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ABSTRACT A three-phase five-limb transformer is a potential application form of the Sen Transformer
(ST), especially for the scenarios with significantly unbalanced load conditions. This paper proposes a quasi-
steady-state model of three-phase five-limb ST (TPFLST) based on duality. Firstly, an equivalent circuit
model that takes into account the eddy current effect and the coupling effect involving the magnetic circuit
can be derived according to the equivalent magnetic circuit of the TPFLST. The iron-core of the TPFLST
may be represented by the parallel combination of the resistances reflecting the power loss of the iron-core
and the saturable inductances considering the ferromagnetic hysteresis in virtue of the principle of duality.
Subsequently, an electric circuit model of the voltage and current of each winding for the TPFLST is able
to be accomplished on the basis of the electrical connection between the TPFLST and the external systems
in accordance with Kirchhoff’s voltage and current law. Consequently, a quasi-steady-state model of the
TPFLSTwhich considers the coupling relationship involving themagnetic and electric circuits can be formed
by combining the equivalent circuit model and the electric circuit model. With the help of MATLAB, the
effectiveness of the proposed model may be verified by comparing the results about power flow control
including power, voltage, and current with the ones from the existing literature. Furthermore, the TPFLST is
found to be better-suited for the unbalanced load condition according to a comparison among the unbalanced
degrees of output currents for the STs with different core structures under unbalanced load conditions.

INDEX TERMS Principle of duality, three-phase five-limb, Sen Transformer, quasi-steady-state model,
unbalanced load, series-compensating voltage.

I. INTRODUCTION
Recently, the demand for electricity of the power sys-
tem makes the transition into renewable energy sources an
inevitable choice due to the rising prices of energy, fossil
fuel depletion, and the increasing concerns about the envi-
ronment [1]–[3]. Owing to the volatility, intermittency, and
uncertainty of renewable energy, they bring great challenges
to the security and stability of the power network [4]–[6].
Therefore, in order to ensure safe, stable, and cost-effective
power supply, it is an urgent need for a flexible power flow
control device to enhance the transmission ability of the
existing power network [7].

The unified power flow controller (UPFC) is one of the
most representative and comprehensive devices in flexible
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AC transmission systems (FACTS), but the high installation
and operation costs might hamper its widespread applica-
tions. Compared with the converter based UPFC, ‘‘Sen’’
Transformer (ST) proposed by K. K. Sen originates from
phase-shifting transformer, which is almost capable of pro-
viding the same independent active and reactive power flow
control as the UPFC [8]. The advantages of ST include low
cost, large capacity, and high reliability [9]–[11]. Whereas
it is hardly to achieve accurate power flow control. As a
consequence, some novel topologies of the ST were pro-
posed in [7], [12]–[15], which combine the advantages of
large capacity and high reliability of the ST, and the flexible
adjustment of UPFC for improving the ability of power flow
control, such as the improved hybrid unified power flow
controller (IHUPFC), the power transistor-assisted ‘‘Sen’’
transformer (TAST), and the hybrid electromagnetic unified
power flow controller (HEUPFC). Besides, a new variant of
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ST with the reverse-phase adjustment of tap changer was pro-
posed, which may improve the control range and the accuracy
of voltage regulation by increasing the number of operating
points for the tap-changers of secondary windings [16], [17].

