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ABSTRACT The forward problem in magnetocardiography (MCG) is important for understanding the
relationship between the electric activity of the heart and the body surface magnetic field (BSM), and
providing insight into the clinical application ofMCG. In this paper, we proposed a computational framework
based on the finite element method (FEM) to solve theMCG forward problem. For the subject-specific heart-
torso geometry established from the medical image, the modified FitzHugh-Nagumo (FHN) equation was
used to describe the volumetric myocardial dynamic transmembrane potential (TMP), then the quasi-static
Maxwell equations was applied to simulate the propagation of cardiac magnetic field produced by TMP.
The two parts were validated on the simplified one-dimensional FHN equation and the source model of the
straight wire respectively, in which the analytical solutions exist. Further, under a realistic geometry heart-
torso model, the distribution of the body surface magnetic vector field was presented, the component in
the direction perpendicular to the body surface (By) of which was in very good agreement with the actual
observations from the same subject on a pulse-pumped Rb atomic magnetometer.

INDEX TERMS Magnetocardiography (MCG), forward problem, fitzhugh-nagumo (FHN) equation, trans-
membrane potential (TMP), body surface magnetic field (BSM).

I. INTRODUCTION
Cardiovascular disease seriously affects human health [1],
and hence its early diagnosis is important. Electrocardiogra-
phy (ECG) and magnetocardiography (MCG) are currently
two techniques used to detect cardiac electrophysiological
activity. However, due to the different physical characteristics
of cardiac electromagnetic fields, the information provided
by the two is also different [2]. The propagation of electric
field in the heart will be refracted, scattered, and absorbed
due to the inhomogeneous distribution of the conductivity
and permittivity of human tissues [3], resulting in the electric
field being projected nonlinearly onto the body surface (i.e.,
as detected using ECG). In contrast, the magnetic field is
projected linearly onto the body surface (i.e., as detected
using MCG), which is due to the magnetic permeability of
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the tissues changing very little, and it is usually regarded as
a constant value approximately equal to that in a vacuum.
Thus, MCG may be more helpful than ECG in diagnosing
heart disease, because the magnetic field measured by MCG
is a vector, which contains more detailed cardiac electro-
physiological information than the electric field measured by
ECG [4].

One major problem for MCG is that the strength of the car-
diac magnetic field is about one-millionth of the geomagnetic
field [5], which makes it very difficult to measure accurately.
Since the discovery of high-temperature superconductors,
superconducting quantum interference device (SQUID)
magnetometers have been used to measure weak biologi-
cal magnetic fields [6]. However, SQUID magnetometers
are unsuitable for clinical applications of MCG, because
they must be kept at low temperature with liquid helium
in a vacuum dewar container, which is characterized by
high maintenance charge and manufacturing costs. Recently,
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the rapid development of atomic magnetometers is making
them show superior performance in measuring weak mag-
netic fields [7]. Our research group has carried out related
work with atomic magnetometers, and we have developed
a pulse-pumped Rb atomic magnetometer [8], [9] that can
successfullymeasureMCG signals from three different direc-
tions at room temperature.

Many studies have been devoted to the ECG forward
problem, but relatively little to the MCG forward problem.
Shou et al. have proposed that the equivalent double
layer (EDL) source model is helpful for the MCG research,
and then they used an electrodynamic heart model to
simulate the MCG, taking the conductivity of lung into
account [10], [11]. Alday et al. have presented a membrane
model to compare the ECG and MCG under myocardial
ischemia in 2015, the results showed that MCG is more
sensitive to ischemia than ECG [12]. In the work of Bhat and
Anitha, the discretized heart has been assumed as a dipolar
sources forming a double layer, and then a uniform double
layer model representing the transmembrane distribution on
the epicardium and endocardium was used to simulate the
MCG [13]. Solving the MCG forward problem not only
provides prior knowledge for the subsequent MCG inverse
problem, but also helps to obtain a deep understanding of
the mechanisms underlying heart disease. Therefore, further
research on the MCG forward problem is likely to be very
fruitful.

