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ABSTRACT In this paper, we consider the uplink (UL) communication of a massive multi-user (MU)
multiple-input multiple-output (MIMO) hybrid beamforming system (HBFS) in which the transmitting
user-equipments are affected by IQ imbalance (IQI). We first show that if the transmitter IQI is not compen-
sated, it will result in a finite ceiling of the UL achievable sum-rate at high signal-to-noise ratio, which only
depends on the transmitter IQI matrices and is independent of the propagation channel and the choice of the
hybrid combining matrices. This justifies the need for transmitter IQI compensation in massive MU-MIMO
HBFS. Therefore, we propose a novel zero-forcing based transmitter IQI compensation algorithm to be
implemented at the base station which effectively mitigates the undesired effects of transmitter IQI and is
applicable for any channel model and any choice of the number of RF chains. For uncorrelated Rayleigh
fading channel, we derive an approximate closed-form expression of the UL sum-rate achieved by the
massive MU-MIMO HBFS with the proposed transmitter IQI compensation. Finally, numerical results
are presented which confirm the effectiveness of the proposed transmitter IQI compensation algorithm in
mitigating the undesired effects of transmitter IQI in different channel environments.

INDEX TERMS Amplitude and phasemismatch, hybrid beamforming systems, IQ imbalance compensation,
massive MIMO, multi-user communication, transmitter IQ imbalance.

I. INTRODUCTION
The evolution ofmultiple-inputmultiple-output (MIMO) sys-
tems and their extension to large-scale MIMO or massive
MIMO systems has gained immense popularity and will
play a vital role in future wireless networks because of
their capability to cater to the high throughput demand in
multi-user (MU) communication, which can be achieved by
using beamforming and spatial multiplexing supported by a
large number of antennas at the base station (BS) [1]–[6]. The
use of a large number of antennas results in several advan-
tages over lower-dimensional MIMO systems, e.g., mutual
orthogonality between the channel vectors of different users,
mitigation of uncorrelated noise and intracell interference,
and reduction in the required per user equipment (UE)
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transmit power [4]–[6]. Some of the recent workswhich stud-
ied different aspects of massive MIMO systems are [7]–[9].
Traditional MIMO systems have a separate radio-frequency
(RF) chain for each antenna-element due to which these
systems are also known as fully-digital (FD) MIMO systems.
Therefore, FD massive MIMO systems can exploit all the
spatial degrees-of-freedom (DoF) offered by the propagation
channel, but their total cost and energy consumption will
scale linearly with the number of antenna elements. How-
ever, massive MIMO systems serve only few UEs in each
time-frequency resource due to which all the spatial DoF
of the propagation channel are not exploited. This makes
FD massive MIMO systems less attractive and unsuitable for
large-scale deployment and hence low cost and less power
hungry implementations are required.

Analog-beamforming systems (ABFSs) and hybrid-
beamforming systems (HBFSs) are two economical and
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energy-efficient MIMO architectures which can be used as
alternatives to FD massive MIMO systems. In an ABFS, a
single RF chain is connected to a large number of antennas
through a phase-shifter network (PSN) to support single-
stream transmission [10], while in an HBFS, a small number
of RF chains are connected to a large antenna array through
an analog precoder/combiner to enable multi-stream trans-
mission [11], [12]. The number of RF chains in an HBFS
is significantly smaller than the number of antennas and
scales linearly with the number of UEs, thereby saving energy
and system cost when compared to FD massive MIMO
systems [11], [12]. Hence, an HBFS provides a trade-off
between performance and cost, where performance can be
improved by increasing the number of RF chains, while the
cost can be decreased by reducing the number of RF chains.

The study of HBFSs has gained significant atten-
tion in the past few years and various architectures
for HBFSs have been proposed to further improve the
trade-off between complexity and performance. For example,
a fully-connected architecture provides better design flex-
ibility but at the cost of increased complexity since each
RF chain is connected to each antenna-element through
a PSN, a partially-connected architecture sacrifices some
performance to reduce the complexity by connecting each
RF chain to only a fixed subset of antenna-elements through
a PSN, and a dynamically-connected architecture provides
further trade-off between the performance and cost of
fully-connected and partially-connected architectures by con-
necting each RF chain to a dynamically selected subset
of antenna-elements through a PSN and a switching net-
work [11], [12]. In the state-of-the-art, various algorithms
for designing the hybrid precoder/combiner for different
architectures of HBFSs operating in both rich and sparse
channels have been proposed; these are based on either
joint-design approach or two-stage approach [13]–[19] (for a
more detailed review, please see the survey papers [11], [12]).
The works [13]–[15] use a joint-design approach, whereas
[16]–[19] use a two-stage approach to design the hybrid pre-
coder/combiner. The downlink (DL) spectral efficiency (SE)
and energy-efficiency (EE) of a PSN based massive MIMO
HBFS with zero-forcing (ZF) precoding was investigated
in [20], while different HBFS designs and their analysis
with PSN and switches were presented in [21] and [22].
In [23], a minimummean-square error (MMSE) based analog
beamformer for a given analog to digital converter (ADC)
resolution was derived and an online channel estimation
technique was also proposed, while two hybrid beamform-
ing techniques were proposed in [24] to reduce the cost
and power consumption of a partially-connected architec-
ture based massive MU-MIMO HBFS. For high-speed rail-
way communication using HBFS, [25] proposed an angle
domain channel tracking and hybrid beamforming scheme,
which utilizes Kalman filtering and non-orthogonal beams,
respectively. For practical channel estimation problems,
[26] studied the trade-off between throughput and training
duration in HBFSs along with MMSE channel estimation,

whereas [27] and [28] provides channel estimation for rich
scattering environments.

Most of the existing works on HBFSs assume the use
of perfect transceivers which is not true in practical scenar-
ios [29]. The use of low cost devices/components to reduce
the transceiver cost gives rise to different types of hardware
impairments [30]. In-phase (I ) and quadrature-phase (Q)
imbalance or IQ imbalance (IQI) is a hardware impairment
which is found in direct-conversion transceivers. IQI refers
to the amplitude and/or phase mismatch between the I and
Q branches of an RF chain and is caused by the relative dif-
ferences between the components used in both the branches.
IQI is generally modeled as amplitude and/or phase errors
introduced by the local oscillator (LO) in the RF chain [30].

The performance of MIMO and massive MIMO systems
in the presence of hardware impairments (specially IQI) has
been widely studied and a rich body of literature is available
(please see [31]–[39] and references there-in). In contrast,
the performance of HBFSs with hardware impairments is not
well explored. The recent works which studied the perfor-
mance of HBFSs in the presence of impairments other than
IQI are [40]–[44], whereas the only relevant works consider-
ing HBFS with IQI are [45]–[47]. More specifically, in the
context of FD-MIMO systems, the impact of receiver IQI on
the performance of MIMO systems with a single RF chain
was studied in [31] and a compensation algorithm was also
proposed, while [32] extended the work of [31] to FDmassive
MU-MIMO systems and derived expressions for the sum SE
and power scaling laws. Widely linear solutions for massive
MIMO systems with IQI were proposed in [33] and [34],
whereas massive MIMO systems with IQI and low resolution
ADCs were investigated in [35]. The performance of the
maximal ratio combining and ZF receivers in uplink (UL)
massiveMIMO systemswith receiver IQIwas studied in [36],
while the performance limits of massive MIMO systems in
the presence of both transmitter and receiver IQI were studied
in [37]. The authors of [38] proposed a linear MMSE receiver
for UL massive MIMO systems with random IQI, whereas
[39] proposed a regularized ZF precoder for DL massive
MIMO systems with IQI. However, none of the above works
are directly applicable to HBFSs. Among the recent works
which consider HBFSs with impairments other than IQI, [40]
and [41] studied the performance of HBFS when non-linear
effects of power amplifiers are considered, [42] studied the
effects of residual transceiver hardware impairments in a
point-to-point HBFS, [43] proposed a Householder based
analog combiner to increase the sum-rate of a UL massive
MU-MIMOHBFS for an ill-conditionedMIMO channel, and
[44] studied the performance of a massive MU-MIMOHBFS
with reciprocity calibration imperfections. However, IQI was
not considered in [40]–[44]. Among the relevant works on
HBFS with IQI, [45] studied the performance of mm-wave
MU-MIMO HBFS with IQI by assuming perfect channel
state information (CSI), but no IQI compensation algorithm
was proposed. In [46], a single-user point-to-point mm-wave
HBFS with only receiver IQI was considered and an
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IQI compensation algorithm tomitigate the effects of receiver
IQI was also proposed. However, the issue of transmitter IQI
was not considered in [46] because of which the receiver
IQI compensation algorithm proposed in [46] is unable to
mitigate the effects of transmitter IQI. In [47], a single-user
point-to-point mm-wave HBFSwith only transmitter IQI was
considered and an algorithm for the estimation and symbol
level pre-compensation of transmitter IQI at the transmitter
itself was proposed. The pre-compensation method proposed
in [47] assumes the availability of instantaneous CSI at both
the transmitter and the receiver, and hence is not applicable
for the scenario where the transmitters are unaware of their
instantaneous CSI.

A. CONTRIBUTIONS
From the above discussion, it is clear that the receiver
IQI compensation algorithm proposed in [46] is unable to
mitigate the effects of transmitter IQI. Also, for a typical
ULmassive MU-MIMO system where the estimate of instan-
taneous CSI is only available at the BS receiver (and not
at the transmitting UEs) [48], it is not possible to apply
the symbol level transmitter IQI pre-compensation algo-
rithm of [47] at the transmitting UEs (since the transmitter
IQI parameters are not available at the UEs for this scenario).
An alternative solution to the above problem of mitigating the
effects of transmitter IQI in a MU scenario is to compensate
the effects of the UE’s transmitter IQI at the BS receiver. This
alternative solution is preferable over the pre-compensation
algorithm of [47] because of the following two reasons:
(1) As the BS is always aware of the estimate of the instanta-
neous CSI to implement the precoder/combiner [48], the sug-
gested alternative solution is always applicable to compensate
the transmitter IQI at the BS irrespective of whether the
UEs are aware/unaware of their respective channels and IQI
coefficients, (2) It reduces the real-time signal processing
load at the UE side by shifting the implementation of the
transmitter IQI compensation algorithm from the UE side to
the BS side. It is worth mentioning that both [46] and [47] did
not consider theMU scenario in the analysis and are limited to
single-user point-to-point HBFSs operating in an mm-wave
channel with the constraint that the number of RF chains at
the transmitter and the receiver must be equal to the number
of transmitted data-streams.