From the perspective of the modeling method for trans-
former, there are mainly two types of methods, i.e., the
principle of duality-based method and the unified magnetic
equivalent circuit (UMEC) based method. Both modeling
approaches are based on the magnetic equivalent circuit the-
ory [18]. The principle of duality was first introduced by
Cherry [19], which has been widely applied to transformer
modeling. The equivalent circuit models of the three-phase
three-limb and the three-phase five-limb were built in [20]
and [21] on the basis of duality. A detailed transformer model
using duality was established in [22], which considered the
topological structures of iron-core, air gap, and tank. The
most common method of the duality-based model and its
application for a transformer with a special winding structure
were discussed in [23]. Nevertheless, there is no comprehen-
sive research on ST modeling in virtue of the principle of
duality. From the perspective of the iron-core structure for
ST, previous studies were mainly focused on single-phase
transformer bank or three-phase three-limb structure. For the
sake of developing those models and methods suitable for
power system steady analysis, a steady-state model of the
EST for unified iterative power flow solution was established
in [24]. A kind of control strategy for the tap-changers was
proposed in [25], which can fulfill an optimal combination
of tap-settings for the voltage compensating windings of the
ST. For the purpose of understanding the transient behavior
in the commutation process for the EST, a switching tran-
sient model of the EST was built in [26]. The models of
the ST and its variants mentioned above are composed of
nine single-phase transformers. Moreover, an analytical elec-
tromagnetic model considering the multi-winding magnetic
coupling for the ST was presented in [27] so as to analyze
the internal characteristics of the ST. In order to analyze the
internal and external characteristics of ST, a detailed real-
time electromagnetic transient model of the ST was proposed
in [28].Meanwhile, its real-time simulationwas implemented
by the C programming in MATLAB/SIMULINK environ-
ment. An electromagnetic transient (EMT) model of ST uti-
lizing real-time high-fidelity nonlinear magnetic equivalent
circuit (MEC) was proposed in [29]. Its real-time simula-
tion was demonstrated on the field-programmable gate array
(FPGA). Besides, the quasi-steady-state models of UPFC and
static synchronous compensator (STATCOM) were estab-
lished in [30] and [31] respectively for analyzing voltage
collapse and transient stability. Nevertheless, there are rarely
reports about the quasi-steady-state model of the ST. In the
literature mentioned above, the iron-cores of the STs also
belong to the three-phase three-limb structure. However,
the three-phase five-limb transformer is usually adopted for
the specific large-capacity requirements considering the lim-
itations in the aspects of transportation and installation [32].
In addition, there are sometimes quite a few electromagnetic

FIGURE 1. An Iron-core structure of the TPFLST.

loops in the high-voltage distribution systems due to the char-
acteristics of meshed structure such as some 220kV/110kV
urban distribution systems in China [33]. Therefore, the three-
phase five-limb Sen Transformer (TPFLST) is probably a
potential application form, which should be investigated.

The objective of this paper is to propose a quasi-steady-
state model of the TPFLST. In accordance with the principle
of duality, the equivalent circuit model of TPFLST may be
a complex combination of ideal transformers, resistances,
and inductances. The contributions of this paper are (1) A
quasi-steady-state model of the STwith three-phase five-limb
iron-core structure is proposed. (2) The model is built on the
basis of the principle of duality, which takes into account the
eddy current effect and the coupling effect involving the mag-
netic circuit. (3) The differences involving the unbalanced
degrees of output currents between the three-phase three-
limb ST (TPTLST) and the TPFLST under unbalanced load
conditions are presented.

This paper is organized as follows. Section 2 describes
what is the quasi-steady-state model of the TPFLST and
how to determine the associated parameters. In Section 3,
Case 1(a) shows the four-quadrant adjustment of power
flow, and Case 1(b) illustrates the adjustment of series-
compensating voltage from the proposed model and com-
pares them with the results of simulation experiments
from [25]. Case 2 presents the comparisons about unbalanced
degrees of output currents among the STs with different iron-
core structures. The conclusions are drawn in Section 4.

II. A QUASI-STEADY-STATE MODEL FOR THE TPFLST
A. AN EQUIVALENT MAGNETIC CIRCUIT FOR THE TPFLST
The winding arrangement and the magnetic flux distribution
of the TPFLST are illustrated in Fig. 1, which is inspired
by the three-phase five-limb transformer in [34]. The solid
rectangles represent the primary windings of phases A, B,
and C (a4, b4, and c4), the skew lines rectangles represent the
secondary windings of phases A, B, and C (a1 to a3, b1 to b3,
and c1 to c3).8A,8B, and8C denote the main magnetic flux
of the ST, respectively.8y1 and8y2 denote the magnetic flux
of yoke between phase A and phase B, and phase B and phase
C, respectively.8g1 and8g2 denote the magnetic flux of end
limbs and end yokes, respectively. 81 stands for the leakage
flux between the first windings (a1, b1, and c1) and the limbs
(A, B, and C). 82 stands for the leakage flux between the
first windings (a1, b1, and c1) and the second windings (a2,
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FIGURE 2. An equivalent magnetic circuit of the TPFLST.

