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ABSTRACT Networks constituting virtual cellular manufacturing system (VCMS) cells are partially
interconnectedwhile the interlinks are directional and the interlink numbers between cells are unequal, which
was not considered in previous studies. In this study, a model based on susceptible–infectious–removed–
susceptible was developed to analyze error spreading over an interconnected network, and theoretical analy-
sis was performed. Based on simulations, we found the following: (i) random interlinks between subnetworks
insignificantly affected the interconnected network; (ii) a large interlinking propagation efficiency raised the
infection probability of the interconnected network of VCMS; (iii) the topological structures of scale-free
subnetworks shaped by cells could inhibit infection propagation. Using two real cases, we verified the
conclusions drawn from the error spreading model. This study provides sound foundations to optimize the
structural constitution of a VCMS during its cell formation and arrangement periods.

INDEX TERMS VCMS, interconnected network, error spreading, SIRS.

I. INTRODUCTION
Group technology (GT) is based on a general principle that
many parts of a product have similarities in geometry, manu-
facturing process, or functions, and these parts can be manu-
factured in one location using a small number of machines or
processes to save time and effort [1]. As a typical application
of GT, cellular manufacturing systems (CMSs) have long
been considered efficient in improving the productivity of
batch production systems, exploiting part similarities [2]. The
benefits of employing a CMS are attractive [3]. First, CMSs
have the advantage of managing material flow easily due to
part similarities and work station proximity. Second, cells
induce simplified, higher validity costs since the costs of pro-
ducing parts are contained within cells rather than scattered
in distance. Third, cells under performing in quality can be
easily traced and targeted for improvement, which facilitates
both production and quality control.

The associate editor coordinating the review of this manuscript and

approving it for publication was Chao Tong .

The benefits of CMSs are obvious. However, they are avail-
able only when product families are sufficiently stable and
production volumes are relatively small or easy to move [4].
For instance, machines are usually duplicated to restrict
the manufacturing of parts in their respective manufactur-
ing cells, which generate an excessive production capacity
and increase operational and maintenance costs. Moreover,
the physical location of machines must be changed on the
shop floor to reconfiguremachine cells. Therefore, long times
must be taken. To reduce the negative implications of a CMS
while keeping its positive aspects, virtual CMS (VCMS) was
proposed as an alternative [5]. The main difference between
a VCMS and CMS is that the workstations in a virtual man-
ufacturing cell are not grouped physically on the production
floor but are envisaged.

In a VCMS, a product to be manufactured comprises a
series of components or parts. These parts are processed
by machines or equipment within different virtual cells.
Machines or equipment in different virtual cells connects
in different ways, such as material flows, information, and
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energy connections [6]. Certain precedence constraints (part
A must be manufactured before part B) and feedback con-
straints (processed part Bmay affect the original part A so that
part A should be re-processed) are also inescapable. Thus,
errors of one part will unavoidably cause errors in other parts
through connections. With the error accumulation or stack up
in all parts, error propagation may result in ‘‘avalanches’’ of
the entire VCMS. Analyzing and handling error spreading on
VCMSs can anticipate, capture, and prevent error propaga-
tions in advance; this is the first motivation of this study.

Recently, research on complex networks has become a
hotspot in complexity science. Virus spreading is one of the
most successful application areas of complex network theory.
Here, ‘‘virus’’ may refer to product errors, rumors, memes,
and the likes [7]. In complex networks, a virus passes from
one node to another, which probably contributes to the virus
spreading in a large scope, and blocks the information flow
in the complex network or even paralyzes the entire network
operation. Error spreading in VCMSs is similar to virus
spreading in complex networks. Therefore, error spreading
analysis in VCMSs can be solved by virus spreading models
in complex networks; this is another motivation of this study.