To the best of our knowledge, there is no existing work
which proposes a transmitter IQI compensation algorithm for
a UL massive MU-MIMO HBFS that is implemented at the
BS receiver. Therefore, in this article, we consider a practical
UL massive MU-MIMO HBFS having IQI primarily at the
UEs1 for which we propose a novel transmitter IQI compen-
sation algorithm implemented at the BS receiver. The main
contributions of this article are as follows:

1In practical systems, cheaper and affordable UE design is realized by
utilizing cheaper components having hardware imperfections which result
in IQI at the UE, whereas a BS using precision components and devices is
less prone to such imperfections.

1) We first show that when perfect CSI is available,
uncompensated transmitter IQI causes a finite ceiling
of the UL achievable sum-rate at high signal-to-noise
ratio (SNR), which only depends upon the transmit-
ter IQI matrices and is independent of the propaga-
tion channel and the choice of the hybrid combining
matrices. This justifies the need for developing a trans-
mitter IQI compensation algorithm for a UL massive
MU-MIMO HBFS.

2) Next, we propose a novel ZF based transmitter
IQI compensation algorithm implemented at the
BS receiver, which effectively mitigates the unde-
sired effects of transmitter IQI and is applicable for
any channel model and any choice of the number of
RF chains.

3) The sum-rate performance analysis of the proposed
transmitter IQI compensation algorithm is presented
and closed-form expression of the UL achievable
sum-rate is derived for the large antenna regime
(i.e., large number of BS antennas) and for the case
where the channel is modeled by uncorrelated Rayleigh
fading.

4) Finally, numerical results are presented for three dif-
ferent channel models which confirm that the proposed
transmitter IQI compensation algorithm, implemented
at the BS receiver, effectively mitigates the undesired
effects of transmitter IQI in a UL massive MU-MIMO
HBFS operating in different channel environments.

B. ORGANIZATION
This paper is organized as follows. The system model for
the UL massive MU-MIMO HBFS with transmitter IQI is
presented in Section II. The proposed transmitter IQI com-
pensation algorithm and the performance analysis of the UL
massive MU-MIMO HBFS with and without transmitter IQI
compensation are presented in Section III. Numerical results
are shown in Section IV, which demonstrate the effective-
ness of the proposed transmitter IQI compensation algorithm.
Finally, Section V gives the conclusion of the paper.

C. NOTATION
Here |a| and 6 a denote the absolute value and angle of
scalar a, [A]m,n denotes the element corresponding to the
(m, n)th entry of the matrix A, and A1:K is a sub-matrix of A
which consists of the first K columns of A. 0M×N and 1M×N
are, respectively, the M × N matrices of zeroes and ones,
IK is the K × K identity matrix, diag(a) is a diagonal matrix
with the elements of vector a as its diagonal entries, and
det(·) denotes the determinant of a square matrix. E[·] and
Tr(·) denote the expectation and trace operators, j ,

√
−1,

⊗ denotes the Kronecker product, and the superscripts (·)∗,
(·)T , (·)H , (·)−1, (·)−∗, and (·)−H denote the conjugate, trans-
pose, conjugate-transpose, inverse, conjugate-inverse, and
conjugate-transpose-inverse operations, respectively. R and
C denote the sets of real and complex numbers, respectively.
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For any a, b ∈ R and b > a, Unif [a, b] denotes the uniform
distribution between a and b.

II. SYSTEM MODEL
We consider the UL communication of a single-cell massive
MU-MIMOHBFSwhere the BS is equipped withN antennas
and NRF (NRF ≤ N ) RF chains to receive the symbols trans-
mitted by K (K ≤ NRF ) single-antenna UEs.2 We assume
that IQI exists at the transmit RF chain of each UE, whereas
almost negligible or no IQI exists at the receive RF chains of
the BS. Let xk denote the desired baseband information sym-
bol to be transmitted by the k th UE where k ∈ {1, 2, . . . ,K }
and the symbols {xk}Kk=1 are independent and identically
distributed (i.i.d.) zero-mean circularly-symmetric complex
Gaussian (ZMCSCG) random variables having unit variance,
i.e., x , [x1, x2, . . . , xK ]T ∼ CN (0K×1, IK ). However,
due to transmitter IQI, the desired symbols {xk}Kk=1 are not
perfectly up-converted to the passband signal. Therefore,
the baseband equivalent of the signal up-converted by the
transmit RF chain of the k th UE is given by [30]

x̃k = G1,kxk + G∗2,kx
∗
k , (1)

whereG1,k ,G2,k ∈ Cmodel the transmitter IQI at the k th UE
and are defined as [30]

G1,k ,
1+ gT ,kejφT ,k

2
and G2,k ,

1− gT ,ke−jφT ,k

2
, (2)

where gT ,k ∈ R+ and φT ,k ∈ R, respectively, model the
amplitude and phase mismatch at the transmit RF chain of the
k th UE.3 Also, G1,k and G2,k satisfy G1,k + G∗2,k = 1. In the
absence of transmitter IQI, gT ,k = 1 and φT ,k = 0 which
implies G1,k = 1 and G2,k = 0, and hence (1) reduces to
x̃k = xk which represents perfect up-conversion at the k th UE.
Therefore, from (1) and (2), the K × 1 symbol vector which
consists of baseband equivalent of the symbols up-converted
by K UEs can be written as

x̃ = G1x+G∗2x
∗, (3)

where x̃ , [̃x1, x̃2, . . . , x̃K ]T , G1 , diag(G1,1,G1,2, . . . ,

G1,K ), and G2 , diag(G2,1,G2,2, . . . ,G2,K ). From (2)
we note that the IQI matrices G1 and G2 satisfy G1 +

G∗2 = IK . The up-converted signal at each UE is passed
through the power amplifier and then transmitted through
its antenna, which, after propagating through the wireless
channel, is received at the antenna array of the BS. Hence,
the baseband equivalent of the N × 1 signal vector received
at the antenna array of the BS is given by

y =
√
ρuH̃x+ n, (4)

2The proposed transmitter IQI compensation algorithm in this work can be
extended to the case where each UE is also equipped with multiple antennas,
which is left for future work.

3In the state-of-the-art, two different IQI modeling methods are known:
(i) Symmetrical method, (ii) Asymmetrical method. It is well known that
these two IQI modeling methods are equivalent [30]. Therefore, we use the
asymmetrical method to model the transmitter IQI.

where ρu is the average power transmitted by each UE, H ∈
CN×K is the propagation channelmatrix between theUEs and
BS antennas where each entry of H is a zero-mean random
variable (E

[
[H]n,k

]
= 0),4 and n ∈ CN×1 is the additive

white Gaussian noise (AWGN) vector at the antenna array
of the BS whose components are i.i.d. ZMCSCG random
variables with variance σ 2

n , i.e., n ∼ CN (0N×1, σ 2
n IN ).

Next, the received signal vector at the BS is passed
through a hybrid combiner (analog combinerWRF and digital
combiner WBB) which converts the received N -dimensional
symbol vector to an NRF -dimensional vector and then to
a K -dimensional vector to produce an estimate of x.
We assume that the analog combiner WRF ∈ CN×NRF is
implemented by using a fully-connected PSN [16], [17].
Since the phase-shifters cannot change the magnitude of the
incoming signal, there is a constant magnitude constraint
on the entries of WRF , i.e., [WRF ]n,p = 1

√
N
ejφn,p , where

φn,p ∈ R is the phase-shift provided by the phase-shifter
corresponding to the (n, p)th entry ofWRF , n ∈ {1, 2, . . . ,N },
p ∈ {1, 2, . . . ,NRF }, and the factor 1/

√
N ensures that the

L2-norm of each column ofWRF is unity. The signal received
at the output of the analog combiner is down-converted by the
RF chains of the BS after which the BS applies the digital
combiner WBB ∈ CNRF×K to produce the estimate of x.
Therefore, using (3) and (4), theK×1 symbol vector obtained
at the output of the digital combiner is given by

yBB , WH
BBW

H
RFy

=
√
ρuWH

BBW
H
RF H̃x+WH

BBW
H
RFn

=
√
ρuHDSx+

√
ρuHIQx∗ + nBB, (5)

where HDS , WH
BBW

H
RFHG1 ∈ CK×K is the effec-

tive primary channel corresponding to the desired signal,
HIQ , WH

BBW
H
RFHG∗2 ∈ CK×K is the effective IQI inter-

ference channel created by the transmitter IQI, and nBB ,
WH

BBW
H
RFn ∈ CK×1 is the receiver noise after digital com-

bining.

III. PERFORMANCE ANALYSIS
In this section, we first show that when the SNR approaches
infinity, the uncompensated transmitter IQI causes a finite
ceiling of the UL achievable sum-rate which only depends
upon the transmitter IQI parameters and is independent of
the propagation channel and the choice of the hybrid com-
bining matrices. This justifies the need for developing a
transmitter IQI compensation algorithm for a UL massive
MU-MIMO HBFS. Therefore, we propose a novel ZF based
transmitter IQI compensation algorithm to be implemented
at the BS, which effectively eliminates the undesired effects
of transmitter IQI, and is applicable for any channel model
and any choice of WRF , WBB, N , NRF , and K . Finally, for
the uncorrelated Rayleigh fading channel and large antenna

4The zero-mean channel coefficients are assumed only to simplify the
performance analysis. However, the transmitter IQI compensation algorithm
proposed in Subsection III-B is also valid for channels having non-zero
mean.
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regime (N → ∞), we derive an approximate closed-form
expression of the UL sum-rate achieved by the effective
massive MU-MIMO HBFS with the proposed transmitter
IQI compensation.

