negligible effects, the novel
approach will make easier the practical control implemen-
tation. It is also important to highlight that the performance
of the proposed design has a slight performance degradation
in the presence of the Gaussian noise, as shown in Figure 6,
this degradation relates in particular to high-frequency mea-
surement noise, in order to reduce this effect, some works
add a low-pass filter of high order [29]. However, this may
be impractical to compute for high-order systems as the
quadrotor. Furthermore, these designs address only the SISO
uniformly observable systems, this is not the case for quadro-
tor dynamics (MIMO non-uniformly observable system).

B. COMPARISON TO A STANDARD DESIGN

In order to compare the behavior of the standard and proposed
control design in the presence of the high amplitude noise
signals, a comparison test is performed. For this test, the noise
signal w(z) is a sum of a Gaussian noise with a variance equal
to 0.001 and a signal given by 0.25sin(20¢), this results in
the noisy output measurements plotted in Figure 7 (proposed
design) and Figure 8 (standard design). Moreover, this test
considers the same uncertainty of the previous tests. Figure 9
shows that the proposed controller can reach the reference
in a very short time in the presence of the high-amplitude
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FIGURE 8. Trajectories of the observer based on PD control with high
amplitude noise.
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FIGURE 9. Evaluation of the proposed observer based on IDA-PBC control
with high amplitude noise.

noise signal, even in the mixed noise (Gaussian noise and
Sinusoidal noise). Moreover, as it can be seen in Figure 10,
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FIGURE 11. Comparison of the novel observer based on IDA-PBC control
versus the standard observer based on PD control.

the proposed algorithm outperforms the standard approach
of [14], which assumes that the output measurements are
noise-free. On the other hand, Figure 11 makes evident that
the quadrotor cannot reach a near-zero steady-state error with
the traditional observer-based PD control. Furthermore, it is
clear that there is high chattering phenomenon in the standard
control law, in Figure 10.

VI. CONCLUSION

In order to avoid the heavy design effort and ensure the
robust control strategy in the presence of adverse effects
as disturbance, uncertainty, and noisy measurements, it has
been presented a new observer-based IDA-PBC control for
a quadrotor. The original idea of the proposed strategy of
the observer-based control is that it is able to guarantee
a near-zero steady-state error, in the presence of relatively
large uncertainties and disturbances, as measurement noise
and unmodeled dynamics of the quadrotor (wind frictions
and structural vibrations). The features of the proposed
strategy were further validated with simulation tests for a
quadrotor, which show a remarkable improvement of the
sensitivity of the estimator subject to measurement noise
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and thereby achieving a reduction of the steady-state error.
The behavior of the proposed observer-based IDA-PBC
control for small uncertainties and disturbances tends
to be similar to the behavior of the typical approach,

i.e.,

high-gain observer-based PD control without uncertain-

ties and disturbances. Future work includes extending the
scheme for the case of sampled output measurements and
delayed output measurements, as well as the combination of
both. Moreover, it will consider an IDA-PBC design with
total energy-shaping.
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