As mentioned above, a VCMS involves using many virtual
cells to manufacture a product. Each virtual cell comprises
multiple machines or equipment accomplishing a certain
number of manufacturing parts. As cells in a VCMS are
‘‘virtual’’, they can be situated in or outside a workshop in
many separated sites or even in different enterprises over
the Internet. Parts manufactured in different individual cells
are linked with each other for processing orders or material
flows, and the linkage relationship constitutes a subnetwork
within each cell if the parts are treated as nodes, and the
linkage between nodes is regarded as edges. Subnetworks
constituting different cells in a VCMS form interconnected
networks.

In this study, complex network theory is employed to study
error spread issues in VCMS. More specifically, the product
errors in VCMS are treated as viruses and the error propaga-
tion is considered as virus spreading, so that error spreading
analysis in the interconnected network of a VCMS can be
solved by virus spreading models with complex network
theory.

The rest of this article is organized as follows.
Section 2 gives a brief review of studies on virus dynamics
in complex networks. Section 3 demonstrates an intercon-
nected network of a VCMS comprising three subnetworks.
Susceptible–infectious–removed–susceptible (SIRS) virus
modeling and numerical analysis on a three-layer intercon-
nected network are employed based on an SIRS virus model.
In Section 4, numerical simulations are performed to illustrate
and extend analytical results. Section 5 concludes this study
and gives hints for future study.

II. BACKGROUNDS
We adopt virus spreading models with complex network
theory to handle error spreading problems in this study.

In this section, we make a summarized survey on existing
studies.

As a hot point in complex network theory, virus dynam-
ics over complex networks have attracted many researchers’
attention. Compartmental models in epidemiology serving as
a base mathematical framework for understanding the com-
plex dynamics have been developed in the early 1900s [8].
The first model, namely susceptible–infectious (SI) model,
was proposed as a trial of understanding the damn virus in
Mumbai by dividing the population into two groups using
differential equations [9]. Later, the susceptible–infectious–
removed (SIR) model was proposed by Kermack and McK-
endrick to explain a plague and cholera virus [9]. SIR is a
simple compartmental model, and many other models are
derivations of it. Some popular models are SIS, SEIS, SEIR,
MSIR,MSEIR, andMSEIRS (S: susceptible, I: infectious, R:
removed, E: exposed in the latent period, and M: passively
immune) [10].

The above mentioned studies focused on cases with a
single network, although many meaningful results have been
obtained. However, as many real-world networks interact
with or depend on each other, these networks can be treated
as multiple complex networks jointed together, which have
been termed as multilayer networks, interdependent net-
works, interconnected networks, or network of networks. For
instance, in real-world power grids, power stations need com-
munication nodes, whereas control and communication nodes
need power stations for electricity, thus the electrical grid
networks are almost always coupled with communication or
computer networks [11]. Other examples are transportation,
manufacturing, and logistical networks [12]. Some progress
has been achieved in the study of virus spreading on mul-
tilayer networks. For example, Buono et al. [13] studied
an SIR model in partially overlapped multiplex networks.
Dickison et al. [14] studied the dynamic behavior of SIR
epidemics in interconnected networks. Buldyrev et al. [15]
revealed that, unlike a single scale-free (SF) network, which
was highly robust against epidemics, an interdependent net-
work comprising two SF networks was vulnerable to a cas-
cade of random failure for epidemic spreading. Funk and
Jansen [16] investigated the effects of the layer overlapping
in a two-layer network by extending the bond percolation
analysis of two competitive viruses. Wang et al. [17] studied
the scenario of epidemic spreading on a one-way-coupled
network comprising two subnetworks; they found that the
basic reproduction number R0 was independent of the
cross-infection rate and cross-contact pattern, and it increased
rapidly with the growth of inner infection rate if the inner
contact pattern was SF. Zuzek et al. [18] studied random
immunization in a partially overlapped multiplex network
and concluded that the critical threshold of the epidemic
was dominated by the most heterogeneous layer when the
overlapping fraction q was very small.

