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ABSTRACT In this paper, the load response-based equivalent model is proposed to develop a more sturdy
method for the transmission capability estimation of the power grid. Based on real-time phasor measurement
unit (PMU) measurements, the power grid is modelled as the multi-port equivalent model based on the
coupled single-port models. The associated critical equivalent branch in the multi-port model is identified
and modified by the shaping factor to construct the proposed model. According to the modification, the
dissimilarity of the load response index between the critical equivalent branch and the approximate profile of
the actual load voltage can indeed be reduced to obtain the perfect matching between the critical load voltage
and the actual load voltage. Accordingly, the accurate and sturdy transmission capability estimation can be
achieved in the proposed model. Moreover, the proposed model is further extended to design a complete
solution algorithm for the limit-induced transmission capability estimation considering generator reactive
power limits. Simulations on IEEE 14-bus and IEEE 118-bus test systems are presented to validate the
accuracy and the sturdiness of the proposed method.

INDEX TERMS Multi-port equivalent model, cubic spline extrapolation, maximum loading parameter,
approximate voltage profile, transmission capability estimation.

I. INTRODUCTION
As intermittent renewable energies have drawn a great deal
of attention in the modern power grid, transmission capa-
bility estimation of power grid becomes the vital concern
for ensuring and maintaining the security operation of the
power grid. In renewable energies or any distributed energy
resources (DERs), the stochastic nature of the power fluctu-
ation is unpredictable and highly intermittent within various
timescales, hourly, daily, and seasonal periods [1]. In the nor-
mal operation, the power balance between the instantaneous
power generation and the loading consumption of consumers
is necessary in order to maintain the voltage stability of power
grid, which means that the operating voltage in power grids
should remain stable for independent system operators.When
renewable energies are integrated into power grids, the associ-
ated stochastic factors may lead to the impacts on the voltage
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stability and present substantial challenge for power system
operations [2], [3]. Moreover, the non-dispatchable nature of
renewable energies also causes various issues regarding to
operation costs and operation reserves in power grids [1].
Voltage stability is an significant topic in power networks
since it is the cause of many outages and blackout [4]. Thus,
voltage stability estimation, also called transmission capabil-
ity estimation, becomes critical, being able to provide the
efficient stability monitoring of the power transmission to
avoid the possible blackout due to uncertainties of renew-
able energies. Additionally, demand response (DR) is also
a branch of the technical applications in transmission capa-
bility estimation. DR is defined as profitable and scheduled
demand variations in order to increase power system opera-
tion stability [5]. With the accurate transmission capability
estimation, DR can be appropriately activated to improve
the power system operation stability through the reactive
resource regulation or the load shedding [6], [7]. In order
to meet the applications of fast DR or highly intermittent
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renewable resources, the satisfactory, speedy, and reliable
technologies of the transmission capability assessment are the
urgent demands to ensure the operation stability of a power
grid.

Conventionally, several static analysis approaches have
been addressed for the transmission capability estima-
tion. Methods based on the fundamental of the static
analysis include continuation power flow approaches
(CPFLOW) [8]–[10], optimization approaches [12], and
direct method [11]. The accuracy in the static analysis-based
approaches highly depends on accurate system parameters.
As the appealing advantages, all physical constraints can
be considered in the static analysis approaches. However,
the computational complexities are still the major drawback
when the static analysis-based methods are applied in a
real-time environment. Due to such deficiency, developing
the appropriate real-time techniques for the transmission
capability estimation of the power grid has been motivated.

A. LITERATURE REVIEW
With rapid advance of measurement techniques in syn-
chronized phasor measurement units (PMUs), measurement-
based approaches have pushed transmission capability
monitoring techniques forward and made real-time applica-
tions possible. In early time, measurement-based approaches
are developed on the basis of a single-port model, where
measurements are collected at a single location. Based on
the maximum power transfer theorem, the transmission capa-
bility can be estimated in a single-port model. Several
related works have been represented along the direction.
For instance, several applications such as the transmission
capability assessment using local measurements [13], the fast
local index for the loadability limit estimation [14], and the
robust voltage instability predicator [15] have been addressed
in a single-port structure. Nevertheless, due to limited mea-
surements in a single location, the accuracy of these methods
is restricted.

In order to improve the predicament of the single-port
model, multiple-port equivalent models are proposed.
By gathering measurements from different locations,
multiple-port equivalent models are constructed to model
the power grid and perform the wide-area transmission
capability monitoring [16]–[18]. In recent advance, coupled
single-port models become the famous multi-port equivalent
model [18] and are widely extended to several applications
in the wide-area transmission capability evaluation of the
power grid [19]–[21]. The distinct feature of the coupled
single-port models is that there exists the extra coupling
impedance, modelling the coupling effect from loads, in the
Thevenin impedance of this model. However, the difficul-
ties of modelling the coupling effect under load variations
may lead to the inaccurate transmission capability estima-
tion [22]. To deal with such difficulties, the modified coupled
single-port models are proposed [22]. The basic idea in
the modified coupled single-port models is to modulate the
circuit parameters in the existing coupled single-port models

by the measured load reactive power sensitivities. In this way,
the deficiency of the estimation inaccuracy can indeed be
improved. Several extended works along this direction have
been shown in [23]–[25]. Although the modified coupled
single-port models represent promising results under most
normal cases, its accuracy is still restricted due to the limited
information of the load reactive power sensitivities.

