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ABSTRACT The effective earth radius can transform the curved ray path into a straight line, and the
modified refractive index can transform the spherical ground into a plane. Using them can simplify the
propagation modeling of electromagnetic waves in the atmosphere, so they are widely used in the calculation
of long-range propagation of electromagnetic wave, and adopted by the ITURecommendations and the IEEE
Standards. In this paper, upon employing simple geometric methods, we provide general formulas for the
effective earth radius and the modified refractive index, pointing out that they both originate from the use
of conformal transformations. In turn, we prove that for both quantities the formulas contained in the ITU
Recommendations and the IEEE Standards are special cases of the general formulas given in this paper.
Our results provide a solid mathematical background to the concepts of effective earth radius and modified
refractive index, and pave the way for their use beyond the propagation of electromagnetic waves in the earth
atmosphere, e.g. to the propagation of other types of waves in generic media.

INDEX TERMS Effective earth radius, modified refractive index, conformal transformation, wave
propagation, ray tracing.

I. INTRODUCTION
The modeling of electromagnetic wave propagation in the
atmosphere is at the basis of several engineering appli-
cations such as wireless communication [1]–[3], broad-
casting [4], [5], navigation positioning [6], [7], and radar
detection [8], [9]. Since atmospheric parameters such as
pressure, temperature and humidity vary over time and space,
so does the refractive index of the atmosphere [10]. In turn,
the refractive index n (t, Er) of the atmosphere is a function
of time t and space position Er . On the surface of the earth, n
varies between 1.000250 and 1.000400, and decreases with
the altitude [11]. In order to describe the change of n with
time and space more easily, the atmospheric refractivity N is
introduced, according to Eq. (1) [10], [11].

N = (n− 1)× 106 (1)

On the other hand, using long-term observations of
atmospheric parameters around the world, the atmospheric
refractivity may be summarized by the empirical formula
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shown in Eq. (2) [10], [11].

N = 77.6
p
T
+ 3.73× 105

e
T 2 , (2)

where p is the total atmospheric pressure in millibars, e is
the water-vapor pressure in millibars, and T is the absolute
atmospheric temperature in Kelvin.

Since |∂n/∂t| � ‖∇n‖, we may safely assume that during
the propagation of electromagnetic waves, n is just a function
of Er . Where ∇ is gradient operator. Given the refraction
index, the propagation path of electromagnetic wave may be
obtained by solving the eikonal equation [12].

‖∇φ‖ = n. (3)

where ∇ is wave front. Whereas the electric field is obtained
by solving the Helmholtz equation [13].(

∇
2
+ k20n

2
)
9 = 0 (4)

where 9 is a scalar potential and k0 is the wavenumber in
vacuum.

The nonuniform nature of the atmospheric refractive index
and the existence of the curvature of the earth make it difficult
to solve these two equations directly. In order to make
the problem easier, the concepts of effective earth radius
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(EER) [14] and modified refractive index (MRI) [15] have
been put forward. The concept of EER is used to transform the
curved path of electromagnetic wave near the earth’s surface
into an equivalent straight line, whereas using MRI, one may
approximately eliminate the curvature of the earth.

Although the concepts of EER and MRI has gained
widespread application and has been adopted in several
ITU Recommendations [1], [10], [16]–[20], no simple and
rigorous mathematical derivation has been provided so far.
At variance with previous proposals, in this paper, we derive
the general formulas for EER and MRI by exploiting simple
geometric methods, pointing out that they both originate
from the use of conformal transformations, and prove that
for both quantities the formulas contained in the ITU
Recommendations and the IEEE Standards are special cases
of the general formulas given here. We believe that our work
may provide a useful reference to address electromagnetic
wave propagation in the atmosphere.