This paper presents a computational framework for the
MCG forward problem based on a personalized three-
dimensional (3D) heart-torso model to study the body sur-
face magnetic field (BSM) generated by cardiac excitation.
We segmented the MRI images of the subject to separate
the cardiac chambers and the torso, and then personalized
3D geometric models of the human heart and torso were
reconstructed from the processed images. On the basis of
these models, the modified FitzHugh-Nagumo (FHN) equa-
tion was used to establish a cardiac electrophysiological
model to obtain the excitation conduction process of the
TMP in the heart. After that, a cardiac magnetic field model
for the body surface was also established based on the
quasi-static Maxwell equations [14], and combined with
the cardiac electrophysiological model to study the diffu-
sion of the magnetic field generated by the TMP in the
torso, and then the projection distribution of the BSM was
obtained.

The calculation process used in this study was based on
the Galerkin finite element method (FEM). The accuracy of
the computational framework was verified by comparing the
FEM solution and the analytical solution on the simplified
cardiac electrophysiological model and the cardiac magnetic
field model. Finally, the simulated MCGs were compared
with actualMCGsmeasured using a pulse-pumpedRb atomic
magnetometer developed independently by our laboratory.
The results have demonstrated that the computational frame-
work is feasible.

FIGURE 1. Images of MRI slices. (a) Image segmentation of the heart and
contour division of the atrium and ventricle. (b) Image segmentation of
the torso.

II. MODELS AND METHODS
A. THREE-DIMENSIONAL HEART-TORSO MODEL
A 3D personalized heart–torso model was established to
study the physical connection between the cardiac TMP and
BSM. Traditional 3D cardiac data sources from anatomi-
cal models such as canines have limitations since they dif-
fer markedly from the geometry of the real human body.
Noninvasive human medical tomography methods such as
computed tomography and MRI allow us to obtain images
from subjects, and then generated the personalized 3D heart-
torso model by 3D reconstruction. Compared with the model
obtained from anatomy, the model reconstructed from the
tomographic scan lacks the information of the fiber structures
of the personalized heart model. The initial phase of this study
did not consider the fiber structures of the personalized heart
model.

The 3D geometric model was based on the MRI data of
a 25 years old healthy male subject. The heart model was
reconstructed from 18 MRI images with 118 × 208 pixels,
1 mm × 1 mm resolution and 10 mm tomographic res-
olution. The torso model was based on 72 MRI images
with 189 × 384 pixels, 1 mm × 1 mm resolution and
4 mm tomographic resolution. According to the gray value
of MRI, threshold segmentation was performed to obtain
binary images for determining the basic contours of the
heart and torso. 3D image reconstruction was then applied
to the processed images, and the reconstructed 3D geome-
try was smoothed appropriately without affecting the struc-
ture of heart and torso to eliminate the surface roughness
in the process of image segmentation [15], [16], as shown
in Figure 2.

B. CARDIAC ELECTROPHYSIOLOGICAL DIFFUSION MODEL
The Aliev-Panfilov model used in this study is a mod-
ified FitzHugh-Nagumo (FHN) model [17], [18]. The
original FHN model is composed of nonlinear partial
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FIGURE 2. 3D reconstructed model (Left) and smoothed model (Right).
(a) Endocardium. (b) Epicardium. (c) Torso.

differential equations
∂u
∂t
= ∇ · (D∇u)+ f1(u, v),

∂v
∂t
= f2(u, v),

(1)

where f1(u, v) = u(u − a)(1 − u) − v, f2(u, v) = b(u − dv),
and u stands for TMP (the activator variable), ranging from
0 to 1, and v for gate variable (the inhibitor variable). The acti-
vator variable u corresponds to the electric potential, and the
inhibitor v is a variable that describes the voltage-dependent
probability of the pores in the membrane being open and
ready to transmit ionic current. And ∇ · (D∇u) for diffusion
term, D for diffusion tensor. Different f1(u, v) and f2(u, v)
result in different TMP shapes.

