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ABSTRACT In this paper, we present a sustainable electrical energy supply chain system (SEESCS) where
two supply chain parties are involved, namely a power plant and a transmission station. The power plant
has two different types of power generation systems. The first power generation system (PG1) is more
costly but it generates lower emissions than the second system (PG2). The model is developed based on
a lot-sizing inventory problem to decide the load allocation between PG1 and PG2. The objective function
is to minimize total costs that consist of energy generation cost and emission cost. The transmission station
faces a stochastic demand and employs a continuous review policy to manage the electrical energy storage.
An efficient procedure is developed to solve the model and a sensitivity analysis is carried out to explore the
impact of changes in some key parameters on the model’s behavior. The results show that the allocation of
electricity generation is mostly influenced by the change in PG1’s production cost parameter and PG2’s
emissions parameters. The amount of emissions generated from the system is significantly affected by
the variation in PG1’s production cost parameter, PG2’s emissions parameters, and electricity demand.
Furthermore, by adjusting the power supply rate of power generation, the supply chain can control the overall
emissions produced and maintain the total cost.

INDEX TERMS Electrical energy, emission, energy storage, inventory, lot-sizing, power generation.

NOMENCLATURE

Parameters for transmission stations:

D average of electrical demand (MWh/year)
σ standard deviation of electrical demand (kWh/year)
A ordering cost for transmission station

($/transmission)
FT transmission cost for transmission station

($/transmission)
hT holding cost rate per unit time of transmission

station (%/year)
πx blackout cost per electricity consumption

($/kWh)
π0 marginal profit loss per electricity

consumption ($/kWh)
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t consumption period (h)
β blackout ratio, 0 < β ≤ 1

Parameters for power plant:

P1 power supply of PG1 (kWh/year)
P2 power supply of PG2 (kWh/year)
hP holding cost per unit time of power plant

($/kWh/year)
FP transmission cost for power plant

($/transmission)
γ electricity energy loss
ctax carbon tax ($/kgCO2)
a1 emission parameter for PG1 (kg year2/unit3)
b1 emission parameter for PG1 (kg year/unit2)
c1 emission parameter for PG1 (kg /unit)
a2 emission parameter for PG2 (kg year2/unit3)
b2 emission parameter for PG2 (kg year/unit2)
c2 emission parameter for PG2 (kg /unit)
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g11 PG1’s per unit time cost for running the
system independent of power supply rate ($)

g21 the increase in PG1’s unit system cost due
to one unit increase power supply rate ($/unit)

g12 PG2’s per unit time cost for running the
system independent of power supply rate ($)

g22 the increase in PG2’s unit system cost due
to one unit increase power supply rate ($/unit)

η1 fractional opportunity cost for PG1
η2 fractional opportunity cost for PG2
δ1 percentage decrease in setup cost per dollar

increase in PG1’s investment
δ2 percentage decrease in setup cost per dollar

increase in PG2’s investment
K10 original setup cost for PG1 ($/setup)
K20 original setup cost for PG2 ($/setup)

Decision variables:

n electricity power distribution factor
Q electricity power consumption (kW)
k emergency backup factor
α allocation factor for electricity generation,

αmin < α < αmax
K1 setup cost of PG1 ($/setup)
K2 setup cost of PG2 ($/setup)

I. INTRODUCTION
The increasing amount of Green House Gas (GHG) has
caused global warming and environmental damages. The
primary sources of greenhouse gas are transportation, elec-
tricity production, manufacturing industry, commercial and
residential, land use, and forestry. In the USA, the three
sectors that have the largest contribution of GHG emis-
sions in 2017 are transportation 28.9%, electricity 27.5% and
industry 22.2% [1]. In an electrical energy supply chain, elec-
tricity is generated by the power plant and then transmitted via
transmission station to the end customers. GHG emissions are
mainly produced from activities related to electricity produc-
tion as they are released during the combustion of fossil fuels,
such as oil, natural gas, and coal. Thus, due to the global rais-
ing awareness on environmental protection, various actions
on lessening the emissions must be taken to minimize the
emissions from the system. One of the actions would be
to utilize a cleaner electrical technology that generates less
emissions.

The first work dealing with electricity distribution was
proposed by Banbury [2]. He suggested a model which shows
the distribution of electricity from the power generation sys-
tem to the end customers. In a more recent development,
we have seen quite a lot of works addressing the optimization
problems applied to the context of the electricity supply
chain. Vahidinasab [3] proposed a mathematical model to
optimize the distributed energy resources in electricity dis-
tribution networks using nonlinear programming. He consid-
ered electricity price uncertainties and a trade-off between

minimizing monetary cost and minimizing pollutants.
Amrutha et al. [4] developed an electricity production model
using linear programming and investigated the influence of
emissions on production decisions. Jeddi et al. [5] employed
a robust optimization model to solve the problem of dis-
tributed energy resources planning. They considered load
uncertainty and set total profit as the objective function.
Ordoudis et al. [6] used a two-stage stochastic program-
ming model to coordinate the supply mix from electricity
and natural gas systems. Saghaei et al. [7] proposed a four-
level electricity supply chain that consists of the supplier,
storage, power plant, and consumers. A two-stage stochastic
mixed-integer non-linear programming was developed by
considering a procurement decision of biomass materials.
Saghaei et al. [8] developed a stochastic mathematical pro-
gramming model for the bioelectricity generation supply
chain considering disruption effects. Wang et al. [9] devel-
oped an operation planningmodel for energy system compris-
ing gas and electricity systems. They used a carbon trading
mechanism to lessen the emissions generated by the system.
Yan et al. [10] suggested a methodology for finding sites
of energy stations and distribution stations in a regionally
integrated energy system. They used kernel density estima-
tion and shortest path method to optimize the transmission
network.