The content of this paper is arranged as follows:
Section 1 provides a general background, introducing the
concepts of propagation prediction, modified refractive
index, EER and MRI. Section 2 consists of a brief review
of research about EER and MRI, and points out that
formulas that may be found in literature are approximate
ones. In sections 3 and 4, general formulas for EER
and MRI are given and discussed by a simple geometric
approach. Section 5 closes the paper with some concluding
remarks.

II. HISTORICAL REVIEW
A. EFFECTIVE EARTH RADIUS
The concept of EER was proposed by Schelling, Burrows
and Ferrell of Bell Telephone Laboratories in 1933, in the
study the ultrashort wave propagation near the earth’s
surface [14]. They assumed that the atmospheric refractive
index is a spherical layered distribution and decreased
linearly with increasing altitude. Then, the approximate
expression of EERmay be obtained according to the principle
of curvature difference invariance. The use of EER makes it
easy to calculate the propagation effects of electromagnetic
wave near the earth’s surface, such as refraction [16],
diffraction [17], electromagnetic interference [18], and rain
attenuation [19].

Under the small angle approximation, Miller gave an
approximate expression for EER by using the principle of
curvature difference invariance [21]. Freehafer et al. [22]
derived an approximate relationship between EER and MRI,
and used MRI to indirectly obtain approximate expression
for EER, but did not give a direct derivation method for the
EER. Robertshaw [23] used the ray tracing method to give
a practical interpolation table for calculating the EER factor
at altitudes larger than 1 km. In the small angle approx-
imation, Doviak and Zrnic [24] derived the approximate
expression of EER by using the ray differential equation of
electromagnetic wave propagation. Palmer and Baker [25]

proposed a semi empirical model to calculate the EER factor
based on the observed data. Craig [26] used the principle
of curvature difference invariance to give an approximate
expression for the EER under the condition of low elevation
angle.

B. MODIFIED REFRACTIVE INDEX
The concept of MRI was first proposed by Pryce, and then
published by Pekeris [15]. In that paper, Pekeris used MRI to
convert the earth’s spherical ground into a plane ground, and
provided the asymptotic solutions for the normal modes of
Helmholtz equation. Similar to the refractivity N in Eq. (1),
the refractive modulus M is defined using the MRI m as
M = (m− 1) × 106 [20]. The vertical gradient of this
quantity, i.e. dM/dh is used to characterize the type of
atmospheric refraction [27].

In the same year 1946, Leontovich and Fock simplified
Helmholtz equation deriving a more easily solved parabolic
equation using paraxial approximation, and studied the
propagation of electromagnetic waves near the earth’s
surface [28]. Due to limited computational power at the time,
the parabolic equation approximation did not attract much
attention for a long period [29]. However, in 1972, Hardin
and Tappert proposed a split-step Fourier method that could
use computers to solve parabolic equations efficiently and
deal with underwater acoustic propagation problems [30].
Since then, the parabolic equation method has been widely
studied, and various numerical solutions algorithms have
emerged [29], [31].

At present, the parabolic equation method has become
a very important tool to approximately solve problems
in electromagnetic wave propagation. In this framework,
the MRI m is a key parameter since it allows one to
transform the spherical atmosphere into a cuboid, thus
ensuring that the paraxial approximation is not limited
by the propagation distance [32]. In problems involving
electromagnetic wave propagation, it is common to use the
following two-dimensional parabolic equation [32] in the
vertical plane x − h,

∂2u
∂x2
+ 2ik0

∂u
∂x
+
∂2u
∂h2
+ k20

(
m2
− 1

)
u = 0, (5)

where, u (x, h) = e−ik0x9 (x, h).
Pekeris [15] suggested an approximated expression for the

MRI (without proof), and then put forward a relationship
between the MRI and the EER by ignoring high-order
terms. By simple comparison of Snell’s and Bouguer’s
law, Freehafer et al. obtained an approximating formula
for the MRI, however following a method not fully rigor-
ous [22]. The formula of MRI reported in ITU-R P.310-
10 Recommendation [20] and IEEE Standards [33]–[36]
can be obtained by this approximating formula. Since this
formula has been included in the standard document for
more than 50 years, researchers tend to adopt it without
proof [26], [27], [32].
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FIGURE 1. Schematic diagram of electromagnetic wave propagation in
the atmosphere.