Considerable progress has been made in the studies of
virus dynamics over single complex and interconnected net-
works recently. However, many challenges still exist in
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either mathematical or model aspects when these studies are
employed in VCMSs for the following reasons.

(i) The links between different cells are partially intercon-
nected, and the interconnections are directional, because one
part in a cell may have a directional linking relationship of
assembly or process sequence with other parts in another
cell, while others have no links. Thus, the linking strengths
coupling different cells are unequal. This model is different
from those in [16], [17], and [19].

(ii) The types of different subnetworks shaped by different
cells vary. For instance, a subnetwork formed by one cell has
been affirmed as an SF network [6], whereas another has been
proven as a small world (SW) network [20]. Furthermore,
the numbers of nodes in each subnetwork vary since the
number of parts manufactured in each cell may be unequal.

In this study, we develop a framework to model the virus
spreading of interconnected networks that can be applied
to the error propagation in a VCMS considering the above
two properties. Each subnetwork in the model varies in type
and size. Besides, subnetworks in the model are partially
interconnected, and the interconnected links are directional.
Analytical and numerical methods are employed to study
virus spreading issues.

Notably, when a VCMS is organized for product manufac-
turing, the total number of parts involved in the product is
kept constant. Thus, the SIRS model is more adaptable to the
interconnected network of a VCMS because some error parts
can be restored and some parts with severe errors are removed
from the VCMS, although derived models, such as SEIR,
MSIR, and MSEIR, are used more in certain virus spreading
cases.

III. MODELS AND ANALYSIS
For simplification, we assume the interconnected network
of a VCMS comprises three subnetworks—A, B, and C—
in our model, representing the subnetworks shaped by three
cells. Two types of links exist in the interconnected network:
connectivity links (also called intralinks) within each sub-
network, enabling the nodes to function cooperatively as a
subnetwork, and interconnected links (also called interlinks)
between subnetworks, namely, cross-links between A and B,
A and C, and B and C, resulting in the error propagation of
nodes in one subnetwork to those of another. Fig. 1 shows the
structure of the interconnected network of a VCMS. Inter-
links are directional, connecting the supporting node (i.e.,
node a) in one subnetwork (i.e., A) with the supported node
(i.e., node b) in another (i.e., C).

We study the model of the error spreading over the inter-
connected network of a VCMS comprising three subnet-
works, A, B, and C. Interconnected links exist between each
subnetwork, which may lead to cross propagation. However,
only the interlinks from infectious nodes (I) of one sub-
network (for example, A) to susceptible nodes (S) of other
subnetworks (for example, B and C) may prompt cross prop-
agation among subnetworks. The latent reason is that only
infectious nodes have infectiousness and only susceptible

FIGURE 1. Illustrative structure of the interconnected network of a VCMS.
Subnetworks A, B, and C are different in size and are partially
interconnected. Links between different subnetworks are directional, and
the linking strengths are unequal.

FIGURE 2. Demonstrative SIRS model over the interconnected network of
a VCMS comprising three subnetworks, A, B, and C. Interlinks prompting
cross propagation are marked with a red solid line with arrows indicating
directions. The dotted lines represent interlinks from S to R, S to S, S to I,
I to R, I to I, R to S, R to I, or R to R that cannot result in cross propagation.
αaa represents the infectious probability of susceptible nodes within
subnetwork A for intralinks of infected nodes; αba and αca express the
infectious probability of susceptible nodes in subnetwork A for infections
from interlinks from subnetworks B and C, respectively; αbb, αcc , αab,
αac , αbc , and αcb, have similar meanings; γa and βa mean the
recuperative and removal probabilities, respectively, of infected nodes in
subnetwork A; γb, βb, γc and βc are similarly defined, respectively have
similar meanings.

TABLE 1. Symbols involved in this subsection.

nodes are susceptible to infections. Fig. 2 depicts a SIRS
model of the interconnected network in such cases.