The research on energy storage systems has received a
great deal of attention in recent years. Musolino et al. [11]
developed an energy lot-sizing model by taking into account
the recovery of braking energy. Fossati et al. [12] sug-
gested the strategy to minimize the micro grid’s total cost
by specifying the optimal capacity of energies and power.
Zucker and Hinchliffe [13] conducted a study to find the
optimal size of power storage attached to PV generation
taking into account the market signal. Wichmann et al. [14]
investigated the impact of the utilization of energy storage
systems on total cost and energy saving in an energy-oriented
lot-sizing and scheduling problem. They considered energy
quantities, time-dependent energy prices, and characteristics
of energy storage when evaluating the employment of energy
storage. Oh and Son [15] determined the optimal size of
energy storage system and formulated an operation strat-
egy for improving wind-power generation reliability using
discrete Fourier transform. They showed that the proposed
strategy can reduce the root-mean-squared error by up to 26%
compared to the conventional strategy. Das et al. [16] formu-
lated a strategy for obtaining the optimal location of energy
storage systems in distribution networks to minimize power
losses, line loading and voltage deviation. The artificial bee
colony algorithm is used to solve the problem in two different
scenarios, (1) with a uniform energy storage size and (2) with
non-uniform energy storage size. Karimi et al. [17] formu-
lated a stochastic mathematical model for determining the
optimal allocation of energy storage units in wind integrated
distribution networks. Ademulegun et al. [18] proposed a
mathematical model of the electricity distribution networks
consisting of two wind turbines and energy storage device.
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They showed that the use of energy storage in the distribution
networks can increase the local consumption of wind energy
and provide certain ancillary services that lead to an increase
in total profit. Li et al. [19] proposed bi-level optimization
model to determine the optimal capacity and location of the
energy storage system in a virtual power plant. They used
a solution framework based on decomposition algorithm to
solve the problem and to improve the solution efficiency.

Later, some scholars focused on developing energy storage
systems by using an inventory approach. Saran et al. [20]
was the first author who employed inventory management to
formulate network design decision and daily operating poli-
cies for wind plant equipped with the battery storage system.
Schneider et al. [21] and Schneider et al. [22] formulated
an electrical energy storage system (EESS) by employing
the newsvendor model. They tried to determine the optimal
size of energy in an apartment equipped with a PV system.
Biel and Glock [23] proposed a multistage production system
considering the integration between EESS and heat recovery
systems. They focused their study on formulating a strategy to
reduce energy usage and increase system flexibility. Further-
more, Marchi et al. [24] formulated a mathematical model
based on a multi-period newsvendor model for obtaining the
optimal size of the energy storage system. Loads shifting was
allowed in the model and a battery was installed to increase
the self-consumption rate.

Recently, some scholars have put their attention on
developing an electricity supply chain model based on
inventory theory. Wangsa and Wee [25] was the first to
introduce a joint economic lot-sizing problem (JELP) of a
power plant-transmission station-distribution substation sys-
tem under stochastic demand. A mathematical model was
developed to portray the investigated system and an efficient
procedure was derived to determine the decision variables.
Wangsa et al. [26] showed how the price-dependent demand
could give a pronounced impact on energy lot-sizing deci-
sions. They examined the influence of four types of
demand function on the model’s behavior and proposed
an algorithm to solve the problem. Similar to the work of
Wangsa et al. [26], Mishra et al. [27] also proposed a sus-
tainable electrical energy supply chain system (SEESCS)
problem considering price-dependent demand, setup cost
reduction, and the effort to reduce carbon emissions. The
emissions were assumed to release from storage and trans-
mission activities. A carbon tax regulation was applied
to lessen the amount of emissions coming from SESCS.
Jauhari et al. [28] proposed a two-echelon energy storage
system comprising of a power generation and a transmission
station. They considered an electricity demand from utility
system and included the procurement of raw material used to
produce electricity.

Our review to the electrical energy supply chain literature
shows that some scholars have developed various models
by considering some aspects, but none has investigated the
impact of using two types of power generation system on
energy lot-sizing decisions. While electricity production is

one of the sectors that produced the highest emissions, earlier
works on electricity supply chain models rarely incorporated
the issue of emission reduction. In this paper, we address
this issue by finding the best mix of two power generation
systems. The first is cleaner than the second power generation
system, thus generating less emissions. However, the cost to
produce electricity in the first power generation system is
higher than that of the second power generation system.
A typical example of the first type of power generation system
is a power plant system that uses natural gases as fuels to
produces electricity. The second one can be exemplified as
a power plant that uses coal as a fuel for electricity pro-
duction. Although power plant that uses natural gas will
produce smaller emissions, the high price of gas will make
production costs much more expensive. In addition, the reg-
ulator implements a carbon tax regulation to limit emissions.
Facing this problem, however, the process of determining
energy lot-sizing in the SEESCS becomes more complicated.
Considering the setting of the above problem, we aim to
answer the following questions:

1) How would the allocation of electricity generation
among the two power generation systems be deter-
mined to deal with the trade-off between emissions and
production cost?

2) How much money should be invested by the power
plant to reduce the setup cost?

Here, we attempt to answer the above questions by propos-
ing a SEESCS with a hybrid electricity production system
consisting of two different power generation systems under
stochastic demand. A trade-off between emissions and elec-
tricity production cost is involved in the model and a carbon
tax is applied to restrict the emissions released from the
electricity production. The emissions coming from electricity
production are influenced by the power supply rate. Later,
the electricity production cost is formulated as a function
of the power supply rate. In addition, the power plant has
a chance to invest a certain amount of money to reduce the
setup cost. This type of investment was widely proposed by
other scholars [27], [29], [30] to make sure that the setup
cost can be reduced at a reasonable level. Table 1 provides
a comparison between our model in this paper and the related
works published earlier. Compared with the existing studies,
the novel contributions of the proposed model are:

1) We propose a new mathematical model for a hybrid
power generation system developed with the inventory
modelling approach. To make a hybrid system works,
we propose a new decision variable, namely the allo-
cation of the electricity production, that can be used
to manage the electricity production in both power
generation systems.

2) We consider a situation in which the hybrid power
generation system owned by the power plant faces
a trade-off between electricity production cost and
emissions. The first power generation system (PG1)
produces less emissions than the second power gener-
ation system (PG2), but it results in a higher electricity
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TABLE 1. Comparison of proposed works with previous published works.

production cost. Since the previous studies only used
one type of power generation system, this kind of trade
offs has not been considered in the previous models.

3) We propose a new mechanism to lessen the emissions
from the electricity generation. The emission generated
from electricity generation is linked to the rate of elec-
tricity power supply, so it’s level can be adjusted by
controlling the allocation of electricity production.