III. EFFECTIVE EARTH RADIUS
A. FORMULA DERIVATION
Fig. 1 is a schematic diagram of electromagnetic wave
propagation in the atmosphere: ds is the infinitesimal path
of the electromagnetic wave, with starting and ending point
denoted by A and B, respectively, AAτ and BBτ are the lines
tangent to the wave path at points A and B, whereas AAh
and BBh are horizontal lines at points A and B. The points
A and B are at altitudes h and h + dh, whereas θ and θ + dθ
denote the elevation angles of the two points with respect to
the horizontal line at points A and B respectively. Finally, O
is the center of the earth, O′ is the center of curvature for the
infinitesimal path and RR′ is the reference line segment for
rotations, i.e. angles are positive (negative) when they denote
counterclockwise (clockwise) rotation with respect to RR′.
According to the above assumptions, the following angle

relations may be obtained from Fig. 1.

θ = AAτ − AAh, (6a)

θ + dθ = BBτ − BBh, (6b)

dϕ = AAh − BBh, (6c)

dϕ′ = AAτ − BBτ , (6d)

and therefore,

dϕ′ = dϕ − dθ. (7)

The relationship between the length of the wave path ds
and the difference in altitude dh between the extremal points
A and B is given by

ds =
dh
sin θ

, (8)

whereas the curvature Ck of the infinitesimal path may be
obtained from Eqs. (7) and (8),

Ck =
dϕ′

ds
=

cos θ
a+ h

− sin θ
dθ
dh
, (9)

where a is the average earth radius.

If Ck = 0, electromagnetic waves propagate on a straight
line and the following linear equation may be obtained

dθ
dh
=

cot θ
a+ h

, (10)

Eq. (10) is a linear equation in the coordinate system
(h, θ) |�a. Since a ray may be seen as circle with curvature
radius a = ∞, we may look at (h, θ) |�a as an extended polar
coordinate system.

FIGURE 2. Schematic diagram of the relationship between polar
coordinate system (ρ, α) and (h, θ)|�a=∞ coordinate system.

As shown in Fig. 2, the ray OX is used as a reference
curve, and polar coordinates (ρ, α) are employed to describe
any point P on the curve. According to the geometry of the
system, we obtain the expressions of h and θ expressed by ρ
and α as shown in Eq. (11).

h = ρ sinα, (11a)

θ = arctan

(
dρ
dα sinα + ρ cosα
dρ
dα cosα − ρ sinα

)
. (11b)

Eq. (11) shows that (h, θ) and (ρ, α) are linked to each
other. Both of them use the OX axis as a reference curve
to describe the parameter group of the point P, that is,
the (h, θ) |�a=∞ coordinate system and the polar coordinate
system (ρ, α) are equivalent. Therefore, it can be considered
that the coordinate system (h, θ) |�a defined in this article is
a generalization of the polar coordinate system.

Assuming that the refractive index n of the atmosphere is
only function of the altitude h, a condition usually referred
to as horizontal uniform spherical stratification condition,
the propagation of electromagnetic waves satisfies the so-
called Bouguer’s law [37], i.e.

n (a+ h) cos θ = const (12)

By differentiating Eq. (12) with respect to h, we obtain

dn
dh
(a+ h) cos θ + n cos θ − n (a+ h) sin θ

dθ
dh
= 0, (13)

which may be rewritten as

dθ
dh
=

(
1
n
dn
dh
+

1
a+ h

)
cot θ. (14)
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Eq. (14) is defined in the coordinate system (h, θ) |�a.
If dn/dh = 0, Eq. (14) collapses to Eq. (10). If an EER
ae is defined according to Eq. (15), then Eq. (14) can be
converted into Eq. (16), which reproduces the functional form
of Eq. (10).

