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ABSTRACT This paper is concerned with the exponential stability for a class of linear delay differential
systems under logic impulsive control. Based on logic impulsive control, the strong constraint that the
coefficient functions of this kind of linear delay differential system need to be non-negative, which is
required in most of the previous studies, is reduced. By establishing the relationship between the logic
impulsive system and a corresponding non-impulsive system, some exponential stability criteria for lin-
ear delay differential systems under logic impulsive control are presented in the following two cases:
Case A-The coefficient functions are non-negative, Case B—The coefficient functions can be negative. Two

numerical examples are discussed to verify the results.

INDEX TERMS Exponential stability, impulsive control, logic choice, linear delay differential system.

I. INTRODUCTION

In recent years, Berezansky L. et al. have made a lot of
in-depth researches on the oscillation and stability of the
following linear differential systems:

m
() + Y aOx(n(1) =0, t > 19 (1)

k=1
where ai(t) is Lebesgue measurable essentially bounded
function, hi(¢) is Lebesgue measurable function satisfies
hi(t) < t and limsuphi(t) = oo, k = 1,...,m, see

[1]-[3]and referentczso?herein. Note that, almost all the results
in above previous studies are based on a strong constraint
requirement, that is the coefficient functions need to be non-
negative, namely a;(#) > 0, k = 1,2,...,m. Even in
subsequent studies of higher dimensional systems:

m i
2O+ )Y di o) =0, t =19, i=1,....n
j=1 k=1
The diagonal terms condition aﬁ-‘i(t) >0,i=12,...,n

is always assumed, which means the dominance of diag-
onal elements (see [4], [5]). This situation was improved
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in [6] and [7]. In [6], the dominance of diagonal terms was
not required, but after careful derivation, the author found
that the stability results under the weakening diagonal ele-
ments dominance condition have higher requirements for
the delay conditions, and if the stability result is applied
to the scalar case (1-dimension), the condition a;(t) > 0
is still required. In [7], though each ax(r) > 0 is not
m

required, but Y ax(z) > 0 is implicated in the main stable
results. =

On the other hand, due to the importance of theory and
application, impulsive system has always been the focus
of many researchers (see [8]-[33] and references therein).
From the perspective of the research topics on impul-
sive systems, in addition to periodic solutions [8], oscil-
lation [9], noise [10], etc., various kinds of stability have
also been studied extensively. For example, exponential sta-
bility [11], practical stability [12], interval stability [13],
finite-time stability [14], numerical stability [15] and so
on. From the perspective of the classification of impulsive
systems, many research results have been reported for lin-
ear systems [9], [11], [13], [16], [17], nonlinear systems
[18], [19], functional differential systems [12], [20], [21],
integro-differential systems [22], fractional differential sys-
tems [23], [24] and so on. From the perspective of the
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model composition of the impulsive system, due to the needs
of practical problems, time-delay and stochastic effects are
often taken into account in the impulsive model. There-
fore, the delay impulsive systems such as [9], [11], [13],
[15], [16], [18], [19], [20], [25], [26], stochastic impulsive
systems such as [27], [28], and more complex stochastic
delay impulsive systems such as [21], [29] should be fully
considered.

In some practical situations, impulsive control can make
the system more realistic or make the system model have
better properties, such as the unstable system under impulsive
control becomes stable. Recently, logic impulses, in other
words, impulsive control influenced by logic choice, have
been proposed in [30]. Because of the input of logic effects,
logic impulsive control may have better control effect than
general impulsive control. So far, the research on logic impul-
sive system (LIS) has yielded some results. For example,
Suo J. et al. studied asymptotic stability of differential LIS
in [30], Zhang J. et al. gave the finite-time stability results of
nonlinear LIS in [31], He Z. et al. considered the stability of
discrete LIS in [32], and Li C. obtained some stability criteria
of stochastic LIS in [33].

Meanwhile, the author note that for system (1), Yan J. et al.
studies its stability under general linear impulsive control
in [9] and Li C. studies its stability under logic impulsive con-
trol with stochastic effects in [33], both of which are studied
by establishing the relationship between the impulsive system
and a corresponding non-impulsive system.

Inspired by the above analysis, the main purpose and work
of this paper are as follows: (i) By constructing logic impul-
sive control to system (1), break through the limitation of the
requirement that the coefficient function of system (1) is non-
negative. (ii) By establishing the relationship between the
system (1) under logic impulsive control and a corresponding
non-impulsive system, some exponential stability criteria for
linear delay differential systems under logic impulsive con-
trol are presented in the following two cases: Case A—The
coefficient functions are non-negative, Case B-The coef-
ficient functions can be negative. It’s worth noting that,
some criteria extend the results in [9], [11] and [15].
(iii) Two numerical examples are discussed to verify the
results.