The Aliev and Panfilov model was defined as:
∂u
∂t
= ∇ · (D∇u)+ ku(u− a)(1− u)− uv,

∂v
∂t
= −e(v+ ku(u− a− 1)),

(2)

where a = 0.15, e = 0.01, k = 8 [19], we assume that the
myocardium is isotropic (i.e., D = 1). The model involves
dimensionless variables u, v and t . The actual TMP Vm and
time t can be obtained with the formulas [17]:

Vm[mV ] = 100u− 80, t[ms] = 12.9t. (3)

The actual TMP ranges from−80mV to 20mV . The heart
is generally considered to be an isolated continuum, in which
no active current flows into or out of the heart. There exists

Neumann’s condition ∂u/∂n = 0 when solving problems
with boundaries, where n is the normal vector of cardiac
boundary.

C. CARDIAC MAGNETIC FIELD MODEL
Since the electromagnetic field frequency of the human heart
is about 1-100 Hz [20], this low frequency electromagnetic
field is usually analyzed using the quasi-static Maxwell equa-
tions. The external magnetic field results from the current
density generated by TMP in the heart. And theMCG signal is
the projected integral of themagnetic field of the heart outside
the body. The external current density in the heart J i and TMP
satisfy the following formula:

J i = σH∇Vm, (4)

where σH represents conductivity of heart tissues. Since the
heart and torso were regarded as volume conductors, the total
current density J in the model is the sum of the external
current density and the passive volume current density:

J = −σ∇ϕ + J i, (5)

where σ represents conductivity, ϕ represents potential. The
current density J satisfies the law of conservation of cur-
rent [21]:

∇ · J = 0. (6)

Since the MCG problem satisfies the quasi-static mag-
netic field, variation of magnetic field caused by variation
of electric field can be ignored. Then the magnetic induction
intensity B can be easily obtained by coupling the TMP to the
quasi-static Maxwell equations:

∇ × B = µ(−σ∇ϕ + J i), (7)

where µ is magnetic permeability. Since human tissues are
nonmagnetic, the relative magnetic permeability µr = 1,
so µ = µ0µr = µ0, and the differential equation of the
Magnetic vector potential A can be obtained since it meets
B = ∇ × A and also satisfies the Coulomb gauge,

∇
2A = −µ0J . (8)

Thus, we calculated A in the heart region and torso region
respectively as:

∇
2A = −µ0(−σH∇ϕ + J i), (9)

∇
2A = −µ0(−σT∇ϕ), (10)

where σT stands the torso conductivity, due to the tiny air con-
ductivity �A, the current outside torso is negligible. We cal-
culated A in the air region as:

∇
2A = 0. (11)

According to the electromagnetic theory, the propagation
of the magnetic field on the heart surface 0H and on the
torso surface 0T are both satisfy the following boundary
conditions: B1n = B2n (magnetic induction intensity is equal
in the normal direction), H1t = H2t (magnetic field intensity
is equal in the tangent direction).
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D. FINITE ELEMENT CALCULATION
The boundary element method (BEM) [22], FEM [23], and
mesh-free method [24] have been used to solve the partial dif-
ferential equations and physical field problems with complex
boundaries. However, considering that FEM is better than
BEM at dealing with problems with complex boundaries,
since it divides a complex model into many smaller finite
elements, FEM was adopted in this paper to investigate the
MCG forward problem. Due to the wider practical range
of the weak form of the equivalent integral, the Galerkin
version of the weighted remainder method was applied to
calculate the reaction–confusion equation and the quasi-static
magnetic field of the model.

A second-order 10-node tetrahedral element was adopted
to discretize the heart, torso, and air domain. A second-order
Lagrangian element was adopted for the function of element
shape, which can simulate the curved boundary with higher
calculation accuracy. The TMP distribution was determined
using the Galerkin method and applied to the cardiac mag-
netic field model on the body surface, and then the BSM
distribution was obtained.

A tetrahedral mesh was applied to the model for further
FEM calculations, as shown in Figure 3. A dense tetrahedron
mesh was used for the heart and a relatively sparse mesh
was used for the torso to make the simulations more realistic
while reducing the computation cost. The heart, torso, and
air domain comprised 161,211, 7,907, and 2,584 tetrahedral
units, respectively (the air domain is not shown in the figure).

FIGURE 3. Discretized three-dimensional heart-torso model. (a) 3D
cardiac model. (b) Heart-torso model.