4) The emissions from the power plants and the power
grids are calculated more comprehensively. We assume
that the carbon emissions are also released from the
electricity production activity. This makes sense since
the electricity production generates most emissions
due to the fuel combustion process. However, most of
the previous studies, i.e Mishra et al. [27], neglected
this phenomenon and assumed that the emissions are
only produced from storage and transmission activities.
We use carbon tax regulation to curb the emissions
generated by the power generation systems. The ear-
lier studies on electricity supply chain models mostly
neglected the issue of emission reduction policy

II. SYSTEM DESCRIPTION
In this paper, we address an electrical energy supply chain
system that consists of a power plant and transmission sys-
tem. The power plant owns two types of power generation
systems, where the first one (PG1) is more environmentally

friendly but more expensive than the second one (PG2).
The two power generation systems produce electricity which
will then be transmitted to the end customers through the
transmission system. The demand at the end customers fol-
lows a normal distribution with a mean value of D and a
standard deviation of σ . There is a setup cost when the
power generation system initiated the production activity and
there is a holding cost for any electricity put in the storage
system. In addition, the production and storage activities also
generate emissions. The transmission cost is incurred in the
transmission process. The transmission system may have to
keep the electricity in the storage. If the amount of electricity
available is less than the demand, there will be a shortage and
as a result, a blackout is occurred and there is a cost associated
with this blackout.

The questions to be answered here are, how much electric-
ity will be produced in PG1 and PG2, how much the eco-
nomical size of energy consumption and emergency backup
storage, and how much money should be invested to reduce
the setup cost. Production activity produces emissions which
should also be a concern. Thus, the objective is to minimize
the total cost that includes production setup cost, electric-
ity holding cost at both production and transmission stages,
emission costs, the fixed costs associated with any transmis-
sion batch, as well as the blackout costs due to shortage in the
electricity supply. We call this system as a sustainable elec-
trical energy supply chain system (SEESCS). The structure is
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very much similar to the classical supply chain inventory sys-
tem (CSCIS), where there are two manufacturing plants with
different characteristics producing the same product which
then will be distributed by a distributor to the end customers.
Figure 1 presents the analogies between SEESCS and CSCIS.
The production of electric power in the power plant resembles
the product manufacturing in themanufacturer.Moreover, the
process of transmitting the electricity from the power plant to
the transmission station looks like the process of transporting
the products from the manufacturer to the retailer. The size of
energy storage in both manufacturer and transmission station
is very much similar to the lot size in inventory management.
Thus, it is concluded the that process of determining energy
storage in SEESCS is also similar to the process of specifying
the order quantity in CSCIS [15], [19], [20].

FIGURE 1. Graphical representation for the analogies between SEESCS
and CSCIS.

In the proposed SEESCS, the power plant produces a batch
of electricity Qtn kWh, which is (1− α)Qtn kWh generated
from PG1 and αQtn kWh generated from PG2. The power
plant then transmits a size of Qt kWh to the transmission
station over n times. The two power generation systems run
in parallel to produce electricity. The power supply rate of
PG1 and PG2 is formulated by P1 = (1 − α)P kWh and
P2 = αP kWh, respectively. In this study, we employ the con-
cepts of the joint economic lot-size (JELS) approach where
the optimum production and transmission lots are derived to
minimize the total cost of the whole supply chain system.

III. ASSUMPTIONS
The following assumptions are used in this paper to develop
the mathematical model of the power plant-transmission sta-
tion electrical energy supply chain system.

1. We consider an electrical energy supply chain system
that consists of a single power plant and a single trans-
mission station.

2. The power plant produces electricity and then transmits
it to the transmission station. Transmission station faces
demand from end customers which follows a normal
distribution with mean D and standard deviation σ .

3. The transmission station uses a continuous review pol-
icy to manage electricity energy storage.

4. The power plant has a finite rate of power supply, which
is P(1− γ ) > D.

5. The power plant has two different power generation
systems which produce electrical energy. The elec-
tricity production cost of PG1 is higher than the cost
of PG2. However, the amount of carbons emitted by
PG1 is lower than emissions from PG2.

6. The power plant produces a batch of electricity
Qtn (kWh), which is (1− α)Qtn (kWh) generated
from PG1 and αQtn (kWh) generated from PG2. The
power plant then transmits a size of Qt (kWh) to the
transmission station over m times.

7. The two power generation systems run in parallel to
produce electricity. The power supply rate of PG1 and
PG2 are formulated by P1 = (1 − α)P and P2 = αP,
respectively.

IV. MATHEMATICAL MODEL DEVELOPMENT
In this section, a brief description of the mathematical model
for the electrical energy supply chain system is presented. The
investigated system consists of two parties, namely a power
plant and a transmission station. The joint total cost of the
electrical energy supply chain consists of the expected total
cost for the power plant and the expected total cost for the
transmission station. In this paper, we model the problem
with total cost as a single objective function. An alterna-
tive way of formulating this problem is by using multiple
objective where the carbon emission is not converted into
cost, but measured individually as a separate objective
function.

A. TOTAL COST OF TRANSMISSION STATION
As discussed in the above section, the electricity demand
from the end customers follows a normal distribution (D, σ ).
To cope with such a stochastic demand, the transmission sta-
tion uses a continuous review policy to manage the electrical
energy storage level. Thus, whenever the electrical energy
storage level reaches the reorder point, the energy replenish-
ment needs to be done immediately. Figure 2 presents the
electrical energy storage level for the transmission station.
As can be seen in the figure, the blackout will occur if
the electrical energy storage level is less than the electricity
demand. Thus, emergency backup storage is needed by the
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FIGURE 2. Transmission station’s energy storage level.

transmission station to overcome blackouts. The emergency
backup storage formulation is similar to the safety stock
formulation, which is

EBS = kσ

√
Qt
P
+ Ts (1)

The expected blackout is expressed by

EBL = σ

√
Qt
P
+ Tsψ(k) (2)

where,

ψ (k) = fs (k)− k[1− Fs (k)] (3)

fs (k) and Fs (k) are the pdf and cdf of standard normal
distribution, respectively. The derivation of equation (2) is
given in Appendix.

By following the analogy of average inventory with lost
sale case, the annual energy storage cost per year incurred by
the transmission station is given by equation (4)

hT

(
(1− γ )Qt

2
+ kσ

√
Qt
P
+ Ts

+ (1− β)σ

√
Qt
P
+ Tsψ (k)

)
(4)

The expected blackout and marginal profit loss per

order is formulated by βσ

√
Qt
P + Tsψ (k) and (1 −

β)σ
√

Qt
P + Tsψ (k). The blackout cost per year incurred by

the transmission station is presented by equation (5).