In order to further advance in the technologies of
the real-time transmission capability estimation, the
extrapolation-based impedance matching method is repre-
sented recently [26]. In this approach, based on few measure-
ments, the variation of the equivalent load impedance for each
load is described as the cubic curve and approximated as the
cubic polynomial in the cubic spine extrapolation method. By
examining the impedance matching point between such cubic
load impedance curve and the equivalent network impedance,
the accurate transmission capability can be assessed. A few
works have extended the fundamental of this method to the
applications of the real-time transmission capability assess-
ment [27]–[29]. However, the highly nonlinear variation of
the equivalent load impedance is difficult to be analytically
formulated as the cubic polynomial through the limited
measurements. It definitely obstructs the applicable range of
the extrapolation-based impedance matching method in the
transmission capability estimation.

B. CONTRIBUTION AND PAPER ORGANIZATION
In order to develop a more sturdy method for the trans-
mission capability estimation of the power grid, the load
response-based equivalent model is proposed in this paper.
Based on real-time PMU measurements, the power grid is
modelled as the multi-port equivalent model based on the
coupled single-port models. The associated critical equiva-
lent branch in the multi-port model is identified and modi-
fied by the shaping factor to construct the proposed model.
According to the modification, the dissimilarity of the load
response index between the critical equivalent branch and
the approximate profile of the actual load voltage can indeed
be reduced to obtain the perfect matching between the crit-
ical load voltage and the actual load voltage. Accordingly,
the accurate and sturdy transmission capability estimation
can be achieved in the proposed model. Moreover, the pro-
posed model is further extended to design a complete solu-
tion algorithm for the limit-induced transmission capability
estimation considering generator reactive power limits. The
accurate estimation results are also received in the proposed
solution algorithm. The major contribution in this paper is
to propose the load response-based equivalent model which
is more sturdy and stands in a wider applicable range for
performing the measurement-based transmission capability
estimation.

The leftover part of this paper is organized as follows. The
multi-port equivalent model of the power grid is introduced
in Section II. In Section III, the proposed load response-based
equivalent model and its extension to the limit-induced sys-
tem maximum loading parameter estimation are addressed.
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In Section IV, simulation studies on IEEE 14-bus and IEEE
118-bus test systems are presented to validate the accuracy
and the sturdiness of the proposed model. Conclusions are
finally described in Section V.

II. MULTI-PORT EQUIVALENT MODEL OF POWER GRID
A. COUPLED SINGLE-PORT MODELS
Coupled single-port models are effectual multi-port equiva-
lent models for modelling the power grid [18]. In an inter-
connected power grid, the injection current and the terminal
voltage can be formulated according to the following admit-
tance matrix Y as follows [18] IGĪL

IT

 =
 YGG YGL YGT
YLG YLL YLT
YTG YTL YTT

VGVL
VT

 (1)

where the notations V and I are the voltage phasor and the
current phasor for each bus and can be measured by PMUs.
Subscripts, G, L and T , denote generator, load and zero
injection buses, respectively. Accordingly, IG, ĪL , and IT are
the injection current phasors of generator buses, load buses,
and zero injection buses while VG, VL , and VT denote the ter-
minal voltage phasors at generator buses, load buses, and zero
injection buses. In order to efficiently estimate the voltage
phasor and the current phasor of each load bus from real-time
PMUmeasurements, proper PMU placements are assumed to
ensure the complete observability of the bulk power grid [30].
Now, our aim is to derive the general expression of the load
voltage from (1), which can also be assessed in [18], [22].
First, (1) can be rearranged as the following three formulas
for all injection current, as expressed by

IG = YGGVG + YGLVL + YGTVT (2)

ĪL = YLGVG + YLLVL + YLTVT (3)

IT = YTGVG + YTLVL + YTTVT (4)

Since no injection current exists in the zero injection buses,
by letting IT = 0 in (4), the terminal voltage of the zero
injection buses can be derived as

VT = −Y
−1
TT (YTGVG + YTLVL) (5)

Furthermore, in (3), by replacing VT with the terminal
voltage expression of (5), (3) can be reformulated as(
YLTY

−1
TT YTG − YLG

)
VG

−

(
YLL − YLTY

−1
TT YTL

)
VL + ĪL = 0 (6)

In (6), by defining the equivalent impedance ZLL with

ZLL = (YLL − YLTY
−1
TT YTL)

−1 (7)

the load voltage equations can be rearranged as the following
compact form:

VL = Eeq − ZLLIL (8)

FIGURE 1. Coupled single-port model for the i th load bus.