Sine the sinoatrial (SA) node is the principal pacemaker
of the heart [25], we defined the initial condition as an
initial potential distribution u, where there was a constant
elevated potential u0 near the SA node (in our work, u0 = 1),
while the potential of the rest of the heart was 0, as shown

FIGURE 4. The result of a brief evolution of initial potential distribution u.

in Figure 4. For the inhibitor variable v, it set as 0 near the
SA node, and the rest of the potential was v0 (in our work,
v0 = 0.3).

E. ANALYTICAL SOLUTION VALIDATION
To verify the reliability of the FEM calculation results and
calculate the error between analytical solution and numeri-
cal solution. We considered the one-dimensional (1D) FHN
equation to easily obtain the analytical solution of the FHN
model and compared it with the Galerkin finite element
numerical solution under the same condition. In the FHN
equation (1), parameter b satisfies 0 < b � 1, then v is a
constant and can be assumed to 0. The FHN equation can be
simplified to a nonlinear reaction-confusion equation:

∂u
∂t
= D

∂2u
∂x2
+ u(u− a)(1− u). (12)

Relevant studies show that analytical solutions of nonlinear
equations can be obtained through homogeneous equilibrium
method [26], tanh method [27], variable coefficient Bernoulli
auxiliary method [28], etc. The tanh method was applied in
this study. We supposed the traveling wave solutions to (12)
exists, let u(x, t) = u(ξ ), where ξ = k(x − ct), and trans-
formed the equation into the ordinary differential equation of
u(ξ ). Put Y = tanh2ξ into du

dξ = 1 − Y 2, then the homoge-
neous equation about Y was obtained by using the homoge-
neous balance. Assuming that the coefficient of the equation
is 0, several traveling wave solutions can be obtained.

To verify the accuracy of the numerical solution of the
BSM, a simple geometric model was established and the
analytical solution of the magnetic field was solved based
on the Maxwell equations. Researchers usually simulate the
magnetic field generated by the heart by solving the magnetic
field produced by a magnetic dipole, but it is a poor approx-
imation of the electrophysiological activity of the heart.
Wang et al. [29] have applied a concentric sphere model to
study the cardiac potential distribution, the mechanism of
which is somewhat similar to that of the heart. An inner con-
centric sphere was used to simulate the heart, and we assume
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that J i in the inner sphere is evenly distributed vertically
upward. The magnetic induction intensity in the model have
been first given by Geselowitz [21]:

B =
µ0

4π
[
∫
J i ×∇(

1
R
)dv−

∑
σ∇V ×∇(

1
R
)dv]. (13)

Due to the symmetry, there is no component of the mag-
netic field in the r and z directions. That is, in the cylindri-
cal coordinate system, the magnetic field generated by the
inner-sphere current is in the ϕ direction, which is consis-
tent with that of the magnetic field generated by a finite
length current-carrying straight conductor. Assuming that the
straight conductor with length L, current I equivalently con-
tributes to the magnetic field generated by the inner sphere
current, and suppose that the electric conductivity of outer
sphere σT � 1. The magnetic induction intensity of the
simplified model can be defined as:

B =
µ0

4π

∫
L

IdEl × R
R3

, (14)

where R is the vector from field point r = rer + zez to source
point r ′ = z′ez,

B = eϕ
µ0I
4πr

z− z′

[r2 + (z− z′)2]1/2

∣∣∣∣z′=L/2
z′=−L/2

. (15)

III. SIMULATION AND EXPERIMENT
A. VALIDATION OF CARDIAC ELECTROPHYSIOLOGICAL
DIFFUSION MODEL
Through the tanh method, fifteen traveling wave solutions
of 1D FHN equation were obtained, and one of them was
taken as an example below.

u(x, t) =
1
2
−

1
2
tanh[

x

2
√
2D
+

1
4
(2a− 1)t]. (16)

Using t = 0 of (16) as the initial value of (12), the numer-
ical solution by FEM under 1D condition was obtained and
compared with the analytical solution under the same condi-
tion to verify the accuracy of the Galerkin method under 1D
condition. The relative root mean squared error RRMSE was
defined as:

RRMSE =

√√√√√√
∑
N
(bn − an)2∑
N
(an)2

× 100%, (17)

where an is the analytical solution, bn is the numerical solu-
tion,N is the total time step or computing node of a numerical
solution.

