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ABSTRACT In millimeter-wave (mmWave) systems, hybrid precoding/combining architectures are an
attractive low-complexity alternative to the use of fully digital precoding. This is because of the reduction in
the number of Radio-Frequency (RF) and mixed-signal hardware components. Hybrid precoding/combining
design involves a combination of analog and digital processing that enables both beamforming and spatial
multiplexing gains in mmWave systems. This paper presents an algorithm for hybrid precoding and combin-
ing designs inmmWave systems. The proposed design does not depend on the antenna array geometry, unlike
the orthogonal matching pursuit (OMP) hybrid precoding/combining approach. Moreover, this algorithm
allows hybrid precoders/combiners to perform close to the known optimal performance of unconstrained
digital precoders and combiners. Simulation results verify that the proposed hybrid precoding/combining
scheme outperforms the previous methods in the literature in terms of bit error rate (BER) and achievable
spectral efficiency with lower complexity.

INDEX TERMS mmWave communication, massive MIMO, hybrid precoding and combining design.

I. INTRODUCTION
By taking advantage of the vastly unused spectrum in the
millimeter Wave (mmWave) band, a massive MIMO sys-
tem with up to hundreds of antennas can transmit data at
rates that reach several gigabits per second [1]–[7]. While
the free-space path loss is considerably greater at these fre-
quencies than at frequencies below 6 GHz, antenna arrays
with hundreds of elements can be packed into small chips
at mmWave frequencies, allowing the signal to be received
with sufficient power [3]–[5]. Moreover, if beamforming is
used to direct the signal towards the receiver, these large
antenna arrays can yield a gain that alleviates the effects of
the increased path loss [3]–[5], and [8]–[11].

Baseband or digital precoder/combiner architectures can
achieve a high beamforming gain and allow multiple streams
for multi-user communications. However, digital baseband
precoders/combiners are impractical for mmWave systems
due to the large number of antennas and the requirement
of a power-hungry RF chain for each antenna [3], [4].
Hence, given its high power consumption and computational
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complexity it is impractical to implement a digital pre-
coder/combiner architecture [3], [4].

Alternatively, beamforming can be implemented in the RF
stage by using analog or RF precoders/combiners [3], [4].
The advantages of using the analog compared to the digital
approach are that both the power consumption and the hard-
ware complexity are reduced since the number of RF chains
is considerably lower. At each antenna element, a network of
analog phase shifters implemented in the RF domain controls
the phase of the transmitted signal [3]–[11]. Analog beam-
forming is less complex than digital, but the single RF chain
can only support a single-user’s single-stream transmission.
The beam is usually controlled by adjusting analog phase
shifters, but the design of high-performance phase shifters in
CMOS is quite challenging.

Hybrid beamforming architectures [6], [12]–[16] over-
come the limitation of analog beamforming by dividing
the process between the analog and digital domains and
using a number of RF chains that is much lower than the
antenna array size. Single user hybrid precoding was spe-
cially designed for mmWave communications in [17] to
exploit the limited scattering nature of the mmWave channel
with the presence of large antenna arrays. In addition, some
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energy-efficiency devices such as low-resolution analog-
to-digital converters (ADCs) and digital-to-analog convert-
ers (DACs) can also be adopted to reduce the power
consumption [18]–[20]. In [17], the authors employ an algo-
rithm based on the simultaneous orthogonal matching pur-
suit (SOMP) technique [21], [22] where the precoding and
combining are done in both the baseband and RF domains.
A hybrid precoder and combiner based on the SOMP algo-
rithm can yield a performance close to that of an optimal
digital beamformer while considerably decreasing the num-
ber of RF chains and hence, NRF < Nt, where NRF and Nt
are the numbers of RF chains and transmit antennas, respec-
tively. However, the main limitation of solving the sparse
optimization problem is the high computational complexity
and the need to assume known array geometries for both
transmitter and receiver. In [23], the technique was refined,
which reduced the computational complexity of the technique
discussed in [17] while maintaining the same performance.
However, the work in [23] does not address the channel array
geometry limitations of [17]. The same approach was used
in [24] to approximate the minimum mean squared error for
the hybrid solution although the computational complexity
is high. In [25], multiple antenna arrays with independent
beamforming were employed to obtain diversity gains in
mmWave systems. However, this work does not exploit the
sparse nature of mmWave channels.