D [πxβ + π0(1− β)] σ
(1− γ )Qt

√
Qt
P
+ Tsψ (k) (5)

Thus, the total cost of the transmission station can be
developed by summing up equations (4), (5) and ordering and
transmission costs, which is

TCT =
D

(1− γ )Qt
(FT + A)+ hT

×

(
(1− γ )Qt

2
+ kσ

√
Qt
P
+ Ts

+ (1− β)σ

√
Qt
P
+ Tsψ (k)

)

+
D [πxβ + π0(1− β)] σ

(1− γ )Qt

√
Qt
P
+ Tsψ (k) (6)

B. TOTAL COST OF POWER PLANT
The total cost of the power plant consists of the total cost
of PG1 and the total cost of PG2. As stated in the above
assumptions, PG1 is greener than PG2. However, the produc-
tion cost of PG1 is higher than that of PG2. By having the
different characteristics of the two power generation systems,
the power plant intends to determine the optimal production
allocation, so that the minimum total cost is achieved. The
total cost per year incurred by the PG1 consists of setup cost,
energy storage cost, emission cost, and production cost. The
setup cost incurred by the PG1 is given by

STC1 =
DK1

(1− γ )Qtn
(7)

Figure 3 shows the electrical energy storage level for
PG1 and PG2. The average energy storage for the PG1 can
be evaluated by subtracting the accumulated transmission
station’s energy consumption from the accumulated power
generation system’s energy production, which is

INV 1=
(1− α)Qt

2

(
n
[
1−

(1−α)D
(1−γ )P1

]
−1+

2 (1−α)D
(1−γ )P1

)
(8)

Thus, the expected storage cost per year for PG1 can be
formulated by

STR1=hP
(1−α)Qt

2

(
n
[
1−

(1−α)D
(1−γ )P1

]
−1+

2 (1−α)D
(1−γ )P1

)
(9)

The amount of carbon emissions generated from the
electrical energy production depends on the power supply
rate [31], [32]. The emission cost charged by the PG1 is
expressed as follows

EMC1=ctax
(
a1P21 − b1P1 + c1

)
(1− α)

D
(1− γ )

(10)

The formulation of production cost is influenced by the
power supply rate. Here, we adopt the formula developed by
Khouja and Mehrez [33] to express the production cost of
the PG1, that is

PC1 =

(
g11
P1
+ g21P1

)
(1− α)

D
(1− γ )

(11)

An amount of money is invested by the power plant to
reduce the setup cost. The investment on setup cost reduction
follows a logarithmic function, which is

ISC1 =
η1

δ1
ln
(
K10

K1

)
(12)

Similar to the total cost of the PG1, the expected total
cost of the PG2 can be determined by considering setup
cost, storage cost, emission cost, and production cost. Equa-
tions (13) and (14) express the setup cost and the storage cost,
respectively.

STC2 =
DK2

(1− γ )Qtn
(13)
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FIGURE 3. Power plant’s energy storage level.

STR2 = hP
αQt
2

(
n
[
1−

αD
(1− γ )P2

]
− 1+

2αD
(1− γ )P2

)
(14)

The emission cost, production cost, and investment cost
for the PG2 is given by equations (15), (16) and (17),
respectively.

EMC2 = ctax
(
a1P22 − b1P2 + c1

) αD
(1− γ )

(15)

PC2 =

(
g12
P2
+ g22P2

)
αD

(1− γ )
(16)

ISC2 =
η2

δ2
ln
(
K20

K2

)
(17)

The total cost charged by the power plant is derived by
the equation (18). The first term represents the power plant’s
transmission cost. The costs incurred by the PG1 which con-
sists of setup cost, storage cost, carbon cost, production cost,
and investment cost are presented in the second term until
the sixth term of equation (18). The seventh term until the
eleventh term of equation (18) show setup cost, storage cost,
carbon cost, production cost and investment cost of the PG2.

TCP =
D

(1− γ )Qtn
Fp +

DK1

(1− γ )Qtn

+ hT
(1− α)Qt

2

(
n
[
1−

(1− α)D
(1− γ )P1

]
− 1

+
2 (1− α)D
(1− γ )P1

)
+ ctax

(
a1P21 − b1P1 + c1

)
× (1− α)

D
(1− γ )

+

(
g11
P1
+ g21P1

)
(1− α)

×
D

(1− γ )
+
η1

δ1
ln
(
K10

K1

)
+

DK2

(1− γ )Qtn

+ hP
αQt
2

(
n
[
1−

αD
(1− γ )P2

]
− 1+

2αD
(1− γ )P2

)
+ ctax

(
a1P22 − b1P2 + c1

) αD
(1− γ )

+

(
g12
P2
+ g22P2

)
αD

(1− γ )
+
η2

δ2
ln
(
K20

K2

)
(18)

C. JOINT TOTAL COST
The joint total cost for an electrical energy supply chain
consisting of a power plant and transmission station can be
determined by summing up the transmission station total cost
(equation 6) and the power plant total cost (equation 18),
which is

JTC =
D

(1−γ )Qt
(FT + A)+

D [πxβ+π0(1−β)] σ
(1−γ )Qt

Y2ψ (k)

+ hT

(
(1− γ )Qt

2
+ kσY2 + (1− β)σY2ψ (k)

)
+

DK1

(1− γ )Qtn
+

D
(1− γ )Qtn

Fp + hP
(1− α)Qt

2
Y1

+ ctax
(
a1P21 − b1P1 + c1

)
(1− α)

D
(1− γ )

+

(
g11
P1
+ g21P1

)
(1− α)

D
(1− γ )

+
η1

δ1
ln
(
K10

K1

)
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+
DK2

(1− γ )Qtn
+hP

αQt
2
Y1+ctax

(
a1P22−b1P2+c1

)
×

αD
(1− γ )

+

(
g12
P2
+ g22P2

)
αD

(1− γ )

+
η2

δ2
ln
(
K20

K2

)
(19)

where,

Y1 =
(
n
[
1−

D
(1− γ )P

]
− 1+

2D
(1− γ )P

)
(20)

Y2 =

√
Qt
P
+ Ts (21)

It is clear that by looking at equations (10), (11), (15)
and (16), there is a relationship between production cost
and emission cost. Both costs are strongly influenced by
the power supply rate. As stated in the system description
section, the determination of power supply rate of PG1 and
PG1 is related to allocation factor (α), which means that both
costs are also influenced by the allocation factor. By looking
at the relationship between allocation factor, power supply
rate and the costs, we can conclude that by controlling the
allocation factor, the system can control the production cost
and emission cost simultaneously to minimize the joint total
cost. Thus, the process of determining the optimal allocation
factor in the model must simultaneously consider these two
costs.

V. SOLUTION PROCEDURE
In this section, a procedure to derive the solutions of the
proposed system is developed. The objective of the proposed
mathematical model is to minimize the joint total cost by
simultaneously determining k, Q, n, α, K1 and K2. For fixed
n and α, the minimum joint total cost occurs at point (Q, k ,
K1, K2) which satisfies ∂JTC

∂k = 0, ∂JTC
∂Q = 0, ∂JTC

∂K1
= 0,

∂JTC
∂K2

, simultaneously. Thus, we take the first derivatives of
the joint total cost function with respect to Q, k , K1, and K2,
respectively.

