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ABSTRACT The parabolic equation method provides an unrivaled combination of computational efficiency
and accuracy for wave propagation problems in the geosciences in which the environment has strong vertical
variations and gradual horizontal variations. The development of this approach has been an active area
of research for several decades in ocean acoustics, which includes problems involving sediment layers
and ice cover that support shear waves. It is demonstrated here that this progress has culminated in a
parabolic equation model for fast and accurate seismic computations in laterally varying environments.
The model is tested for problems involving sloping boundaries and interfaces, variable layer thickness,
continuous variations of the elastic parameters within layers, and a Rayleigh wave propagating along variable
topography. The seismic parabolic equation model is based on an outgoing wave equation and rational
approximations of operators for generating initial conditions, propagating the solution through stratified
regions that approximate a laterally varying environment, and estimating transmitted fields across the vertical
interfaces between regions.

INDEX TERMS Interface, ocean acoustics, one-way wave equation, parabolic equation method, parabolic
wave equation, range dependence, rational approximation, Rayleigh wave, seismology, self-starter, shear
wave, single scattering, topography.

I. INTRODUCTION
An accurate and efficient computational engine for modeling
the propagation of compressional and shear waves in het-
erogeneous solids is essential for solving many problems in
seismology, such as estimating the epicenter of an earthquake
or the thicknesses and compositions of geologic layers. When
the wave speeds, density, and locations of interfaces depend
only on the depth below a reference level, solutions may be
obtained with methods based on separation of variables. For
many problems in seismology, however, it is necessary to also
take into account lateral (horizontal) variations in the elastic
parameters; this type of heterogeneity is often referred to as
range dependence. Even when energy is assumed to propa-
gate away from a source without coupling between planes
of constant azimuth (a two-dimensional approximation that
is appropriate for many problems), it may be challenging
to obtain accurate solutions in environments that are range
dependent and large in scale relative to a wavelength.
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Range-dependent problems may be solved with the
finite-element method, which involves a linear system of
equations to be solved over a computational grid that covers
the entire domain and may consist of many thousands of
grid points. When solving the system directly, run times
increase nonlinearly with the number of grid points, and
calculations quickly become impractical as the size of the
domain increases. As illustrated in Fig. 1, for example,
the total number of operations is on the order m4 in the
solution of a scalar frequency-domain wave equation on an
m × m computational grid. Efficiency may be improved by
using an iterative solver, but run times may still be pro-
hibitive for large-scale problems. The amount of memory
that is required for such computations may also be a limiting
factor.

Range-dependent problems may also be solved with the
parabolic equation method [1], which is based on factoring
the operator in the wave equation, using one of the factors to
obtain a parabolic wave equation that accounts for outgoing
energy that propagates away from the source, and neglecting
incoming energy that is back scattered toward the source. Run
times increase only linearly with the number of grid points
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FIGURE 1. Numerical solution of the Helmholtz equation in which the
columns of an m×m grid are stacked into a solution vector. Top: In the
sparse matrix (shown here for m = 7) that corresponds to the standard
difference approximation of the differential operator, non-zero entries
(indicated by black crosses) are confined to five diagonals. During
Gaussian elimination, other diagonals become populated with non-zero
entries (indicated by red crosses). Bottom: The ratio of m4 and the
number of operations (additions, subtractions, multiplications, and
divisions) required to solve the system for 5 ≤ m ≤ 50. This curve was
obtained by explicitly solving the system and counting operations that
modify entries.

for this approach, which does not involve iterations, requires
memory for only a small fraction of the grid, is often orders
of magnitude faster than the finite-element method, and may
be used to generate solutions on computational domains that
span billions of square wavelengths [2]. Improved compu-
tational efficiency often comes at the expense of accuracy,
but the parabolic equation method provides accurate solu-
tions when range dependence is sufficiently gradual and
outgoing energy dominates incoming energy. Although the
parabolic equation method is based on one-way wave equa-
tions, solutions generated with this approach have been used
in ocean acoustics applications that involve back-scattered
energy from features on the seafloor [3] and schools of
fish [4].

