IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received June 22, 2021, accepted July 3, 2021, date of publication July 7, 2021, date of current version July 13, 2021.

Digital Object Identifier 10.1109/ACCESS.2021.3095370

Many-to-Many Disjoint Paths in Augmented
Cubes With Exponential Fault Edges

MINGZU ZHANG “!, WENHUAN MA!, AND TIANLONG MA?

! College of Mathematics and System Sciences, Xinjiang University, Urumgi 830046, China
2Department of Basic Research, Qinghai University, Xining 810016, China

Corresponding author: Mingzu Zhang (mzuzhang @163.com)

This work was supported in part by the Doctoral Startup Foundation of Xinjiang University under Grant 62031224736,
and in part by the Science and Technology Project of Xinjiang Uygur Autonomous Region under Grant 2020D01C069.

ABSTRACT 1t is common knowledge that edge disjoint paths have close relationship with the edge
connectivity. Motivated by the well-known Menger theorem, we find that the maximum cardinality of edge
disjoint paths connecting any two disjoint connected subgraphs with g vertices in G can also define by the
minimum modified edge-cut, called the g-extra edge-connectivity of G (A4(G)). It is the cardinality of the
minimum set of edges in G, if such a set exists, whose deletion disconnects G and leaves every remaining
component with at least g vertices. The n-dimensional augmented cube AQ,, is a variant of hypercube Q,,.
In this paper, we observe that the g-extra edge-connectivity of the augmented cube for some exponentially
large enough g exists a concentration behavior, for about 72.22 percent values of g < 2"~!, and that the
g-extra edge-connectivity of AQ, (n > 3) concentrates on [5] — 1 special values. Specifically, we prove
that the exact value of g-extra edge-connectivity of augmented cube is a constant 2([5] — r)2L§J+r for
each integer 212047 — [, < ¢ < 2L3147 wheren > 3,r =1,2,..., [51—1land [, = 2122 if 1 is odd

3
242 4 . . .
and [, = 2 4 if n is even. The above upper and lower bounds of g are sharp. Moreover, we also obtain

the exponential edge disjoint paths in AQ,, with edge faults.

INDEX TERMS Fault tolerance, many-to-many edge disjoint paths, interconnected networks, exponential

fault edges.

I. INTRODUCTION

The edge disjoint path problems are applicable in many
areas such as software testing, database design and code
optimization. The edge-disjoint paths problem is a fundamen-
tal problem in networks, consisting of connecting as many
demand pairs as possible in a graph via edge-disjoint paths.
In disjoint paths problems, instead of considering the paired
and unpaired many-to-many disjoint paths cover problem [9],
[13], [20], [30], we focus on the problem of evaluation maxi-
mum number of many-to-many edge disjoint paths of a graph.
Let g be a positive integer. We aim to find the maximum
number of edge disjoint paths linking any two disjoint con-
nected subgraphs with just g vertices in G. Very recently,
the problem of edge-disjoint paths with faulty edges was
investigated for the augmented cube [19], hypercubes and
folded hypercubes [21]. Considering the problem of finding
node or edge disjoint paths is largely concerned with the
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well-known Menger’s theorem [21]. Menger’s theorem is a
description of the edge connectivity in finite graphs according
to the maximum number of edge-disjoint paths that can be
found between any two distinct pairs of vertices.

With the fast development trend of big data, the scale of
parallel and distributed systems is increasing dramatically.
The basic topology structure of a parallel and distributed
system is usually modeled as an undirected simple graph
G = (V,E) with processors and physical links between
the processors represented as the vertices and the edges of
the G, respectively. We keep to the graph definition and
notation of [1].

Processors and physical links faults may occur in designing
such a system. Thus, it is significant to come up with essen-
tial fault measurements. The vertex connectivity and edge
connectivity of interconnection networks of these systems
are two traditional measurements. For a connected graph G,
the connectivity x(G) or edge connectivity A(G), introduced
by Menger [15], is defined as the minimum number of
vertices or edges whose deletion disconnects the graph G.
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TABLE 1. A brief summary of previously known and current results for 1¢(AQn).

g Ag(AQn) Authors

2 =4n —4(n > 2) Ma, Liu and Xu (2008) [18]

2 =4n—4(n>7) Gu, Hao and Cheng (2020) [6]

3 = 6n—9(n > 4) Ma and Yu (2021) [19]