A. PERFORMANCE ANALYSIS WITH NO TRANSMITTER IQI
COMPENSATION
When the BS receiver is unaware of the presence of trans-
mitter IQI at the UEs, it does not apply any transmitter IQI
compensation algorithm, and hence we can rewrite (5) as

yBB =
√
ρuHDSx+ ne, (6)

where
√
ρuHDSx is the desired signal term, and ne ,

√
ρuHIQx∗+nBB is the effective interference plus noise vec-

tor which consists of the IQI interference term (
√
ρuHIQx∗)

and the receiver noise after digital combining (nBB). It is
important to note that ne and x are statistically uncorrelated
random vectors, i.e,

E
[
nexH

]
= E

[
(
√
ρuHIQx∗ + nBB)xH

]
=
√
ρuHIQ E

[
(xxT )∗

]
+WH

BBW
H
RFE

[
nxH

]
= 0K×K , (7)

where we have used the definition of nBB, circular-symmetry
property of the vector x

(
E
[
(xxT )

]
= 0K×K

)
, and sta-

tistical independence of the zero-mean vectors n and x(
E
[
nxH

]
= E [n]E

[
xH
]
= 0N×K

)
. Hence, for a given

(H,G1,G2,WRF ,WBB), the UL achievable sum-rate of
the transmitter IQI uncompensated UL massive MU-MIMO
HBFS is given by [49]

RNCsum = log2 det
(
IK + ρuK−1ne HDSHH

DS

)
= log2 det

(
IK + ρuK−1ne W

H
BBW

H
RFHG1

×GH
1 H

HWRFWBB

)
, (8)

where the superscript ‘NC’ stands for no compensation, and
Kne is the covariance matrix of ne and is given by

Kne = ρuHIQHH
IQ + σ

2
n W

H
BBW

H
RFWRFWBB

= ρuWH
BBW

H
RFHG∗2G

T
2H

HWRFWBB

+ σ 2
n W

H
BBW

H
RFWRFWBB. (9)

The expression in (8) is a general result which can be
used to find the UL achievable sum-rate of the transmitter
IQI uncompensated UL massive MU-MIMO HBFS for any
choice of hybrid combining matrices WRF and WBB. In the
following lemma, we discuss the behavior of RNCsum in the
high-SNR regime.
Lemma 1: In the high-SNR regime, i.e., when ρu/σ 2

n goes
to infinity, the UL achievable sum-rate in (8) converges to
RNCsum,ceil , where R

NC
sum,ceil, lim

ρu/σ 2n→∞
RNCsum and is given by

lim
ρu/σ 2n→∞

RNCsum= log2 det
(
IK + (G2GH

2 )
−1G1GH

1

)
. (10)

Proof: Please see Appendix A.

Lemma 1 states that in the high-SNR regime, the UL achiev-
able sum-rate of the transmitter IQI uncompensated UL mas-
sive MU-MIMO HBFS does not increase with increasing
SNR and is limited by the asymptotic sum-rate expression
given by (10) which only depends upon the transmitter IQI
matrices G1 and G2. It is due to the fact that when the SNR
increases, the IQI interference term (

√
ρuHIQx∗) in (6) also

starts increasing and becomes the dominating term of the
effective interference plus noise vector ne. Hence, the covari-
ance matrix in (9) can be approximated as Kne ≈ ρuHIQHH

IQ
and after substituting it in (8), the UL achievable sum-rate
expression becomes independent of the SNR which results in
a finite ceiling of the sum-rate. However, when there is no
transmitter IQI (G1 = IK , G2 = 0K×K ),HIQ in (5) becomes
0K×K due to which (9) reduces to σ 2

n W
H
BBW

H
RFWRFWBB

and becomes independent of the transmit power. Hence,
if there is no transmitter IQI, RNCsum in (8) will not ceil at high
SNR. Therefore, to achieve a high sum-rate in the presence of
transmitter IQI, compensation of transmitter IQI is required
in UL massive MU-MIMO HBFS.

B. ZERO-FORCING BASED TRANSMITTER IQI
COMPENSATION ALGORITHM
To mitigate the undesired effects of IQI caused by UE trans-
mitters, we propose a novel ZF based transmitter IQI com-
pensation algorithm for the UL massive MU-MIMO HBFS
which is implemented at the BS receiver and is applicable
for any choice of H, WRF , and WBB. We assume that the
BS has perfect prior knowledge of the channel matrix H and
the UE’s transmitter IQI parameters ({G1,k}

K
k=1, {G2,k}

K
k=1),

which are required to design the proposed transmitter
IQI compensation algorithm.5

After vertically concatenating the received symbol
vector yBB given in (5) and its complex-conjugate, the com-
posite system model is given by

yC =
√
ρuHCxC + nC , (11)

where yC ,

[
yBB
y∗BB

]
∈C2K×1, HC ,

[
HDS HIQ
H∗IQ H∗DS

]
∈C2K×2K ,

xC ,

[
x
x∗

]
∈C2K×1, and nC ,

[
nBB
n∗BB

]
∈C2K×1. Using the

definitions of HDS and HIQ, we can factorize HC as

HC =

[
WH

BBW
H
RFHG1 WH

BBW
H
RFHG∗2

(WH
BBW

H
RFHG∗2)

∗ (WH
BBW

H
RFHG1)∗

]

=

[
WH

BBW
H
RFH 0K×K

0K×K (WH
BBW

H
RFH)∗

] [
G1 G∗2
G2 G∗1

]
, (12)

where it is easy to verify that each factor matrix ofHC in (12)
is invertible. The invertibility of the first factor matrix can

5In practical systems, perfect and prior knowledge of H, {G1,k }
K
k=1, and

{G2,k }
K
k=1 is never available. Instead, these parameters can be estimated by

using training based methods or blind estimation techniques. The perfor-
mance analysis of the proposed transmitter IQI compensation algorithmwith
estimated CSI is left for future work and is beyond the scope of this paper.
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FIGURE 1. Block diagram of a UL massive MU-MIMO HBFS with transmitter IQI and the proposed transmitter IQI compensation.

be verified by exploiting its block-diagonal structure and the
full rank property ofWH

BBW
H
RFH (please see the discussion in

Appendix A), whereas the second factor matrix can be shown
to be invertible by using the block matrix inversion lemma
[50] and the full-rank property ofG1 (G1 is a diagonal matrix
with non-zero diagonal entries and hence is always full rank).
Therefore, the matrix HC is also invertible and the inverse is
given by

H−1C =
[
81 82
8∗2 8

∗

1

] [
(WH

BBW
H
RFH)−1 0K×K

0K×K (WH
BBW

H
RFH)−∗

]
, (13)

where we have used the property (AB)−1 = B−1A−1, and[
81 82
8∗2 8

∗

1

]
,

[
G1 G∗2
G2 G∗1

]−1
, where 81 and 82 can be obtained

by using the block matrix inversion lemma [50] and are given
by 81 =

(
G1 −G∗2G

−∗

1 G2
)−1

and 82 = −G−11 G∗28
∗

1.
We note that 81 and 82 are also diagonal matrices
(since G1 and G2 are diagonal matrices) and can be easily
computed.

Hence, the transmitter IQI compensation for the UL mas-
sive MU-MIMO HBFS considered in this paper can be per-
formed by pre-multiplying yC in (11) by H−1C which gives

H−1C yC =
√
ρu xC +H−1C nC , (14)

where the proposed transmitter IQI compensation technique
makes the information symbol vector free from transmitter
IQI and the term H−1C nC can be further simplified as

H−1C nC = H−1C

[
nBB
n∗BB

]
= H−1C

[
WH

BBW
H
RFn

(WH
BBW

H
RFn)

∗

]

=

[
81 82
8∗2 8

∗

1

][
(WH

BBW
H
RFH)−1 0K×K

0K×K (WH
BBW

H
RFH)−∗

]
×

[
WH

BBW
H
RFn

(WH
BBW

H
RFn)

∗

]
=

[
81 82
8∗2 8

∗

1

] [
(WH

BBW
H
RFH)−1WH

BBW
H
RFn(

(WH
BBW

H
RFH)−1WH

BBW
H
RFn

)∗]
=

[
81n̂+82n̂∗

(81n̂+82n̂∗)∗

]
, (15)

where n̂ , (WH
BBW

H
RFH)−1WH

BBW
H
RFn is a zero-mean ran-

domvector, and (15) is obtained by using the definitions of nC
and nBB, the factorization of H−1C from (13), and the identity
(AB)∗ = A∗B∗. From (15), it is clear that the effective noise
H−1C nC does not depend on the transmit power ρu and hence
the proposed transmitter IQI compensation algorithm solves
the problem of ceiling of achievable sum-rate at high SNR.
Finally, pre-multiplying (14) by

[
IK 0K×K

]
, we get,

z ,
[
IK 0K×K

]
H−1C yC

(a)
=
[
IK 0K×K

] (√
ρu

[
x
x∗

]
+

[
81n̂+82n̂∗

(81n̂+82n̂∗)∗

])
=
√
ρu x+81n̂+82n̂∗

(b)
=
√
ρu x+81n̂−G−11 G∗28

∗

1n̂
∗

=
√
ρu x+ ñ, (16)

where (a) is obtained by substituting the expression ofH−1C nC
from (15) in (14), (b) is obtained by using the definition of82,
and ñ ,

(
81n̂−G−11 G∗28

∗

1n̂
∗

)
is a zero-mean ran-

dom vector representing the effective noise after transmitter
IQI compensation.
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Next, we present the sum-rate performance analysis of the
effective massive MU-MIMO HBFS obtained after applying
the proposed transmitter IQI compensation algorithm.