The parabolic equation method was initially applied to
model the propagation of radio waves in the atmosphere [5].
The first applications to scalar wave propagation problems
in seismology [6], [7] and ocean acoustics [8]–[10] came in

the 1970s. Shortly thereafter, there were attempts to extend
the approach to the elastic wave equation [11]–[14], but the
first successful implementations for this case were delayed
until difficulties related to stability and factoring the operator
(which do not arise for the scalar case) were understood
and resolved [15]–[18]. During the decades that followed,
there were further developments in the parabolic equation
method for problems involving solid layers, including the
construction of initial conditions for the parabolic wave
equation [19], [20] and the accurate treatment of sloping
interfaces and boundaries [21], [22]. Much of this work
focused on problems in ocean acoustics that involve sediment
layers that support shear waves or ice cover. It is demon-
strated here that this progress has culminated in a model for
fast and accurate seismic computations in laterally varying
environments.

II. PARABOLIC EQUATION TECHNIQUES
A. THE PARABOLIC WAVE EQUATION
We derive here a parabolic wave equation for the case of
an elastic medium in two dimensions. We work in the fre-
quency domain in Cartesian geometry, where the range x
is the horizontal distance from a source and z is the depth
below a reference level. The treatment of the more real-
istic case of cylindrical geometry includes an additional
factor to account for cylindrical spreading [1]. Substitut-
ing the equations for Hooke’s Law into the momentum
equations [23] in a medium in which the wave speeds and
density are piece-wise continuous functions of depth, we
obtain

(λ+ 2µ)
∂2u
∂x2
+
∂

∂z

(
µ
∂u
∂z

)
+ ρω2u

+ (λ+ µ)
∂2w
∂x∂z

+
∂µ

∂z
∂w
∂x
= 0, (1)

µ
∂2w
∂x2
+
∂

∂z

(
(λ+ 2µ)

∂w
∂z

)
+ ρω2w

+ (λ+ µ)
∂2u
∂x∂z

+
∂λ

∂z
∂u
∂x
= 0, (2)

where u and w are the horizontal and vertical displacements,
λ and µ are the Lamé parameters, ρ is the density, and ω
is the circular frequency. The compressional and shear wave
speeds cp and cs are related to the coefficients of Eqs. (1)
and (2) by ρc2p = λ + 2µ and ρc2s = µ. Attenuation may
be taken into account by allowing the wave speeds to be
complex.

A parabolic wave equation is derived by factoring the
operator in a wave equation into a product of an operator that
corresponds to energy propagating outward in range (away
from the source) and an operator that corresponds to incom-
ing energy. Due to terms involving single range derivatives
of the dependent variables, the vector operator defined in
Eqs. (1) and (2) does not readily factor. Taking the range
derivative of Eq. (1) and defining the new dependent variable
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U = ∂u
/
∂x, we obtain

(λ+ 2µ)
∂2U
∂x2
+
∂

∂z

(
µ
∂U
∂z

)
+ ρω2U

+ (λ+ µ)
∂3w
∂x2∂z

+
∂µ

∂z
∂2w
∂x2
= 0, (3)

µ
∂2w
∂x2
+
∂

∂z

(
(λ+ 2µ)

∂w
∂z

)
+ ρω2w

+ (λ+ µ)
∂U
∂z
+
∂λ

∂z
U = 0. (4)

These equations are in the form,(
L
∂2

∂x2
+M

)
U = 0, (5)

whereU = (U ,w) and the entries of the 2×2 matrices L and
M are depth operators. Inverting L and factoring the operator,
we obtain (

∂

∂x
− iT 1/2

)(
∂

∂x
+ iT 1/2

)
U = 0, (6)

where T = L−1M . Assuming that outgoing energy domi-
nates, we obtain the outgoing parabolic wave equation,