b2, and c2).83 indicates the leakage flux between the second
windings (a2, b2, and c2) and the third windings (a3, b3, and
c3).84 indicates the leakage flux between the third windings
(a3, b3, and c3) and the fourth windings (a4, b4, and c4).
On the basis of themagnetic flux distribution, an equivalent

magnetic circuit of the TPFLST is revealed in Fig. 2. FHA,
FHB, and FHC denote the magnetomotive force of the primary
windings in phase A, B, and C, separately. FLa1 to FLa3, FLb1
to FLb3, and FLc1 to FLc3 denote the magnetomotive force
of the secondary windings in phase A, B, and C, separately.
The solid rectangles mean the reluctances with flux paths
through the iron: Rm for the limbs, Ry for the yokes, Rg for
the end limbs and their yokes. The open rectangles mean the
reluctances with flux paths in the air. R1 for the paths between
the limbs (A, B, and C) and the first windings (a1, b1, and
c1), R2 for the paths between the first windings (a1, b1, and
c1) and the second windings (a2, b2, and c2), R3 for the paths
between the second windings (a2, b2, and c2) and the third
windings (a3, b3, and c3), R4 for the paths between the limbs
and the space between the third windings (a3, b3, and c3) and
the fourth windings (a4, b4, and c4), Rc for the leakage path
through the air in parallel with the yokes, Rd for the leakage
path through the air in parallel with the end limbs.

B. THE DUALITY BASED EQUIVALENT CIRCUIT MODEL
FOR THE TPFLST
The reluctances with the flux paths through iron-core are
able to be transformed into a set of nonlinear inductances by
the principle of duality [19]. On the contrary, the reluctances
with the flux paths in air can be transformed into a group of
linear inductances [20], [21]. Fig. 3 manifests an equivalent
circuit model of the TPFLST that may reflect the relationship
between the electric circuit and the magnetic circuit.

As for the equivalent circuit model in Fig. 3, RA, RB, and
RC denote the winding resistances of the primary windings in
phase A, B, and C, separately. RLa1 to RLa3, RLb1 to RLb3, and
RLc1 to RLc3 denote the winding resistances of the secondary
windings in phase A, B, and C, separately. The linear induc-
tances Lf 12, Lf 23, and Lf 34 (f = a, b, c) represent the flux
leakages between both windings. The linear inductances La1,
Lb1, Lc1, Ld , and Lc represent the flux leakages in parallel
with iron-core. In this way, the iron-core for the TPFLST

FIGURE 3. A Duality based equivalent circuit for the TPFLST.

could be represented through the parallel combination of the
resistance Rm which reflects the loss of iron-core and the
saturable inductance Lm which considering the ferromagnetic
hysteresis. Similarly, the parallel combination of Ry and Ly
indicates the yoke section between a pair of phases. The
parallel combination of Rg and Lg indicates the section of end
limbs and their yokes. NH indicates the turns of the primary
windings in phase A, B, and C. NLa1 to NLa3, NLb1 to NLb3,
and NLc1 to NLc3 mean the turns of the secondary windings in
phase A, B, and C, separately. TA, TB, and TC mean the ideal
single-phase transformer on the primary side, separately. Ta1
to Ta3, Tb1 to Tb3 and Tc1 to Tc3 mean the ideal single-phase
transformer on the secondary side, separately.

According to the equivalent circuit model in Fig. 3,
the nodal voltage equation is defined by (1).
IST ,s1
IST ,s2
...

IST ,s13

 =

y1,1 y1,2 · · · y1,13
y2,2 y2,2 · · · y2,13
...

...
...

y13,1 y13,2 · · · y13,13



Ua
Ub
...