C. PERFORMANCE ANALYSIS WITH TRANSMITTER IQI
COMPENSATION
As x and n are statistically independent random vectors,
from the definition of ñ and n̂, it follows that x and ñ are
also statistically independent and hence uncorrelated. There-
fore, from (16) and for a given (H,G1,G2,WRF ,WBB), the
UL achievable sum-rate of the proposed transmitter IQI com-
pensated MU-MIMO HBFS is given by [49]

RWCsum = log2 det
(
IK + ρuK−1ñ

)
, (17)

where the superscript ‘WC’ stands forwith IQI-compensation
and Kñ is the covariance matrix of ñ which is given by

Kñ=E
[(
81n̂−G−11 G∗28

∗

1n̂
∗

)(
81n̂−G−11 G∗28

∗

1n̂
∗

)H]
= 81Kn̂8

H
1 +G−11 G∗28

∗

1Kn̂∗8
T
1G

T
2G
−H
1 , (18)

where Kn̂ and Kn̂∗ are, respectively, the covariance matrices
of n̂ and n̂∗, and are given by

Kn̂ = E
[(

(WH
BBW

H
RFH)−1WH

BBW
H
RFn

)
×

(
(WH

BBW
H
RFH)−1WH

BBW
H
RFn

)H]
= σ 2

n (W
H
BBW

H
RFH)−1WH

BBW
H
RF

×WRFWBB(WH
BBW

H
RFH)−H , (19)

and Kn̂∗ = E
[
(̂n∗)(̂n∗)H

]
= K∗n̂. (20)

The expression in (17) is a general result which can be
used to find the UL achievable sum-rate of the effective
massive MU-MIMO HBFS obtained after applying the pro-
posed transmitter IQI compensation algorithm for any choice
of H, WRF , WBB, N , NRF , and K . Next, we examine the
sum-rate performance of (17) for three different channel
models, namely, (i) uncorrelated Rayleigh fading channels,
(ii) correlated Rayleigh fading channels, and (iii) sparse
mm-wave channels. For the uncorrelated Rayleigh fading
channels, we derive an approximate closed-form expres-
sion of RWCsum which provides useful insights regarding the
dependence of RWCsum on IQI parameters, while, for corre-
lated Rayleigh fading channels and sparse mm-wave chan-
nels, numerical simulations are provided which justify the
effectiveness of the proposed transmitter IQI compensation
algorithm.

As K ≤ NRF ≤ N and it is well known that the HBFSs
with NRF = 2K are able to implement fully-digital com-
biners by properly designing WRF and WBB, we consider
the range K ≤ NRF ≤ 2K which is of practical interest
and is widely studied in the state-of-the-art [16], [17]. It is
worth mentioning that the hybrid combiners in this paper are
designed by modifying the hybrid precoders of [17], which
were originally designed for the DL scenario. As the hybrid

precoders of [17] for NRF = K , NRF = 2K , and K < NRF <
2K scenarios are different and these cases were studied indi-
vidually in [17], it is not possible to directly obtain a single
closed-form expression of RWCsum when K ≤ NRF ≤ 2K .
Hence, we derive approximate closed-form expressions of
RWCsum for NRF = K and NRF = 2K scenarios when uncorre-
lated Rayleigh fading is assumed; using these an approximate
closed-form expression of RWCsum for the K ≤ NRF ≤ 2K
scenario is derived.

1) PERFORMANCE ANALYSIS FOR NRF = K SCENARIO
In this section, we present the asymptotically (N → ∞)
optimal design of WRF and WBB for the NRF = K scenario;
using this an approximate closed-form expression of RWCsum in
the large antenna regime is derived for uncorrelated Rayleigh
fading.

For the NRF = K scenario, WBB and WH
RFH become

square matrices of order K (as, WBB ∈ CNRF×K ,
WRF ∈ CN×NRF , and H ∈ CN×K ) due to which
the matrix (WH

BBW
H
RFH)−1 in (19) can be factorized as

(WH
RFH)−1(WH

BB)
−1 and hence, (19) simplifies to

Kn̂ = σ
2
n (W

H
RFH)−1W−HBB WH

BBW
H
RF

×WRFWBBW−1BB(W
H
RFH)−H

= σ 2
n (W

H
RFH)−1WH

RFWRF (WH
RFH)−H , (21)

which shows that Kn̂ becomes independent of WBB for the
NRF = K scenario. Hence, from (17), (18), (20), and (21),
it can be concluded that for the NRF = K scenario, the UL
achievable sum-rate RWCsum also becomes independent of WBB
because of which any full-rank WBB can be chosen and we
only have to find the optimal RF combiner WRF . Therefore,
we choose WBB = IK , whereas the asymptotically optimal
RF combiner for the NRF = K scenario is given in Lemma 2.

Lemma 2: For an IQI-free massiveMU-MIMOHBFSwith
NRF = K, the asymptotically optimal RF combiner in the
large antenna limit is given by

[Wopt
RF ]n,k =

1
√
N
ej
6 Un,k , (22)

where ej 6 Un,k = Un,k/|Un,k |, Un,k , [U]n,k , U ∈ CN×N

is a unitary matrix consisting of left singular vectors of H,
n ∈ {1, 2, . . . ,N }, and k ∈ {1, 2, . . . ,K }.

Proof: Please see Appendix B.
The reason behind choosing the RF combiner given in
Lemma 2 is that firstly, it is the asymptotically optimal solu-
tion for the no IQI scenario, the choice of which enables a
fair comparison between the performance of the transmitter
IQI impaired massive MU-MIMO HBFS with and without
transmitter IQI compensation. Secondly, this choice of WRF
can be directly computed by using singular value decomposi-
tion (SVD) of the channel matrix H, thereby avoiding high
computational delays and complexity associated with the
typically used iterative algorithms for computing WRF [17].
Finally, closed-form expressions for the large antenna regime
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can be derived which provide further insights regarding the
dependence of RWCsum on the IQI parameters.
Lemma 3: In the large antenna limit,Wopt

RF satisfies

lim
N→∞

(Wopt
RF )

H (Wopt
RF ) = IK (23)

and lim
N→∞

UHWopt
RF =

√
π

2

[
IK 0K×(N−K )

]T
. (24)

Proof: Please see Appendix C.
Lemma 3 shows the asymptotic properties of Wopt

RF applica-
ble in the large antenna limit. In the following Theorem 1,
we use these properties to derive an approximate closed-form
expression of RWCsum given in (17) for the large antenna regime,
when the RF combiner of Lemma 2 is used (see (22)),
i.e., WRF =Wopt

RF .
Theorem 1: When NRF = K, uncorrelated Rayleigh

fading, and the RF combiner of Lemma 2 are considered,
RWCsum of (17) can be approximated in the large antenna regime
as

RWCsum,K ≈
K∑
k=1

log2

(
1+

(
ρuπN
4σ 2

n

)(2g2T ,k cos2 φT ,k
1+ g2T ,k

))
, (25)

where RWCsum,K is the UL achievable sum-rate RWCsum for the
NRF = K scenario.

Proof: Please see Appendix D.
Next, we discuss some important and useful insights provided
by the expression in (25).
Corollary 1: When there is no transmitter IQI at the UEs,

i.e., gT ,k = 1 and φT ,k = 0◦ ∀ k, (25) simplifies to

RWCsum,K ≈ K log2

(
1+

(
ρuπN
4σ 2

n

))
. (26)

Corollary 1 provides the sum-rate expression of the proposed
transmitter IQI compensated massive MU-MIMO HBFS for
the large antenna regime when there is no IQI. It is interesting
to observe that the expression in (26) is same as the sum-rate
expression of the IQI-free massive MU-MIMO HBFS for the
large antenna regime where no IQI compensation algorithm
has been applied, which is given by

RNoIQIsum,K ≈ K log2

(
1+

(
ρuπN
4σ 2

n

))
, (27)

and can be easily derived from (8) and (9) by usingG1 = IK ,
G2 = 0K×K ,WBB = IK and the asymptotically optimalWRF
of (22). Hence, for the no IQI scenario and large antenna
regime, the performance of the massive MU-MIMO HBFS
with the proposed transmitter IQI compensation approaches
the performance of the massive MU-MIMO HBFS with no
IQI and no compensation, i.e., the proposed compensation
does not result in any rate loss when there is no IQI. This
implies that the proposed transmitter IQI compensation algo-
rithm implemented at the BS receiver does not need to spe-
cially handle the scenario when there is no IQI. This is unlike
the IQI compensation algorithm proposed for FD massive
MU-MIMO systems in [32] where the IQI compensation
matrix 8comp (see equation (32) in [32]) cannot be applied

for the no IQI scenario since8comp depends on K̂−12 ; and K̂2
is a nearly zero matrix for the no IQI scenario.

However, when transmitter IQI is present, the difference
between RNoIQIsum,K and RWCsum,K (see (25)) in the high SNR and
large antenna regime can be approximated as

RNoIQIsum,K − R
WC
sum,K ≈

K∑
k=1

log2

(
1+ g2T ,k

2g2T ,k cos
2 φT ,k

)
. (28)

From (28), it is clear that the difference between achiev-
able sum-rate for the no IQI scenario and that with
the proposed transmitter IQI compensation, is a constant
which only depends on the transmitter IQI parameters and
the number of users, and is independent of the number
of BS antennas, transmit power and the channel matrix.
Next, we examine the individual effects of amplitude mis-
match and phase mismatch on the sum-rate expression
given by (25).
Corollary 2: When there is only amplitudemismatch at the

UEs (no phase mismatch), i.e., gT ,k 6= 1 and φT ,k = 0◦ ∀ k,
(25) simplifies to

RWCsum,K ≈
K∑
k=1

log2

(
1+

(
ρuπN
4σ 2

n

)( 2g2T ,k
1+ g2T ,k

))
, (29)

and hence,

RNoIQIsum,K − R
WC
sum,K ≈

K∑
k=1

log2

(
1+ g2T ,k
2g2T ,k

)
. (30)

Corollary 2 shows the effect of amplitude mismatch on the
sum-rate expression of (25). Particularly, it can be deduced
from (30) that when gT ,k > 1, RNoIQIsum,K − RWCsum,K < 0
which implies that RWCsum,K > RNoIQIsum,K , which shows that the
sum-rate obtained after applying the proposed transmitter
IQI compensation algorithm can be slightly larger than the
sum-rate for the no IQI scenario. Similarly, when gT ,k < 1,
RWCsum,K < RNoIQIsum,K , which shows that the sum-rate obtained
after applying the proposed transmitter IQI compensation
algorithm can be slightly smaller than the sum-rate for the
no IQI scenario.
Corollary 3: When there is only phase mismatch at

the UEs (no amplitude mismatch), i.e., gT ,k = 1 and φT ,k 6=
0◦ ∀ k, (25) simplifies to

RWCsum,K ≈
K∑
k=1

log2

(
1+

(
ρuπN
4σ 2

n

)
cos2 φT ,k

)
, (31)

and hence,

RNoIQIsum,K − R
WC
sum,K ≈

K∑
k=1

log2

(
1

cos2 φT ,k

)
. (32)

Corollary 3 explains the effect of phase mismatch on the
sum-rate expression of (25). From (32), it can be con-
cluded that, since 0 < cos2 φT ,k ≤ 1 we have RNoIQIsum,K −