An iterative hybrid design that approaches the performance
of the digital precoder was proposed in [26], but the com-
putational complexity is high due to the large number of
entries that need to be updated. The low complexity Greedy
hybrid precoding/combining, which avoids any assumption
on the array geometry or channel structure, is proposed
in [27]. Although this method provides good experimental
results, no theoretical proof is provided for its performance.
The authors of [28] demonstrate that additional performance
gains in hybrid precoding/combining can be obtained by opti-
mizing the RF precoder/combiner without restricting them
to predefined codebooks. However, this approach comes
with higher computational complexity. Several hybrid pre-
coding and combining algorithms were proposed in [29].
One of them, the Hybrid Design by Alternate Minimization
(HD-AM) method, achieves high spectral efficiency with
medium computational complexity, but it can only work in
the special case when the number of data streams equals the
number of RF chains. Another algorithm, the Fast Unitary
Matching design, requires that the precoders and combin-
ers are dictionary-based. Although its complexity is low,
the spectral efficiency is lower than that of the other algo-
rithms. The other algorithms do not make any assump-
tion on the structure of the precoders/combiners, but the
computational complexity is high [29]. Several algorithms
alternately optimizing the digital precoder and the analog
precoder were developed in [30]. The Manifold Optimization
Based Hybrid Precoding (MO-AltMin) algorithm provides
high spectral efficiency but requires high computational com-
plexity. A low-complexity algorithm for the fully-connected

structure (PE-AltMin algorithm) was also deployed with
lower complexity. Its spectral efficiency is close to that
of MO-AltMin when the number of RF chains equals the
number of data streams, but there is a performance gap
compared to MO-AltMin when the number of RF chains
increases [30]. Sohrabi and Yu [31] provide a heuristic hybrid
beamforming design that achieves good performance, but
the technique’s computational complexity is relatively high
compared to other solutions. In [32] and [33], the Euclidean
distance between the hybrid precoding matrix and full-digital
precoding matrix is minimized by developing a gradient pro-
jection algorithm for hybrid beamforming design and solving
the matrix factorization problem using gradient and Hes-
sian information, respectively. Although it is a good trick
to improve the performance, the main limitation of solv-
ing these problems is the high computational complexity.
An iterative hierarchical hybrid precoding (HHP-Iterative)
that divides the optimization problem into analog and digital
parts has been proposed in [34]. It can achieve a spectral
efficiency close to that of PE-AltMin, but the high computa-
tional complexity is the main limitation of this solution [34].
Furthermore, in multi-user scenarios, the digital beamformer
is designed to eliminate inter-user interference and the ana-
log precoder/combiner is designed by maximizing the user’s
signal power [35]–[38]. Hybrid beamforming with dynamic
sub-connected structure and distributed architecture has been
investigated in [39]–[46].

Many detection schemes have been applied to the
SOMP-based hybrid precoder/combiner design. Sphere
decoding (SD), maximum likelihood (ML), zero-forcing
(ZF), space- time coding (STC), minimum mean square
error (MMSE) detectors, and semi definite relaxation algo-
rithms have been used with the SOMP approach [47]–[49].
In the SOMP-based design, ML detection is optimal in
terms BER, but it is impractical due to its complexity which
increases exponentially when we increase the number of
data streams. This complexity is further increased when
high-order modulation is used [47]–[49]. Sphere decoding,
which was initially designed to decrease the high detection
complexity of the ML detection while yielding a perfor-
mance close to ML detection, provides a good BER per-
formance for mmWave systems employing SOMP design,
but the algorithm’s computational complexity also increases
exponentially with the number of data streams and mod-
ulation order [48], [49]. Hence, reduced complexity linear
detection schemes such as ZF and MMSE detectors are pre-
ferred. However, compared to ML and SD based systems,
their BER performance is noticeably degraded, especially
at higher signal-to-noise ratios, and there is a large perfor-
mance gap between these linear schemes and the SD or ML
detectors [47]–[49].