FIGURE 2. Multi-port equivalent model of the power grid.

where IL = −ĪL denotes the load current which represents
the reversal load injection current flowing into load buses.
The equivalent voltage source Eeq is defined by

Eeq = ZLL(YLTY
−1
TT YTG − YLG)VG (9)

If the coupling term is introduced in the load voltage
equations and modelled as an extra impedance [18], (8) can
be further extracted to derive the ith equivalent branch circuit,
as rewritten by

VLi = Eeq,i − ZLLiiILi−
( n∑
j=1,i 6=j

ZLLij
ILj
ILi

)
ILi

= Eeq,i − ZLLiiILi − Zcoupling,iILi (10)

for i = 1, 2, 3, . . . , n, where VLi and ILi represent the voltage
and the current at the ith load bus. ZLLii is the diagonal
component of ZLL , and ZLLij is the i− j element of ZLL . The
coupling impedance Zcoupling,i represents the coupling effect
from other loads. (10) is utilized to represent the coupled
single-port model for the ith load bus, where the equivalent
impedance Zeq,i = ZLLii + Zcoupling,i is modelled as the
series connection of ZLLii and Zcoupling,i, and Eeq,i denotes the
equivalent voltage source [18]. For the ith load bus, the cor-
responding coupled single-port model is depicted in Fig. 1.
Furthermore, the multi-port model of the power grid can
be constructed by collecting all coupled single-port models,
as addressed in Fig. 2.

B. TRANSMISSION CAPABILITY
The transmission capability of the power grid is further
estimated in the multi-port equivalent model of the power
grid. By applying Kirchhoff’s voltage law at the coupled
single-port model of the ith load bus, the quadratic equation
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Fi(|VLi|, λi) can be derived by

Fi(|VLi|, λi) = |VLi|4 + bi|VLi|2 + ci = 0 (11)

where the coefficients bi and ci can be presented by

bi = 2PiReq,i + 2QiXeq,i − |Eeq,i|2

ci = |Zeq,i|2(P2i + Q
2
i ) (12)

The equivalent impedance can be represented as a
complex-valued form Zeq,i = Req,i + jXeq,i. In (12), for the
ith load bus, the real and reactive loading power are expressed
as Pi = P0i + λi

−→
Pi and Qi = Q0i + λi

−→
Qi and addressed

in the load-increase scenario with the PMU measurements
of the base-case real power P0i and reactive power Q0i, the
time-varying load directions of

−→
Pi and

−→
Qi , and the dispersed

loading parameter λi. For the given dispersed loading param-
eter λi, the equivalent load voltage can be determined in (11)
as follows

|VLi| =

√√√√−bi +√b2i − 4ci

2
(13)

When the quadratic equation Fi(|VLi|, λi) has a unique
solution, the corresponding dispersed loading parameter λi
reaches its maximum one λ∗i , as expressed by

λ∗i =
−σb,i +

√
σ 2
b,i − 4σa,iσc,i

2σa,i
(14)

where the coefficients are expressed by

σa,i = 4(Req,i
−→
Qi − Xeq,i

−→
Pi )2

σb,i = 2(Req,iQ0i − Xeq,iP0i)σa

+ 4|Eeq,i|2(Req,i
−→
Pi + Xeq,i

−→
Qi )

σc,i = 4(Req,iQ0i − Xeq,iP0i)

+ 4|Eeq,i|2(Req,iP0i + Xeq,iQ0i)− |Eeq,i|4

Exploring all dispersed maximum loading parameters,
the smallest one, corresponding to the critical one λ∗c , is used
as the estimation of the system maximum loading parameter
λ∗sys, and the transmission capability assessment of the power
grid is defined by

λ∗c = min
i=1...,n

λ∗i (15)

where the critical maximum loading parameter λ∗c corre-
sponds to the critical equivalent branch of coupled single-port
models.

C. LOAD RESPONSE INDEX
Referring to (13), the critical load voltage VLc at the critical
equivalent branch is calculated as the function of the critical
loading parameter λc and depicted in Fig. 3. Corresponding
to the critical maximum loading parameter λ∗c , the boundary
critical load voltage is denoted by V ∗Lc. Compared with the
actual load voltage in Fig. 3, it can be clearly found that the
poor decline curve of VLc in the critical equivalent branch,

FIGURE 3. Decline curve of the critical load voltage VLc , the actual load
voltage and the approximate voltage profile in the critical equivalent
branch. (The actual unlimited system maximum loading parameter λ∗

sys
approximated by the CPFLOW method, and the unlimited system
maximum loading parameter λ∗

c predicted by the coupled single-port
model method).