Some symbols involved are listed in Table 1.
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We defineNA(i, j, k) as the number of nodes in subnetwork
A that has i intra-linksintralinks within its subnetwork, with
j and k inter-linksinterlinks from subnetwork B and C, respec-
tively. Similarly, NB(i, j, k) and NC (i, j, k) are defined. Thus,
the coupling degree distributions of each subnetwork can be
calculated as follows:

PA (i, j, k) =
NA(i, j, k)

NA

PB (i, j, k) =
NB(i, j, k)

NB

PC (i, j, k) =
NC (i, j, k)

NC
. (1)

In addition, the marginal degree distributions are given by

PA (i, , ) =
∑

j=0

∑
k=0

PA (i, j, k)

PA (, j, ) =
∑

i=0

∑
k=0

PA (i, j, k)

PA (, , k) =
∑

i=0

∑
j=0

PA (i, j, k)

PB (i, , ) =
∑

j=0

∑
k=0

PB (i, j, k)

PB (, j, ) =
∑

i=0

∑
k=0

PB (i, j, k)

PB (, , k) =
∑

i=0

∑
j=0

PB (i, j, k)

PC (i, , ) =
∑

j=0

∑
k=0

PC (i, j, k)

PC (, j, ) =
∑

i=0

∑
k=0

PC (i, j, k)

PC (, , k) =
∑

i=0

∑
j=0

PC (i, j, k). (2)

The coupling relationships among each subnetwork are
expressed as follows:

dsXk (t)
dt
=−

∑
λmnPX (i, j, k) sXk (t)2mn (t),

diXk (t)
dt
=

∑
λmnPX (i, j, k)sXk (t)2mn(t)−iXk (t)

drXk (t)
dt

= iXk (t) ,

, (3)

where λaa = αaa/(βa + γa), λba = αba/(βa + γa),
λca = αca/(βa + γa), λbb = αbb/(βb + γb), λab =

αab/(βb + γb), λcb = αcb/(βb + γb),
λcc = αcc/(βc + γc), λac = αac/(βc + γc), λbc =

αbc/(βc + γc).
2mn(t) is used in Eq. (3) to represent the probability that a

randomly selected edge connects with an infectious node for
mn links:

2aa(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PA(i, j, k)iAk (t)
〈k〉aa

2ab(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PA(i, j, k)iAk (t)
〈k〉ab

2ac(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PA(i, j, k)iAk (t)
〈k〉ac

2bb(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PB(i, j, k)iBk (t)
〈k〉bb

2ba(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PB(i, j, k)iBk (t)
〈k〉ba

2bc(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PB(i, j, k)iBk (t)
〈k〉bc

2cc(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PC (i, j, k)iCk (t)
〈k〉cc

2ca(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PC (i, j, k)iCk (t)
〈k〉ca

2cb(t)=
∑

i=0

∑
j=0

∑
k=0

(k − 1)PC (i, j, k)iCk (t)
〈k〉cb

,

(4)

where

〈k〉aa =
∑

i=0
iPA(i, , )

〈k〉ab =
∑

j=0
jPA(j, )

〈k〉ac =
∑

k=0
kPA(, , k)

〈k〉bb =
∑

i=0
iPB(i, , )

〈k〉ba =
∑

j=0
jPB(j, )

〈k〉bc =
∑

k=0
kPB(, , k) (5)

Notably, as subnetworks in VCMSs are directionally and
partially interconnected, the numbers of links from subnet-
work A to B, B to A, A to C, and C to A are unequal; in other
words, it means

NA〈k〉ba 6= NB〈k〉ab 6= NC 〈k〉ac 6= NA〈k〉ca
6= NB〈k〉cb 6= NC 〈k〉bc. (6)

Using (1)–(6), we can obtain

diAk (t)
dt
= λaaPA(i, j, k)sAk (t)2aa(t)

+ λbaPA(i, j, k)sAk (t)2ba(t)
+ λcaPA(i, j, k)sAk (t)2ca(t)− iAk (t),

diBk (t)
dt
= λbbPB(i, j, k)sBk (t)2bb(t)

+ λabPB(i, j, k)sBk (t)2ab(t)
+ λcbPB(i, j, k)sBk (t)2cb(t)− iBk (t),

diCk (t)
dt

= λccPC (i, j, k)sCk (t)2cc(t)

+ λacPC (i, j, k)sCk (t)2ac(t)
+ λbcPC (i, j, k)sCk (t)2bc(t)− iCk (t).