This paper is organized as follows: Some basic nota-
tions, lemmas and the model introduction are collected in
Section II; The main results are given in Section III, in which
stability criteria for the case that the coefficient functions are
non-negative are given in subsection A, and stability criteria
for the case that the coefficient functions can be negative are
given in subsection B; Two numerical examples are discussed
in Section IV; Concluding remark and future work are given
in Section V.

Il. PRELIMINARIES

At the beginning, some necessary notations and lemmas are
given which are used throughout the whole paper.
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For a vector A, the transpose is denoted by AT, Let [-]
denotes the greatest integer function, namely, for a real
number a, [a] represents the greatest integer which is not
exceeding a. Let Ay = {8§|i = 1,2}, (Sé is the ith column
of the identity matrix I, and identify logical values with
equivalent vectors as: T = 1 ~ S F=0~ 3%.

The following lemmas are some sufficient condi-
tions for the exponential stability of linear differential
system (1).

Lemma 2.1 (See [2], Corollary 2.2; [3], Lemma 2.8):
Suppose a; > 0, 11m mfzk | ak(t) > 0, 11m sup(t hi () <

00, k = 1,...,m, and there exists r(t) < t such that for
sufficiently larget f ® Yo ak(s)ds < -

r@e) ™M
/ Z a;(s)ds
h

k(1) i—=1

< 1.

ai(t)
lim sup Z ZT:] oS

Then (1) is exponentially stable.
Lemma 2.2 (See [3], Lemma 3.1): Suppose a, > 0,
hmmfzk yar(@®) > 0, limsup(t — h(t)) < oo, k =

11— 00
1,...,m,if
lim sup ak(t) / Zal(s)ds <1 + Z
t—>oo 1 1 1az(t) he(t) =

Then (1) is exponentially stable.

Lemma 2.3 (See [3], Corollary 3.2): Suppose a; > 0,
limianZ:l ap(®) > 0, limsup(t — hi(t)) < oo, k =
=00 1—00

L...,mif
t n 1
lim supf Zai(s)ds <1+ -.
t—00 mkin{hk(f)} i=1 ¢

Then (1) is exponentially stable.
Lemma 2.4 (See [3], Theorem 3.3): Suppose arp >

0’ ZZI:I Ak (t) > 0, fOOO ZZLII ak(t)df = oo,
lim sup fi:k(t) Yorai(s)ds < oo, limsup(t — (1)) < oo,
—00 t—>00

k=1, , m, and

ai(t) / 1
lim sup a;(s)ds < 1+ -
100 Z < Yim1 ai®) Sy ; l
If there exists a constant R > 0 such that

1+R ™
lim inf / Za,'(s)ds > 0.
t

t—00 -
=
Then (1) is exponentially stable.

A. LIS WITH INFINITE DELAYS
Consider the following infinite delay differential systems
under logic impulsive control:

O+ Y a®yh) =0, t#t t>0

k=1 (2)
(") — yti) = Pi(y(1), t=t,ieN
y(@) = (1), t€lry, o]
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with the following assumptions:

(A1) (see [9]) ax(?) : [to, o©) — R are locally summable
functions;

(A2) (see [9]) hr(t) : [to, 00) — R are Lebesgue measur-
able functions and A (t) < t, zlilgo hy (1) = oo.

(A3)(see 9D0 <19 <11 < ...
impulsive points and lim f; = oo.

(A4) (see [33], subiﬁeoiomprovement) ®;(y(¢;)) are the logic
impulsive control in the system, which affected by p logical
index related to y(t;), is denoted by:

< t; < ... are fixed

P
D (y(1) = Y [ (), T ) lgi ()

=1

where I!,J! € C(R, R) satisfies I/(0) = J/(0) = 0,1 =
1,2,...,p,i e N.gi : R — {8], 8%} is a piecewise logical
function as follows:

gi(u) = 55, il = ¢
5%’ lfl(u)| < (]

fi € C(R,R), ¢; > 0is the threshold, for/ = 1,2,...,p.
Then, there are p2 choices for each ®; at t+ = ¢;, which can
also be described as:
TN VA AT (N[5 P =S
(AS) (see [9]) ¢(t) : [ry, 0] — R isreal-valued absolutely
continuous in [#;, fi+1) ()(rs, o) and may have discontinuity
of the first kind at #; situated in (7, o]. Where, for any
o > 1y, ry denoted

re = min inf hg(t).
1<k<mt>o

A function y : [r,,00) — R is called a solution of (2)
(see [9]), if: (i) y(¢) is absolutely continuous on each interval
(t;, tiy1] C [ry, 00). (ii) For any #; € [0, 00), y(ti+) and
y(t;) exist, y(¢;) = y(t;). (iii) y(¢) satisfies the differential
equation in (2) almost everywhere on [0, 00) and may have
discontinuity of the first kind at #; situated in [0, ©0), and
satisfies the initial condition on [ry,, o].

Easy to see that, y(#) = Ois a solution of (2), which is called
the zero solution. Throughout this paper, we also assume that
y(ti) # 0 and ®;(y(1;)) # —y ().