3 =6n —9(n > 16) Gu, Hao and Cheng (2020) [6]
4 =8n — 16(n > 29) Gu, Hao and Cheng (2020) [6]
g<2lz (n >2) =(2n—1)g—exy(AQn) Zhang, Xu and Yang (2020) [29]
22 g < one L(n > 4)! =on Zhang, Xu and Yang (2020) [29]

NESES —l<g<2lzltrn>3)2

=251 -2t

Current authors

'Ifnmeven then f = 0; if n is odd, thenf—l
2p =12, 2] - L1 = 27022 nisodd; 1 =

To make a comprehensive evaluation on the faulty intercon-
nection network, in 1996, the concept of g-extra connectivity
k¢(G) or g-extra edge-connectivity A,(G) was first introduced
by Fabrega and Foil [4]. For a connected graph G, an edge
subset F C E(G) is called as a g-extraedge-cut of G, if G— F
is disconnected and every component of G — F has at least
g vertices. The g-extra edge-connectivity of G, written as
Ag(G), is defined as the minimum cardinality among all the
g-extra edge-cuts. In recent years, more works about deter-
mining the g-extra connectivity or g-extra edge-connectivity
of famous networks are found in [5], [11], [12], [14],
[26]-[28].

By the well-known Menger theorem, the maximum num-
ber of edge disjoint paths connecting any two disjoint con-
nected subgraphs with g vertices in G can also define by the
minimum modified edge-cut, called (A¢;(G)). The Menger’s
theorem is often required to find a maximum of edge-disjoint
paths between two given distinct vertices of G. Motivated by
this, we want to go even further, and consider cases on many-
to-many edge disjoint paths of a connected graph G.

The augmented cube AQ,, proposed by Choudum and
Sunitha [3], is a variant of hypercube Q,. Compared with Q,,,
AQ), retains some of the splendid properties. Some basic prop-
erties of the augmented cube, such as panconnectivity [17],
[22], [24], pancyclicity [23], hamiltonicity [7], [16], [25],
various diagnosability [2], [10], structure fault-tolerance [8],
several familiar connectivities [18], [29]. The known and cur-
rent results on the g-extra edge-connectivity of n-dimensional
augmented cube AQ,,, A,(AQ,) have been showed in Table 1.
In this paper, we pay our attention on A4(AQ,) for exponential
g=2%c=|5]+r,wherer =1,2,...,[531-1,n>3
which is better to reflect the fault tolerance ability of the
interconnection network than the traditional connectivity. Our
result improves some previously known results on A¢(AQ,) in
a sense.

In this study, we study the g-extra edge-connectivity of
the augmented cube AQ,. Specifically, we obtain the edge
disjoint paths with edge faults. Interestingly, we notice that
for 2L21+r — [, <g< ZL%H", where r = 1,2, . [ 1—1
and b, = 2222 it s odd and = 25254 it g s
even, the g-extra edge-connectivity of the augmented cube
AQ, (n > 3) exists a concentration behavior: as n tends to
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infinity, for about 72.22% values of g < 211 the g-extra
edge-connectivity of AQ,, (n > 3) concentrates on several
special values (2n — 2¢)2¢, ¢ = [ 5] +r.

Il. PRELIMINARIES

In a connected graph G, the degree of a vertex v, denoted by
deg(v), is the number of neighborhoods of v in G. A graph
G is k-regular if deg(v) = k for all v € V(G). A graph S
is called a subgraph of G if every vertex and edge in S is
also in G. A maximal connected subgraph of G is called a
component of G. For any edge set F C E(G), the notation
G — F denotes the subgraph obtained after removing the
edges in F from G. In particular, F is called an edge cut of
G if G — F is disconnected. Given a vertex set X C V(G),
we denote G[X] the subgraph of G induced by X, and X =
V(G) \ X the complement of X. For two vertex sets X and
X, we denote [X, X] the set of edges of G with one end
in X and the other end in X. If G| and G, have the same
nodes and edges, and 1;(G1) = Ai(G2),i=1,2,...,g— 1,
Ag(G1) > Ag(Gp), then Gy is more reliable than G;. Let
Em(G) =min{|[X, X]| : [X| = m < [IV(G)|/2], and G[X]
is connected}. A connected graph is regarded as A,-optimal
if 14(G) = £,(G) holds.

The definition of the n-dimensional augmented cube is
given in the following.