(7)

Hethcote [21] defined a threshold parameter to qualify
the virus transmission effectively in the SIRS model, known
as the basic reproduction number R0. If R0 < 1, then the
SIRS model is asymptotically stable, and the disease cannot
invade the candidates, whereas if R0 > 1, the SIRS model is
unstable, and spreading is possible. However, the existence of
the coupling relationship among each subnetwork makes R0
more complex. In this section, we employ R0 characterized as
the spectral radius of the next generation matrix to determine
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the linear stability of the error spreading in our model. For the
SIRS model over the interconnected network of a VCMS, let

(i) F is be the rate expressing new infections from S to I,
(ii) V+ is be the rate of transfer of individuals from I to R,
(iii) V− is be the rate of transfer of individuals from

R into S.
The spectral radius of the next generation matrix for the

SIRS model is defined as follows [22]:

R0 = ρ(FV−1), (8)

where V = V− − V+.; ρ(A) denotes the spectral radius of a
matrix A [[23]; A is a 9× 9 matrix for our model, comprising
three subnetworks.

Define that

ζ =


∑

i=0
∑

j=0
∑

k=0 λmnPA(i, j, k)sAk (t)2mn(t)∑
i=0

∑
j=0

∑
k=0 λmnPB(i, j, k)sBk (t)2mn(t)∑

i=0
∑

j=0
∑

k=0 λmnPC (i, j, k)sCk (t)2mn(t)

 ,
ψ =

 iAk (t)iBk (t)
iCk (t)

 . (9)

We have

F =
∂ς

∂t

V =
∂ψ

∂t
. (10)

As the coupling degree distributions of different subnet-
works are independent, we have

PA (i, j, k) = PA(i, , )PA(, j, )PA(, , k)

PB (i, j, k) = PB(i, , )PB(, j, )PB(, , k)

PC (i, j, k) = PC (i, , )PC (, j, )PC (, , k). (11)

Thus, the next generation matrix can be expressed as fol-
lows, (12) as shown at the bottom of the page.
A is a 9 × 9 matrix; it has nine eigenvalues and the basic

reproduction number R0 is the maximumone.The method to
obtain R0 can be found in [2] and [23]. Based on Perron–
Frobenius theorem, we have

min
i,j

{
ri, cj

}
≤ R0 ≤ max

i,j

{
ri, cj

}
, (13)

where ri and cj are the sums of the elements in the ith

row and jth column of A. Obviously, the spectral radius of
the next generation matrix R0 is determined by the virus
propagation efficiency λmn, the average degree 〈kx〉, and the
degree ratio 〈kmn2〉/〈kx〉 of each subnetwork, where m ∈
(aa, ab, ac, ba, bb, bc, ca, cb, cc) and x ∈ (a, b, c). When
λab = λba = λac = λca = λbc = λcb = 0, we have

R0 =
〈k2〉
〈k〉

. (14)

The model agrees with the virus spreading over a single
network in [9].