1
ae + h

=
1
n
dn
dh
+

1
a+ h

, (15)

dθ
dh
=

cot θ
ae + h

. (16)

Eq. (16) is a linear equation defined in coordinate system
(h, θ) |�ae . Moving from Eqs. (14) to (16) amounts to a
coordinate transformation, which is given by Eq. (15). The
transformation leaves the values of h and θ unchanged, while
it reshapes the wave path from a curve to a straight line,
thus simplifying the path calculation problem. Fig. 3 shows a
schematic diagram illustrating the use of the EER ae to realize
coordinate transformation.

FIGURE 3. Principle of effective earth radius. (a) Coordinate system(
h, θ

)
|a. (b) Coordinate system

(
h, θ

)
|�ae .

It is not difficult to see that the angle between two paths
is preserved by the Eq. (15), which therefore describes
a conformal transformation [38]. According to Eq. (15),
the general expression for the EER ae is given by

ae = (a+ h)
(
1+

(a+ h)
n

dn
dh

)−1
− h. (17)

The modification induced by Eq. (15) are often quantified
by the EER factor k = ae/a, which according to Eq. (17),
may be written as

k =
a+ h
a

(
1+

(a+ h)
n

dn
dh

)−1 h
a
. (18)

At low altitudes, i.e. if h � a, Eq. (17) may be further
simplified to

ae ≈
(
1
a
+

1
n
dn
dh

)−1
. (19)

Let a + h = r, dh = dr can be obtained. By substituting
it into Eq. (19), we obtain Eq. (20), which is exactly the
approximate expression of EER given by Miller [21].

ae ≈
(
1
a
+

1
n
dn
dr

)−1
. (20)

For the earth’s atmosphere, since the refractive index n ≈ 1
[10], [11], Eq. (19) can be further approximated by Eq. (21),

which coincides with the approximate expression of EER
given by Doviak and Zrnic [24], and Craig [26].

ae ≈
(
1
a
+

dn
dr

)−1
. (21)

Correspondingly, the EER factor k may be written as

k ≈
(
1+ a

dn
dh

)−1
. (22)

Eqs. (21) and (22) are the standard definitions of ae and
k given in ITU-R P.310-10 Recommendations [20]. The
average earth radius is given by a = 6371230m [39], for
the atmosphere in standard conditions and at zero altitude,
the average value of dn/dh is −39.232 × 10−6/km [40].
Upon substituting these values into Eq. (22), we arrive at.
k = 1.3333 ≈ 4/3, which corresponds to the celebrated 4/3
earth radius model [20].

B. DISCUSSION
Although the concept of EER has been introduced on
the assumption that the earth’s atmosphere satisfies the
horizontal uniform spherical stratification condition, its
validity extends to situations where the condition is not
strictly satisfied. If the length s of the electromagnetic wave
ray path is taken as an independent variable, the altitude h and
the refractive index n are both functions of s, so that Eq. (17)
can be rewritten into the form of Eq. (23).

ae (s) = (a+ h (s))
(
1+

a+ h (s)
n (s)

ṅ (s)

ḣ (s)

)−1
− h (s) , (23)

where ṅ (s) = dn/ds and ḣ (s) = dh/ds.

FIGURE 4. Schematic diagram of the tubular region satisfying the
horizontal uniform spherical stratification condition on the
electromagnetic wave propagation path.

Because EER ae is a univariate function of s, the concept
of EER is valid as long as the atmospheric refractive
index satisfies the horizontal uniform spherical stratification
condition in the tubular region containing ray the paths. This
is illustrated in Fig. 4. In the figure, P1 and P2 are two points
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on the ray path with a distance of1s, and their altitudes are h1
and h2 respectively,A1 andA2 are the areas of local horizontal
planes at points P1 and P2 respectively.