Hypothesis 2.1 (See [33]): Suppose there exists a(f) sat-
isfies: (i) a(¢) is continuous differential on each interval
(t, tiy1] C [o, 00).

(ii) For any ¢; € [0, 00), a(t;) = (1 + %S")))a(t;r).

(i) a(t) #0,Vt > o and a(t) = 1,Vt < 0.

Remark 2.1: According to the characteristics of the given
differential equations, many different forms of function «(¢)
can be selected, see [9], [11], [15] and [33].

' , a(t)
In this paper, we denote o = )
a(ng
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Now, a non-impulsive delay differential system can be
proposed:

x(r)—%x(mza,ﬁak(r)x(hk(n):o, t>o
k=1
x(1) = (1), telry, o]

3

An absolutely continuous function x(¢) is said to be a solu-
tion of system (3) (see [9]), if: x(¢) satisfies the differential
equation in (3) almost everywhere and the initial condition
on|[rs, o].

B. A CLASS OF LIS WITH FINITE DELAYS
In this part, based on system (2), a class of LIS with finite time
delay is constructed and its exponential stability is studied in
the following.

Firstly, a necessary assumption for system (2), which
shows that the time delay is finite, is given as follows:

(A6) (see [4]-[6]) There exist constants 7z > 0 such that
t—h(t) <1, k=1,2,...,mand 7 := 1max {tx}.

Remark 2.2: Under assumption (A6), one can infer that

limsup(t — I (2)) <00, k=1,2,...,m
—00

This condition is frequently encountered in the stability
analysis of system (1) (see [1]-[7]).

Next, a linear logic impulsive control is constructed. Let
@) = 2y, J (1) = i - y(t;), where [, ] are real
number, [ = 1,2,...,p,i € N, then

p
D @I, g ()

=1

P
(Z[xf, Mf]gz(y(ti))) - y(@)

=1
= ¢; - y(@).

In addition, for brevity, set the initial time to o = fy.
By now, a class of linear finite delay differential systems
under logic impulsive control is constructed:

;(y(t1)

IO+ Y a®yu) =0, t#b, t>1

k=l )
Y5 = y(ty) = giy(ty), t=t, keN
(1) = (1), telto—1, 1l

On the other hand, set the function «(7) as follows:

r>n

alt) == w=<t<t L+¢; (5)
1 lh—T=<t=<n
thus,
l—[ t>1
r_ 1 )j
O = Y h()=<tj<t
1 fh—T=<t=<nh
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It is easy to verify that «(¢) defined by (5) satisfies Hypoth-
esis 2.1, and it is clearly a piecewise constant function,
soa(t) =0

Accordingly, based on system (3), a non-impulsive delay
differential system is proposed as follows:

2O+ ) aarOx () =0, 1 = to
k=1 (6)

x(@) = @), t ety —1, to]

Definition 2.1 (See [11]): The zero solution of (4) is said
to be exponentially stable, if there exist a pair of positive
constants A and K such that, for any initial function ¢(¢),

(0] < K|lglle 170, > g,
y @

where |loll = sup  |p()].
th—T=<t=<ly

The exponential stability of system (6) can be similarly
defined, omitted here.

lll. STABILITY CRITERIA

Lemma 3.1: Assume that (A1)—(A5) hold, and «(¢) satisfies
Hypothesis 2.1.

(1) if x(z) is a solution of (3), then y(¢) = a N x@) is a
solution of (2) on [r,, +00).

(i) if y(¢) is a solution of (2), then x(¢t) =
solution of (3) on [y, +00).

Proof: The proof is similar to Lemma 3.1 in [33], omit-
ted here.

Remark 3.1: 1t’s worth noting that, system (2) has infinite
time delays and logic impulses, so Lemma 2.1 generalizes
Theorem 1 in [9], Theorem 3.1 in [11], Theorem 2.2 in [15].
Moreover, based on our assumptions, it is not difficult to
generalize Lemma 3.1 in [33] to the systems with infinite time
delay.

Lemma 3.2: Assume that (A1)-(A6) hold, and «a(?) is
defined by (5).

(i) Suppose ol (1) is bounded on the interval [ty — T, 00),
then if the zero solution of (6) is exponentially stable, the zero
solution of (4) is also exponentially stable.

(ii) Suppose «(#) is bounded on the interval [ty — T, ©0),
then if the zero solution of (4) is exponentially stable, the zero
solution of (6) is also exponentially stable.

(iii) Suppose both o~ 1(¢) and a(¢) are bounded on the inter-
val [ty — 7, 00), then the zero solution of (4) is exponentially
stable if and only if the zero solution of (6) is exponentially
stable.

Proof: The proof is similar to Theorem 3.1 in [33],
omitted here.

a(t)y(r) is a

A. THE COEFFICIENT FUNCTIONS ARE NON-NEGATIVE

In this part, some exponential stability criteria are proposed
for system (4) where all the coefficient functions ax(¢) are
non-negative.
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Put forward the following assumption
(A7) A l. ul > —= 11m1nf)J > _1_7 hmmful > -1

i
l*)OO — 00 P

hmsup)J < 00, 11msupu < oo,l =1, 2 .., p, and a(r)

1s defmed by (5).