∂U
∂x
= iT 1/2U. (7)

B. RATIONAL APPROXIMATIONS
Numerical solutions may be obtained after approximating
the operator square root. Expanding about a horizontal plane
wave corresponding to the reference wave number k0 and
rearranging, we obtain

∂U
∂x
= ik0(1+ X)1/2U, (8)

X =
T − k20
k20

. (9)

Substituting an n-term rational approximation of the square
root function into Eq. (8), we obtain

∂U
∂x
= ik0

1+
n∑
j=1

aj,nX
1+ bj,nX

U. (10)

This equation may be solved numerically by applying
Galerkin’s method to discretize the depth operator [20] and
the splitting method and Crank-Nicolson integration to march
the solution in range.

For many scalar problems, accurate solutions may be
obtained with the Padé approximations [24],

(1+ X)1/2 ∼= 1+
n∑
j=1

aj,nX
1+ bj,nX

=

n∏
j=1

1+ cj,nX
1+ bj,nX

, (11)

aj,n =
2

2n+ 1
sin2

(
jπ

2n+ 1

)
, (12)

bj,n = cos2
(

jπ
2n+ 1

)
, (13)

cj,n = sin2
(

jπ
2n+ 1

)
, (14)

which do not provide stable solutions for problems involving
shear waves. The sum and product forms of the rational
approximation are both useful in implementing the parabolic
equation method.

For the seismic case, themost effective rational approxima-
tions that have been developed to date are the rotated rational
approximations [25],

(1+ X)1/2 ∼= 1+
n∑
j=1

ãj,nX

1+ b̃j,nX
=

n∏
j=1

1+ c̃j,nX

1+ b̃j,nX
, (15)

ãj,n =
e−iθ/2aj,n(

1+ bj,n
(
e−iθ − 1

))2 , (16)

b̃j,n =
e−iθbj,n

1+ bj,n
(
e−iθ − 1

) , (17)

c̃j,n =
e−iθcj,n

1+ cj,n
(
e−iθ − 1

) , (18)

which corresponds to a rotation around the branch point X =
−1 by the angle θ . The Padé approximations correspond to
matching 2n derivatives at X = 0. The rotated approxima-
tions correspond to matching 2n derivatives at X = eiθ − 1.
For some problems, stable solutions may be obtained by
using a small value of θ , but rotations of 90 degrees or more
are required for some problems involving thin layers [26].
As the matching point moves farther from X = 0, which
corresponds to horizontal wave numbers near k0, it may be
necessary to increase n in order to achieve the desired level of
accuracy.

There are other strategies for designing rational approx-
imations. For the rotated approximations, all of the
constraints (matching derivatives) are moved (a substantial
distance in some cases) away from X = 0. An alternative
approach is to keep most of the constraints at X = 0
(the accuracy constraints) and use a few of the remaining
constraints (the stability constraints) to prevent instabili-
ties [18]. Another approach is to formally integrate Eq. (8) to
obtain

U (x +1x, z) = exp
(
ik01x(1+ X)1/2

)
U (x, z) , (19)

where 1x is the range step in the numerical solution. This
equation may be solved by applying a rational approximation
of the exponential of the square root [27]. This solution is
identical in form to the Crank-Nicolson solution, but it has
different coefficients (which must be determined numeri-
cally), is correct to higher order in the range numerics, and
allows larger range steps (multiple wavelengths versus a frac-
tion of a wavelength).