Definition 1 [3]: Given n > 1 is an integer. The n-
dimensional augmented cube AQ, has 2" vertices, each
labeled by an n-bit binary string ajas . ..a,. AQp is a com-
plete graph K, with the vertex set {0, 1}. For n > 2, AQ,, is
obtained by taking two copies of the augmented cube AQ,,_1,
denoted by Angl and AQ}H], and adding 2 x 2"! edges
between the two as follows:

Let V(AQ? ) = {O0aa3...ay, : a; = Oorl} and
V(AQ! |) = {lbsb3...b, : b = Oorl}. Two vertices
A = Oazaz...a, of AQ® | and B = 1byb3...b, of AQ} |

are adjacent if only and if either

1) a; = b;foreveryi,2 <i <n;or

2) a; = b; foreveryi,2 <i<n.

Case (1) edges are called hypercube edges while case (2)
edges are called complement edges. Clearly, we can see that
every vertex of AQSi1 has two neighbors in AQ}H]. In fact,
AQ;, can be viewed as AQS_1 EBAQ;_ | briefly. It has been
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FIGURE 2. The images of adjacency matrices of AQg and AQ;.

shown that AQ,, is (2n — 1)—regular. Hence, |E(AQ,)| =
(2n — 1)2"~1. Choudum and Sunitha [3] have defined and
studied the augmented cube and its properties. For example,
augmented cubes AQ3 and AQ4 are shown in Fig. 1. As the
integer n exponentially grows, the scale of the AQ, is more
and more big, the topological structure of AQ,, is more and
more complicated. Therefore, we use the adjacency matrix of
AQ, to represent the adjacent relationship between vertices
of AQ,. The images of adjacency matrix of AQg and AQ7 are
exhibited in Fig. 2 (in two images, the dark blue pixel at posi-
tion (i, j) corresponds to no edges between nodes A and B).

The ex;,(G) is twice of the maximum number edges of the
subgraph induced by m vertices in G, also is the maximum
possible sum of the degrees of the vertices in the subgraph
induced by m vertices in G. The exact values for the ex;,,(AQ;,)
have been given [29], which plays a prominent role in study-
ing the Ag(AQ,).

Zhang et al. [29] have obtained the following major results:

Lemma 1 [29]: For a positive integer m, | < m < 2", itcan
be written that m = ) ;_2%, where fo > t; > ... > t; >
0,0 <i <s.Then

exu(AQy)
= 2EAQIL}) |
=Y G-y iSO

95384
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FIGURE 3. The induces subgraph by L, in AQ,.

where to = |log, m], 1; = [logy(m — ;’(—210 2%y| fori > 1,
and § = 0 when m is even, § = 1 when m is odd.

If x = xixp...x, is a vertex of AQ,, we can also be
represented by decimal number Y7 x,2"~, x; € {0, 1}.
Let S;, be the set {0, 1,2,...,m — 1} (under decimal rep-
resentation) and L], the corresponding set represented by
n-binary strings. Let AQ,[L,;] be the subgraph induced by
Li in AQu. Ly C V(AQy). AQuIL)] and AQ,[L] are
connected in AQ,. For example, for n = 4, if Su =
{0,1,2,3,4,5,6,7,8,9,10, 11, 12, 13}, then Li‘4 = {0000,
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0001, 0010, 0011, 0100, 0101, 0110, 0111,1000,1001,1010,
1011, 1100, 1110}. By equation (1), we will obtain
ex14(AQy) = 2|E(AQ4[L;4])| = (2x3-123+@2x2-1)22+
Cx1—124+4x0x22+4x1x22+4x2x2'+0 = 86.
The subgraph of AQ,4 induced by L‘f4 is shown in Fig. 3. The
edges between subcubes isomorphic to AQ', AQ? and AQ?
are marked in blue.