Remark 3.2: Under assumptions (A6)—(A7), there exist
constants | > @y > 0 such that w, < o} < ).

The reasons for Remark 3.2 are as follows:

Under assumption (A7), it’s easy to verify that ¢; =

A VXTI P RTCR) I B hm mf¢, > —1 and
hm sup¢; < oo. Note that lim ¢, = oo and (A6) is hold,

i—00 i— 00

we may assume that there are at most g impulsive points
on the interval [hg(t),t), Vt > to, k = 1,2,...,m. Then,

the values of @w| and @ are as follows:

1
w; = max {1, 1_[ T=o
jeN,
kil ..... q i=f,...,j+k—1 + o
1
wy = Hl]{]l’l 1, 1_[ 1—
eN. .
kil ..... q i=j,...,j+k—1 + &

For example, if t;;1 — #; > t, then there exists at most
one impulsive point on the interval [A(?), t), Yt > t9, k =
1,2,...,m, thus

1
min{ ,1}<(xk<max{ 1}.
ieN | 1+ ¢; 1+ ¢

The following theorems (Theorems 3.1-3.4) are the main
results of this paper. The meanings of @ and @ in Theo-
rems 3.1-3.4 are as mentioned in Remark 3.2, which will not
be emphasized later for brevity.

Theorem 3.1: Assume that (A1)—(A7) hold, and

Dar@®)>0,k=1,2,...,m

(ii) litgggf i ax(t) > 0.

(iii) There exists a constant & > 0 such that |0F1(t)| < E.

(iv) There exists r(¢) < ¢ such that for sufficiently large t

f Zak(s)ds < L

® = ew|

r(r) M
f Za,(s)ds < —.
h

k(1) i=1

Then, the zero solution of (4) is exponentially stable.
Proof: Step 1. According to (A7), conditions (i) and
(i), we have ajax(r) > @y ax(t) = 0,k = 1,2,...,m
and

m m
liminf Y olap(t) > liminf Y  @oai(t
Hookz:lkk()_t%oo; 20k ()

m
= o htgggf]; ag(t) >0
Meanwhile, lim sup(t — hx(¢)) < oo holds due to (A6).

—>00
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Step 2. From condition (iv), there exists r(¢#) < t such that
for sufficiently large t,

/ Z akak(s)ds

(t)k 1

IA

/ Z wiai(s)ds

70 =1

t m
< wlf Zak(s)ds
) =1
1 1
SOl =
ew] e
Step 3. From condition (v), we have
olay(t rn
lim sup k K@) / Zot a;(s)ds
t—>oo T , 1Ol az(t) he(6)
way(t r) 2
< limsup ml—k() / Z wai(s)ds
100 1y Do waai(t) () =

r@) m
/ Z a;(s)ds
h

k(1) i=1

.. ar(t)
< — limsup
ZZZ 14 l(t)
<1

Step 4. From Lemma 2.1, (6) is exponentially stable. Then
according to condition (iii) and Lemma 3.2, (4) is also expo-
nentially stable.

Theorem 3.2: Assume that (A1)—(A7) hold, and

BDa(t)=>0,k=1,2,...,m

(i) litrgngkmzl ay(t) > 0.

(iii) There exists a constant E > 0 such that |~ (1)| < &

(iv)

lim supz (1) /[ Xm:a(s)ds < (1 + 1)2
a0 I S e/ of

—>00

Then, the zero solution of (4) is exponentially stable.
Proof: From condition (iv), we have

lim sup Z Zak @ (1) Z oiai(s)ds

1—00 i 104“:(0 hie(t)

a (1)
hm sup Z sz=1 ) /hk(t) Z a;(s)ds

1
<1+-
e

The verification of the remaining conditions is the same as
the proof in the step 1 of Theorem 3.1, from Lemma 2.2, sys-
tem (6) is exponentially stable. Then according to condition
(iii) and Lemma 3.2, (4) is also exponentially stable.

Theorem 3.3: Assume that (A1)—(A7) hold, and

Dar@)=>0,k=1,2,...,m

(ii) litrgégf i ax(t) > 0.

(iii) There exists a constant & > 0 such that ]a‘l (t)| <E

@v)

1
<
lim sup /mm{hk(t)} Z a;(s)ds (1 + ) —

—>00

Then, the zero solution of (4) is exponentially stable.
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Proof: From condition (iv), we have

lim sup / Za a;(s)ds
t—>00 mm{hk(t) i—1

m

1
< @i limsup / Za,-(s)ds

t—00 mkin{hk(l)} i=1
1

<1+4+-
e

The verification of the remaining conditions is the same as
the proof in the step 1 of Theorem 3.1, from Lemma 2.3, sys-
tem (6) is exponentially stable. Then according to condition
(iii) and Lemma 3.2, (4) is also exponentially stable.