RWCsum,K > 0 and therefore, RWCsum,K < RNoIQIsum,K . It shows that if
phase mismatch is present, then, in the large antenna regime,
the sum-rate obtained after applying the proposed transmitter
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IQI compensation algorithm is always slightly smaller than
the sum-rate for the no IQI scenario. As the phase mismatch
increases, the difference between RNoIQIsum,K and RWCsum,K also

increases because of the decreasing behavior of cos2(φT ,k )
with increasingmagnitude of the phase mismatch, i.e.,

∣∣φT ,k ∣∣.
2) PERFORMANCE ANALYSIS FOR NRF = 2K SCENARIO
In this section, firstly, we present the optimal design ofWRF
and WBB for the NRF = 2K scenario such that the hybrid
combining matrix (WRFWBB) becomes equal to the optimal
FD combining matrix. Secondly, we derive an approximate
closed-form expression of RWCsum given in (17) for the large
antenna regime and uncorrelated Rayleigh fading.
Lemma 4: For the NRF = 2K scenario, the optimal

hybrid combining matrices WRF and WBB which satisfy
WRFWBB = U1:K are given by

[Wopt
RF ]n,p =


1
√
N
e
j
(
6 Un,k+cos−1(|Un,k |)

)
for p = 2k − 1,

1
√
N
e
j
(
6 Un,k−cos−1(|Un,k |)

)
for p = 2k,

Wopt
BB = (

√
N/2) diag{12×1, . . . , 12×1}, (33)

where n ∈ {1, 2, . . . ,N } and k ∈ {1, 2, . . . ,K }.
Proof: Please see Appendix E.

Next, we derive an approximate closed-form expression
of RWCsum given in (17) for the large antenna regime when
the hybrid combining matrices given in Lemma 4 are used,
i.e., WRF =Wopt

RF andWBB =Wopt
BB .

Theorem 2: When NRF = 2K, uncorrelated Rayleigh fad-
ing, and the RF combiner of Lemma 4 are considered, RWCsum
of (17) can be approximated in the large antenna regime as

RWCsum,2K ≈
K∑
k=1

log2

(
1+

(
ρuN
σ 2
n

)(2g2T ,k cos2 φT ,k
1+ g2T ,k

))
, (34)

where RWCsum,2K is the UL achievable sum-rate R
WC
sum for NRF =

2K scenario.
Proof: Please see Appendix F.

Similar to the NRF = K scenario, next, we discuss the
insights provided by RWCsum,2K , which are given below.
Corollary 4: When there is no transmitter IQI at the UEs,

(34) simplifies to

RNoIQIsum,2K ≈ K log2

(
1+

(
ρuN
σ 2
n

))
. (35)

Corollary 4 provides the asymptotic sum-rate expression for
the case when there is no IQI and NRF = 2K . Hence, from
(34) and (35), the difference between RNoIQIsum,2K and RWCsum,2K in
the high SNR and large antenna regime can be approximated
as

RNoIQIsum,2K − R
WC
sum,2K ≈

K∑
k=1

log2

(
1+ g2T ,k

2g2T ,k cos
2 φT ,k

)
. (36)

We observe that the expressions in the right hand side
(R.H.S.) of (28) and (36) are the same, which shows that the

difference between achievable sum-rates for the no IQI sce-
nario and that with the proposed transmitter IQI compensa-
tion is the same forNRF = K andNRF = 2K scenarios. Next,
we examine the individual effects of amplitude mismatch and
phase mismatch on the sum-rate expression given by (34).
Corollary 5: When there is only amplitudemismatch at the

UEs (no phase mismatch), (34) simplifies to

RWCsum,2K ≈
K∑
k=1

log2

(
1+

(
ρuN
σ 2
n

)( 2g2T ,k
1+ g2T ,k

))
, (37)

and hence,

RNoIQIsum,2K − R
WC
sum,2K ≈

K∑
k=1

log2

(
1+ g2T ,k
2g2T ,k

)
. (38)

Corollary 6: When there is only phase mismatch at the
UEs (no amplitude mismatch), (34) simplifies to

RWCsum,2K ≈
K∑
k=1

log2

(
1+

(
ρuN
σ 2
n

)
cos2 φT ,k

)
, (39)

and hence,

RNoIQIsum,2K − R
WC
sum,2K ≈

K∑
k=1

log2

(
1

cos2 φT ,k

)
. (40)

We observe that the expressions in the R.H.S. of (38) and (40)
are the same as the expressions given in the R.H.S. of (30)
and (32), respectively, because of which the insights provided
by Corollaries 5 and 6 (for NRF = 2K scenario) are the
same as those provided by Corollaries 2 and 3 (for NRF = K
scenario).

In the next section, we provide the approximate UL achiev-
able sum-rate of the transmitter IQI compensated ULmassive
MU-MIMO HBFS for the general scenario K ≤ NRF ≤ 2K ,
which is based on combining the results obtained for
NRF = K and NRF = 2K scenarios.

3) PERFORMANCE ANALYSIS FOR K ≤ NRF ≤ 2K SCENARIO
For the K ≤ NRF ≤ 2K scenario, the hybrid combining
matrices are designed by properly choosing the combining
vectors from the hybrid combiningmatrices forNRF = K and
NRF = 2K scenarios, and then, an approximate closed-form
expression of RWCsum given in (17) for the large antenna regime
is derived which is based on the results of Theorem 1 and
Theorem 2.
Lemma 5: For the K ≤ NRF ≤ 2K scenario, the asymp-

totically optimal hybrid combining matrices WRF and WBB
are given by

[Wopt
RF ]n,p =



1
√
N
e
j
(
6 Un,k1+cos

−1(|Un,k1 |)
)
for p = 2k1 − 1,

1
√
N
e
j
(
6 Un,k1−cos

−1(|Un,k1 |)
)
for p = 2k1,

1
√
N
ej
6 Un,k2 for p = k2,

Wopt
BB = diag

(
(
√
N/2)(INRF−K ⊗ 12×1), I2K−NRF

)
,

(41)
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where n ∈ {1, 2, . . . ,N }, k1 ∈ {1, 2, . . . , (NRF − K )}, and
k2 ∈ {(2(NRF − K )+ 1), . . . ,NRF }.

Proof: Please see Appendix G.
Next, we present an approximate closed-form expression of
RWCsum given in (17) for the large antenna regime which is
applicable for any choice of NRF where K ≤ NRF ≤ 2K ,
when the hybrid combining matrices given in Lemma 5 are
used.
Theorem 3: When K ≤ NRF ≤ 2K, uncorrelated

Rayleigh fading, and the RF combiner of Lemma 5 are consid-
ered, RWCsum of (17) can be approximated in the large antenna
regime as

RWCsum≈
NRF−K∑
k=1

log2

(
1+

(
ρuN
σ 2
n

)(2g2T ,k cos2 φT ,k
1+ g2T ,k

))

+

K∑
k=NRF−K+1

log2

(
1+

(
ρuπN
4σ 2

n

)(2g2T ,k cos2 φT ,k
1+g2T ,k

))
.

(42)
Proof: Please see Appendix H.

From Theorem 3, it can be deduced that for a massive
MU-MIMO HBFS serving K UEs with NRF RF chains; the
extra (NRF − K ) RF chains are used to provide optimal
FD performance for (NRF − K ) UEs, while the remaining
(2K − NRF ) RF chains are used to provide hybrid beam-
forming performance for the remaining (2K − NRF ) UEs.
Next, we discuss the insights provided by the closed-form
expression given in (42) for the general K ≤ NRF ≤ 2K
scenario.
Corollary 7: When there is no transmitter IQI at the UEs,

(42) simplifies to

RNoIQIsum ≈ (NRF − K ) log2

(
1+

(
ρuN
σ 2
n

))
+ (2K − NRF ) log2

(
1+

(
ρuπN
4σ 2

n

))
. (43)

Corollary 7 provides the asymptotic sum-rate expression for
the case when there is no IQI and K ≤ NRF ≤ 2K .
Hence, from (42) and (43), the difference between RNoIQIsum
and RWCsum in the high SNR and large antenna regime can be
approximated as

RNoIQIsum − RWCsum ≈
NRF−K∑
k=1

log2

(
1+ g2T ,k

2g2T ,k cos
2 φT ,k

)

+

K∑
k=NRF−K+1

log2

(
1+ g2T ,k

2g2T ,k cos
2 φT ,k

)

=

K∑
k=1

log2

(
1+ g2T ,k

2g2T ,k cos
2 φT ,k

)
. (44)

We observe that the simplified expression in (44) for theK ≤
NRF ≤ 2K scenario is same as the corresponding expressions
for NRF = K and NRF = 2K scenarios (see (28) and (36)).
Hence, the difference between achievable sum-rate for the
no IQI scenario and that with the proposed transmitter IQI

compensation is also independent of the number of RF chains
at the BS.
Corollary 8: When there is only amplitude mismatch at

the UEs (no phase mismatch), (42) simplifies to

RWCsum ≈
NRF−K∑
k=1

log2

(
1+

(
ρuN
σ 2
n

)( 2g2T ,k
1+ g2T ,k

))

+

K∑
k=NRF−K+1

log2

(
1+

(
ρuπN
4σ 2

n

)( 2g2T ,k
1+ g2T ,k

))
,

(45)

and hence,

RNoIQIsum − RWCsum ≈
K∑
k=1

log2

(
1+ g2T ,k
2g2T ,k

)
, (46)

where (46) is found to be equal to the expressions given
in (30) and (38).
Corollary 9: When there is only phase mismatch at the

UEs (no amplitude mismatch), (42) simplifies to

RWCsum≈
NRF−K∑
k=1

log2

(
1+

(
ρuN
σ 2
n

)
cos2 φT ,k

)

+

K∑
k=NRF−K+1

log2

(
1+

(
ρuπN
4σ 2

n

)
cos2 φT ,k

)
, (47)

and hence,

RNoIQIsum − RWCsum ≈
K∑
k=1

log2

(
1

cos2 φT ,k

)
, (48)

where (48) is found to be equal to the expressions given
in (32) and (40).