In [29], they have introduced a method to construct s + 1
t;-dimensional disjoint augmented subcubes in AQ,, for 0 <
i < s as follows:

A0°:0...02Z,...2
———
fo

AQ':0...010...0Z,...7
———
131
— —
fo

AQ?:0...010...010...0Z,...Z
———
5]
—
51

fo

AQY is given and note that AQ' is taken from a ;_i-
dimensional augmented subcube which is obtained from
AQ'~! by changing the 0 of (#;,_ + 1)th-coordinate of AQ"~!
tolfori=1,...,s Hence, V(AQ') N V(AQ)) = ¢ for i #
j,i,j€{0,..., syand [V(AQ")U...UV(AQ%)| = Y2 =
m. Define G; = AQ,[V(AQ®)U. ..UV (AQ*)]. It can be calcu-
lated that the number of edges of G| by considering the edges
within AQ"s (3"1_(24; — 1)2%~!) and the edges between
AQi*s (Z‘;:O 2i - 2") when t; > O0; similarly, |E(G1)| =
ST — 12571 4 38 (20 - 24 when £, = 0. Hence,
exm(G1) = 2|E(G)| = Y1 ot — 121 + Y7142 + 8,
where § = 0 when m is even, and § = 1 when m is odd.
In fact, G; = AQu[L}}].

Lemma 2 [29]: Note that each V(AQi) is connected, for
0 <i <s. Then AQ,[L, ] is connected.

LetF =[L}, L_,’}l] the set of edges of AQ,, with exactly one
end vertex in L) such that AQ,, — F is disconnected and it has
two components.

Lemma 3 [29]: The subgraph AQn[m] of AQ, is
connected.

Ill. SOME PROPERTIES OF THE FUNCTION §,,(AQp)
The Ag(AQp) is closely related to the monotonic intervals and
fractal structure of the function &,,(AQ,,). We obtain the image
of the relationship between functions &,(AQ10) and Ag(AQ10),
for 1 < g < 2° in Fig. 4, image-magnification on internal
[108, 128] is illustrated below it.

For positive integers g <m = Y i_; 2 < 2"~ 1,

Ag(AQ,) = min{En(AQ,) 1 g <m < 2" 1. 2)

In view of Handshaking lemma and regularity of an n-
dimensional augmented cube, combining with connectedness
of AQ,[L]"], it follows that
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FIGURE 4. The plots of functions £5(AQ;o) and 1(AQ;o)-

En(AQy) = 2n — 1)m — exp,(AQy)
= Qn—m— [ijo(zn 1)t

s .
Y 4248, 3)

where § = 0 if m is even, and § = 1 if m is odd.

For the augmented cube, the g-extra edge-connectivity
of AQ, is well-defined for each g < 2"~!. In [29], they
have applied the value of ex;,,(AQ,) to obtain the g-extra
edge-connectivity of AQ, for 1 < g < ZL%J(n > 2) and
27427 o < 2n(y > 4) where f = 0 if n is even, and
f = lifnisodd. In this paper, we further consider the g-extra
edge-connectivities of AQ,, for other values of g on the basis
of their minds. The following lemmas of some properties of
the function &,,(AQ;,) are useful, which are need for giving
the conclusions of A¢(AQj).

Lemma 4: For every integer h = Y i 2% a9 > a; >
o> ap > ] > ... > ag > 0,1 < s,h < on=1
let h = hy + ha, by = Y 2%, we can get ex;(AQ,) =
exp, (AQy) + exp, (AQ,) +4(t + Dhy. Proof: As a matter
of convenience, we write hy = h — h; = 2%+  2%4+2
e 2% = Zf;(t)_l 2%4+1+i it is easy to observe that the &
must be even and the 4, is either odd or even. According to
equation (1), we have

t i t ., .
exp, (AQ,) = Zizo(zai — 1)2% 4 Zi:O 4024,
s—t—

exny(AQn) = )

i=0
+ Zéji(t)il 4% +1+i
1=
+4,
) i s ., .
exh1+h2(AQn) = Zi:O(Zai —1)2% + Zizo 42 4 5
t .
=) (ai— 12"
i1
* le':o Qapq14i — 1)2%4+1+

t
ai
+ Zi:O 42
s—t—1
)4 +1+i
DN (GRS B LS
= exp, (AQn) + exp, (AQn)
s—t—1
Ar+1+i
+Y o, Ae+12
= exp, (AQp) + exp, (AQy) + 4(t + Dhy.
So the lemma holds. O

1
Qa4 — 1)20+1+
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For 0 < m < 2", by the symmetry of cut, the equation
En(AQy) = &1 (AQy) holds. For any n > n/, 0 <m < 2",
because the value of ex;;(AQ,) is uniquely determined by the
decomposition of m, so ex;,,(AQ,) = exu(AQy).