C. INITIAL CONDITIONS
The parabolic wave equation is an initial-value problem in
range that requires an initial condition. The self-starter is an
approach for generating an initial condition that is based on
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rational approximations of operators [19]. For the case of a
compressional point source at z = z0 in cylindrical geometry,
the self-starter is [20]

U (r0, z) = Fp

(
k2p δ (z− z0)+ δ

′′ (z− z0)
−δ′ (z− z0)

)
, (20)

Fp = r−1/20 (1+ X)−1/4 exp
(
ik0r0(1+ X)1/2

)
, (21)

where r0 is the initial range and kp = ω
/
cp is the

compressional wave number at the source depth. For the case
of a shear point source, the self-starter is [20]

U (r0, z) = Fs

(
−δ′ (z− z0)
δ (z− z0)

)
, (22)

Fs = r−1/20 (1+ X)1/4 exp
(
ik0r0(1+ X)1/2

)
. (23)

An approach described in Ref. 20 may be used to handle the
delta function and its derivatives.
In order to avoid numerical problems associated with

the singularity at the source depth, the self-starter may be
implemented in a series of steps that involve an intermediate
solution:

U0 (z) = (1+ γX)−2

×

(
k2p δ (z− z0)+ δ

′′ (z− z0)
−δ′ (z− z0)

)
, (24)

U (r0, z) = r−1/20 (1+ X)−1/4(1+ γX)2

× exp
(
ik0r0(1+ X)1/2

)
U0 (z) , (25)

where γ is chosen so that the inverse of the operator is
non-singular (the value γ = i has been proven to be effective
without fail for a wide range of problems). In previous imple-
mentations of the self-starter, a single rational approximation
was used for all three of the factors in the operator on the right
side of Eq. (25). With this approach, the coefficients must
be determined numerically, and the algorithm for finding
them may fail to converge in some cases. We apply here an
alternative approach that does not require searching for coef-
ficients. The factor on the right is the propagator that appears
in Eq. (19). This factor may be taken into account by using the
rotated rational approximations and Crank-Nicolson integra-
tion to advance the intermediate solution out to r = r0. The
next factor may be taken into account by two applications of
the operator. The remaining factor is the fourth root, which
may be approximated in terms of a rational approximation.
Since this factor does not depend on the range step, it may
be handled efficiently by obtaining rational approximations
for the fourth root and saving them (it is not necessary
to generate them each time the parabolic wave equation is
solved).

D. ACCURATE TREATMENT OF RANGE DEPENDENCE
A range-dependent problem may be handled by dividing the
environment into a series of range-independent regions and
using the parabolic wave equation to propagate the field
through each region. All that remains is to estimate the

transmitted fields at the vertical interfaces between regions,
where the exact solution satisfies continuity of u, w, the nor-
mal stress σxx , and the tangential stress σxz. Since there
is only one range derivative in the parabolic wave equa-
tion, its solutions cannot satisfy all four conditions, but
accurate solutions may be obtained for many problems by
solving a scattering problem at each vertical interface, dis-
carding the back-scattered field, and using the transmit-
ted field as an initial condition in the next region. The
stresses are related to the dependent variable in terms of the
equations [21],(

σxx
w

)
= RU, (26)(

u
−σxz

)
= −iST−1/2U, (27)

R =

 λ+ 2µ λ
∂

∂z
0 1

 , (28)

S =

 1 0

λ
∂

∂z
+
∂λ

∂z
∂

∂z
(λ+ 2µ)

∂

∂z
+ ρω2

 .
(29)

Conservation of the displacements and stresses across a
vertical interface between range-independent regions A and
B corresponds to the conditions,

RBUt = RA (Ui + Ur ) , (30)

SBT
−1/2
B Ut = SAT

−1/2
A (Ui − Ur ) , (31)

where the subscripts i, r , and t denote the incident, reflected,
and transmitted fields, the subscripts A and B denote evalua-
tion in the respective regions, and the negative sign reflects
the fact that Ur is incoming. From Eqs. (30) and (31),
we obtain

Ut =
1
2

(
R−1B RA + T

1/2
B S−1B SAT

−1/2
A

)
Ui

+
1
2

(
R−1B RA − T

1/2
B S−1B SAT

−1/2
A

)
Ur . (32)

Applying the assumptions that range dependence is gradual
and the outgoing field dominates, we drop the second term on
the right side of Eq. (32), which is small to second order under
the assumptions, and obtain the single-scattering approxima-
tion [21],