In most cases, the change rate of atmospheric refractive
index in the horizontal plane is much lower than that in
the vertical plane [10], [11]. Therefore, the EER method is
effective as long as there are no strong convective phenomena
along the ray path, which in turnmay destroy the stratification
state of refractive index in the tubular region.

FIGURE 5. Ray tracing comparison chart based on measured data.
(a) Radiosonde measurement data. (b) Comparison of two ray tracing
methods.

Fig. 5 (a) is the variation curve of refractivity N
and refractive modulus M with altitude h obtained from
radiosonde measurement data [41]. There are 10 data points
in the figure. According to theM−h curve, the altitude range
of the duct layer and the trapping layer can be obtained [41].
Substituting those 10 data points into Eq. (17) one may obtain
the EER in the 9 altitude layers. Given the altitude h0 and
elevation angle θ0 of the transmitting antenna, und using these
EERs, the electromagnetic ray path tracking can be realized.

Fig. 5 (b) shows the comparison of the two ray tracing
methods. The red dots in the figure are the results obtained
by the ray differential equation method of [41], and the green
circles are the results obtained by the piecewise EERmethod.
The two methods are in good agreement, but the latter only
needs a few data points, and only needs algebraic operation,
so there is no numerical stability problem. When θ0 = 1.1◦,
the electromagnetic wave is standard propagation, and the
piecewise EER method only needs to calculate 9 points to
achieve ray tracing. When θ0 = 0.1◦, electromagnetic waves
will be captured by the trapping layer and propagate in the
duct. According to the periodicity of propagation path, only
5 points need to be calculated to realize ray tracing. It can
be seen that when there is only one refractivity profile, that
is, the horizontal uniform spherical stratification atmosphere,
the electromagnetic wave propagation path can be obtained
very conveniently and quickly by using the piecewise EER
method. However, the approximate formula of EER cannot
deal with electromagnetic wave propagation in atmospheric
duct.

FIGURE 6. Ray tracing comparison chart in non-uniform atmosphere.
(a) Refractivity profiles. (b) Propagation pathloss (dB) by using SSFM.
(c) Ray tracing by using piecewise EER.

If there are multiple refractivity profiles along the
propagation path of electromagnetic wave, i.e. non-uniform
atmosphere, the ray tracing can also be easily realized by
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using the piecewise EER method to compile a computer
program. Fig. 6 (a) shows seven refractivity profiles of non-
uniform atmosphere given in reference [42]. Fig. 6(b) shows
the propagation pathloss distribution obtained by solv-
ing parabolic equation with split-step Fourier transform
method (SSFM) in reference [42]. Fig. 6 (c) shows the ray
tracing curve obtained by using the piecewise EER method.
The altitude of the antenna is h0 = 26m, and the beam width
is 2◦ [42].

Although the calculation contents illustrated in Fig. 6(b)
and Fig. 6(c) are different, their trends are consistent. The
larger the ray density is, the smaller the propagation pathloss
is. Fig. 6 shows that the piecewise EER method can be
used to realize ray tracing in non-uniform atmospheric
conditions. However, the approximate formula of EER cannot
deal with electromagnetic wave propagation in non-uniform
atmosphere.

To sum up, the general formula of EER given here
overcomes the limitations of approximate formulas and
largely expands the potential use of EER. In addition, it is
easy to see from our derivations that Eqs. (21) and (22)may be
used only for the propagation of electromagnetic wave in the
atmosphere near the earth’s surface (i.e. n ≈ 1 and h � a).
On the other hand, Eqs. (17) and (18) have no restrictions,
i.e. they are neither limited to electromagnetic wave nor to
specific types ofmedium. Eqs. (17) and (18)may be thus used
to evaluate exactly the propagation path of any type of wave
in any spherical layered medium.