IV. SIMULATIONS AND APPLICATIONS
In this section, numerical simulations are performed to study
the theoretical analysis of the error spreading model dis-
cussed in Section 3. In these simulations, an interconnected
network comprising three subnetworks—A, B, and C—was
constructed by a generating function defined as follows:

GX (x) =
∑∞

k=0
PX (k)xk , (15)

where x is a random variable; PX(k) is the degree distribution
of subnetwork X (X ∈ (A,B,C)). As the types of each
subnetwork shaped by different cells may vary and the num-
bers of nodes in each subnetwork are diverse, we generated

A = FV−1
=



λaa

〈
kaa2

〉
〈ka〉

λaa

〈
kba2

〉
〈ka〉

λaa

〈
kca2

〉
〈ka〉

0 0 0 0 0 0

0 0 0 λba

〈
kaa2

〉
〈kb〉

λba

〈
kba2

〉
〈kb〉

λba

〈
kca2

〉
〈kb〉

0 0 0

0 0 0 0 0 0 λca

〈
kaa2

〉
〈kc〉

λca

〈
kba2

〉
〈kc〉

λca

〈
kca2

〉
〈kc〉

λab

〈
kab2

〉
〈ka〉

λab

〈
kbb2

〉
〈ka〉

λab

〈
k2cb
〉

〈ka〉
0 0 0 0 0 0

0 0 0 λbb

〈
kab2

〉
〈kb〉

λbb

〈
kbb2

〉
〈kb〉

λbb

〈
kcb2

〉
〈kb〉

0 0 0

0 0 0 0 0 0 λcb

〈
kab2

〉
〈kc〉

λcb

〈
kbb2

〉
〈kc〉

λcb

〈
kcb2

〉
〈kc〉

λac

〈
kac2

〉
〈ka〉

λac

〈
kbc2

〉
〈ka〉

λac

〈
kcc2

〉
〈ka〉

0 0 0 0 0 0

0 0 0 λbc

〈
kac2

〉
〈kb〉

λbc

〈
kbc2

〉
〈kb〉

λbc

〈
kcc2

〉
〈kb〉

0 0 0

0 0 0 0 0 0 λcc

〈
kac2

〉
〈kc〉

λcc

〈
kbc2

〉
〈kc〉

λcc

〈
kcc2

〉
〈kc〉


(12)
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three different kinds of subnetworks for simulations, namely,
subnetwork A as SF, subnetwork B as SW, and subnetwork C
as Erdos and Rnyi (ER), with their respective degree distri-
butions described as follows:

PA(k) =
2m(m+ 1)

k(k + 1)(k + 2)
∝ 2m2k−3

PB(k) =
∑f (k,K )

n=0
Cn
K/2(1− p)

np
K
2 −n

(pK/2)k−
K
2 −n(

k − K
2 − n

)
!
e−pK/2

PC (k) =
N
k
pk (1− p)N−k ∝

Ke−K

k!
. (16)

where m is the number of nodes with which one newly added
node connects each time; k is the node degree; K is the
average degree of the subnetwork; p is the probability to add
an edge between two randomly selected nodes; f (k,K ) is
minimum one of k − K/2 and K/2.
First, the effects of different intercoupling preference on

the spectral radius of the next generation matrix R0 arewere
investigated. The three subnetworks were generated accord-
ing to (15) and (16) with parameters NA = 1000, m = 2,
KA = 2, NB = 1500, KB = 2.5 and NC = 2000, KC = 3.
The interlinks between subnetworks were random. For each
simulation, one parameter λmn(m 6= n) keeps changing from
varied within 0–0.6 while others were assumed to be constant
with 0 for simplifications. Simulations were implemented by
Matlab programs with each result averaged over 40 realiza-
tions. The results are shown in Fig. 3.

Two conclusions can be drawn from Fig. 3:
(i) with the increase in λmn(m 6= n), the value of R0 also

increases in all panels, which reveal the fact that the growth of
interlinking propagation efficiency λmn(m 6= n) can increase
the infection probability of nodes in the interconnected net-
work of VCMS.

(ii) λcb and λbc have high impacts onR0 and that, which can
be seen in panels (a) and (b), whereas λac and λab have less
influence on it, as shown in panels (e) and (f). The potential
reasons may be that the topological structures of SW and
ER subnetworks are more vulnerable to random failures (for
interlinks between subnetworks are randomly distributed),
whereas that of SF subnetwork is more robust.