∂JTC
∂k
= − [1− Fs (k)]

D [πxβ + π0 (1− β)] σ
(1− γ )Qt

Y2

+ hTσY2 − [1− Fs (k)] hT (1− β)σY2 (22)
∂JTC
∂Q

= −
D

(1− γ )Q2t
(FT + A)

+
D [πxβ + π0 (1− β)] σ tψ (k)

2P (1− γ )QtY2

−
D [πxβ + π0 (1− β)] σY2ψ (k)

(1− γ )Q2t

+
hT (1− γ ) t

2
+
hT kσ t
2PY2

+
hT (1− β) σ tψ (k)

2PY2

−
D(K 1 + K2 + FP)
(1− γ )Q2tn

+ hP
t
2
Y1 (23)

∂JTC
∂K1

=
D

(1− γ )Qtn
−

η1

δ1K1
(24)

∂JTC
∂K2

=
D

(1− γ )Qtn
−

η2

δ2K2
(25)

The second partial derivatives of the joint total cost func-
tion with respect to k , Q, K1, and K2 are given by the follow-
ing equations

∂2JTC
∂k2

= fs (k)
D [πxβ + π0 (1− β)] σ

(1− γ )Qt
Y2

+ fs (k) hT (1− β)σY2 (26)
∂2JTC
∂Q2 =

D
(1− γ )Q3t

(FT + A)+
D(K 1 + K2 + FP)
(1− γ )Q3tn

+

2D [πxβ + π0 (1− β)] σψ (k)
√

Qt
P + Ts

(1− γ )Q2t

−
D [πxβ + π0 (1− β)] σ tψ (k)

4P2 (1− γ )Q
(
Qt
P + Ts

)
Y2

−
D [πxβ + π0 (1− β)] σψ (k)

2P (1− γ )Q2Y2

−
D [πxβ + π0 (1− β)] σψ (k)

2 (1− γ )PQ2Y2

−
hT kσ t2

2P
(
Qt
P + Ts

)
Y2

−
hT (1− β) σ t2ψ (k)

4P2
(
Qt
P + Ts

)
Y2

(27)

∂2JTC

∂K 2
1

=
η1

δ1K 2
1

(28)

∂2JTC

∂K 2
2

=
η2

δ2K 2
2

(29)

From equations (26)-(29), we observe that the joint
total cost function is convex in k , K1, and K2. However,
the joint total cost function may not be convex in Q.
This property was commonly found by some scholars, i.e
Ben-Daya andHariga [34], Glock [35], Jauhari and Saga [36],
when solving a stochastic inventory problem. By setting
equations (22)-(25) equal to zero, rearranging and simplify-
ing the terms, we obtain (30)–(33), as shown at the bottom of
the next page.

Furthermore, in order to investigate the effect of n and
α on the joint total cost function, we take the first and
second partial derivatives of the joint total cost with
respect to n and α, respectively. We obtain the following
expressions

∂JTC
∂n
= −

DK1

(1− γ )Qtn2
−

DK2

(1− γ )Qtn2

−
DFp

(1− γ )Qtn2
+ hP

Qt
2

[
1−

D
(1− γ )P

]
(34)

∂2JTC
∂n2

=
DK1

(1− γ )Qtn3
+

DK2

(1− γ )Qtn3

+
DFp

(1− γ )Qtn3
> 0 (35)
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∂JTC
∂α
= −ctax

(
a1P21 − b1P1 + c1

) D
(1− γ )

−
2Dg21P (1− α)

(1− γ )
+

2Dg22αP
(1− γ )

+ ctax
(
a1P22 − b1P2 + c1

) D
(1− γ )

(36)

∂2JTC
∂α2

=
2Dg21P
(1− γ )

+
2Dg22P
(1− γ )

> 0 (37)

As can be seen, equations (30)-(33) have interdependen-
cies between each other. For example, the determination of
k requires Q and conversely, the determination of Q will
require k . Thus, to derive the solution, we develop an iterative
procedure based on the idea of Ben-Daya and Hariga [34].
The procedure has three loops i.e, the loop for searching the
optimal α, the loop for searching the optimal n and the loop
for searching the convergence values of k ,Q, K1, and K2. The
procedure is described as follows. First, set the initial values
of α and n. Second, the initial value ofQ is then computed by
setting the stochastic parameters to zero. Third, the values of
k , K1, and K2, are computed, which are then used to update
the value of Q. This procedure is repeated until a convergent
point is reached. Fourth, the solution is found by comparing
the values of joint total cost generated by each loop. The
procedure is listed below

1. Set α = 0.01
2. Set n = 1 and JTC(Qn−1, kn−1,K1,n−1,K2,n−1,

n− 1, α) = ∞
3. Set the values of Q and k equal to zero. Compute Q

using equation (31).
4. Compute k by inserting the previous value of Q into

equation (30).
5. Compute K1 and K2 using equations (32) and (33),

respectively. If K1 > K10 then set K1 = K10 and if
K2 > K20 then set K2 = K20.

6. Update the value of Q by substituting the previous
values of Q, k , K1 and K2 into equation (31).

7. Repeat steps 4-6 until no change occurs in the values
of Q, k , K1 and K2.

8. Set Qn = Q, kn = k,K1n = K1 and K2n = K2. Com-
pute JTC(Qn, kn,K1,n,K2,n, n, α) using equation (19).

9. If JTC(Qn, kn,K1,n,K2,n, n, α) ≤ JTC(Qn−1, kn−1,
K1,n−1,K2,n−1, n − 1, α) repeat steps 2-7 with n =
n+ 1, otherwise go to step 9.

10. Set JTC(Q, k,K1,K2, n, α) = JTC(Qn−1, kn−1,
K1,n−1,K2,n−1, n− 1, α)

11. Repeat steps 2-10 for the set value of α, (0 < α < 1)
with the change of α = α + 0.01.

12. Find the minimum values of JTC (Q, k,K1,K2, n, α).
Set Q, k,K1,K2, n, α as the optimal solutions of the
proposed problem.