In the following stability result, 11{111) (i)gf Yo ak(t) > 0is
no longer required.

Theorem 3.4: Assume that (A1)—(A7) hold, and

() ar(t)>0,k=1,2,...,m,and Y ;' ax(t) > 0.

(i) fo° Yope; ax()dt = oo

(iii) lim sup f,fk(t) S ai(s)ds < oo.

—>00
(iv) There exists a constant £ > 0 such that |a‘1(t)] <E
(v) There exists a constant R > 0 such that

t+R M
lim inf f Z ai(s)ds > 0.
4 i=1

—>00

(vi)
a(t) o)
htriigp Z Z, @) i 2 Za (8)ds < ( —) w%.

Then, the zero solution of (4) is exponentially stable.
Proof: Note that 0 < @2 < o < w1, apa(t) > 0, and

m m
Za,ﬂak(t) > wy Zak(t) > 0.
k=1 k=1

From condition (ii), we have

o Mm
/ Za,’(ak(t)dt =00
0 =1

From condition (iii), we have

lim sup / Z ojai(s)ds
hi (1)

—>00

—>00

< o limsup / Z a;(s)ds
() Z

< 00

From condition (v), there exists a constant R > 0 such that

t+R M
lim inf / Zaisai(s)ds
11— 00 t
i=1
tHR M

Z a;(s)ds
i=1

> wn liminf/
11— 00 ¢
>0
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From condition (vi), the same proof as in Theorem 3.2,
we have

lim sup Z Zakak ®

t—00 19 al(t) hi() ;2

t

1
Zaa(s)ds<l—|——

Then, according to Lemma 2.4, (6) is exponentially stable.
From condition (iv) and Lemma 3.2, (4) is also exponentially
stable.

B. THE COEFFICIENT FUNCTIONS CAN BE NEGATIVE
In this part, the exponential stability of a class of linear
delay systems under logic impulsive control is discussed.
For this kind of system, the requirement that the coefficient
function be non-negative, which exists in most of the previous
results, is reduced. That is, the coefficient function can be
negative.

Consider the following linear delay differential systems
under logic impulsive control:

SO+ SDarOyt —kT)=0, 1 #1, 1> 1

k=1
y(tH) = y(t) = ¢iy(ty), t=t, keN
y(#) = ¢(1), € [to — mt, to]

N

where T > O is aconstant, tjy;] —¢; = 7,i = 0,1,2,---,
the logic impulsive control ¢;y(#;) is the same as in system
(4), 6k (¢) is defined by:

(_1)i+1
(_1)k+1

tE(tj,tj+1],j=0,1,...,k—l.

) =
K(®) t € (1, 00)

Meanwhile, «(?) is still defined by (5), namely

1 t € [to —mrt, 1]
alr) = 1_[ t>t
1
t()St_/'<l‘ ¢]
(1)

It’s obvious that, ) =
i ot —kt) ) )
Accordingly, the non-impulsive delay differential system

is as follows:

X0+ Sapar(yt—kr)=0, =1

k=1
x(t) = (1), telto—mrt, to]
®)
Remark 3.3: If)tf, ,ul < l,l =1,2,...,p,i € N, then

¢i < —1foralli e N,and (e <0,k =1,2,...,m
Now, let’s give a check on Remark 3.3.
It’s easy to see that ¢; = I[Al, M ]g,(x(t,)) < —1 due

to )tl Ml < —= By derivation, ak is of the following form:
‘ a(t)
Otk = T
a(t —kt)
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1 t € (to, 1]
1
t e (1, ]
1+ ¢
! ! t € (1, 13]
€ s
1+¢1 1+ >0
! ! ! tet—1, 4]
te k_ 9 k
_ 1+1¢11+]¢2 1+]¢k—1
t € (T, i1l
1+¢1 1+ ¢ 1+ ¢
1 1 ? fe fean]
e e ,
T+ l+¢3  1+der il e
! ! ! t et tir1]
i
1+ ¢jkt1 1+¢i1 1+ a
that is,
1 t € (1, 11]
1
l_[ — t €, tiy1]
a;{: i=1,..., J 1+¢l
[l 5 tetwo
i=i*, ... ik —1 !
t
where,j=1,2...,k—1,i* =[-]—k + 1. So, we have
T
-1 t € (1, 1]
. 1
1yt t € (1, tjit1]
Sk()ah = 1., 1+¢,
1
(—DfH! H —— 1€t o)
=itk —1 I+¢i
t
forj=1,2...,k—1,*=[-]1—k+ 1.
T

Thus, we have come to a conclusion that (Sk(t)ot,’( < 0, for
allieN,k=1,2,...,m

Put forward the following assumption

(A8) )tl, ,u,l < —= hmsup)tl < —I; hmsupptl < —117,

l*)OO i—00

liminfA! > —oo, li‘minf,ui > —oo,l = 1,2,...
«(7) is defined by (5).