Um

 (1)

where the injection currents of nodes are represented by from
IST ,s1 to IST ,s13, the admittances of branches are represented
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FIGURE 4. A three-phase equivalent circuit for the primary windings of
the TPFLST.

by from y1,1 to y13,13, and the voltages to ground of nodes are
represented by from Ua to Um, respectively.
The voltage and current equations for three ideal trans-

formers (TA, TB, and TC ) on the primary side in Fig. 3 can
be acquired by (2).{

IST,P = IST,p

UST,P = UST,p
(2)

where IST,P and IST,p denote the current matrix at the pri-
mary side and the current matrix at the secondary side for
the three ideal transformers, separately. Meanwhile, UST,P
and UST,p denote the voltage matrix at the primary side and
the voltage matrix at the secondary side for the three ideal
transformers, separately. Furthermore, the four variables may
be described as below.

IST,P = [IST ,PA(t),IST ,PB(t),IST ,PC (t)]T (3)

IST,p = [IST ,pa(t),IST ,pb(t),IST ,pc(t)]T (4)

UST,P = [UST ,PA(t), UST ,PB(t),UST ,PC (t)]T (5)

UST,p = [UST ,pa(t), UST ,pb(t),UST ,pc(t)]T (6)

The voltage and current equations of nine ideal transform-
ers (Ta1 to Ta3, Tb1 to Tb3, and Tc1 to Tc3) at the secondary
side in Fig.4 can be expressed as (7).{

IST,S = −K−1IST,s

UST,S = KUST,s
(7)

where K is a diagonal 9 × 9 matrix. IST,S and IST,s stand
for the primary-side current matrix and the secondary-side
current matrix about the nine ideal transformers, respectively.
UST,S and UST,s stand for the primary-side voltage matrix
and the secondary-side voltage matrix about the nine ideal
transformers, respectively. So IST,S, IST,s, UST,S, UST,s and
K are defined as followings.

K = diag[k1, k2, k3, k4, k5, k6, k7, k8, k9] (8)

IST,S = [IST ,sa(t), IST ,sa(t), IST ,sa(t), IST ,sb(t), IST ,sb(t),

IST ,sb(t), IST ,sc(t), IST ,sc(t), IST ,sc(t)]T (9)

IST,s = [IST ,sa1(t), IST ,sb1(t), IST ,sc1(t), IST ,sa2(t),

IST ,sb2(t), IST ,sc2(t), IST ,sa3
(t), IST ,sb3(t), IST ,sc3(t)]T (10)

UST,S = [UST ,SA1(t), UST ,SB1(t),UST ,SC1(t), UST ,SA2(t),

UST ,SB2(t),UST ,SC2(t),UST ,SA3(t),UST ,SB3(t),

UST ,SC3(t)]T (11)

UST,s = [UST ,sa1(t), UST ,sb1(t),UST ,sc1(t), UST ,sa2(t),

UST ,sb2(t),UST ,sc2(t),UST ,sa3(t),UST ,sb3(t),

UST ,sc3(t)]T (12)

The voltage supplementary equations for twelve ideal
transformers in Fig. 3 should be obtained by (13).

Ua − Ue = UST ,pa
Ue − Ui = UST ,pb
Ui − Um = UST ,pc

(a)


Ub − Ue = UST ,sa1
Uc − Ue = UST ,sa2
Ud − Ue = UST ,sa3

(b)


Uf − Ui = UST ,sb1
Ug − Ui = UST ,sb2
Uh − Ui = UST ,sb3

(c)


Uj − Um = UST ,sc1
Uk − Um = UST ,sc2
Ul − Um = UST ,sc3

(d)

(13)

C. THE ELECTRIC CIRCUIT MODEL FOR THE TPFLST
INTEGRATED INTO TRANSMISSION NETWORK
The relationship of the electrical connection between
the TPFLST and the transmission network is exhibited
in Fig. 12 in the Appendix. In accordance with the electrical
connection between them, equations (14) and (15) are derived
by using Kirchhoff’s voltage and current law.