VI. NUMERICAL EXAMPLE
To illustrate the proposed SEESCS problem, which consists
of a power plant and a transmission station under stochastic
demand and emissions, we provide a numerical example
where the corresponding parameter values are obtained from
Wangsa and Wee [18], Jauhari et al. [21] and some values
are taken from one major power generating company in
Indonesia. The parameter values of our numerical example
are presented as follows: D = 150, σ = 500, A = 50,
Ft = 150, Fp = 120, hT = 0.02, hP = 0.02, πx = 150,
π0 = 200, P = 200, Ts = 0.005, ctax = 0.0618, K10 =

5,400, K20 = 5,400, β = 0.25, γ = 0.1, t = 24, g11 = 7,500,
g12 = 2,500, η1 = 0.2, η2 = 0.2, δ1 = 0.0004, δ2 = 0.0005,
g21= 0.00000027, g22= 0.00000016, a1= 0.000000000018,
b1 = 0.000000012, c1 = 0.0014, a2 = 0.0000000001,
b2 = 0.000000216, c2 = 0.00252.
From the parameter values provided above, we intend

to investigate a SEESCS problem in a situation in which
the electricity demand is relatively stable. The above values
associated with emission and production cost clearly show
the trade-off between PG1 and PG2, that is the system in
PG1 is cleaner than PG2. However, the production cost of
PG 1 is relatively higher than the cost of PG2. To reflect this
condition, we assume that a1 < a2, g11 > g12 and g21 > g22.
We also face a situation in which the effort to reduce setup
cost in PG1 is relatively more difficult than that in PG2.

By utilizing the above iterative procedure, we can obtain
the optimal solutions of the proposed problem. Table 2 shows
the optimal solutions that minimizes the joint total cost. The
amount of carbon emissions per year resulted from PG1 and

Fs (k) = 1−
hT (1− γ )Qt

D [πxβ + π0 (1− β)]+ hT (1− β) (1− γ )Qt
(30)

Q =

√√√√√√√√
2D

(1−γ )t

{
(FT + A+ [πxβ + π0 (1− β)] σY2ψ (k)+

K1
n +

K2
n +

FP
n

}


D[πxβ+π0(1−β)]σψ(k)
P(1−γ )QY2

+ hT (1− γ ) t +
hT kσ t
PY2

+
hT (1−β)σ tψ(k)

PY2
+ hPtY1


(31)

K1 =
η1 (1− γ )Qtn

Dδ1
(32)

K2 =
η2 (1− γ )Qtn

Dδ2
(33)
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TABLE 2. Results of numerical example.

PG2 are 29,993.88 kgCO2 and 32,938.39 kgCO2, respec-
tively. We can observe from the table that the electrical
energy generated fromPG1 and PG2 are 227,023.05 kWh and
133,331 kWh, respectively, which clearly shows that the elec-
tricity generation is allocatedmore to the green facility. As the
blackout may occur in the electrical energy supply chain
system, the transmission station needs emergency backup
supply of 789.01 kW to satisfy the demand during blackout
period.

VII. SENSITIVITY ANALYSIS
In this section, a sensitivity analysis is carried out to under-
stand how the proposed system operates on varying value
of key parameters. We focus on studying the effect of some
parameters, which are production cost of PG1, emission of
PG2, carbon tax, storage cost, energy lost, investment param-
eter of PG1, and demand. The discussions of the mentioned
parameters are presented below

A. ANALYSIS OF PG1’S PRODUCTION COST
PARAMETER (g21)
In this subsection, we examine how the proposed model
behaves against the PG1’s production cost’s change. As pre-
sented in Table 3, the change in PG1’s production cost param-
eter gives a pronounced impact on the electricity generation’s
allocation factor. Facing an increased PG1’ production cost,
the manager should shift the production to the cheaper power
generation system to maintain the total cost incurred by the
system. As consequence of this decision, the amount of elec-
tricity demand satisfied by PG2 rises. This is, however, leads
to the increasing of PG2’s power supply (see Figure 4). This
makes sense since increasing the electricity power supply will
increase the electricity capacity, thus balancing the supply
and the demand. We note that the total costs of PG1 and
PG2 are significantly influenced by the change in PG1’s

FIGURE 4. The impact of the change in g21 on emissions, demand and
power supply.

production cost parameter. It is seen that varying PG’1 pro-
duction cost parameter up to 80%, the PG1’s total cost, PG2’s
total cost and joint total cost increase by 10.63%, 19.02%
and 12.57%, respectively, while the transmission’s total cost
remains unchanged.

The amount of emissions generated by the power plant is
significantly influenced by the change in PG1’s production
cost parameter. We observe that when PG1’s production cost
parameter increases by 80%, the emissions generated from
PG1 decreases by 21.94% while the emissions resulted from
PG2 increases by 46.63% (see Figure 4). The increasing of
the demand satisfied by PG2 and the increasing value of
the PG2’s power supply is the main cause of the increase
in emissions resulted from PG2. Higher power supply and
larger demand will generally push the emissions generation
in the power plant. Later, Figure 5 describes the trade-off
between production cost and emissions in the proposed sys-
tem. It attractively shows that the change in the PG1’s pro-
duction cost parameter affects the production cost per kWh
and emissions per kWh. We obtain that increasing the value
of PG1’s production cost parameter by 80% will lead to the
increasing of the production cost per kWh (29.38 %) and the
decreasing of emission per kWh (15.2 %) in PG1. The result
obtained in PG2 is an opposite of PG1‘s trend. It is found that
the PG2’s production cost per kWh decreases by 5.3% and the
PG2’s emissions per kWh increases by 29.18.

B. ANALYSIS OF PG2’S EMISSION PARAMETER (a2, b2, c2)
The second parameter that we analyse is the influence of
the change in the PG2’s emission parameters on the model’s
behavior. As the emission level of PG2 is getting higher,
it is wise for the manager to allocate more production to
the cleaner power generation system (PG1). Table 4 shows
how the model behaves against the change in PG2’s emission
parameters. Facing an increase in PG2’s emission parame-
ters, we observe that the electricity generation’s allocation
factor (α) drastically decreases indicating a significant shift in
production activity to PG1. The change in the α value leads to
the changes in both electricity demand satisfied by the power
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TABLE 3. The impact of change in PG1’s production cost on proposed model.

TABLE 4. The impact of change in PG2’s emission parameters on proposed model.

FIGURE 5. The impact of the change in g21 on production cost per kWh
and emissions per kWh.

generation systems and the power supply. It is found that if the
PG2’s emission parameter increases by 60%, the electricity
demand satisfied by PG1 increases by 7.94% and the electric-
ity demand satisfied by PG2 decreases by 13.51%. Therefore,
the manager should adjust the PG1’s power supply to a higher
level to increase the electricity generation in PG1. Further,
the total costs incurred by the power plant and supply chain
are significantly influenced by the change in PG2’s emission
parameters while the total cost charged by the transmission
stations remains unchanged.