Remark 3.4: Under assumption (AS8), it is easy to verify

that limsup¢; < —1 and l1m 1nf ¢; > —o0, then there exist
i— 00
constants o1 > g2 > 0 such that —01 < &(Day, < —02.

The values of g1 and g> are as follows:

, P, and

1
01 = max 341, H —
| i T

o min {1 H !
2 = ) —_—
kzjf.z?l.?,m i=j .t.,j+k71 1 + d)i

The following theorems (Theorems 3.5-3.8), are the main
results of this paper. The meanings of o; and @y in
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Theorems 3.5-3.8 are as mentioned in Remark 3.4, which will
not be emphasized later for brevity.
Theorem 3.5: Assume that (A1)-(AS5), (A8) hold, and
Dar®)<0,k=1,2,...,m
(i) limsup Y p_ ax(2) < O.
—o0

(iii) There exists a constant & > 0 such that |a_1(t)‘ < E.
(iv) There exists r(¢) < ¢ such that for sufficiently large t

t m 1
f Zak(s)dsz -
) =1 eQl1
(v)
. ak(n /’<’> = )
lim su a;(s)ds| < —=
t_>oop k=1 l 1 a; (t) Z %

Then, the zero solution of (7) is exponennally stable.
Proof: Step 1. From conditions (i) and (ii), we have
Sk(aar(t) = —o2 ax(t) = 0,k = 1,2, ..., m, and

m m
. . t _ . . _ t _
lltrg ggf kE_l Sk (D)o ar(t) = htrg 10131” 1;—1( Sk (D ) (—ak (1))

v

m
@2 h;gng(—ak(r))

—2 limsup Z ag(1)

t—)OOkl

>0

Obviously, lim sup(t — hi(t)) < oo here, due to hi(t) =
—00

t—kt,k=1,2,....m
Step 2. From condition (iv), there exists r(¢) < ¢ such that
for sufficiently large t,

/ Zék(s)akak(s)ds=/

() k=1

Z( Sk(s)a)(—ar(s))ds

") k=1

< -a Zak(s)ds
"0 j=1
11
fo—=-
€01 e

Step 3. From condition (v), we have

r(t)y M
/ Z 8i($)er} ai(s)ds
t_

r(t) m
/ ZQlai(s)dS

r(l) m
/ Z a;i(s)ds

m

lim sup
1—00

Sk(Dagar(r)
Yoy Si)edtai(t)

k=1

t
< llmsupz Zglak( )

t—00 1 02a;(1)

ai(t)

o7 ..
< — hmsupz Z, )

<1

Step 4. From Lemma 2.1, (8) is exponentially stable. Then
according to condition (iii) and Lemma 3.2, (7) is also expo-
nentially stable.
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Theorem 3.6: Assume that (A1)—(A5), (A8) hold, and
Dar@®)<0,k=1,2,...,m
(i) limsup Y _j—, ax(#) < O.
—00
(iii) There exists a constant & > 0 such that |oz_1 (t)] <

(iv)
o m a (1) 02
htglolgf S 1az(t)/ Za,(s)ds > —(l + ) .

Then, the zero solution of (7) is exponentially stable.
Proof: From condition (iv), we have

=
=

. S Sk(nagar() N
HmSUP Y S S aTar® e 2 s
2 m
[ ay (1)
< ” hln_l)igpz ST ) ), Z( ai(s))ds
2 m
_ o a (1)
=0 lltgggf]; ST ) ), Za (s)ds
1
<1+ -
e

The verification of the remaining conditions is the same
as the proof in the step 1 of Theorem 3.5, from Lemma 2.2,
(8) is exponentially stable. Then according to condition (iii)
and Lemma 3.1, (7) is also exponentially stable.

Theorem 3.7: Assume that (A1)—(A5), (A8) hold, and

Dar@®) <0,k=1,2,...,m

(i) limsup Y _p—, ax(#) < O.

1—00

(iii) There exists a constant & > 0 such that |oz_1 (t)] <&

(iv)

1igggf/ Za(s)ds> —(1+ 1)911

Then, the zero solution of (7) is exponentially stable.
Proof: From condition (iv), we have

t m
lim sup / Si(s)aiai(s)ds
t—00 in{r—kt} Z ' o

o i=1

t m
< o1 limsup / D (—ai(s)ds
t—mt i—1

—>00

t m
= —pi lim inff a;i(s)ds
minf ), 2
1
<14 -
e

The verification of the remaining conditions is the same as
the proof in the step 1 of Theorem 3.5, from Lemma 2.3, sys-
tem (8) is exponentially stable. Then according to condition
(iii) and Lemma 3.2, (7) is also exponentially stable.

In the following stability results, limsup ) ;- ax(t) < 0

. . —00
is no longer required.
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Theorem 3.8: Assume that (A1)—(A5), (A8) hold, and
Dar®)<0,k=1,2,...,m.