corresponding to the worse curvematching of the critical load
voltage with the actual load voltage, may lead to the inaccu-
rate estimation of the system maximum loading parameter.
It indicates that the critical equivalent branch is necessary to
be modified to eliminate such mismatch. In order to facilitate
the reduction of the mismatch, the load response index (LRI)
is utilized. LRI is defined by the ratio of the critical load
voltage deviation, corresponding the base-case and the max-
imum loading parameters, to the critical maximum loading
parameter, as expressed by

LRI =
|V ∗Lc| − |V

0
Lc|

λ∗c
(16)

where V 0
Lc is the critical load voltage under the critical

base-case loading parameter ( λc = 0 ). LRI can be used
to quantify the variation of the decline curve of the critical
load voltage. Obviously, at the critical equivalent branch,
the mismatch between the actual load voltage and the critical
load voltage represents the dissimilarity of the associated LRI
calculations. Hence, the critical equivalent branch is ready
to be modified for eliminating the dissimilarity of the LRI
calculations.

III. PROPOSED LOAD RESPONSE-BASED EQUIVALENT
MODEL
A. MEASUREMENT-BASED LRI
In the beginning, the LRI calculation of the actual load volt-
age will be addressed. Since the actual load voltage variation
is unknown, only the approximate voltage profile of the actual
load voltage can be predicted. In order to accurately obtain
the approximate voltage profile of the actual load voltage
in the critical equivalent branch, a simple cubic polynomial
extrapolationmethod is utilized. In the sense, the approximate
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voltage profile describes the load voltage as the cubic func-
tion of the critical loading parameter λc in the critical equiv-
alent branch. This cubic function can be expressed by

Va = a3λ3c + a2λ
2
c + a1λc + a0 (17)

where Va is the approximate load voltage on the approximate
voltage profile. Adopting the four sets of the consecutive
PMU measurements of the actual load voltage V a

Lc and the
critical loading parameter λc in the critical equivalent branch,
the coefficients a3, a2, a1 and a0 can be determined by a sim-
ple cubic polynomial extrapolation technique. Specifically,
the coefficients are calculated by

a3
a2
a1
a0

 =

λ3c(1) λ2c(1) λc(1) 1
λ3c(2) λ2c(2) λc(2) 1
λ3c(3) λ2c(3) λc(3) 1
λ3c(4) λ2c(4) λc(4) 1



V a
Lc(1)
V a
Lc(2)
V a
Lc(3)
V a
Lc(4)

 (18)

where the number within the bracket ‘‘( )’’ is the time stamp
of the four consecutive PMU measurements. Once all coef-
ficients are calculated, the approximate voltage profile of
the actual load voltage in the critical equivalent branch can
be represented by the cubic polynomial of (17), as depicted
in Fig. 3. Furthermore, the measurement-based LRI can be
calculated in the approximate voltage profile of the actual
load voltage and represented by

LRIm =
V ∗a − V

0
a

λ∗c
(19)

where V ∗a is the approximate load voltage corresponding to
the critical maximum loading parameter λ∗c in the approxi-
mate voltage profile, as shown in Fig. 3. Moreover, in the
base-case condition, the critical load voltage |V 0

Lc| is assumed
to be identical to the approximate load voltage V 0

a , as shown
in Fig. 3.

B. MODIFICATIONS OF CRITICAL EQUIVALENT BRANCH
Next, our target is to modify the critical equivalent branch
according to the measurement-based LRI. In this way,
the critical load voltage can properly fit the actual load
voltage variation to obtain the accurate estimation of the
system maximum loading parameter. In order to achieve
effective modifications, the equivalent-preserving modifica-
tion is considered. In such modification, the critical load
voltage VLc and the load current ILc maintain invariant
after modifying the critical impedance Zeq,c and the crit-
ical voltage source Eeq,c in the critical equivalent branch.
Specifically, the equivalent-preserving modification can be
performed through introducing a shaping factor ρ to the
critical impedance Zeq,c and the critical voltage source Eeq,c,
as expressed by

ZDeq,c = ρZeq,c, EDeq,c = VLc + ZDeq,cILc (20)

Due to the modifications, the quadratic equation
in (11) will be accordingly modified and rearranged as
F̄c(|VLc|, λc, ρ) in the modified critical equivalent branch.

By taking the partial derivative on F̄c(|VLc|, λc, ρ) with
respect to |VLc| and ρ, the associated sensitivity formula can
be derived as

∂F̄c
∂|VLc|

1|VLc| +
∂F̄c
∂ρ

1ρ = 0 (21)

where two sensitivity terms can be expressed by

∂F̄c
∂|VLc|

= 2|VLc|2 + 2ρ(PcReq,c + QcXeq,c)− |V 0
Lc|

2

− ρ(Zeq,cI0LcV
0
Lc+Zeq,cI

0
LcV

0
Lc)−ρ

2
|Zeq,c|2|I0Lc|

2

∂F̄c
∂ρ
= 2|VLc|2(PcReq,c + QcXeq,c − ρ|Zeq,c|2|I0Lc|

2)