IST ,a = IST ,sa + IST ,PA
IST ,b = IST ,sb + IST ,PB
IST ,c = IST ,sc + IST ,PC

(14)


Usa = IST ,aZs + UsA
Usb = IST ,bZs + UsB
Usc = IST ,cZs + UsC

(15)

where IST ,a, IST ,b, and IST ,c represent the currents from the
sending-end in phase A, B, and C, separately. IST ,PA, IST ,PB,
and IST ,PC represent the current of primary windings in
phases A, B, and C, separately. IST ,sa, IST ,sb, and IST ,sc are
the current of secondary windings in phases A, B, and C,
separately. Usa, Usb, and Usc are the sending-end voltage in
phase A, B, and C, separately. UsA, UsB, and UsC denote the
terminal voltages of the primary windings in phases A, B, and
C, separately. Zs denotes the sending-end impedance.
Fig. 4 exhibits the three-phase equivalent electric circuit

for the primary winding of the TPFLST. On the basis of the
equivalent circuit model in Fig. 4, the following equation is
able to be attained.

UsA = IST ,PARA + UST ,PA
UsB = IST ,PBRB + UST ,PB
UsC = IST ,PCRC + UST ,PC

(16)

where UST ,PA, UST ,PB, and UST ,PC represent the terminal
voltages of three ideal transformers at the primary side in
phases A, B, and C, respectively.

The three-phase equivalent electric circuit for the sec-
ondary windings of the ST is demonstrated in Fig. 5. In the
light of the series connection in the transmission network
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FIGURE 5. A three-phase equivalent circuit for the secondary windings of
the TPFLST.

from the sending-end to the receiving-end, equation (17) is
established.

Usa − IST ,aZs + UST ,SA1 + UST ,SB1 + UST ,SC1
−IST ,sa(RL1 + ZT + Zr )− Ura = 0
Usb − IST ,bZs + UST ,SA2 + UST ,SB2 + UST ,SC2
−IST ,sb(RL2 + ZT + Zr )− Urb = 0
Usc − IST ,cZs + UST ,SA3 + UST ,SB3 + UST ,SC3
−IST ,sc(RL3 + ZT + Zr )− Urc = 0

(17)

whereUST ,SA1,UST ,SB1,UST ,SC1,UST ,SA2,UST ,SB2,UST ,SC2,
UST ,SA3, UST ,SB3, and UST ,SC3 represent the terminal volt-
ages of nine ideal transformers at the secondary side in phases
A, B, and C, respectively. Ura, Urb, and Urc represent the
receiving-end voltage in phases A, B, and C, respectively. ZT
stands for the impedance of the transmission line. Zr stands
for the receiving-end impedance. RL1, RL2, and RL3 stand for
the equivalent resistances of the second windings in phases
A, B, and C, respectively.

RL1 = RLa1 + RLb1 + RLc1
RL2 = RLa2 + RLb2 + RLc2
RL3 = RLa3 + RLb3 + RLc3

(18)

In this way, the quasi-steady-state model for the TPFLST
is able to be solved by combining (1) – (18). Subsequently,
all the voltages and currents of the primary and secondary
windings would be deduced.

D. PARAMETERS DETERMINATION
The parameters of the equivalent circuit model in Fig. 3 could
be obtained from the testingmeasurements, which include the
leakage reactance between two windings and the resistance
that represents the loss of the iron-core. Certainly, they can
be also estimated from the design parameters of the TPFLST
if there is no prototype.

1) CORE PARAMETERS
The silicon steel sheet generates an eddy current in the alter-
nating magnetic field. Thus, the property of the core should
be described by complex permeability [35] when the eddy
current effect is taken into account. The nonlinear reluctances
R in Fig. 3 is represented by the parallel combination of
equivalent nonlinear inductance Leq and resistance Req after
using the principle of duality, given as [36].{

Leq = Re(N 2µrµ0wd tanh(p)
/
(ps))

Req = Im(N 2µrµ0wd tanh(p)
/
(ps))

(19)

TABLE 1. Data for the electrical system.

where d , s, and w stand for the thickness, length, and width of
the silicon steel lamination, separately. µr stands for relative
permeability. µ0 is permeability of free space, and N is the
turns of winding. Moreover,

p =
γ d
2

(20)

γ =
√
jωµrµ0σ (21)

where σ represents conductivity.