Lemma 5: Let2¢ <m < 2" 1 for0 < ¢ <n—2. Then

";:m(AQn) > 52”(AQn)-
Proof: Tt is sufficient to show that for 28 < m < 2K+1,
k=c,c+1,....,n—2, §,(A0) > &x(AQpy). Since
$2k+1(AQn) - Szk (AQn)
= 2n — D2 — exps1(AQy)
—[(2n — 12" — exyi (AQ)]
=Qn—D2 Rk + 1) — 12 =5
—[(2n — 1)2* — 2k — 1)2F — 5]
= (2n — 2k — 2)2%t!1 — 2n — 2k)2k
= (n—k — 2)2k*!
> 0.

Equality holds if and only if k = n — 2. Therefore, we may
assume 28 < m < 28t1. S0 0 < m — 2K < 2k Letm =
Yoio2iandm’ = m—2K. Clearly, 1o = kand t; < k < n—2.
Then m' = Y°5_; 2 = Y373 2fivt < 2k < 272 and

Em(AQn) — &2k (AQp)
= (2n — Dm — exyu(AQy) — [2n — 1)2F — exyk (AQw)]

— $ t__ $ . t
=Q2n—1) Zi:o 2 Zi:0(2t, 12
N
-3 O41‘2"' — 8 —[(2n — 12F — 2k — 1)2% — 8]
1=
s—1 s—1 X
=Q2n—1) Zi:O ikt — Zi:O (g1 — 1201
s—1
=S A+ 2
i=0
s—1 . s—1
=Qn—>5m — Zi:O (i1 — 1201 — Zi:O 4i21+1
s—1 .
=R2n—-2)—11m — Z,-:o (g1 — 1201
s—1 )
=3 A+ D2
i=0

For 0 < m’ < 2K, we can get ex,y(A0,) = ex,y(AQx) <
(2k — ym' and &,,(AQ,) — & (AQy,) = [2(n — 2) — 1]m’ —
S Qi — 12 =Y ST A 12+ > 2(n—k —2)m >

0. O
Letf = Oif nisodd, and f = 1if nis even. For r =
1,2,....,[31=1,n>3and 0 < j < r, we define s, j as
follows:
ol51+r if j=0;

SEAE PYEIRT Z’_; P2 e <<y
1=l

One can check that s, ; — s, j31 = 22r=2=14f for any

. n 2r+14f _ol+f
0<j<r—1lands,, =21+ — % In fact,
. . 2r+14f _ol4+f 2r+1_ . .
if n is odd, then 2 3 2 = 2 3 2; if n is even, then
22r+14f _pl+f

2r+2_ g . .
3 = Z 3 4 For the sake of simplicity, let [, =
2r+1_"n . 242
£ =2ifnisoddandl, = =54

if n is even. After simple

95386

calculation for s, ;, we can get:
1515 Ly Srr < Sppol < ... <81 <Sp0= olzl+r,

We give an example to illustrate the variability of r, j, and
syjforn =9, 10 (see the Table 2). If n = 2, we can get r = 0
and j = 0, so we only consider the situation of n > 3.

TABLE 2. The variability of r, j, and s, ; forn =9, 10.

n=9 n =10

S»,"j ST-’]'

256 =28 512 =29

128 =27 256 = 28

96 =26 4 25 192 =27 426

88 =26 4 24 4 23
86=26 424 492 4 21

176 =27 4 25 4 24
172 =27 425 4 23 4 22

128 =27

96 =26 4 25

88 =26 4 24 4 93
86=26 424 422 421

256 = 28

192 =27 4 26

176 =27 4+ 25 4+ 24
172=27 425 423 4 22

64 =26
56=2542%4 23
54=25424 422421

128 =27
112=26 25 4 24
108 = 26 + 25 4 23 4 22

=R N N W W W Wk b b s 3

32=2°
30=2%4423 422421

= O OWN = OB W~ O,

64=20
60 =25 + 2% 4+ 23 4 22

Lemma 6: Given n,r and j are three integers, r =
1,2,...,[5]1—1and 0 < j < r,wheref = Oif nis odd, and

Proof:

f = lif niseven. Then

%_Sr.j(AQn) = 2(|—g'| _ I")ZL%J+V' @

It is easy to check on that & ((AQ,) =

£ 1510 (AQn) = 2n— 1257 —[2(| ] + 1) — 112121%7 =

2141 — ry2la i+,
To deal with f, we note that f = 5] — [5] + 1. When

1<j<r,s =251+ Zjl;(l) 22r=2i=14f e obtain

&, ,(AQy)