− |VLc|2(Zeq,cI0LcV
0
Lc+Zeq,cI

0
LcV

0
Lc)

+ 2ρ|Zeq,c|2(P2c + Q
2
c) (22)

where Req,c and Xeq,c are the real and imaginary parts of the
critical impedance Zeq,c. The base-case critical load current
can be expressed by I0Lc. The complex conjugates with respect

to Zeq,c, V 0
Lc, and I

0
Lc are denoted by Zeq,c, V

0
Lc, and I

0
Lc respec-

tively. Lying in the critical maximum loading parameter λ∗c ,
(21) can be further rearranged as the sensitivity of the shaping
factor to LRI, as expressed by

1ρ = −λ∗c

∂F̄c
∂|VLc|

∂F̄c
∂ρ

∣∣∣∣ λc=λ
∗
c

|VLc|=|V ∗Lc|

1LRI = Sρ

∣∣∣∣ λc=λ
∗
c

|VLc|=|V ∗Lc|

1LRI

(23)

where Sρ is defined as the shaping factor sensitivity. Explic-
itly, (23) can be interpreted that the assigned LRI deviation
requires the necessary correction of the shaping factor.

Now, the major effort is to force the LRI in the modified
critical equivalent branch to match the measured one, LRIm,
through placing the proper shaping factor. In this way, the dis-
similarity of LRI between the critical equivalent branch and
the actual load voltage profile can be effectively eliminated.
In order to calculate the proper shaping factor to eliminate
such dissimilarity of LRI, (23) can be performed iteratively.

For the kth elimination of the dissimilarity of LRI, the
correction increment of the shaping factor is determined by

1ρ(k) = Sρ

∣∣∣∣λc=λ∗c
|VLc|=|V ∗Lc|

(k)

ρ=ρ(k)

1LRI (k) (24)

where1LRI (k) = LRIm−LRI (k) represents the dissimilarity
of LRI at the kth iteration. LRI (k) denotes the LRI under the
corrected shaping factor ρ(k) in the modified critical equiv-
alent branch at the kth iteration. |V ∗Lc|

(k) is the critical load
voltage magnitude, corresponding to the critical maximum
load parameter λ∗c , in the modified critical equivalent branch
at the kth iteration. It is notable that the corrected shaping
factor is initiated by ρ(k=0) = 1. At the kth iteration, the
corrected shaping factor can be updated by

ρ(k+1) = ρ(k) + η1ρ(k) (25)
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FIGURE 4. The elimination of the dissimilarity of LRI between the critical
equivalent model and the actual load voltage. (The actual unlimited
system maximum loading parameter λ∗

sys approximated by the CPFLOW
method, the unlimited system maximum loading parameter λ∗

c predicted
by the coupled single-port model method, and the unlimited system
maximum loading parameter λ∗

sys,c estimated by the proposed method).

FIGURE 5. Load response-based equivalent model.

where η is the step length of the correction. The corrected
shaping factor is designed to modify the critical equivalent
branch. During each iteration, if 1LRI (k) < ε encounters
with the required tolerance ε, the correction process will stop
to generate the final corrected shaping factor ρ(f ). As a result,
the dissimilarity of LRI between the critical equivalent branch
and the actual load voltage can be effectively eliminated,
as depicted in Fig. 4. Ultimately, ρ(f ) is utilized to form the
modified critical equivalent branch with the modified critical
impedance ZDeq,c = ρ

(f )Zeq,c and the modified critical voltage
source EDeq,c = VLc + ZDeq,cILc. This modified critical equiv-
alent branch is defined as the proposed load response-based
equivalent model, as depicted in Fig. 5. In the proposed load
response-based equivalent model, the accurate estimation
of the system maximum loading parameter is expected, as
demonstrated by the transmission capability estimation λ∗sys,c
in Fig. 4.

C. ESTIMATION OF LIMIT-INDUCED SYSTEM MAXIMUM
LOADING PARAMETER
In the proposed model, the transmission capability estimation
λ∗sys,c is characterized as the unlimited system maximum
loading parameter estimation in which no physical constraint
is considered. To meet practical applications, the proposed
model will be extended to estimate the limit-induced system

FIGURE 6. The quadratic curves of the system loading parameter verse
the kth generator reactive power in the upper and lower variation cases.

maximum loading parameter caused by generator reactive
power limits. The previous literature has found that the sys-
tem loading parameter λsys is the approximate quadratic func-
tion of the generator reactive power generation [31]. That is,
for the kth generator, the reactive power generation QG,k can
be represented by

λsys = akQ2
G,k + bkQG,k + ck (26)

where the coefficients ak , bk , and ck can be evaluated by the
extrapolation technique using threemeasurement sets ofQG,k
and λsys, as addressed in the following matrix form akbk
ck

 =
Q2

G,k (1) QG,k (1) 1
Q2
G,k (2) QG,k (2) 1

Q2
G,k (3) QG,k (3) 1

−1 λsys(1)λsys(2)
λsys(3)