2) LEAKAGE INDUCTANCE PARAMETERS
The leakage inductances between two windings can be
obtained from the design parameters [32].

Ls12 =
µ0πN 2

1

lc
(
D1d1
3
+ D12d12 +

D2d2
3

)

Ls23 =
µ0πN 2

2

lc
(
D2d2
3
+ D23d23 +

D3d3
3

)

Ls34 =
µ0πN 2

3

lc
(
D3d3
3
+ D34d34 +

D4d4
3

)

(22)

where Ls12, Ls23, and Ls34 represent the leakage inductances
of the space between two windings, separately. N1, N2, and
N3 represent the turns of winding a1, a2, and a3, separately.
lc represents the mean length of the magnetic flux path. d1,
d2, d3, and d4 are the width of windings, separately. d12,
d23, and d34 are the width between two windings, separately.
D1, D2, D3, and D4 are the mean diameters of windings,
separately. D12, D23, and D34 are the mean diameters of the
space between two windings, separately.

III. CASE STUDIES
A. CASE 1: THE REGULATION OF POWER FLOW AND
SERIES-COMPENSATING VOLTAGE
For the sake of verifying the effectiveness of the proposed
model, there are some analytical calculations about the series-
compensating voltage and power flow for a three-phase five-
limb transformer. Generally, the thickness and the relative
permeability of the silicon steel sheet range from 0.23mm to
0.35mm and from 7000 to 10000, respectively. The thickness
and the relative permeability of the silicon steel sheet are
0.3mm and 10000 in this paper [37], [27]. The parameters of
the electrical system and the TPFLST are listed in Table 1 and
Table 2.
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TABLE 2. Data for the physical structure of the TPFLST.

FIGURE 6. The geometrical arrangement of windings in the TPFLST
window.

1) THE ADJUSTMENT OF POWER FLOW
Calculation of the series-compensating voltage of 0.1 p.u.
to 0.4 p.u. was performed at different β. The phase angle
β was varied at a discrete step of 60◦ in the range of 0◦

to 360◦. The variation of both the active power Pr and
the reactive power Qr at the receiving end is revealed
in Fig. 7.

It is obviously seen from Fig. 7 that there are six points
at β = 0◦, 60◦, 120◦, 180◦, 240◦, and 300◦, only at these
points, the injected series-compensating voltage is close
to the required series-compensating voltage. The series-
compensating voltage is supplied by only one winding when
the angle β at 0◦, 120◦, and 240◦, while the angle β at
60◦, 180◦, and 300◦, the series-compensating voltage is sup-
plied by two windings. For example, if the injected series-
compensating voltage in phase a is 0.2 p.u. and angle is 60◦,
the voltage would be supplied by both phase a and phase
c, each voltage is 0.2 p.u.. In addition, the active power Pr
and reactive power Qr for the proposed model can achieve
the four-quadrant adjustment, which verifies the effectiveness
for the proposed model. However, during the injected series-
compensating voltage, the load in the transmission line may
be changed. Besides, the Thevenin equivalent impedance at
the compensation point and the parallel load at the exciter unit
of the ST might be varied with the changing of tap-positions.
They would cause the difference between the Pr – Qr curves
in Fig. 7 and the regular hexagon.

FIGURE 7. Relationship between Pr and Qr at various phase angle and
series voltage UST for the TPFLST.

FIGURE 8. Switching sequence from tap position 2 (0.2 p.u.) to tap
position 3 (0.3 p.u.) in an OLTC with a diverter switch and selector.