In optics, Maxwell fish-eye lenses [43], Luneburg
lenses [44], Eaton lenses [45] and invisible lenses [43] are all
spherical layeredmedia. In astronomy, planetary atmospheres
involved in ground-based astro-geodetic observations and
atmospheric occultations observations are often modeled
as spherical stratified media [46]. In marine acoustics,
the underwater sound velocity profile is often modeled as
spherical layered media, based on which the acoustic path
is calculated [47]. In seismology, the crustal structure in the
calculation of seismic waves travel time is often modeled as a
spherical layered structure [48]. The general formula of EER
given here can be a useful tool in all these fields.

FIGURE 7. Principle of modified refractive index. (a) Spherically stratified
atmosphere. (b) Planarly stratified atmosphere.

IV. MODIFIED REFRACTIVE INDEX
A. FORMULA DERIVATION
In Fig. 7 we illustrate the use of MRI concept to transform a
spherically stratified atmosphere into an equivalent planarly

stratified atmosphere. The MRI is a relevant tool for
determining the propagation of electromagnetic waves, since
the parabolic equation method, which is widely used in this
context, takes the modified refractive index m as the basic
input parameter [32].

In order to exactly evaluate the MRI, let us start
from the well known Snell’s law for the propagation of
electromagnetic wave in planarly stratified medium, i.e.

m cos θ = const. (24)

By differentiating Eq. (24) with respect to h, we have

dm
dh

cos θ − m sin θ
dθ
dh
= 0 (25)

and, in turn,

dθ
dh
=

1
m
dm
dh

cot θ. (26)

The electromagnetic wave propagation in a spherical
layered medium satisfies Bouguer’s law as shown in Eq. (12),
that is, satisfies the differential equation as shown in Eq. (14).
It is not difficult to see that Eqs. (14) and (26) describe the
same electromagnetic wave propagation path. Similar to the
EER, the transformation from Eqs. (14) to (26) using theMRI
is also a conformal transformation [38]. The former uses
ae to transform the curved path into a straight line, and the
object of transformation is the shape of the electromagnetic
wave propagation path; the latter uses m to transform the
spherical stratified atmosphere into a plane, and the object
of transformation is the shape of the atmospheric medium.
Although they have different transformation objects, their
mathematical principles are identical.

From Eqs. (14) and (26), we arrive at the transformation

1
m
dm
dh
=

1
n
dn
dh
+

1
a+ h

. (27)

Which allows us find an analytic expression for m. To this
aim we notice that the radius of earth is a constant and the
above equation may be rewritten as

1
m

dm
d (a+ h)

=
1
n

dn
d (a+ h)

+
1

a+ h
, (28)

i.e.
1
m
dm
dr
=

1
n
dn
dr
+

1
r
, (29)

where we used a + h = r . We now use the imaginary
compound function to represent,

m = exp (F (r)) , (30)

which leads to
dm
dr
= exp (F (r))

dF (r)
dr
= m

dF (r)
dr

. (31)

Upon substituting Eq. (31) into Eq. (29) we have

dF (r)
dr
=

1
n
dn
dr
+

1
r
. (32)
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Integrating Eq. (32) we have

F (r) = ln (Cnr) , (33)

whereC an undetermined integral constant. Finally, we arrive
at

m = Cnr . (34)

Let us now focus attention to the infinitesimal region δ�,
where the electromagnetic source is located. In this case,
the path length δs is infinitesimal, that is, δs/a ∼ 0 and the
earth curvature is zero, i.e. the atmospheric refractive index
in δ� space is plane stratified. Let us denote by n0 andm0 the
refraction index and modified refractive index in δ�, then the
initial condition is

m0 = n0. (35)

If the electromagnetic source is at altitude h0, then the
constant C can be obtained by substituting Eq. (35) into
Eq. (34).