(i) Y p—y ak () < Oand [~ Y0 ax(n)dr = —

(iii) lim inf [l S0 ai(s)ds > —oc.

(iv) There exists a constant & > 0 such that |a’1(t)| <E
(v) There exists a constant R > 0 such that

+R M
1itnl il;p / Za,(s)ds < 0.
(vi)
liminf ak(t) / Za,(s)ds > —(1 + )Qz.
{—00 , 1 a,(t)

Then, the zero solution of (7) is exponentially stable.
Proof: Due to Remark 3.4, (t)a,’cak(t) > 0, and

\%

Zsk<r>a,iak(r> > -0 ) a(t) >0

k=1
f Z ()t ay (t)dt

From condmon (iii), we have

t m
limsup/[ . Z(Si(s)aisai(s)ds

t—00 —kt
Ti=1

t m
< o1 limsup f Z(—ai(s))ds
t—00 t—kt i—1
t m
= —o1 liminf / a;(s)ds

< X

I
3

From condition (v), we have

t+R M
lim inf / Z Si(s)er}ai(s)ds

1—00

t+R M

> (—ai(s))ds
i=1

t+R M
= —pplim supf Za,-(s)ds
=t

> 02 liminf/
11— 00 t

=00
>0

From condition (vi), the same proof as in Theorem 3.6,
we have

i k(g ax(t)
e S sl a(t) Si(s)alai(s)ds
oo = i Siajai() Z i
2 m t
1 limi ai (1)
< ——liminf ai(s)ds
02 1—>0o0 ZZ[ 1az(f) Z ;
1
<14+ -
e

Then, from Lemma 2.4, (8) is exponentially stable. Then
according to condition (iv) and Lemma 3.2, (7) is also expo-
nentially stable.
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Remark 3.5: In most of previous studies on the stability
of system (1), the coefficient function oy (¢) is required to
be non-negative. In this part, we propose a class of delay
differential system:

IO+ Y SDar(t)yt — k) =0, =1
k=1

in which the coefficient function 8§k (¢)ax(¢) can be negative.
Based on logic impulsive control, the condition that the coef-

ficient function is non-negative is no longer required, and
m

> Sk(t)ag(t) > 0 is not required too, some stability results
k=1
are obtained. As far as the author knows, there are no such

stable results for this class of systems.

IV. EXAMPLES
Example 4.1: Consider the following delay differential
system under logic impulsive control:
) 4
YO)+B(|cost|—cost+—)y(h(t) =0, 171

Y5 = y(t) =gy (ty), t=t
y(@) =0.5,
O]

where f§ > 0 is a costant, h(¢) is a Lebesgue measurable
function such that 0 <t — h(t) < m,tp =0,t;11 — t; = 4,
and the logic impulsive control ¢;y(#;) is denoted by:

biy(ti) = { i[kfv Mf]gz(y(li))}y(li)
I=1
- {[1 Qlil]gl(y(h)) + [ 3,11]g2<y<t,)>

g oo

The rules for piecewise logical functions g; are as follows:

82,
gi(u) = { 2

8y, lul <c

lul > ¢

c1 = 0.3, co =0.1, ¢3 = 0.05 are the thresholds.

Now, we verify system (9) according to the condition
requirements in Theorem 3.3.

() a(r) = (| cost| — cost + ) > 0.

AL Mle{2,,3,,gl —11=1,23,ieN.
—%< hmA —hmu =0 < 0.

i— 00 500
(i) lim inf (] Slntl —sint+ )= % > 0.

(iii) There exists a constant £ > 0 such that

’ *l(t)(— I (1+¢j)<]_[<1+ - +611)§E-
0<tj<t ieN

(iv) Due to t — h(t) < m and tiy;1 — t; = 4, there
exists at most one impulsive point on the interval [A(?), ),
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vVt > 0, then

1
1}< lifmax{ ,1}:1.
1+ ¢

1 . 1
— = min
2 ieN l—i—d)l ieN
soletw; = 1and wy = %

t

lim sup
t—o00 Jh(t)

4
B(|coss| —coss + —)ds
emw

! 4
< ﬁlimsup/ (Jcoss| —coss + —)ds
-

t—00 emn

¥ 48

=8 (| coss| — coss)ds + —
b4 e
2

=4ﬁ(1+£)

Then, according to Theorem 3.3, if 48(1 + é) <1+ é
e, B < %, the zero solution of (9) is exponentially stable.
For example, let 8 in system (9) be B = 0.2, and A(¢) in
system (9) be h(t) = t — m|sint|, then the zero solution of
(9) is exponentially stable, as shown in Figure 1.

0.6

0.5F

0.4

0.1

01 I I I
0 5 10 15 20

t

FIGURE 1. Dynamical behavior of y(t) in system (9) with respect to time.
Here, 8 = 0.2 and h(t) =t — x| sint|.