2) THE ADJUSTMENT OF SERIES-COMPENSATING VOLTAGE
Performing series-compensating voltage according to the
voltage regulation method in [25], for instance, when t < 5 s,
UST ,A = 0 p.u., β = 0◦; when 5 s < t < 14 s, UST ,A =
0.2 p.u., β = 120◦; when 14 s < t < 23 s, UST ,A = 0.2 p.u.,
β = 60◦; when 23 s < t < 32 s, UST ,A = 0.4 p.u., β = 60◦.
The type of On-load Tap Changer (OLTC) is a dual-resistance
structure. The time required to move the tap selector between
adjacent tap positions is 1 s, there are four steps of approxi-
mately 0.25 s each are performed, the transition resistance is
10 � [38]. The switching process is illustrated in Fig. 8 [39].
The series-compensating voltage UST ,A of the TPFLST

is demonstrated in Fig. 9a. The secondary winding current
IST ,sa of the TPFLST is displayed in Fig. 9b. In addition,
the series-compensating voltage Us′sa and the secondary
winding current Is′sa in [25] are also manifested in Fig. 9 for
comparison.

Fig. 9 manifested that the trends of UST ,A and IST ,sa are
similar to the results in [25], the series-compensating voltage
UST ,A and the secondary winding current IST ,sa are able
to reach the expected values. The maximum error of the
series-compensating voltage does not exceed 2.03%, and the
maximum error of secondarywinding current does not exceed
2.9%. The errors arewithin the allowable range, which further
verifies the effectiveness for the proposed model. However,
there are some differences in the comparison result. On the
one hand, when the transition resistor is connected to the
circuit, the current through the secondary winding will start
to decrease. When the tap changer operates to step (c) in
Fig.8, two transition resistors are connected in parallel, which
results in a slower decrease for the current. When the transi-
tion resistor is removed, the current in the secondary winding
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FIGURE 9. Injected series-compensating voltages and secondary winding
currents of the TPFLST during the tap-changing process (a) Variation of
the injected voltage on phase A of the TPFLST. (b) Variation of the
secondary winding currents on phase A of the TPFLST.

will rise. The trend of the series-compensating voltage is
opposite to the trend of the current. On the other hand, the
quasi-steady-state model of the TPFLST in this paper, which
takes into account not only the phase-to-phase magnetic cou-
pling but also the eddy current effect. The iron-core of the
ST in [25] is the nine-single-phase transformer bank structure
and the three-phase magnetic circuit is independent of each
other. It should be noticed that the saturation and hysteresis
characteristics of the iron-core are neglected so as to simplify
the calculations.

B. CASE 2: COMPARISONS AMONG THE STS WITH
DIFFERENT CORE STRUCTURES UNDER UNBALANCED
LOAD CONDITIONS
In order to evaluate the performance of the TPTLST and the
TPFLST with unbalanced load conditions, the unbalanced
degrees of output currents for the TPTLST and the TPFLST
with different compensation states should be compared.
Eventually, the comparing results prove that the TPFLST
can be applied to the scenario with an unbalanced load. The
unbalanced load: Za = 48+12.44i �, Zb = 63+12.44i �,
Zc = 98+12.44i � [40]. The unbalanced degrees of the out-
put currents in different compensation voltage are illustrated
in Fig. 10. The differences in the unbalanced degrees of the
output currents among different compensation voltages are
manifested in Fig. 11.

It is clearly observed from Fig. 10, the unbalanced degrees
of the output currents for the TPTLST and the TPFLST
vary with the change of the series-compensating voltage and

FIGURE 10. Comparison between the unbalanced degrees of the output
currents from the TPFLST and the TPTLST (a) ST at UST = 0.1 p.u.. (b) ST at
UST = 0.2 p.u.. (c) ST at UST = 0.3 p.u.. (d) ST at UST = 0.4 p.u.

FIGURE 11. The difference of unbalanced degrees of the output current
between the TPFLST and the TPTLST.

phase angle under unbalanced load conditions.When β varies
between 0◦ and 360◦ while UST keeps to value between
0.1 p.u. to 0.4 p.u. with a step of 0.1 p.u. The range of the
unbalanced degrees of output currents for the TPTLST is
about from 26.04% to 27.81%. The range of the unbalanced
degrees of output currents for the TPFLST is about from
22.45% to 27.09%.