Figure 5 displays the evolution of excitation potential u of
analytical and numerical solutions. The RRMSE between the
analytical solution and the corresponding numerical solution
of the simplified FHN equation are 0.60%, 0.91%, and 0.61%
respectively, as shown in Table 1. The results show that
the error between the numerical solution of the simplified
FHN equation obtained by the Galerkin method under 1D
condition and the analytical solution obtained by the tanh

FIGURE 5. Evolution of excitation potential u at t = 20, 40, 60 (left to
right). Solid line: analytical solution of FHN equation. Dotted line:
numerical solution of FHN equation.

TABLE 1. RRMSE of 1D FHN equation.

method is small, indicating the electrophysiological model is
credible.

As a small cluster of pacemaker cells, the SA node
stimulates the action potential and propagates TMP. Thus,
the action potential u = 1 was set as the initial condi-
tion of the FHN equation to stimulate the propagation of
TMP. Then the dynamic TMP can be obtained through FEM
calculation. Figure 6 illustrates the distribution of TMP in
ventricular excitation, and the TMP evolution curve over
time is shown in Figure 7, which is basically consistent with
the evolution curve of TMP over time under normal heart
rate. [30], indicating that the modified FHN equation used
as the cardiac source diffusion equation is consistent with
the electrical excitation diffusion characteristics of the actual
heart.

B. SIMULATION OF BODY SURFACE MAGNETIC FIELD
In Figure 8, the distribution of the magnetic field on the
plane generated by a current-carrying straight conductor with
finite length is presented. Here the long straight conductor
represents the source of the heart and the magnetic field
distribution on the plane represents the BSM. Figure 9 illus-
trates the changes of the norm of magnetic induction intensity
over the vertical distance between the field point and the
conductor. It can be seen that the error between the numerical
solution and the analytical solution is small, indicating the
accuracy of the numerical solution of the FEM.

The anisotropic conductivity of the 3D heart wall model
should be taken into account for better simulation. Since
bulk conductivity counts for little to the propagation of MCG
signal, it can be assumed as isotropic. Heart conductivity was
chosen: σH = 0.48[S/m]; bulk conductivity was chosen:
σT = 0.2[S/m] [31], without considering the myocardial
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FIGURE 6. The TMP distribution in a cardiac cycle. (a) Depolarization process (left to right: t = 30, 60, 90).
(b) Repolarization process (left to right: t = 120, 150, 180).

FIGURE 7. TMP time evolution curve. Solid line: right ventricular TMP.
Dotted line: left ventricular TMP.

fiber orientation. A detection sensor was simulated about
5mm in front of the chest. By applying the cardiac electro-
physiological model to the static cardiac magnetic model,
the magnetic induction intensity distribution over time in the
detection surface was obtained. Figure 10 displays the BSM
distributions at four moments during cardiac depolarization
and repolarization.

To further verify the feasibility of the computational frame-
work, a set of actual MCGs were compared with simulated
MCGs, the heart data were obtained from a 25 years old
healthy man, measured perpendicular to the body surface
(By) under our self-developed pulse-pumped Rb atomic mag-
netometer, and the MCGs were plotted every 20ms by lin-
ear interpolation during depolarization and repolarization,
as shown in Figure 11. Then, we used the structural similarity
index (SSIM) [32] to evaluate the similarity between the
simulatedMCGs and themeasuredMCGs. The SSIM defines
the structure information as independent of brightness and

FIGURE 8. The distribution of magnetic field on the axial plane of straight
wire model.

FIGURE 9. Distribution of magnetic field on the axial plane. x denotes the
vertical distance from the field point to the wire. Solid line: numerical
solution. Dotted line: analytical solution.

contrast from the perspective of image composition, which
reflects the structural properties of objects in the scene. The
mean value is used as the brightness estimation, the standard

107100 VOLUME 9, 2021



Z. Hu et al.: Solving Magnetocardiography Forward Problem

FIGURE 10. Simulated BSM distribution at four moments. Left to right: the depolarization process (t = 20, 40) and
repolarization process (t = 120, 140). (a) The distribution of norm |B|. (b) The distribution in the direction parallel to
body surface Bx . (c) In the direction perpendicular to body surface By . (d) In the direction parallel to body surface Bz .