IV. NUMERICAL RESULTS
In this section, we provide numerical results to evaluate the
sum-rate performance of the UL massive MU-MIMO HBFS
with transmitter IQI for the following two cases: (i) when
the transmitter IQI compensation is not performed, (ii) when
the proposed transmitter IQI compensation algorithm has
been applied at the BS. For bench-marking and comparison,
the performance of the IQI-free FD massive MU-MIMO
system and the IQI-free massive MU-MIMO HBFS is also
discussed. The average UL achievable sum-rate is calculated
by averaging over independent and random realizations of
the channel matrix H and the transmitter IQI parameters
{gk}Kk=1, {φk}

K
k=1. The IQI parameters gk and φk are assumed

to be uniformly distributed in an interval which is centered
around their ideal values (the ideal values of gk and φk for no
IQI scenario are 1 and 0◦ respectively), i.e., gk ∼ Unif [1 −
δg, 1 + δg] and φk ∼ Unif [−δφ, δφ], where δg and δφ ,
respectively, denote the deviations in gk and φk from their
ideal values [37].

To show the effectiveness of the proposed transmitter IQI
compensation algorithm in different propagation environ-
ments, we consider three different channel models, namely,
(i) uncorrelated Rayleigh fading channels, (ii) correlated
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Rayleigh fading channels, and (iii) sparse mm-wave chan-
nels. For uncorrelated Rayleigh fading channels, each entry
of H is modeled as i.i.d. ZMCSCG random variable with
variance 1, i.e., [H]n,k ∼ CN (0, 1), whereas for corre-
lated Rayleigh fading channels, H = R1/2Hu is considered
where Hu ∈ CN×K models the uncorrelated Rayleigh fading
channel and R ∈ CN×N models the spatial correlation at
the BS [24]. Assuming an exponentially correlated channel
model, R is given by [51], [52]

R =


1 r . . . rN−1

r 1 . . . rN−2
...

...
. . .

...

rN−1 rN−2 . . . 1

 , (49)

where 0 ≤ r ≤ 1 is the correlation coefficient, and the
cases r = 0 and r = 1 correspond to no correlation and
perfect correlation scenarios, respectively. Finally, for the
sparse mm-wave channel, H ,

[
h1,h2, . . . ,hK

]
, where

hk ∈ CN×1 is the channel vector between the k th UE and the
BS antennas ∀ k ∈ {1, 2, . . . ,K }. We assume that hk follows
a narrow-band clustered channel model having L propagation
paths and is given by [24], [43]

hk =

√
N
L

L∑
l=1

αl,k ar (φl,k ), (50)

where αl,k ∼ CN (0, 1) is the complex gain of the
l th multipath of the k th UE for l ∈ {1, 2, . . . ,L} and k ∈
{1, 2, . . . ,K }, and ar (φl,k ) ∈ CN×1 is the array response
vector of the BS in the direction φl,k (φl,k ∼ Unif [0, π] is
the angle of arrival of the l th multipath for the k th UE) and is
expressed as

ar (φl,k ) =
1
√
N

[
1, ejkd sin(φl,k ), . . . , ejkd(N−1) sin(φl,k )

]T
,

(51)

where k , 2π/λ, λ is the wavelength of the carrier signal, and
d = λ/2 is the inter-element spacing (we have assumed a uni-
form linear array at the BS). The noise variance σ 2

n is assumed
to be equal to 1 due to which ρu can be interpreted as the
transmit SNR. In all the figures, ‘CNoIQI

sum ’ represents the UL
achievable sum-rate of the IQI-free FD massive MU-MIMO
system, ‘RNCsum,K ’ and ‘RNCsum,2K ’ denote the UL sum-rates
achieved by the transmitter IQI uncompensated massive
MU-MIMO HBFSs for NRF = K and NRF = 2K scenarios,
respectively, whereas ‘RNoIQIsum ’, ‘RNoIQIsum,K ’, ‘R

NoIQI
sum,2K ’, ‘R

WC
sum’,

‘RWCsum,K ’, ‘R
WC
sum,2K ’, ‘R

NC
sum’, and ‘RNCsum,ceil’ are defined in the

previous section.
Considering uncorrelated Rayleigh fading, we plot the

approximate UL achievable sum-rate provided by the closed-
form expressions of (25), (34), and (42) along with the exact
UL achievable sum-rate obtained by numerical simulation
(see (17)). After discussing the performance of different
massiveMU-MIMOHBFSs in uncorrelated Rayleigh fading,
we also provide the sum-rate plots for the correlated Rayleigh
fading channel and sparse mm-wave channel.

FIGURE 2. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of ρu for uncorrelated Rayleigh fading
channel, N = 128, K = 5, δg = 0.2, and δφ = 20◦.

In Fig. 2, considering uncorrelated Rayleigh fading, we
plot the average UL achievable sum-rate as a function of the
UL transmit power ρu for the scenario where the number
of antennas at the BS is N = 128, the number of UEs in
the cell using the same time-frequency resource is K = 5,
the deviation of the amplitude mismatch parameter is δg =
0.2, and the deviation of the phase mismatch parameter is
δφ = 20◦. We observe that CNoIQI

sum , RNoIQIsum,K and RNoIQIsum,2K
increase unboundedly with increasing ρu and the plot of

RNoIQIsum,2K coincides with the plot of CNoIQI
sum for all values of

ρu whereas the plot of RNoIQIsum,K lies slightly lower than the
plots of RNoIQIsum,2K and CNoIQI

sum . This confirms that the sum-rate
performance of HBFSs with NRF = 2K is equal to the
sum-rate performance of an FD system whereas a HBFS with
NRF = K achieves slightly smaller sum-rate than a HBFS
withNRF = 2K . Furthermore, in contrast to the sum-rate per-
formance of the above IQI-free HBFSs, RNCsum,K and RNCsum,2K
ceil at the higher values of ρu and their maximum possible
value is given by RNCsum,ceil . This shows that if the transmitter
IQI is not compensated, a high sum-rate cannot be achieved,
and hence transmitter IQI compensation is required for UL
massive MU-MIMOHBFS. However, after applying the pro-
posed transmitter IQI compensation algorithm, it is observed
that both RWCsum,K and RWCsum,2K increase unboundedly with ρu
and are almost equal to RNoIQIsum,K and RNoIQIsum,2K , respectively.
This confirms that the proposed transmitter IQI compensa-
tion algorithm efficiently mitigates the undesired effects of
transmitter IQI. Also, the approximate values of RWCsum,K and
RWCsum,2K given by Theorem 1 and Theorem 2, respectively,
match with the exact values of RWCsum,K and RWCsum,2K obtained
by numerical simulation of (17).

In Fig. 3, considering uncorrelated Rayleigh fading, we
plot the average UL achievable sum-rate as a function of the
number of BS antennas N for the scenario where ρu = 5 dB,
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FIGURE 3. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of N for uncorrelated Rayleigh fading
channel, ρu = 5 dB, K = 5, δg = 0.2, and δφ = 20◦.

K = 5, δg = 0.2, and δφ = 20◦. We observe that as
N increases, the difference between RNoIQIsum and RNCsum also
increases for both NRF = K and NRF = 2K scenarios.
This shows that if the transmitter IQI is left uncompensated
in the massive MU-MIMO HBFS, then only increasing the
number of BS antennas does not provide resilience against
the transmitter IQI. However, after applying the proposed
transmitter IQI compensation algorithm, RWCsum is nearly equal
to RNoIQIsum for both NRF = K and NRF = 2K scenarios. Also,
the simulation and approximation of RWCsum match for both
NRF = K and NRF = 2K scenarios. This again shows the
effectiveness of the proposed transmitter IQI compensation
algorithm and the accuracy of large antenna approximation of
the UL sum-rate achieved by the massive MU-MIMO HBFS
with the proposed transmitter IQI compensation algorithm.

In Fig. 4, considering uncorrelated Rayleigh fading, we
plot the average UL achievable sum-rate as a function of
the number of UEs K for the scenario where ρu = 5 dB,
N = 128, δg = 0.2, and δφ = 20◦. We observe that as
K increases, for both NRF = K and NRF = 2K scenarios,
RNCsum along with CNoIQI

sum , RNoIQIsum , and RWCsum also increases
which is because of the increasing number of UEs. However,
the difference between RNoIQIsum and RNCsum, for both NRF = K
and NRF = 2K scenarios, increases with increasing K . This
shows that the sum-rate performance of a transmitter IQI
uncompensated massive MU-MIMO HBFS deviates from
the optimal sum-rate performance of an IQI-free massive
MU-MIMO HBFS when more UEs are scheduled. Also, this
observation is in agreement with the results of (28), (36),
and (44). Meanwhile, after applying the proposed transmitter
IQI compensation algorithm, the plots of RWCsum are almost
equal to RNoIQIsum for both NRF = K and NRF = 2K scenarios.

In Fig. 5, considering uncorrelated Rayleigh fading, the
average UL achievable sum-rate is plotted as a function of
the amplitude deviation δg for the case when ρu = 5 dB,
N = 128, K = 5, and δφ = 0◦. This setting particularly

FIGURE 4. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of K for uncorrelated Rayleigh fading
channel, ρu = 5 dB, N = 128, δg = 0.2, and δφ = 20◦.

FIGURE 5. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of δg for uncorrelated Rayleigh fading
channel, ρu = 5 dB, N = 128, K = 5, and δφ = 0◦.

examines the effect of amplitude mismatch on the average
UL achievable sum-rate of the transmitter IQI impaired mas-
sive MU-MIMO HBFS with and without IQI compensation.
We observe that the plots of CNoIQI

sum , RNoIQIsum,K , and R
NoIQI
sum,2K

are constant. This is because by definition, these systems are
IQI-free and hence are independent of δg. In contrast, both
RNCsum,K and RNCsum,2K decrease with increasing δg. For example,
when δg = 0.2, RNCsum,K is about 37 bits/s/Hz as compared to
RNoIQIsum,K which is about 41.5 bits/s/Hz. Also, for severe ampli-
tude mismatch, i.e., when δg = 0.4, RNCsum,K further reduces
to about 32 bits/s/Hz. This is because increasing values of
δg results in more amplitude mismatch which subsequently
decreases the achievable sum-rate. However, with the pro-
posed transmitter IQI compensation and for both NRF = K
and NRF = 2K scenarios, RWCsum (both exact and approximate)
are close to RNoIQIsum for a wide range of δg. However, a small
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FIGURE 6. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of δφ for uncorrelated Rayleigh fading
channel, ρu = 5 dB, N = 128, K = 5, and δg = 0.

degradation is observed in RWCsum when compared to RNoIQIsum ,
only when the amplitude mismatch is severe. This support
the observations made in Corollary 2 and Corollary 5. There-
fore the proposed transmitter IQI compensation algorithm
effectively mitigates the performance degradation caused by
severe amplitude mismatch in massive MU-MIMO HBFSs.