= 2n — Dsyj — exs, ;(AQy)

n —1 . .
_ _ [5]4+r _ 2r=2i—14f
=(2n—- 122 E i=02 )

T _Z«Z;(l) 22r—2i—1+f (AQn)

— (2n _ 1)(2L%J+r _ 217(1) 22r—2i—1+f)
i=

_ex2L%J+r_Zé;$ 22r=2i—14f (AQQL%H’)

— 0t L 4r NV s2r2ic 14
= @r31 -2 -3 2 )

n 24r =1 or2i_14f
HALG) ) = 1@ =Y 2

—elegJ+r_Z/lj;(l) 22r—2i—1+f (AQQL%H’)

— 0t L 4r NV s2r2ic 14
= @r31 -2 -3 2 )

n =1 or—2i—
HALG A -1y 2

_exZJ;(l) 22r—2i—14f (AQZL%J+r )

— oM L2 1+r _ NV y2r—2ici4f
= Q31— -3 2 )
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n =1 J2r—2i-
+2(13] +r -1y 2
- 2;(1)[2(2r ~2i—1+f)—1]

. Z/—l 4jp2r—2i=1+4f
i=0

=251 = 2 L (2] - 15D +2 - 2]

y Z/—l 2r=2i=14f
i=0

= 2151 - 2t

22r=2i=14f

Hence, &, ,(AQ,) = 2([3] — r)2L3047 The proof is

completed. 0

Lemma 7: For any 212147 — l <m <221 where r =
2r42

1,2,. |' '|—landl,—2 Ak 1fnlsoddandl,—2 4

ifn is even. Then
Em(AQn) = & 1414, (AQn). )

Proof- For 212047 — 1. < m < 213147 there exists a
positive integer m’, where 0 < m’ < 2% %4 and m =
Spj— m’, from equation (3), we can obtain that

Em(AQn)
= (2n — Dm — exy(AQn)

= @51 =2 m+ (5] + 1) — 1
—exm(AQZLgHr)

= @31 =2nm+ (5] +1) -

(AQ, 1 m

= 2<r51 e (2f§1 — 2@ —m)

1R —m)

X, B

2051+ - NEH —m)
—exy g, (AQ, 14 )4r)

= &, ;(AQn) + (4r —3 + 2f)(2L%J+r — m)

L AQ,184).

In view of Lemma 4,

_AQ,181)

*Sr,j(Ata%H’) + exp (AQ, 134,) + 4jm

_elegJJrr

exzt%H,.
= esz%J+r
C |
= Z/ 0[2(2r —2i— 1 4f)— 122214
i=
. .
+ 220 4% =214 ex’”/(AQZL%Hr) + djn!
O .
= @dr—3+2f) 220 22 4 e (AQ )
+4jm’
= (@r =3+ 2N — 5. )+ e (40, 510,)
+4jm’.
Therefore,

Em(AQn)
= (2n — Dm — exy(AQn)

VOLUME 9, 2021

= &, ;(AQn) + (4r — 3+ 2f)(sy j — m)
—exm/(AQZLgHr) — djm!’

= &, ,(AQn) + (4r = 342’ — ex,y(AQ,3,1,)
—4jm’

— &, (AQ,) + (4r — 3 +2f — 4l
_exm’(AQ2L%J+r)

= &,,(A00) + [20r + 3] -
—eXp (AQor 414 1-141-2))

= &, (AQn) + Ew(AQ2 1 (1) 117 -2)

> &, (AQy),

rgw —2j) — 1]nd’

where the equality holds if and only if W' = 0 or m’ =
22r=2=1+f Hence, the lemma follows. O

Remark 1: The upper and lower bounds of m are sharp for
2L < m < 23047 wherer = 1, 2, . ,[51—3and

I =252 andf = 0,if nis odd; I, = 22’“ andf = 1,
if nis even

Let my = 2Lt — since olaltr . =
ol5l+r _ Y Ln2r=2i-14f _ Z}Eé_”‘f plhIr—in1 |

Zr 92— 2f+f + Y+l g0 if nis even, m; — 1 =
ZJ—_J r= 32L J+r—i— 1+Zr 122r 2j+1_|_21_|_207 if 1 is

odd, m; _1_ZL 2l=r= 22L Proisl Sl g2 g 0,
If n is odd, by Lemma 4,

exm, (AQy)