Next, simulations were launched to reveal how interlink
patterns affected infected density. Two interlink patterns
between subnetworks were studied, namely, random and SF
interlinks. In other words, three subnetworks were randomly
interconnected for a random interlink pattern. For an SF
interlink pattern, nodes in one subnetwork have partiality
for interlinks with supported nodes of higher degrees in
other subnetworks. Initially, subnetworks were infected with
a density of 0.2, and each simulation was averaged over
40 realizations. Simulation results are shown in Fig. 4.

From Figs. 4a and 4b, for the entire interconnected net-
work, when R0 < 1, infected densities for all subnetworks
decreased to zero, whereas, in panels (c) and (d), the infected
densities gradually increased for R0 > 1 until it approached
a constant value. In both cases, the interconnected network

FIGURE 3. Relationship of R0 with λmn for SF–SW–ER interconnected
network. In all cases, NA = 1000,m = 2, KA = 2, NB = 1500, KB =

2.5 and NC = 2000, KC = 3: (a) λab = λba = λca = λac = λbc = 0; λcb
keeps changing from 0 to 0.6, (b) λab = λba = λca = λac = λcb = 0;
λbc keeps changing from 0 to 0.6, (c) λab = λba = λbc = λac = λcb = 0;
λca keeps changing from 0 to 0.6, (d) λab = λbc = λca = λac = λcb = 0;
λba keeps changing from 0 to 0.6, (e) λab = λba = λca = λbc = λcb = 0;
λac keeps changing from 0 to 0.6, and
(f) λbc = λba = λca = λac = λcb = 0; λab keeps changing from 0 to 0.6.

entered a balanced state in the end. The results indicate
that interlink patterns between different subnetworks cannot
change the trend of infected density caused by R0. How-
ever, when comparing panels (a) and (b), random interlinks
between subnetworks insignificantly influenced the infected
density of each subnetwork in panel (a), but an SF interlink
pattern enhanced the decreasing speed of the infected density
to zero in subnetwork A in panel (b). In panel (c), random
interlinks insignificantly influenced the infected densities
for all three subnetworks, whereas a SF interlink pattern
facilitated the increasing process of the infected density of
subnetwork A to a stable value, and the ultimate infected
density value of subnetwork A became larger. The results
hinted that (i) random interlinks between subnetworks had
insignificant effects on the interconnected network; (ii) SF
interlinks expedited the decreasing speed of the infected den-
sity to zero when R0 < 1, whereas they promoted the cross
spreading between subnetworks when R0 > 1, speeding up
the increase process of infected density to a stable but larger
value.
Third, a VCMS constituting elevator manufacturing was

used to investigate the proposedmodel and simulation results.
Typically, core units of an elevator include traction, guide, car
and door, electrical control, and safety protection subsystems.
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FIGURE 4. Effects of interlink patterns on infected density for SF–SW–ER
interconnected network. In all cases, NA = 1000, m = 2, KA = 2,
NB = 1500, KB = 2.5 and NC = 2000, KC = 3: (a) R0 = 0.6 with a random
inter-link pattern, (b) R0 = 0.6 with an SF interlink pattern, (c) R0 = 1.2
with a random interlink pattern, and (d) R0 = 1.2 with an SF interlink
pattern.

FIGURE 5. (a) Dependency structure of traction subsystem and (b)
corresponding network expression.

These subsystems are usually manufactured in branches
located in different areas with VCMSs. Further, all subsys-
tems comprise various kinds of functional components. For
example, the traction subsystem comprises traction motor,
brake, clutch, gearbox, traction wheel, reducer, rack and
guide wheel, traction rope and accessory handwheel, and
others. The components are often manufactured in different
factories. Thus, the VCMS constituted by the elevator manu-
facturing is an interconnected network.