The impact of the change in the PG2’s emission parameters
on the emissions is also provided in Figure 6. From the
figure, we obtain that changing the value of PG2’s emission
parameters from−60% to+40%, the emissions generated by
PG1 and PG2 go up by 101.77% and 20.31%, respectively.
It seems that the emissions are significantly affected by the
power supply. This phenomenon indicates that the power
supply is the most important parameters in controlling the
emission generations in the power plant. Thus, the manager
needs to pay more attentions in deciding the optimal value of
power supply rate to ensure that the emissions generated from
the power plant can be minimized.

C. ANALYSIS OF CARBON TAX
Carbon tax is one of the important policies that are often used
by regulators to control the carbon emissions. As regulations
on the carbon reduction become more stringent, the regu-
lators can impose higher carbon taxes on emitters to con-
trol the overall emissions. Table 5 shows how the electrical
energy supply chain reacts to an increase in the carbon tax.
We observe that if the carbon tax increases, α decreases,
which indicates that the manager must give more electricity
generation to PG1. This makes sense since allocating more
electricity generation to the greener power generation system
reduces the total emissions, which in turns decreases the cost
associated with the carbon emissions. Figure 7 presents the
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TABLE 5. The impact of change in carbon tax on proposed model.

FIGURE 6. The impact of the change in PG2’s emission parameters
(a2, b2, c2) on emissions, demand and power supply.

impact of the carbon tax on the emissions, power supply rate
and demand satisfied by power generation system. When the
carbon tax increases, the PG1’s power supply rate increases
and the PG’2 power supply rate decreases. This also makes
sense since adjusting the power supply rate will balance the
electricity production capacity and the production allocation.
By examining the results in Figure 7, we also observe that
if the carbon tax is increased gradually, the system must
minimize its impact by reducing the emissions from elec-
tricity generation. When the carbon tax increases by 80%,
the emissions from PG1 increases by 14.95% and the emis-
sions from PG2 decreases by 22.54%, which finally leads to
4.67% decrease in total emissions generated by the supply
chain. As a result, the total cost incurred by the supply chain
and the power plant increase while the total cost incurred by
the transmission station remains unchanged.

D. ANALYSIS OF STORAGE COST
In Table 6, we perform sensitivity analysis of decision vari-
ables and costs with respect to storage cost. We find that
the power consumption, power distribution factor, emergency
backup factor and setup cost are negatively related to the
storage cost. Increasing the value of storage cost by 80% leads
to substantial decrease in the power consumption (28.71%)
and the setup cost (38.89%). In addition, we obtain that the

FIGURE 7. The impact of the change in carbon tax on emissions, demand
and power supply.

power plant is more likely to invest more money to reduce
setup cost when the storage cost is more expensive. This
is understood since a decreased power consumption results
in more frequent setup which generally increases the setup
cost charged by the power plant. Facing this condition, it is
wise for the manager to invest more money to prevent the
system from having higher setup cost. Figure 8 shows that
the investment made by the power plant increases due to
the increase in the storage cost. We observe that investment
made by PG1 is higher than PG2’s investment. Furthermore,
as storage cost increases, the average cost associated with
storing electricity in power plant and transmission station
increases drastically. Consequently, costs of all supply chain’s
members as well as whole system increase.

To further investigate the impact of the storage cost on the
model’s behavior, we plot the varying electrical energy when
the cost changes from −60% to 800% with an increment
of 20% in Figure 9. The figure shows that the electrical energy
generated by power plant, electrical energy supplied by trans-
mission station and electrical power distribution factor are
substantially decrease due to the increase in the storage cost.
It is seen that changing the storage cost from 0% to 60%,
the electrical energy generated by PG1 and PG2 reduces by
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TABLE 6. The impact of change in storage cost on proposed model.

TABLE 7. The impact of change in energy loss on proposed model.

FIGURE 8. The impact of the change in in storage cost on investment.

33.9% while the electrical energy consumed by transmission
station reduces by 22.88%. The power plant is more likely to
generate smaller electrical energy whereas the transmission
station seems to reduce electrical consumption to prevent the
system from having a higher total cost. Figure 10 depicts the
intuitive effect of varying storage cost on the average electri-
cal energy storage in power plant and the emergency backup
storage in transmission station.We obtain that average electri-
cal energy storage in PG1 and PG2 and in transmission station
decrease by 31.33% and 22.55%, respectively, due to the 60%
increase in storage cost. In addition, the emergency backup
storage in transmission station decreases by 4.18%. We note

FIGURE 9. The impact of the change in storage cost on electrical energy
and power distribution factor.

that the impact of varying storage cost in power plant is much
higher than that of in transmission station.

E. ANALYSIS OF ENERGY LOSS
Wealso examine the sensitivity of the solutions by varying the
values of the percentage of energy losses.We perform a sensi-
tivity analysis by varying the percentage of energy loss from
−60% to 80% and the results are shown in Table 7. We can
see that the power consumption considerably decreases by
increasing the percentage of energy loss. Facing an increased
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TABLE 8. The impact of change in δ1 on proposed model.

FIGURE 10. The impact of the change in storage cost on average electrical
energy storage and emergency backup storage.

percentage of energy loss, the system is more likely to reduce
the electricity generation in the power plant and the elec-
tricity consumption in the transmission station. Figure 11
demonstrates the change in the amount of electrical energy
loss and emissions by increasing the percentage of energy
loss. As can be seen, changing the value of the percentage
of energy loss from 0% to 80% leads to 88.43% increase
in the electrical energy loss in the power plant and power
consumption. According to Figure 11, varying the value of
the percentage of energy loss also give a pronounced impact
on the emissions. Increasing the value of the percentage of
energy loss by 80%, the amount of emissions resulted from
power plant increases 9.76%. In reality, the electrical energy
loss will greatly depend on the storage equipment. Accord-
ingly, themanager needs to paymore attention in selecting the
quality of the equipment to ensure that the electrical energy
loss occurred in the system can be minimized.

F. ANALYSIS OF δ1
It is also interesting to explore the effect of δ1 on model’s
solution. The results of the exploration on δ1 are briefly
presented in Table 8. As described in the previous section
that higher value of δ1 reflects the investment on PG1’s setup
cost carried out by the power plant is getting more efficient.

FIGURE 11. The impact of the change in energy loss on amount of
electrical energy losses and emissions.