= eleL OJ r= 22L J+r—i— I+Z;;()1 22r—2j+21 (AQn)

= exziz)k’”2L%J+r471+zjr=—01 22r—2j4f (A0n)
+ex51(AQy) + 4(n — 3)

= ele\_ Oj r— 22\_ J+r—i— I+Z/r;O1 22r=2j+f (AQn)
+4n — 10,

and
€Xm;—1 (AQn)
= éx (AQn)

Z’LOJ r— 22L J+r—i— l+zjt;01 22r=2j+f 4 20

(AQn)

= éex 21,2 |n : . .
Zl[:zoj r 2L§J+V—I—I+Z])_:—C: 22r=2j+f

+ex(AQy) + 2(n — 3)

=ex (AQ»)

L J=r=2 + 1 —1 _2jtf
Zz 2 2L J4r—i— +Z;=() 22r=2j+f
+2n — 6,

by equation (3), &, (AQn) — &m —1(AQ,) = 3. If n is even,
by Lemma 4, we can get ex,, (AQ,) = exy,—1(A0,) +
ex0(AQy) + 4l(l5] — 1 = 2) + 7 + 2] = exm,—1(AQy) +
exp0(AQy) +2(n — 1), then &y, (AQ,) — m,—1(AQy) = (21 —
Dmy — exy; (AQy) — [(2n — 1)(my — 1) — exyy —1(AQn)] = 1.
Therefore, the lower bound is sharp.
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Forany r < [5] —3,letm = 23147 g, mo < 2073,
Then

Em(AQ))
= (2n — Dm — ex(AQn)
= 21— DRI 4 m) — [ex,1414,(A0)
+expy(AQy) + 4mo]
= @n— 121 —ex 111, (AQ))
+@2n — Dmy — 4mgy — exp, (AQy)
= &,1414r(A0n) + [2(n = 2) — 1]mg
—€Xmy (AQy—2)
= &,1514r(A0n) + &y (AQn-2),
by equation (3), the inequality &,,(AQ;)
holds, so the upper bound is also sharp.
Remark 2: For the interval 2124177 — [, < m < 2lz2047,
the lower bound of m is sharp, but the upper bound of m is
not sharp for r = [5] -2, [5] — .
Forr = [41—2, 4] — 1, 22047 = 2n=2 pl3J4r — oo
respectively. By Lemma 6, §,,—2(AQy) = &n-1(AQ,) = 2".
In fact, if nis even, forr = [5]—2and r = [5]—1, the lower

v

§,1814-(AQn)

bounds 24+ —j, = 2n2 2804 g2 220
244 22 gnd L3 g, = ol 22<%‘;)+2—4 _
2'1_3& = (2"_3&1 respectively. If  is odd, for r = [5] — 2
and r = 5] — 1, their corresponding intervals have the
same lower bounds [ +2] So [2 +2] <m < 2!
and [ '| < m < 2"2 have overlaps. By Lemma 7,

f (2"_3&1 < m < 2'"2 we can show &,(40,) >
&n—2(AQ,) = 2". For any integer m, (2'1_3#1 <m<2"1
we have £,(AQ,) > &n-2(AQ)) = &En-1(AQ,) = 2", thus the
upper and lower bounds are sharp.

IV. THE g-EXTRA EDGE-CONNECTIVITY OF AUGMENTED
CUBE
In this section, we get a simple method for calculating the
g-extra edge-connectivity of augmented cube for olaltr _
I, < g <23+,

Theorem 1: Suppose olal+r _ I, <g< ZL%H’, where
r=1,2,..., /%] —landl, = ZZ=2if nis odd and [, =

2r+2_ 4 . .
Z 3 4ifnis even, then

)g(AQy) = 2((%1 — ppliltr, ©6)

Proof: On the one hand, recall that the definition of
AQ,[LM] and F = [L!, L] the set of edges of AQ, with
exactly one end vertex in L and the other end in L/;. Com-
bining with Lemmas 2 and 3, AQ,[L}}] and AQn[ﬁ] are
connected. If |[V(AQ,IL:])| = 23177 |EQAQ.ILL])| =
ex, s 14+ (AQp), then F is a g-extra edge-cut of AQ,, and |F| =