In this paper, we propose a new hybrid precod-
ing/combining design for mmWave systems with equal
power allocation across data streams. Additionally, the pro-
posed method provides near-optimal performance in terms
of achievable spectral efficiency. The main advantage of
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the proposed algorithms is that there is no need to make
any assumption on the channel array geometry or channel
structure while maintaining low computational complexity.
Specifically, we optimize the analog and the digital pre-
coders/combiners separately. Based on the history of the
normalized analog precoders/combiners and by updating the
digital precoders/combiners, the performance of the proposed
hybrid design is close to that of the fully unconstrained
digital one. In addition, it is guaranteed that this proposed
approach converges to a local optimum point. Simulation
results verify that the proposed hybrid precoding/combining
scheme outperforms the other popular schemes and achieves
a much better performance in terms of the achievable spectral
efficiency and BER with low complexity.

The rest of the paper is organized as follows. Section II
describes the system and channel models. The design of
sparse hybrid beamforming is presented in Section III and
the proposed algorithm, in Section IV. The complexity of
the proposed algorithm is analyzed in Section V. Simulation
results are provided in Section VI. Section VII concludes this
paper.

The following notation is used throughout this paper: C
denotes the set of complex numbers;A is a matrix; a is a vec-
tor; a is a scalar. The conjugate transpose of A is represented
byAH;Ai is the ith column ofA;Ai,j is the entry in the ith row
and jth column of A; ‖A‖F is the Frobenius norm of A; tr(A)
is the trace of A; diag(A) is a vector formed by the diagonal
elements of A; � stands for element-wise division; IN is the
N × N identity matrix.

II. SYSTEM AND CHANNEL MODELS
A. SYSTEM MODEL
The hybrid precoder at the base station (BS) and combiner
at the mobile station (MS) are shown in Fig. 1 with NBS

RF RF
chains and NBS antennas at the BS, and NMS

RF RF chains and
NMS antennas at the MS [8]–[11], and [17]. Communication
between the BS and a single MS is supported through NS
data streams with NS ≤ NBS

RF�NBS in the BS, and NS ≤
NMS
RF �NMS in the MS. The downlink transmission path at the

BS consists of an NBS
RF ×NS baseband precoder FBB followed

by an NBS × NBS
RF RF precoder FRF. The resulting NBS × NS

hybrid precoder F is given by FRFFBB. The hybrid combiner

FIGURE 1. Block diagram of the transmitter-receiver single user mmWave
system architecture that uses RF phase shifters and baseband
beamformers at both ends [17].

W ∈CNMS×Ns in the MS is equal toWRFWBB, whereWRF is
the RF combiner andWBB is the baseband combiner.

The RF precoder and combiner are implemented using
analog phase shifters, which are normalized to have the
same amplitude, but different phases, i.e.,

∣∣[FRF]i,j
∣∣2 =

1
NBS

and
∣∣[WRF]k,m

∣∣2 = 1
NMS

. Hence, all elements of
FRF and WRF have equal norm [6], [8]–[17]. Additionally,
the baseband combiner and precoder are also normalized
to satisfy the total power constraint, i.e., ‖FRFFBB‖

2
F =

‖WRFWBB‖
2
F = N S [8]–[11], and [17].