 (27)

where the number within the bracket ‘‘()’’ denotes the time
stamp of the three consecutive PMU measurements. The
quadratic curves of the system loading parameter verse the
kth generator reactive power can be depicted in Fig. 6. Such
quadratic curves can be categorized into two variation cases,
(i) upper variation case and (ii) lower variation case, for the
given generator reactive power limit inequality Qmin,k ≤
QG,k ≤ Qmax,k . Both variation cases define the extreme
generator reactive powerQ∗C,k corresponding to the estimated
unlimited system maximum loading parameter λ∗sys,c. The
extreme generator reactive power Q∗C,k can be calculated by

Q∗C,k =
−bk +

√
b2k − 4ak (ck − λ∗sys,c)

2ak
(28)

In the upper variation case, the generator reactive power
increases with the loading parameter. As depicted in Fig. 6,
if the condition Q∗C,k > Qmax,k exists, the power grid
will suffer the limit-induced voltage instability due to hit-
ting the maximum generator reactive power limit of the kth
generator as the generator reactive power increases. Corre-
sponding to the maximum generator reactive power limit
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Qmax,k , the upper limit-induced maximum loading parameter
λk,limU is reported. Similarly, in the lower variation case, the
kth generator reactive power decreases and hits the minimum
reactive power limit Qmin,k if the condition Q∗C,k < Qmin,k
stands. In this case, the lower limit-induced maximum load-
ing parameter λk,limL , corresponding to the minimum genera-
tor reactive power limitQmin,k , is recorded. In this way, either
λk,limU or λk,limL is treated as a candidate of the limit-induced
system maximum loading parameter estimation. Exploring
all generators, the estimated limit-induced system maximum
loading parameter λ∗sys,lim,c can be determined by

λ∗sys,lim,c = min
j
λ∗j,lim (29)

where λ∗j,lim is the jth candidate of the limit-induced system
maximum loading parameter estimation. If no candidate is
found, it reveals that the transmission capability estimation is
unlimited and reported by λ∗sys,c. Otherwise, the transmission
capability estimation appears limited-induced and is reported
by λ∗sys,lim,c. Also, it is worthy to notice that PV-type generator
buses will change to PQ-type load buses when generators
hit reactive power limits. As a result, the generator reactive
power generation is fixed at its reactive power limit while its
real power generation keeps increasing. Due to the addition
of new load buses, the admittance matrix in (1) needs to be
repartitioned and is used to reconstruct the proposed load
response-based equivalent model. Then, the proposed model
is further extended to perform the limit-induced transmission
capability estimation. Here, for the transmission capability
estimation of the power grid, a complete solution algorithm
is summarized as follows:
1) If generators hit the reactive power limits, the PV-type

generator buses change to PQ-type, and the repartition
in the admittance matrix of (1) is performed to recal-
culate the equivalent impedance. Otherwise, go to next
step.

2) Construct the load response-based equivalent model
and perform the unlimited system maximum loading
parameter estimation λ∗sys,c.

3) Using λ∗sys,c to explore all candidates of the
limit-induced systemmaximum loading parameter esti-
mation for all generators.

4) If candidates are empty, the transmission capability
estimation appears unlimited and is reported by λ∗sys,c.
Otherwise, the smallest candidate is utilized as the
limit-induced systemmaximum loading parameter esti-
mation λ∗sys,lim,c. for the limit-induced transmission
capability assessment of the power grid.

IV. SIMULATION RESULTS
In this section, the numerical simulations are performed on
IEEE 14-bus and IEEE 118-bus test systems to verify the
accuracy and sturdiness of the proposed load response-based
equivalent model in the transmission capability estimation of
the power grid.

TABLE 1. Dispersed maximum loading parameters λ∗

i of the eight
equivalent branches (E.B.) corresponding to the eight load buses under
the three loading conditions in IEEE 14-bus system. (The eight dispersed
maximum loading parameters, λ∗

1 to λ∗

8, estimated in the eight equivalent
branches, E.B.1 to E.B.8, corresponding to the eight load buses).

A. IEEE 14 BUS SYSTEM
In this case, generator reactive power limits are not con-
sidered in the simulation, and the transmission capability
estimation is unlimited. In the designed simulation, eight
loads are installed in IEEE 14-bus test system and assigned
the following three loading conditions:
1) Light loading condition: The total real and reactive

power are amounted to 1.1 p.u. and 1 p.u..
2) Moderate loading condition: The total real and reactive

power are increased to 1.607 p.u. and 1.458 p.u..
3) Heavy loading condition: The total real and reactive