E 1310 (AQy) = (2n — 2B — ex 41, (AQ,). On the

other hand, for any olal+r _ I, <g< ZL%H", where r =
2r+1 2r+42
1,2, 2 —landl, = E52 if nis odd, [, = 254
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FIGURE 5. Many-to-many edge disjoint paths in two disjoint subgraphs
of AQ5.
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if n is even, in view of Lemmas 5 and 7, and Remarks 1 and
2, the minimum value of {&,,(AQ,,) : olal+r _ L, <g<m<
2L204ry g £ 141+, (AQy). Hence,

hg(AQy) = min{En(AQy) g <m < 2"
= min{&n(AQy) : g <m < 2131%7)
= &,13/+-(A0n)

= 2127 — 28,
2
The proof is completed. |
Based on this result, for plal+r l, < g < 23 I+
where r = 1,2,...,[5] — land [, = 22r+ =2 ifnis odd

and [, = 22’22_4 if n is even, we can find the maximum
2151 - )220+ edge disjoint paths linking any two disjoint
connected subgraphs with just g vertices in AQ,. In order to
understand this issue, we take an example, forn = 3, g = 2
and g = 3, there are 8 edge disjoint paths marked by different
colours except gray in two disjoint subgraphs of AQ3 shown
in Fig. 5.

Unexpectedly, we find that the g-extra edge-connectivity
of AQ, exists a concentration behavior for some exponen-
tially large enough g on the interval length of /., r =

2r+ _
1,2,...,[41 — 1 where [, = %—5=2 if n is odd and
2r42 4 . .
I, = 2 3 4 if n is even. For convenience, we define a set

= (g £(AQ) = &3+, (AQ,) = 2(T51 — r23H7 n =
3,r=1,2,...,[51 — 1} on this interval 2Lt <o <
213047 Takenn = 11 as an example, the Fig. 6 shows the set
N, on the interval length of /.. From this bar, it can be seen
that as the integer r varies, the integer intervals exponentially
increase for fixed n.
This paper focuses on the g-extra edge-connectivity of the
n-dimensional augmented cube (n > 3) for 2L3 )47 -, <g<
213147 Because intervals Ipn1-o and Ifn -1 have the same

i i 1
Z 2 l — l"”] 2 is
sum of the number g for integer interval 2L Hr_ <g<

284 = 1,2, 121 — 1 where [, = 2“3‘*2

interval [ r47-2, SO denote that s(n) =

if nis
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FIGURE 7. The function R(n) for 3 < n < 50.

TABLE 3. The values s(n) and R(n) for 3 < n < 20.

n 3 Z 5 6 7 8
s(n) 2 4 10 20 44 88
2n—1 4 8 16 32 64 128
R(n) 0500 0500 0.6250 0.6250 0.6875  0.6875

n 9 10 11 2 3 14
s(n) 182 364 736 1472 2954 5908
-1 256 512 1024 2048 4096 8192
R(n) 07109 07109 07188 07188 07212 07212

n 15 16 7 3 9 20
s(n) 11828 23656 47326 94652 189320 378640
27—l 16384 32768 65536 131072 262144 524288
R(n) 07219 07219 07221 07221 07222 0.7222

odd and I, = ﬁrgﬁ if n is even. Let R(n) = s(n)/2" L.
Then lim R(n) ~ 0.7222. The function R(n) for 3 < n < 50
is shor\;v_r)loion Fig. 7. We list the values of n, s(n) and R(n) for
3 < n < 20in Table 3.

V. CONCLUDING REMARKS

The g-extra edge-connectivity is an important subject for
interconnection network’s ability to fault edges. The g-extra
edge-connectivity of G is defined as the maximum number
of edge disjoint paths connecting any two disjoint connected
subgraphs with g vertices in G. The problem of the g-extra
edge-connectivity of AQ,, is well-defined for each g < 271,
In this paper, we can obtain that for about 72.22 percent
values of g < 211 the g-extra edge-connectivity of AQ,
(n > 3) concentrate on several special ézt% 1+r(AQy), for
r=12..., {%] — 1. More specially, we prove that the

VOLUME 9, 2021

values of the g-extra edge-connectivity of AQ,, are the con-
stants £ 1), (AQn) = 2141 — r2tz)*" for each integer

23—, < ¢ < 23 where r = 1,2,..., 747 1
and I, = 2222 if nis odd and [, = Z=4 if n is even.
Our results provide a more accurate measure for evaluating
a large scale AQ, network reliability and availability. Further
research will focus on considering g-extra edge-connectivity
of more generalized networks that also exist a concentration

behavior.
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