In Fig. 6, for uncorrelated Rayleigh fading, the average
UL achievable sum-rate is plotted as a function of the phase
deviation δφ when ρu = 5 dB, N = 128, K = 5, and
δg = 0. This setting particularly examines the effect of
phasemismatch on the average UL achievable sum-rate of the
transmitter IQI impairedmassiveMU-MIMOHBFSwith and
without IQI compensation. Similar to Fig. 5, it is observed
that the plots of CNoIQI

sum , RNoIQIsum,K , and R
NoIQI
sum,2K are independent

of δφ and hence are constant. The plots of both RNCsum,K and
RNCsum,2K decrease with increasing δφ since larger values of δφ
result in more phase mismatch which subsequently decreases
the achievable sum-rate. However, with the proposed trans-
mitter IQI compensation and for both NRF = K and NRF =
2K scenarios, RWCsum (both exact and approximate) is nearly
same as RNoIQIsum for a wide range of δφ . For severe phase
mismatch, a small gap is observed in the plots of RWCsum when
compared withRNoIQIsum . The reason for this gap is explained in
Corollary 3 and Corollary 6. This shows that the proposed
transmitter IQI compensation algorithm effectively mitigates
the performance degradation caused by severe phase mis-
match in massive MU-MIMO HBFSs.

In Fig. 7, for uncorrelated Rayleigh fading, the average UL
achievable sum-rate is plotted as a function of the number of
RF chains (K ≤ NRF ≤ 2K ) when ρu = 5 dB, N = 128,
K = 8, δg = 0.2, and δφ = 20◦. It can be observed from
Fig. 7 that, irrespective of the number of RF chains, the UL
sum-rate achieved with the proposed transmitter IQI compen-
sation is very close to the UL achievable sum-rate for the
no IQI scenario. Also, the UL achievable sum-rate increases
with increasing number of RF chains for both IQI-free and

FIGURE 7. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of NRF for uncorrelated Rayleigh fading
channel, ρu = 5 dB, N = 128, K = 8, δg = 0.2, and δφ = 20◦.

FIGURE 8. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of ρu for correlated Rayleigh fading
channel, r = 0.99, N = 128, K = 5, δg = 0.2, and δφ = 20◦.

with IQI compensation scenarios, and the simulation and
approximation ofRWCsum closelymatch. Also, whenNRF = 2K ,
the sum-rate of FD MU-MIMO systems is achieved, which
justifies that increasingNRF beyond 2K does not bring further
improvement in the performance, but the system cost and
energy consumption will surely increase.

Finally, in Fig. 8 and Fig. 9, we plot the average UL achiev-
able sum-rate as a function of ρu for correlated Rayleigh fad-
ing and sparse mm-wave channels, respectively, when N =
128, K = 5, δg = 0.2, and δφ = 20◦. We choose r = 0.99
and L = 2 to model an extremely high correlation scenario
for the correlated Rayleigh fading channel and a sparse scat-
tering scenario for the sparse mm-wave channel, respectively.
We observe that in both the figures (Fig. 8 and Fig. 9) and for
both NRF = K and NRF = 2K scenarios, CNoIQI

sum , RNoIQIsum ,
and RWCsum increase unboundedly with increasing ρu whereas
RNCsum ceils at the higher values of ρu. Also, RWCsum is almost
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FIGURE 9. UL achievable sum-rate (bits/s/Hz) of different massive
MU-MIMO HBFSs as a function of ρu for sparse mm-wave channel, L = 2,
N = 128, K = 5, δg = 0.2, and δφ = 20◦.

equal to RNoIQIsum for both the channels. This confirms that the
proposed transmitter IQI compensation algorithm efficiently
mitigates the undesired effects of transmitter IQI in different
channel environments and is not only limited to uncorrelated
Rayleigh fading channels.

V. CONCLUSION
In this paper, we consider theUL communication of amassive
MU-MIMO HBFS affected by transmitter IQI. It is shown
that uncompensated transmitter IQI causes a finite ceiling
of the UL achievable sum-rate at high SNR. To solve this
problem, a novel ZF based transmitter IQI compensation
algorithm, which effectively mitigates the undesired effects
of transmitter IQI, has been proposed and is shown to be
applicable for any channel model and any choice of the
number of RF chains. The UL sum-rate performance analysis
of the effective massive MU-MIMOHBFS with the proposed
transmitter IQI compensation algorithm has been discussed
and an approximate closed-form expression of the UL achiev-
able sum-rate has been derived for the large antenna regime
when the channel is modeled by uncorrelated Rayleigh fad-
ing. Simulation results show that the proposed transmitter IQI
compensation algorithm effectively mitigates the undesired
effects of both amplitude mismatch and phase mismatch even
when different channel models are assumed.

APPENDIX A
PROOF OF LEMMA 1
By substituting the expression of Kne from (9) in (8), and
taking the limit ρu/σ 2

n →∞, we get,

lim
ρu/σ 2n→∞

RNCsum = log2 det
(
IK + (HIQHH

IQ)
−1HDSHH

DS

)
(a)
= log2 det

(
IK +HH

DSH
−H
IQ H−1IQHDS

)
(b)
= log2 det

(
IK +GH

1 G
−T
2 G−∗2 G1

)
(c)
= log2 det

(
IK + (G2GH

2 )
−1G1GH

1

)
, (52)

where (a) is obtained by using theWeinstein-Aronszajn iden-
tity det(I+ AB) = det(I+ BA), (b) is obtained by using
the definitions of HDS and HIQ, and (c) is the result of
simplification performed after using theWeinstein-Aronszajn
identity and exploiting the fact that GH

2 G2 = G2GH
2 which

comes from the diagonal structure of G2. In (a), HIQ is
invertible if and only if G2 has full-rank, i.e., when the
RF chains of all transmitting UEs are IQ-impaired. This is
because to receive the data-streams transmitted by K UEs,
the BS selectsWRF andWBB such that at least K spatial DoF
are excited which gives rank(WH

BBW
H
RFH) ≥ K . However,

WBB ∈ CNRF×K , WRF ∈ CN×NRF , and H ∈ CN×K imply
that rank(WH

BBW
H
RFH) ≤ K . Therefore,WH

BBW
H
RFH has full

rank, i.e., rank(WH
BBW

H
RFH) = K , and is also invertible.

Hence, we arrive at the conclusion thatHIQ =WH
BBW

H
RFHG∗2

is invertible if and only if G2 has full rank and hence in (a),
H−1IQHDS simplifies to G−∗2 G1.

APPENDIX B
PROOF OF LEMMA 2
The proof follows from the proof of Lemma 5 in [17], where
the asymptotically optimal precoder for the DL MU-MIMO
HBFS has been derived. Following the same line of reasoning
in [17], but for the UL scenario gives us (22).

APPENDIX C
PROOF OF LEMMA 3
As [WRF ]n,p = 1

√
N
ejφn,p , we have each diagonal entry

of WH
RFWRF , i.e., [WH

RFWRF ]p,p =
1
N

∑N
n=1 1 =

1 ∀ p ∈ {1, 2, . . . ,K }. However, when WRF =

Wopt
RF is chosen, the off-diagonal elements of (WH

RFWRF ),
i.e., [(Wopt

RF )
H (Wopt

RF )]m,p for m 6= p, in the large
antenna limit becomes lim

N→∞
[(Wopt

RF )
H (Wopt

RF )]m,p =

lim
N→∞

1
N

∑N
n=1 e

j( 6 Un,m−6 Un,p) = E{ej(6 Un,m−6 Un,p)}
(a)
=

E{ej 6 Un,m}E{e−j6 Un,p}
(b)
=

(
1
2π

∫ π
−π

ej 6 Un,md 6 Un,m

)
×(

1
2π

∫ π
−π

e−j 6 Un,pd 6 Un,p

)
= sinc2(1) = 0, where, (a)

follows from the statistical independence between the ele-
ments of the singular vectors of H, and (b) follows from
the fact that Un,m is a ZMCSCG random variable whose
phase is uniformly distributed in the interval [−π, π]
(see Theorem 1 of [17]). Hence, ((Wopt

RF )
H (Wopt

RF )) becomes
a square matrix with unit diagonal elements and zero
off-diagonal elements, which concludes the proof
of (23).

The proof of (24) follows from a similar line of reasoning
as shown in Appendices A and C of [17].

APPENDIX D
PROOF OF THEOREM 1
If the RF combiner given in Lemma 2 is applied, i.e.,WRF =

Wopt
RF , then, in the large antenna regime, Kn̂ given in (21) can

be simplified as

Kn̂ = σ 2
n (W

H
RFH)−1WH

RFWRF (WH
RFH)−H
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(a)
≈ σ 2

n (W
H
RFH)−1(WH

RFH)−H

(b)
= σ 2

n (H
HWRFWH

RFH)−1, (53)

where (a) is obtained by using (23), and (b) is obtained
by using the identities B−1A−1 = (AB)−1 and (AB)H =
BHAH . In (53), the matrix HHWRFWH

RFH can be further
simplified as

HHWRFWH
RFH

(a)
= (V6HUHWRF )(V6HUHWRF )H

(b)
≈

(π
4

)(
V6H

[
IK

0(N−K )×K

])(
V6H

[
IK

0(N−K )×K

])H
(c)
=

(π
4

)
V6H

K6KVH , (54)

where (a) is obtained by using SVD of H, i.e., H = U6VH ,
where U is defined in Lemma 2, V ∈ CK×K is a uni-
tary matrix consisting of right singular vectors of H, and
6 ∈ RN×K contains the singular values of H on its diago-
nal elements and zeroes elsewhere. To obtain (b), we have
used the result of (24), while (c) is obtained by using 6 =[
6K 0K×(N−K )

]T , where 6K ∈ RK×K is a diagonal matrix
with singular values of H as its diagonal elements. Further
simplification of (54) is not straight-forward, hence we make
an approximation of 6K which is given in Lemma 6 (see
Appendix I). Therefore, using the result of Lemma 6 and the
fact that V is unitary, (54) can be simplified as