power are further raised to 2.24 p.u. and 2.03 p.u..
First, the critical equivalent branch is identified. Table.1
shows the dispersed maximum loading parameters of the
eight equivalent branches corresponding to the eight load
buses under the three loading conditions. It can be clearly
observed that there exists the smallest dispersed maximum
loading parameter at the 5th equivalent branch. According to
the definition of the critical equivalent branch in (15), the
5th equivalent branch is representative and defined as the
critical equivalent branch. Thus, in the simulation, the crit-
ical equivalent branch is addressed at the 5th load bus and
further modified as the proposed load response-based equiv-
alent model. Fig. 7 to Fig. 9 depict the decline curve of
the critical load voltage and the actual load voltage in the
proposed load response-based equivalent model under light,
moderate and heavy loading cases, respectively. In these
figures, λ∗sys represents the actual unlimited systemmaximum
loading parameter, approximated by the CPFLOW method,
and λ∗sys,c denotes the estimated one in the proposed load
response-based equivalent model. Obviously, by eliminating
the dissimilarity of LRI between the actual load voltage and
the critical load voltage, the decline curve of the critical
load voltage in the proposed model appropriately matches the
actual load voltage profile, therefore, the proposed method
can report the accurate unlimited system maximum loading
parameter.

Table. 2 summarizes the comparison of the unlimited sys-
tem maximum loading parameter estimation between the
proposed model and the existing methods under the three
loading conditions. Here, the existing methods, including
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FIGURE 7. Decline curve of the critical load voltage and the actual load
voltage in the load response-based equivalent model under the light
loading case of IEEE 14-bus test system. (Unlimited system maximum
loading parameter λ∗

sys,c estimated by the proposed load response-based
equivalent model, and the actual unlimited system maximum loading
parameter λ∗

sys approximated by the CPFLOW method).

FIGURE 8. Decline curve of the critical load voltage and the actual load
voltage in the load response-based equivalent model under the moderate
loading case of IEEE 14-bus test system. (Unlimited system maximum
loading parameter λ∗

sys,c estimated by the proposed load response-based
equivalent model, and the actual unlimited system maximum loading
parameter λ∗

sys approximated by the CPFLOW method).

the coupled single-port model method [18], the modified
coupled single-port model method [22], and the existing
extrapolation-based impedance matching method [26], are
addressed for the comparison of the accuracy. The mis-
matches in Table. 2 are evaluated in term of the degree of
the difference between the actual unlimited system maxi-
mum loading parameter λ∗sys and ones of the existing meth-
ods. In Table. 2, it can be clearly observed that only under
the moderate loading condition, the estimated unlimited
system maximum loading parameter λ∗sys,e in the existing
extrapolation-based impedance matching method is more
accurate with the mismatch of −0.709% and slightly better
than the one in the proposed model. Nevertheless, except
this optimistic result, the estimated unlimited system maxi-
mum loading parameters in these existing methods have the
significant mismatches while the mismatch in the proposed
model is not larger than±2%. In addition, Table. 2 also shows

FIGURE 9. Decline curve of the critical load voltage and the actual load
voltage in the load response-based equivalent model under the heavy
loading case of IEEE 14-bus test system. (Unlimited system maximum
loading parameter λ∗

sys,c estimated by the proposed load response-based
equivalent model, and the actual unlimited system maximum loading
parameter λ∗

sys approximated by the CPFLOW method).

TABLE 2. Comparison of unlimited system maximum loading parameter
estimation between the proposed model and the existing methods under
three loading conditions. (Unlimited system maximum loading
parameters, λ∗

sys,co, λ∗
sys,mco, λ∗

sys,e, and λ∗
sys,c , estimated respectively by

the coupled single-port model method, the modified coupled single-port
model method, the existing extrapolation-based impedance matching
method, and the proposed load response-based method. The actual
unlimited system maximum loading parameter λ∗

sys approximated by the
CPFLOW method).

that the negligible average mismatch of 1.2% stands for the
proposed model, compared with much higher ones in these
existing methods. It can be found that the proposed model
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TABLE 3. CPU execution time of the proposed method and the existing
methods in IEEE 14 bus and IEEE 118 bus test systems.

is more sturdy and accurate than the existing methods for
the transmission capability estimations of the power grid.
Besides, the CPU execution time in the proposed method and
the concerned existingmethods is also studied in IEEE 14-bus
system, as shown in Table. 3. It can be clearly observed that
the measurement-based approaches, the existingmethods and
the proposed method, have an more efficient and speedy CPU
execution time than the conventional model-based CPFLOW
method for the transmission capability estimation. Thus,
the measurement-based approaches can meet the real-time
applications for the transmission capability estimations of the
power grid.

B. IEEE 118 BUS SYSTEM
In the case study of IEEE 118 bus test system, both unlimited
and limit-induced transmission capability estimations will be
performed and addressed as follows.

1) CASE STUDY UNDER NO GENERATOR REACTIVE POWER
LIMITS
In this case study, the unlimited transmission capability esti-
mation is performed. In the simulation, fifty-three loads are
assigned the specific loading conditions in IEEE 118-bus test
system. In the design, the simulation considers the following
three system loading conditions:

1) Light loading condition: The total real and reactive
power are amounted to 5.6 p.u. and 5.5 p.u..