Ut =
1
2

(
R−1B RA + T

1/2
B S−1B SAT

−1/2
A

)
Ui. (33)

This approach for handling the interfaces between range-
independent regions has been found to provide accurate
solutions for a wide range of problems involving sloping
solid-solid interfaces. It may be applied to the case of a
sloping boundary by placing an artificial material with low
density above the boundary and treating the boundary as an
interface.
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FIGURE 2. Top: Compressional transmission loss for a problem involving
variable topography, sloping interfaces, and variable layer thickness.
Bottom: Compressional transmission loss at z = 180 m generated with
the parabolic equation method (solid curve) is nearly identical to the
solution generated with a finite-element model (dashed curve), and thus
it is difficult to see both curves.

E. COMPRESSIONAL AND SHEAR POTENTIALS
In a homogeneous layer, the compressional and shear poten-
tials φ and ψ are defined by [20]

ρω2
(
φ

ψx

)
= −QU, (34)

Q =

 λ+ 2µ (λ+ 2µ)
∂

∂z

(λ+ 2µ)
∂

∂z
(λ+ 2µ)

∂2

∂z2
+ ρω2

 ,
(35)

where ψx = ∂ψ
/
∂x. We define the compressional and shear

transmission losses,

TLp = −20log10 |φ| , (36)

TLs = −20log10 |ψx | . (37)

One could alternatively define the shear transmission loss in
terms ofψ , which may be obtained by applying the inverse of

FIGURE 3. Top: Compressional transmission loss for a problem involving
variable topography, a sloping interface, and a Rayleigh wave. Bottom:
Compressional transmission loss at z = 220 m generated with the
parabolic equation method (solid curve) is nearly identical to the solution
generated with a finite-element model (dashed curve).

the square root operator before applying Q on the right side
of Eq. (34).

III. TEST CASES
Parabolic equation techniques for generating initial
conditions, marching the solution in range, and accurately
handling sloping interfaces and other types of range depen-
dence were originally developed for ocean acoustics prob-
lems but are adapted and tested here for seismic problems.
The accuracy of these techniques is demonstrated for exam-
ples involving variable topography, sloping interfaces, and
other effects bymaking comparisonswith solutions generated
with a finite-element model [28]. Some of the details of
the examples are specified in the supplemental material,
including the depth dependence of the wave speeds, density,
and attenuation and the range dependence of the topography
and layer thicknesses. For each of the examples, we include
an attenuating layer deep in the grid to prevent non-physical
reflections from the bottom boundary.
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FIGURE 4. Compressional transmission loss (top) and shear transmission
loss (bottom) for a problem involving variable topography, sloping
interfaces, and variable layer thickness. An array of sources is beamed
45 degrees below the horizontal, and there is coupling between
compressional and shear waves at the boundary and interfaces.

The first two examples involve a 5 Hz compressional
point source (cylindrical geometry) and a maximum range
of 25 km. For example A, topography varies by 70 m, and
there are three layers overlying a half space. The thickness
of the top layer ranges from 390 to 500 m. The thickness of
the second layer ranges from 105 to 150 m. The thickness of
the third layer ranges from 0 to 120 m. The source is at z =
500 m (450 m below the boundary). In Fig. 2, the color plot
indicates substantial interactions with the boundary and inter-
faces, and the parabolic equation and finite-element solutions
are nearly identical at z = 180 m. For example B, topography
varies by 100 m, and there is one layer overlying a half space.
The depth of the interface is z = 650 m for r < 8 km,
z = 750 m for r > 17 km, and linearly sloping between these
values for 8 km < r < 17 km. The source at z = 155 m
(5 m below the boundary) excites a Rayleigh wave, which
propagates along the sloping topography. In Fig. 3, the color
plot shows a rapid interference pattern between the Rayleigh
wave near the boundary and modes within the layer, and