C =
1

a+ h0
(36)

By substituting Eq. (36) into Eq. (34), the expression of
MRI m can be obtained as

m =
a+ h
a+ h0

n. (37)

If h0 � a, then Eq. (37) can be approximated to
Eq. (38), which is exactly the same as the formula given by
Freehafer et al. [22].

m ≈
a+ h
a

n =
(
1+

h
a

)
n (38)

For the earth’s atmosphere, the refractive index n ≈ 1,
so Eq. (38) can be further approximated to Eq. (39).

m ≈ n+
h
a

(39)

Eq. (39) is the formula of the MRI given in ITU-R P.310-
10 Recommendation [20] and IEEE Standards [33]–[36].

For the sake of completeness, we also notice that the exact
expression for the refractivemodulusM can be given by using
Eq. (37), arriving at

M =
(
a+ h
a+ h0

n− 1
)
× 106. (40)

B. DISCUSSION
It can be seen from Eq. (37) that the general expression of
MRI m is a function of three variables: refractive index n,
altitude h and source altitude h0, that is, m (n, h, h0). Eq. (38)
can be expressed by m (n, h, 0). So, the relative error ε of
approximate formula for the MRI can be obtained as follows

ε ≈
m (n, h, 0)− m (n, h, h0)

m (n, h, h0)
=
h0
a
. (41)

The main purpose of the MRI m is to solve the parabolic
equation. The advantage of parabolic equation method is

that it can directly give the distribution of electric field
intensity, so as to uniformly calculate the propagation effect
of interference and diffraction caused by the environment.
The drawback is that the calculations are limited by the
electric size of the calculation domain. Multi functional
wave propagation calculation software generally needs to
integrate a variety of different solvers [49], of which the
parabolic equation method is mainly used to solve the wave
propagation in the near surface airspace. Under the current
computer hardware conditions, the practical problems that
can be solved by using the parabolic equation method all
satisfy h0 � a, i.e. ε ≈ 0. The refractive modulus M related
to the MRI m is mainly used to determine the refraction type
of the lower atmosphere, and it also satisfies h0 � a.
It can be seen that for the current practical applications,

the general formula of MRI is not superior to the approximate
formula, and the difference between them is very small.
On the other hand, with more powerful computers, the solu-
tion of parabolic equation will no longer be limited to the
electric size of the calculation domain, and in that case the
general formula of MRI will show its advantage. In addition,
it can be seen from the derivation process that Eq. (39) is
only applicable to the propagation of electromagnetic wave
in the earth atmosphere and close to the surface (n ≈ 1 and
h0 � a). On the other hand, Eq. (37) have no restrictions and
may be used for any kind of wave in any kind of medium.
Similar to the EER, the MRI also is derived from conformal
transformation. In turn, this method of dealing with wave
propagation may be useful also in more general contexts.

Finally, we emphasize that the expression in Eq. (37)
coincides with the concept of composite refractive index
introduced in [50] (notice the change in the name). There
are two reasons for merging our present results with previous
ones. On the one hand, MRI and EER are two basic
concepts to deal with electromagnetic wave propagation in
the atmosphere, both of which are derived from conformal
transformation. However, the strong connections between
them have not been emphasized in previous literature.
Putting them together helps to fully show the similarities
and differences between the two concepts. On the other
hand, the MRI has been widely used in discussing radio
propagation, but referring to it as composite refractive
index made it difficult to attract attention from the relevant
community.

V. CONCLUSION
Effective earth radius and modified refractive index are two
relevant tools in the study of electromagnetic wave propa-
gation in the earth atmosphere. Although their introduction
is based on different principles, they are both based on
conformal transformations. In this paper, the exact general
forms of effective earth radius and modified refractive index
have been obtained showing that their use is not limited to the
propagation of electromagnetic waves in earth atmosphere.
Rather, EER and MRI may be used to simplify the study of
the propagation of any kind of wave in any kind of medium.
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We have also explicitly shown that the formulas to evaluate
the EER and the MRI given in the ITU Recommendations
and IEEE Standards are special cases of the general formulas
given in this paper. Our results clarify the meaning and the
range of application of EER and MRI concepts and pave the
way for their use in more general contexts.
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