2) Moderate loading condition: The total real and reactive
power are increased to 20.862 p.u. and 20.625 p.u..

3) Heavy loading condition: The total real and reactive
power are further raised to 25.58 p.u. and 25.3 p.u..

Under the above specifications, the critical equivalent branch
is located at the 10th load bus and further modified as
the proposed load response-based equivalent model. In the
simulation, the unlimited system maximum loading param-
eter estimation can be accurately reported in the proposed
model, as listed in Table. 2. On the contrary, the inaccurate
estimation results are represented in the existing methods
under most loading conditions. Especially, under the light
loading condition, there exists the much higher mismatch
of −87.22% in the existing extrapolation-based impedance
matchingmethod, as recorded in Table. 2.Moreover, the aver-
age mismatches are also evaluated. Table. 2 shows that the
proposed model has the lower average mismatch of 1.8%
while the higher ones exist in these existingmethods. It shows
that the proposed model is more sturdy than the existing
methods in the transmission capability assessment.Moreover,
regarding to IEEE 118-bus system, the CPU execution time in

FIGURE 10. Decline curve of the actual voltage magnitude of the
bus 21 in IEEE 118-bus test system. (The actual limited system maximum
loading parameter λ∗

sys,lim and the actual unlimited system maximum
loading parameter λ∗

sys, approximated by the CPFLOW method).

the proposed method and the concerned existing methods is
depicted in Table. 3. It can reveal that the measurement-based
approaches are more efficient and speedy than the conven-
tional model-based CPFLOW method for the transmission
capability estimation of power grids.

2) CASE STUDY UNDER GENERATOR REACTIVE POWER
LIMITS
Generator reactive power limits are considered in this case
study, and the limit-induced transmission capability estima-
tion is performed accordingly. In this case study, the critical
equivalent branch corresponds to the bus 21. Fig. 10 shows
the decline curve of the voltage magnitude at the bus 21 when
the system loading parameter increases. In Fig. 10, when the
loading parameter has the increase of 2.9759, there exists
the limit-induced voltage instability caused by hitting the
generator reactive power upper limit 1.23 p.u. of the generator
at the bus 85. It is noticed that the generator at the bus 85 is
the only one violating the reactive power limit. Accordingly,
the limit-induced system maximum loading parameter is rep-
resented by λ∗sys,lim = 2.9759, as shown in Fig. 10. When the
power grid encounters the limit-induced voltage instability,
the operation mode of the associated PV-type generators
changes to the PQ-type load operation by fixing the reactive
power generation. As the system load is further increased, the
unlimited voltage instability occurs at the system maximum
loading parameter λ∗sys = 4.4403, as illustrated in Fig. 10.

Subsequently, the proposed solution algorithm will be
examined under the given six loading conditions. As shown
in Fig. 10, the six loading conditions, A to F, correspond
to the six system loading parameters, λsys = 0, 0.7, 1.5,
2.9759, 3.5 and 4.2, respectively. At the loading conditions
A to C, the solution algorithm is applied to produce the esti-
mated limit-induced system maximum loading parameters
λ∗sys,lim,c with the lower average mismatch of 0.117%, as rep-
resented in Table. 4. Table. 4 lists the estimated unlimited and
limit-induced system maximum loading parameters under
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TABLE 4. Comparison of unlimited and limit-induced system maximum
loading parameter estimation between the proposed model and the
existing method. (Unlimited and limit-induced system maximum loading
parameters, λ∗

sys,c and λ∗

sys,lim,c , estimated by the proposed load
response-based method. Actual unlimited and limit-induced system
maximum loading parameters, λ∗

sys and λ∗

sys,lim, approximated by the
CPFLOW method).

the proposed solution algorithm. Furthermore, at the loading
conditions D to F, an acceptable average mismatch of 2.29%
is also received for the unlimited system maximum loading
parameter estimations. In summary, the proposed solution
algorithm is more sturdy and accurate for either limited or
limit-induced transmission capability estimation.

V. CONCLUSION
In this paper, the load response-based equivalent model is
proposed for the measurement-based transmission capabil-
ity estimation of the power grid. Based on real-time PMU
measurements, the critical equivalent branch of coupled
single-port models is identified and modified by a shaping
factor to construct the proposed model. The shaping factor
can be determined by the successful elimination of the dis-
similarity of the LRI between the critical load voltage and the
approximate voltage profile of the actual load voltage in the
critical equivalent branch. In the proposed model, the decline
curve of the critical load voltage can perfectly match the
actual load voltage profile so that the accurate transmission
capability estimation of the power grid can be achieved.
Moreover, the proposed model is further extended to design
a complete solution algorithm for the limit-induced trans-
mission capability estimation considering generator reactive
power limits. The accurate estimation results are also received
in the designed solution algorithm. Simulation results on
IEEE 14-bus and IEEE 118-bus test systems are presented
to validate the accuracy and the sturdiness of the proposed
model.
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