FIGURE 5. Compressional transmission loss (top) and shear transmission
loss (bottom) for a problem involving variable topography, a sloping
interface, variable layer thickness, and wave speed gradients in the lower
layer. An array of sources is beamed 30 degrees below the horizontal, and
shear waves are refracted in the lower layer.

the parabolic equation and finite-element solutions are nearly
identical at z = 220 m.
It is often possible to estimate the local layer structure

from energy that propagates vertically (or at steep angles) and
returns to the surface after reflecting from interfaces. There
have been applications of the parabolic equation method to
this problem in which depth is taken to be the marching
direction (the operator is factored into down going and up
going operators). With this approach, variations in the elas-
tic parameters are not gradual in the vertical direction at
an interface. This complication may be avoided by using
the range-marching parabolic equation. This approach is not
applicable when energy propagates directly downward, but it
is applicable if there is range separation between the source
and receiver. The purpose of example C is to illustrate the
application of the parabolic equation method to this type of
problem.

The environment for example C consists of two layers
overlying a half space. The boundary and interfaces have
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constant downslopes for 0 < x < 6 km, with endpoints of
z = 100 m and z = 280 m for the boundary, z = 1500 m
and z = 2400 m for the first interface, and z = 2300 m
and z = 2960 m for the second interface. An array of forty
compressional line sources (Cartesian geometry) in the upper
layer is beamed at 45 degrees below the horizontal at 50 Hz.
The jth source is located at z = [307.5+ (j− 1) 15] m and
has a Gaussian weighted phase factor. In Fig. 4, the compres-
sional wave beam at the first interface gives rise to a trans-
mitted shear wave beam and both types of reflected beam.
Several other beams are generated from interactions with the
boundary and interfaces. By using an appropriate choice for
k0, it would be possible to handle waves that propagate at
much steeper angles. In practice, this type of scenario could
be handled by constructing time series by Fourier synthesis
of solutions of the parabolic wave equation.

The purpose of example D is to illustrate the efficiency of
the parabolic equation method when the combination of the
frequency and the dimensions of the environment is such that
running a finite-elementmodelmay not be practical. The field
is generated by the same array of 50 Hz sources as an example
C, with the exception that the beam is steered to 30 degrees
below the horizontal. The environment has variable topogra-
phy, a layer overlying a half space, a sloping interface, and
wave speed gradients in the half space. In Fig. 5, the shear
wave beams in the half space are refracted by the shear speed
gradient. If the dimensions of the computational domain and
the number of grid points per wavelength remain constant but
the frequency is increased by a factor of ten, the run time
should increase by a factor of 104 for a finite-element model
that is based on a direct solver but only by a factor of 102

for a parabolic equation model. We did not attempt to run a
finite-element model for example D, but running a parabolic
equation model for this problem took less than a minute on an
Apple MacBook Pro with a 2.8 GHz Intel Core i7 processor.

IV. DISCUSSION
For many wave propagation problems of interest in the geo-
sciences, it is necessary to account for horizontal variations
in the environment. The parabolic equation method provides
an excellent combination of accuracy and efficiency for such
range-dependent problems. Approaches for generating initial
conditions, propagating the field through range-independent
regions, and estimating transmitted fields across the inter-
faces between regions have been implemented in a seismic
parabolic equationmodel. Bymaking comparisons with solu-
tions generated with a finite-element model, the accuracy of
the model has been demonstrated for problems with sloping
boundaries and interfaces, variable layer thickness, and the
propagation of a Rayleigh wave along variable topography.
The elastic parabolic equation is based on an unconven-
tional formulation involving the vertical displacement and the
horizontal derivative of the horizontal displacement, but the
displacements, stresses, and potentials may be obtained with
local conversion formulas. Various rational approximations
have been proposed for obtaining accurate, efficient, and

stable solutions. In some cases, the coefficients must be deter-
mined with searches that may not converge, but the results
presented here are based on coefficients that are known in
analytic form or may be tabulated (and thus do not require a
search for each run).
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