We may see from the Table 8 that the variation of δ1 gives
a pronounced impact on some decision variables, which are
power distribution factor, power consumption and setup cost.
If the value of δ1 is increased from −2% to 40%, the PG1’s
setup cost and PG2’s setup cost decrease by 57.06% and
24.86%, respectively (see Figure 12). In addition, the amount
of money invested by the PG2 is significantly increasing
while the amount of money invested by PG1 is changing
based on the value of n (see Figure 13).
Facing the higher value of δ1, the manager needs to adjust

the value of power consumption to higher value and update
the power distribution factor to lower value to maintain the
total cost. As the electrical power produced per production
run gets larger, the system should do production setup more
frequent which leads to the increasing the number of setups
per year (see Figure 12). This decision, however, will lead to
a small decrease in total cost. We observe that increasing the
δ1 from −40% to 80% will give a percentage decrease in a
range of 0.03%-2.18% in member’s total cost. This suggests
that allowing the power plant to invest the money, all supply
chain’s members can reduce the total cost.

G. ANALYSIS OF DEMAND
In this sub section, we focus on analysing the impact of
demand on the optimal solutions. As shown in Table 9,
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TABLE 9. The impact of change in demand on proposed model.

FIGURE 12. The impact of the change in δ1 on setup cost and setup
frequency.

FIGURE 13. The impact of the change in δ1 on investment.

the power distribution factor, setup cost, emissions and total
costs are greatly influenced by the demand variability. One
can see that as the demand increases, the electrical energy
generated from power plant is increasing simultaneously (see
Figure 14). It is logical since increasing the generation of
electrical energy results in increasing the energy capacity
which in turns balancing the production with the demand.
Later, by allowing the value of demand to be varied between

FIGURE 14. The impact of the change in demand on electrical energy
generated from power generation system and emissions.

FIGURE 15. The impact of the change in demand on investment.

−20% and 30%, one can observe that the emissions emit-
ted from power plant increases by 71.43% which leads to
the increasing of total cost. We further observe that the
total costs incurred by power plant and transmission rise by
43.63% and 35.01%, respectively (see Table 9). It is noted
that the percentage increase in power plant’s total cost is
much higher than that of in transmission station. Furthermore,
the change in demand also gives impact on investment on
setup cost reduction. Figure 15 presents its impact on the
amount of money invested. Clearly, as setup frequencies
get lower, it is beneficial for the power plant to reduce the
amount of money invested in the efforts to reduce the setup
cost.
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VIII. CONCLUSION
This paper studied a two-echelon electrical energy supply
chain model for a situation where the power plant has two
types of power generation systems to generate electricity.
The first power generation system is less economical than
the second one, but it is more environmentally friendly in the
sense that it generates less emissions. The model gives a
guidance to the managers to control the energy storage and
maintain the trade-off between electricity production cost
and emissions. The model allows the managers to share the
electricity production between two power generations and
adjust the power supply rate to minimize the emissions and
total cost. The decisions related to the amount of energy
stored and the amount of energy produced by the generator
can be used to determine the battery capacity and the number
of generators needed, respectively. Furthermore, we note that
the load growth is not a factor considered in the proposed
problem-solving process.

There are some insights derived from this study. First,
the changes in the parameters related to production cost and
emissions significantly affect the allocation of electricity gen-
eration. By controlling the power supply rate of both power
generation systems wisely and referring the action to the
production allocation factor, the manager can maintain the
joint total cost at a lower level. Second, the energy loss factor
was proven to have a large impact on total emissions and joint
total cost. As the energy loss factor is closely related to the
choice of storage equipment, thus the manager needs to pay
more attention in specifying the right storage equipment to
be installed in the system. In this paper, we assume that the
production capacity of PG1 and PG2 can be adjusted flexibly,
for example by altering the number of activated generators.
When the allocation to PG1 increases, more generators in
PG1 must be activated to increase the electricity production.

An immediate extension of this study would be to consider
more parties involved in the electrical energy supply chain
system. A supply chain structure can be changed by allow-
ing the participation of other parties, such as raw material
supplier and distribution station. A future study can look into
the limitation in the electricity storage capacity. In real sys-
tem, there are many types of storage equipment which have
capacity limitations. Such capacity limitation may signifi-
cantly affect the decision regarding electricity production and
transmission management. Furthermore, the model can also
be extended by considering the emission limitation allowed
by the regulator and the investment to reduce the emission
parameters.

APPENDIX
Let x denote continue random variable with normal distribu-
tion with mean µ and standard deviation σ > 0. Hence, the
probability density function of x is formulated as

f (x) =
1

σ
√
2π

e

[
−
(x−µ)2

2σ2

]
(A.1)

If the demand in period L is formulated by DL with stan-
dard deviation σ

√
L then, the energy storage level in that

period is

P = DL + kσ
√
L (A.2)

Blackout occurs in period L when x > P. The expected
blackout in period L can be formulated as

EBL =
∫
∞

x=P
(x − P) f (x) dx (A.3)

By substituting equations (A.1) and (A.2) into
Equation (A.3), we have

EBL =
∫
∞

x=DL+kσ
√
L

(
x − DL − kσ

√
L
)

×
1

σ
√
2π

e
−(x−DL)2

2(σ
√
L)2 dx (A.4)

By substituting z = x−DL
σ
√
L

and dx = σ
√
Ldz into

equation (A.4), we have
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∫
∞
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√
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σ
√
L
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√
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L
) 1
√
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EBL = −kσ
√
L
∫
∞
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√
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∫
∞
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√
L
z

1
√
2π

e
−z2/

2dz (A.5)

Consider Fs(·) as the cumulative distribution function
and fs(·) as the probability density function with mean 0
and standard deviation 1. By using fs(·) formula and the
definition of standard normal distribution, we have

1− Fs (y) =
∫
∞

z=y
fs (z) dz

=

∫
∞

z=y

1
√
2π

e
−z2/

2dz

By substituting w = z2/
2 into Equation (A.5), we have

EBL = −kσ
√
L
[
1− Fs

(
kσ
√
L
/
σ
√
L
)]

+ σ
√
L
∫
∞

w=(kσ
√
L)

2/
2(σ
√
L)

2

1
2π

e−wdw

EBL = −kσ
√
L
[
1− Fs

(
kσ
√
L
/
σ
√
L
)]

+ σ
√
Lfs

(
kσ
√
L
/
σ
√
L
)

EBL = σ
√
L {fs (k)− k [1− Fs(k)]}

EBL = σ
√
Lψ(k) (A.6)

Thus, by considering L = Qt
P + Ts, equation (A.6) can be

rewritten as

EBL = σ

√
Qt
P
+ Tsψ(k)
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