Fig. 11 displays that the differences of unbalanced
degrees for the output currents about the TPTLST and
the TPFLST increase from 0.504% to 3.895% when the
series-compensating voltage rises from 0.1 p.u. to 0.4 p.u.
It implies that the unbalanced degrees of the output currents
for the TPFLST seem to be better under the working condi-
tion of an unbalanced load. Besides, the ST with the five-
limb iron-core structure has the end limbs and end yokes
comparing with the ST of the three-limb iron-core structure,
which provides a low reluctance path for zero-sequence flux.
The zero-sequence flux of the three-limb iron-core structure
has to complete its path through the tank structure when the
ST works under unbalanced load conditions. Nevertheless,
the zero-sequence flux of the five-limb iron-core structure can
complete its path through the end limbs and the end yokes.
As a result, the magnetic flux distribution of the five-limb
iron-core structure might be more symmetrical than that for
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FIGURE 12. The schematic of the ST and its interconnection to the transmission network.

the three-limb iron-core structure, which may decrease the
unbalanced degrees of the output currents.

C. DISCUSSIONS
1) PARAMETER DETERMINATION
Some experimental procedures have been reported for the
parameter extraction of the kind of duality-basedmodel about
the conventional transformer. For instance, Tables 1–3 in [20]
showed the test diagrams as well as the equivalent circuits
for determining the winding parameters and core parameters
of several kinds of conventional transformers. However, it is
undeniable that there is no prototype of the three-phase five-
limb ST. Therefore, the parameters including the inductances
and the resistances describing the iron-core as well as the
leakage inductances describing the air-gap have to be esti-
mated by the designed or measured parameters including the
geometrical sizes of the similar transformers from the existing
literatures. They may be different from the measured param-
eters for a real ST, which might result in some deviations on
the power-flow control performance analysis for the ST.

2) FINITE ELEMENT ANALYSIS
In essence, the accuracy of the duality-based model is rela-
tively limited due to the equivalent process for the electric
field and the magnetic field in the transformer. Neverthe-
less, the finite element method (FEM) can be employed for
investigating the detailed behavior of magnetic field, flux
density, and core losses, etc., in the transformer. Furthermore,
it is important to build a multi-physical field coupling model
involving the electric, magnetic, thermal, noising, and vibrat-
ing fields for the transformer design [41]. Therefore, a multi-
physical field coupling model of ST is essential for analyzing
the internal characteristics of ST including the overheat in the
windings, the structural stress of iron-core and so on. It is an
area worthy of attention.

IV. CONCLUSION
This paper proposes a quasi-steady-state model for the
TPFLST using the principle of duality, which takes into
consideration of the eddy current effect and the coupling
effect involving the magnetic circuit. Two case studies have
been carried out on a 138kV and 160MVA TPFLST and
its electrical system. There is a good agreement about the
series-compensating voltage and the secondary-side current
between the results from the proposed model and the ones
obtained in the existing literature. Moreover, the unbalanced
currents of the STs with different core structures are analysed
under unbalanced load conditions. Furthermore, there are
some findings as follows.

(1) In the aspect of model applicability, it may efficiently
obtain the equivalent circuit model of the TPFLST with the
aid of the principle of duality, which can ensure the correct-
ness of its topological structure, and has strong applicability
for the STs with different iron-core structures.

(2) In the aspect of electromagnetic coupling, the pro-
posed model considers the phase-to-phase magnetic cou-
pling, the eddy current effect, and the leakage flux between
windings, which accurately reflect the internal electromag-
netic characteristics of the ST.

(3) In the aspect of iron-core structure, the STs with dif-
ferent iron-core structures have a certain influence on the
unbalanced degrees of the output currents. The unbalanced
degrees of output currents of the TPFLST are better than that
of the TPTLST under unbalanced load conditions, while the
differences of unbalanced degrees for the output currents do
not exceed 4%.

APPENDIX A
THE ELECTRICAL CONNECTION BETWEEN THE ST AND
THE TRANSMISSION NETWORK
See figure 12 here.
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APPENDIX B
THE ELEMENTS OF THE ADMITTANCE MATRIX IN (1)
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APPENDIX C
THE ELEMENTS OF THE DIAGONAL MATRIX K IN (7)
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