Considering the traction subsystem as an example. The
traction subsystem is manufactured in a virtual cell, and this
virtual cell comprises multiple equipment-machining com-
ponents, such as traction motor, brake, clutch, and gear box
that constitute the traction subsystem. The dependency rela-
tionship of components in the traction subsystem is demon-
strated in Fig. 5a, and the corresponding network expression
is shown in Fig. 5b. Notably, regarding the article length, only
the network expression of the traction subsystem virtual cell
is described in detail. Other virtual cells, such as car and door,
guide, and electrical control can be processed similarly.

When all components in different subsystem virtual cells
are considered, the interconnected network expression of the
entire elevator system is depicted in Fig. 6.

FIGURE 6. Interconnected network expression of the entire elevator
system.

Initially, the elevator manufacturing company outsourced
the subsystem manufacturing business. The virtual cells
formed by subsystems are loosely linked randomly. In the
economic crisis of 2008, some logistics supply chains of
the downstream partners broke, which resulted in failures
of some manufacturing nodes in the interconnected network.
According to the models of [15] and [16], the elevator manu-
facturing VCMS would be damaged or even collapsed. How-
ever, the annual reports of the company revealed that the
economic crisis exerted only a small influence on the elevator
manufacturing VCMS. The result agreed with the conclusion
from the proposed model, as the simulation on the model
unveiled that random interlinks between subnetworks had
insignificant effects on the interconnected network.

Later, with the expansion of the elevator company, the scale
of the elevator manufacturing VCMS became larger and the
spectral radius of the next generation matrix R0 kept decreas-
ing. In 2020, the elevator company experienced a severe
shortage of core components for the trade barrier. Simulation
results from the model in [17] showed that the production
activities of the elevator manufacturing VCMS would be
totally paralyzed. However, the fact was that the elevator
manufacturing VCMS returned to normal soon after a short
production delay. This phenomenon agreed well with our
results, which disclosed that when R0 < 1, the SF interlinks
enhanced the decreasing speed of the infected density until
the network became stable. The two concrete cases verified
the correctness of the proposed model.

V. CONCLUSION
Existing studies on virus dynamics over interconnected net-
works are incompetent for a VCMS. In this study, a frame-
work was developed to investigate the virus spreading issues
of interconnected networks, which were similar to that con-
stituting a VCMS considering its inherent properties. In this
study, product errors were treated as viruses, and the error
propagation was considered as virus spreading. Analytical
methods were adopted to study the error spreading on an
SF–SW–ER interconnected network based on the SIRS epi-
demic model. Interlinks between subnetworks of the inter-
connected network were directional and partial, and the
numbers of links between each subnetwork were unequal.
Numerical simulations were performed, and some results
were obtained: (i) random interlinks between subnetworks
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insignificantly affected the interconnected network; (ii) a
large interlinking propagation efficiency raised the infec-
tion probability of the interconnected network of VCMS;
(iii) topological structures of SF subnetworks shaped by cells
could inhibit infection propagation.

The findings of this study can help optimize the constitu-
tion of the manufacturing system during cell formation and
arrangement periods in the organization of a VCMS. Some
potential application hints of the proposed model and the
corresponding numerical simulation results are (i) a small
interlinking propagation efficiency is advisable during the
cell formation and arrangement periods of a VCMS; (ii) if the
structure of a subnetwork constituting individual cells is SW
or ER, the subnetwork size insignificantly affects the stability
of the network facing errors. However, the size of a subnet-
work with SF structure affects the stability of the network
strongly if errors propagate; thus, small size SF subnetworks
are preferable; (iii) if the spectral radius of the next generation
matrix R0 is less than< 1, SF interlink patterns between cells
are preferable; moreover, if R0 is larger than > 1 initially,
random interlink patterns are recommended because they
insignificantly affect the interconnected network.

Future work following this research could continue in two
aspects: (i) VCMS comprisingmore than three cells could
be considered; (ii) more types of cells constituting different
subnetworks besides SF–SW–ER should be considered.
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