Example 4.2: Consider the following delay differential
system under logic impulsive control:

y(#) — Bé1(1)(| sint| — sin)y(r — 3)

32(1) ~ |
Tt TO=0 A (10)
Y5 = y(t) = ¢iy(ty), t=t
y() = 0.5, t € [—6, 0]

where 8 > 0is aconstant, o = 0, ;1 —#; = 3, and the logic
impulsive control ¢;y(¢;) is denoted by:

Ww={i%wmmmm@
=1
ZH‘“E%}4—§ﬂmm»
1= 5 1= g 0@ b

107892

The rules for piecewise logical function g; is as follows:

85, Ju—0.1]>0.3
u) =
§1() {55, —0.1] <023
and
82, |u—0.05]>0.1
=12 | |
83, |u—0.05] <0.1

Now, we verify system (10) according to the condition
requirements in Theorem 3.8.

Easy to see that a () = —B(] sint| —sint), ax(t) = _H’;l
in (10), then

(i) Fort > 0,a1(t) <0,and ax(t) < 0.

Af, nle {-1-%, —1- 54, —1—ﬁ, —1-g) <
—5,forl=1,2,ieN.

—oo < lim Af lim ,u
i— 00 i— 00

(i1) Obviously Zk:l ar(t) < Ofort > 0, and easy to prove
that [° S5, ax(t)dr = —
(iii)

1
=—1<-1L

t
lgyf (a1(s) + ax(s))ds

1—00 t+4

1
> —limsu sins| — sins) + ——)ds
[_)OOP/ (B | ) s+]0)
2 6
> —ﬂf (| sins| — sins)ds — lim sup In(1 + —)
0

= -4 > —0

(iv) There exists a constant & > 0 such that

@ o]=T] |1+¢,|<]_[(1 + 2!11 + 3!11) = &

0<tj<t
(v) There exists a constant R = 27 > 0 such that
2o 2
lim sup / Z a;(s)ds < 0.
—00 t i—=1

(vi) The values of o1 and p; are as follows:

1
01 = max 11, 1_[ S
= i=j, . k=1 L+ o
1 1
=max 1, N | 154
JeN + & i T i
=1
0 min { 1 1_[ !
2= ) —_—
kjﬂ’z i=j, ... j+k—1 L+ o
1 1
= min l, 1 "l 1—
jeN tol T+
120
= — ~0.4858
247
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Note that,
. Ca®) (!
h,IE égf - Z a;(s)ds
k=1 Z a; (t)
i=1
a(t)
= — lim sup Z ( ai(s) — ax(s))ds
t—00 k=1 Za (t)
i=1
4 1
> —limsu ( sins| — sins +—)d
Hoopft_y{ B | ) 10
= —48
. . 120
Then, according to Theorem 3.8, if 48 < (1 + )247
1\ 30
ie., f1 < (1 + —)m ~ (.1661, the zero solution of
e

(10) is exponentially stable. For example, let 8 in system (10)
be B = 0.12, then the zero solution of (10) is exponentially
stable, as shown in Figure 2.

0.6

0.4+ 1

FIGURE 2. Dynamical behavior of y(t) in system (10) with respect to time.
Here, 8 =0.12.

Remark 4.1: Note that, condition (Cl1): hmlnf Yo

ay(t) > 0, is required in Theorems 3.1-3.3 and is not requ1red
in Theorem 3.4; Condition (C2): limsup ) ;' ax(t) < O,

is required in Theorems 3.5-3.71_)aorc1)d is not required
in Theorem 3.8. In this section, we give two exam-
ples: Example 4.1 is a typical case satisfying (Cl);
Example 4.2 can be considered as a typical case that (C2)
is not satisfied. Similarly, examples of other theorems
(Theorems 3.1-3.2, 3.4-3.7) can be given, which are not dis-
cussed here.

V. CONCLUSION

In recent years, many significant results have been
obtained on the stability of a class of linear delay equations
like system (1). It is noted that almost all of these results
are studied under the condition that the coefficient function
ai(t) is non-negative. In this paper, based on logic impulsive

VOLUME 9, 2021

control, the strong constraint that the coefficient functions
need to be non-negative has been reduced. By establishing
the relationship between the delay differential system under
logic impulsive control and a corresponding non-impulsive
system, some exponential stability criteria are presented from
the following two aspects: Stability criteria for system (4),
in which the coefficient functions are non-negative; Stability
criteria for system (7), in which the coefficient functions
can be negative. Moreover, Lemma 3.1 extend the results in
[9], [11] and [15] by comparison. Two numerical examples
are discussed to verify the stability results.

Future Work: One of the main works of this paper is to
discuss the exponential stability of system (7), which is a
class of system (1) under logic impulse control. Although,
by constructing logic impulsive control of system (1), system
(7) reduces the requirement that the coefficient functions of
system (1) need to be non-negative in most previous studies

m

and ) 8¢(t)ax(t) > 0is not required too. However, the delay

k=1
function £ (¢) in system (7) is set to the form of Ay (t) = t—kt.
In the future work, we hope to study system (1) with a more
general form of delay function by logic impulsive control.
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