FIGURE 11. The BSM distribution in the By direction measured by our self-developed atomic magnetometer.
(a) (b): Depolarization process. (c) (d): Repolarization process.

deviation is used as the contrast estimation, and the covari-
ance is used as the measure of the structural similarity. The
range of SSIM is−1 to 1. The closer the value to 1, the higher
the similarity. In our comparison, SSIM of simulated MCGs
and measured MCGs at the corresponding time were 0.70,
0.74, 0.70, 0.69, respectively.

It can be seen that both the simulated MCGs and the
measured MCGs show a bipolar structure, and the positions
of the two poles are deflected with the depolarization and
repolarization of the heart, which was basically consistent

with the measured MCGs in the literature [33]. However,
there are some differences between the simulated MCGs and
measured MCGs, as this study still has some shortcomings,
for example, we did not consider the anisotropy of the heart
tissue in the simulation process, which should be considered
in our future work.

IV. CONCLUSION
In this paper, a forward computational framework that can
be used to study the cardiac TMP propagation and the
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distribution of BSM was constructed from a personalized
3D geometric model, to cardiac electrophysiological activity,
to extracorporeal magnetic field. Compared with the current
dipole model, the improved FHN equation is more consistent
with the actual cardiac electrophysiological process as the
basis of the cardiac electrophysiological diffusion model.

The framework of MCG forward problem was verified by
analytical solutions. Firstly, the analytical solution of the sim-
plified FHN equation was solved in 1D condition, which was
comparedwith the numerical solution of Galerkin FEMunder
the same condition. Secondly, simplifying extracorporeal car-
diac magnetic field model was a straight wire model, and the
analytical solution of the magnetic induction intensity of the
model was compared with the numerical solution. Through
the error analysis of the above solutions, it has been proved
that the framework is feasible. Finally, the accuracy of the
framework was further verified by comparing the simulated
MCGswith the actualMCGsmeasured on our self-developed
pulse-pumped Rb atomic magnetometer.

The framework has good scalability. We can modify the
parameters of the FHN equation or even the form of the FHN
equation to simulate the abnormal magnetic field distribution
caused by different cardiac TMPs in different diseases such
as arrhythmia. In addition, by changing the locations of the
cardiac pacemaker, it can be used to simulate the distribution
of cardiac magnetic field in non-sinus rhythm conditions.

Studying the MCG forward problem has helped us to
understand generation principles of MCG. It can also play
an important role in assisting the clinical diagnosis of heart
disease [34]. We can deduce the relationship between phys-
iology and pathology of heart disease such as myocardial
ischemia and arrhythmia from the response processes of
cardiac conduction system. Although the model is not per-
fect, it has the advantages of lower computational costs
while ensuring accuracy in solving the forward problem. This
approach has laid a solid foundation for future analyses of the
MCG inverse problem.

V. DISCUSSION
There are still some limitations of our framework. The simple
heart-torso model ignored the diffusion tensor of cardiac
fiber orientation, which has an important influence on the
propagation of TMP [35], and the model did not accurately
segment the specific morphology of each part, nor did it take
the beating of heart into account.

In future work, we will take the beating of heart into
account, and use a rule-based method to simulate fiber orien-
tation to make the model closer to the real heart [36]. Then,
we will determine the area and severity of ischemia from the
medical images of a specific heart disease and obtain a more
representative model and simulate the TMP distribution of
a specific object [37]. Additionally, in our subsequent MCG
inverse problem, we can use a epicardial surface potential
distribution model based on Multivariate Adaptive Regres-
sion Splines (MARS) [38], [39] or Conic MARS (CMARS)
or its robust version (RCMARS) to reduce the impact of

modeling error on experiment, which performs well in ECG
inverse problem [40], [41]. What’s more, Conic Generalized
Partial Linear Model (CGPLM) can be introduced to reduce
the complexity of the model [42]. In our future studies on
MCG inverse problem, these algorithms will provide guid-
ance for us.
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