HHWRFWH
RFH ≈

(
πN
4

)
V VH

=

(
πN
4

)
IK . (55)

Therefore, from (53) and (55), we get,

Kn̂ ≈

(
4σ 2

n

πN

)
IK , (56)

and from (20) and (56), we get,

Kn̂∗ ≈

(
4σ 2

n

πN

)
IK . (57)

Now, substituting the expressions of Kn̂ and Kn̂∗ from (56)
and (57) in (18), we get,

Kñ = 81Kn̂8
H
1 +G−11 G∗28

∗

1Kn̂∗8
T
1G

T
2G
−H
1

≈

(
4σ 2

n

πN

)(
818

H
1 +G−11 G∗28

∗

18
T
1G

T
2G
−H
1

)
=

(
4σ 2

n

πN

)(
818

H
1 +G−11 G∗2818

H
1 G

T
2G
−H
1

)
=

(
4σ 2

n

πN

)(
IK +G−11 G∗2G

T
2G
−H
1

)
818

H
1

=

(
4σ 2

n

πN

)(
IK + (GH

1 G1)−1GH
2 G2

)
818

H
1 , (58)

where we have used the fact that the diagonal matrices G1,
G2, and 81 satisfy G1 = GT

1 , G2 = GT
2 and 81 = 8

T
1 and

the product of two diagonal matrices can commute. Also, it is

worth noting that Kñ now becomes a diagonal matrix in the
large antenna regime. By using the definition of81, the term
818

H
1 in (58) can be simplified as

818
H
1 =

(
G1 −G∗2G

−∗

1 G2
)−1 (G1 −G∗2G

−∗

1 G2
)−H

(a)
=

(
G1 −GH

2 G
−H
1 G2

)−1 (
GH

1 −GH
2 G
−1
1 G2

)−1
=

[(
GH

1 −GH
2 G
−1
1 G2

) (
G1 −GH

2 G
−H
1 G2

)]−1
=

[
GH

1 G1 − 2GH
2 G2 + (GH

2 G2)2(GH
1 G1)−1

]−1
,

(59)

where (a) is obtained by using G1 = GT
1 and G2 = GT

2 .
Hence, after substituting the expression of 818

H
1 from (59)

in (58), we get,

Kñ =

(
4σ 2

n

πN

)(
IK + (GH

1 G1)−1GH
2 G2

)
×

[
GH

1 G1 − 2GH
2 G2 + (GH

2 G2)2(GH
1 G1)−1

]−1
.

(60)

Therefore, in the large antenna regime and for the NRF = K
scenario, (17) can be simplified as

RWCsum,K = log2 det
(
IK + ρuK−1ñ

)
≈ log2

[
K∏
k=1

(
1+

(
ρuπN
4σ 2

n

)(
1+
|G2,k |

2

|G1,k |2

)−1
×

(
|G1,k |

4
− 2|G1,k |

2
|G2,k |

2
+ |G2,k |

4

|G1,k |2

))]
= log2

[
K∏
k=1

(
1+

(
ρuπN
4σ 2

n

)
(|G1,k |

2
− |G2,k |

2)2

|G1,k |2 + |G2,k |2

)]

=

K∑
k=1

log2

(
1+

(
ρuπN
4σ 2

n

)
(|G1,k |

2
− |G2,k |

2)2

|G1,k |2 + |G2,k |2

)
,

(61)

where we have used the large antenna approximation of Kñ
from (60), the identity det(D) =

∏L
l=1[D]l,l , where D is a

diagonal matrix of order L. Next, using the definitions ofG1,k
and G2,k given in (2), it is easy to verify that

|G1,k |
2
− |G2,k |

2
= gT ,k cosφT ,k (62)

and |G1,k |
2
+ |G2,k |

2
=

(
1+ g2T ,k

2

)
. (63)

Finally, from (61), (62) and (63), we get,

RWCsum,K ≈
K∑
k=1

log2

(
1+

(
ρuπN
4σ 2

n

)(2g2T ,k cos
2 φT ,k

1+ g2T ,k

))
,

(64)

which concludes the proof.
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APPENDIX E
PROOF OF LEMMA 4
The problem of representing K left singular vectors of H as
a product of WRF and WBB is equivalent to the problem of
representing an arbitrary vector a ∈ CN×1 with ‖a‖2 = 1
as a product of B ∈ CN×2 and c ∈ C2×1, i.e., a = Bc,
where |[B]n,l | = 1. This problem has been studied by various
researchers in the past, for example, see Theorem 1 of [16],
and equations (12) and (13) of [17]. By following the above
solutions, we arrive at (33).

APPENDIX F
PROOF OF THEOREM 2
When the hybrid combiner of Lemma 4 is applied,WRFWBB
simplifies to U1:K and hence, we get,

WH
BBW

H
RFWRFWBB = UH

1:KU1:K = IK , (65)

and WH
BBW

H
RFH = UH

1:KU6V
H
= 6KVH , (66)

where we have used the unitary property ofU and SVD ofH.
After substituting the expressions ofWH

BBW
H
RFWRFWBB and

WH
BBW

H
RFH from (65) and (66) in (19), we get,

Kn̂ = σ
2
n (W

H
BBW

H
RFH)−1WH

BBW
H
RF

×WRFWBB(WH
BBW

H
RFH)−H

= σ 2
n (6KVH )−1(6KVH )−H

= σ 2
n (V 6

H
K6KVH )−1

≈

(
σ 2
n

N

)
(VVH )−1 =

(
σ 2
n

N

)
IK , (67)

where we have used the result of Lemma 6 to obtain (67). It is
important to note that the approximation in (67) is valid only
for the large antenna regime whereas the hybrid combiner of
Lemma 4 is optimal for all values of N . Therefore, from (18),
(20), and (67), we get,

Kñ = 81Kn̂8
H
1 +G−11 G∗28

∗

1Kn̂∗8
T
1G

T
2G
−H
1

≈

(
σ 2
n

N

)
(818

H
1 +G−11 G∗28

∗

18
T
1G

T
2G
−H
1 )

=

(
σ 2
n

N

)(
IK + (GH

1 G1)−1GH
2 G2

)
818

H
1

=

(
σ 2
n

N

)(
IK + (GH

1 G1)−1GH
2 G2

)
×

[
GH

1 G1 − 2GH
2 G2 + (GH

2 G2)2(GH
1 G1)−1

]−1
,

(68)

where we have used the simplification of 818
H
1 from (59)

(as,81 =
(
G1 −G∗2G

−∗

1 G2
)−1

is independent ofNRF which
implies that 818

H
1 will remain same for all values of NRF ).

We also observe that the structure of Kñ for the NRF = 2K
scenario (see (68)) is similar to that for NRF = K scenario
(see (60)) except for a factor of (4/π ). Therefore, the remain-
ing proof of Theorem 2 can be directly obtained by following
(60)-(64), but after ignoring the factor of (4/π ). Hence, for

the large antenna regime and NRF = 2K scenario, (17) can
be simplified as

RWCsum,2K = log2 det
(
IK + ρuK−1ñ

)
≈

K∑
k=1

log2

(
1+

(
ρuN
σ 2
n

)(2g2T ,k cos
2 φT ,k

1+ g2T ,k

))
,

(69)

which completes the proof.

APPENDIX G
PROOF OF LEMMA 5
For the K ≤ NRF ≤ 2K scenario, the NRF RF chains
are divided into two groups: (i) 2(NRF − K ) RF chains,
(ii) (2K − NRF ) RF chains. From Lemma 4, it is clear that
if the number of available RF chains is twice the number of
UEs, then an FD combiner can be realized. Therefore, for the
(NRF−K ) UEs, an FD combiner is derived by using Lemma 4
and 2(NRF − K ) RF chains whereas for the remaining
(2K − NRF ) UEs, a hybrid combiner is derived by using
Lemma 2 and (2K − NRF ) RF chains.

APPENDIX H
PROOF OF THEOREM 3
It is clear from Lemma 5 that for the K ≤ NRF ≤ 2K
scenario, the first 2(NRF − K ) RF chains (2 RF chains
for each UE) are used to realize an FD combiner to serve
(NRF−K ) UEs whereas the remaining (2K−NRF ) RF chains
(1 RF chain for each UE) are used to realize a hybrid
combiner to serve the remaining (2K − NRF ) UEs. Hence,
the UL achievable sum-rate for the first (NRF − K ) UEs
can be directly derived by using Theorem 2 whereas the
UL achievable sum-rate for the remaining (2K − NRF ) UEs
can be derived by using Theorem 1. Therefore, the total UL
achievable sum-rate for K UEs is obtained by adding the
sum-rates of (NRF − K ) UEs and (2K − NRF ) UEs, which
concludes the proof.

APPENDIX I
STATEMENT AND PROOF OF LEMMA 6
Lemma 6: If the channel matrix H ∈ CN×K is i.i.d.

Rayleigh faded, then in the large antenna regime, the diag-
onal K × K matrix 6K containing the singular values of H
can be approximated as

6K ≈
√
N IK . (70)

Proof: It is well known that when [H]n,k ∼ CN (0, 1),
lim
N→∞

σ 2
max/N = lim

N→∞
σ 2
min/N = 1, where σmax and σmin

are, respectively, the largest and the smallest singular val-
ues of H (see Sec. 7.1.4 of [48] for more details). Hence,
the condition number of H, i.e., σmax/σmin ≈ 1 in the
large antenna regime, which implies that all the singular
values of H are approximately equal, i.e., 6K ≈ σ IK .
To find the value of σ , we have ||H||2F = Tr(HHH) =
Tr(V6HUHU6VH ) = Tr(V6H6VH ) = Tr(VHV6H6) =
Tr(6H6) = Kσ 2, where we have used the identity
Tr(AB) = Tr(BA). Therefore, we get σ = ||H||F/

√
K .
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Next, due to channel hardening observed in an i.i.d. Rayleigh
fading environment, lim

N→∞
||hk ||2/E[||hk ||2] = 1 ∀ k which

implies that for large antenna arrays, ||H||F ≈ E[||H||F ] =√
NK (see Sec. 2.5.1, [53]). Hence, using the above result,

we get σ ≈
√
N in the large antenna regime, which concludes

the proof.
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