Considering a narrowband block-fading channel model,
the signal vector y received at the MS is combined as
follows [8]–[11], [17], and [50], [51]

y =WH(
√
PrHFs+ n) (1)

where H is the NMS×NBS mmWave channel matrix between
BS and MS, s ∈CNsx1 is the vector of transmitted symbols
with E

[
ssH
]
=

1
NS

INS , where INs is the NS by NS identity
matrix, Pr is the average received power, and n is a NMS × 1
Gaussian noise vector i.i.d, where each element has zero
mean and variance σ 2. The uplink can be implemented in
the same way as the downlink, with H ∈CNBS×NMS and by
reversing the roles of the precoders and combiners. In this
paper, perfect channel state information is assumed at the
BS and MS as explained later, and the effective channels are
used to detect the transmitted data streams at the MS given
by [35], [52]

Heff=WHHF (2)

The dimension of these effective channels is much smaller
than that of the original mmWave channel matrixH, depend-
ing on the number of data streams NS [35], [52].

Since the dimension of Heff is NS × NS , low complexity
ZF and MMSE detectors are implemented as follows

WZF = (Heff)−1 (3)

WMMSE = (HH
effHeff + σ

2INr)
−1

HH
eff (4)

where σ 2
= Pr/SNR. The transmitted symbols ŝ can then be

detected as follows

ŝ = WZFy (5)

ŝ = WMMSEy (6)

Sphere Decoding and ML scheme use the diagonal matrix
Heff to find the solution ŝwith the smallest Euclidean distance
from the received signal, but their computational complexity
is higher compared to the ZF and MMSE schemes.

Finally, for a given channel H, the spectral efficiency that
hybrid precoders/combiners can achieve is given by [8]–[11],
and [17]

R = log2

∣∣∣∣INs+
Pr
NS

R−1n WHHFFHHHW
∣∣∣∣ (7)

where Rn = σ
2WHW is the post-combiner noise covariance

matrix.
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B. CHANNEL MODE
The widely used Saleh-Velenzuela (SV) model is used to
represent the limited spatial selectivity or scattering charac-
teristic caused by the high path loss of a mmWave chan-
nel in outdoor scenarios [3]–[17]. Therefore, in this paper
we adopt the narrowband clustered channel which is given
by [17]–[30]

H =
√
NBSNMS/NclNray

×

∑
i,l
αil3r(∅ril, θ

r
il)3t (∅til, θ

t
il)ar(∅

r
il, θ

r
il)at (∅

t
il, θ

t
il)
∗

(8)

where NBS ,NMS ,Ncl,Nray are the number of BS, MS anten-
nas, the number of scattering clusters, and the number of
propagation paths respectively. αil is the complex gain of
the l th path and the ith cluster and it is assumed to be
Rayleigh distributed, i.e., αil ∼ i.i.d. Cℵ(0, Pα,i) with Pα,i
the average power of the ith cluster, and ∅til

(
θ til

)
,∅ril

(
θ ril

)
are the l th path’s azimuth (elevation) angles of departure
and arrival (AODs/AOAs) in the ith cluster, respectively,
with uniform distribution. Also, 3t

(
∅
t
il, θ

t
il

)
and3r(∅ril, θ

r
il)

correspond to the transmit and receive antenna element gain
at their departure and arrival angles. In this paper, it is
assumed that each antenna element has unity gain. Finally,
at(∅til, θ

t
il)

H and ar(∅ril, θ
r
il) are the antenna array response

vectors at their azimuth and elevation angles of departure
and arrival at the BS and MS respectively. They are usually
applied to uniform planar arrays (UPAs), but can be applied
to different antennas arrays as well [8]–[11], and [17]. For a
UPA [17]

at (∅, θ)=
1
√
NBS

[1, · · · ,e
j
(
2π
λ

)
d(msin(∅) sin(θ)+n cos(θ))

, · · · ,

e
j
(
2π
λ

)
d((w−1)sin(∅) sin(θ)+(h−1) cos (θ))

]

T

(9)

where 0 ≤ m < w and 0 ≤ n < h are the width and height
indices of an antenna element respectively and the antenna
array size is wh. Also, λ is the wavelength of the mmWave
signal, and d is the distance between the antenna elements,
typically d = λ

2 . The array response vector ar (∅, θ) for MS
can also be obtained as above.

III. DESIGN OF SPARSE HYBRID BEAMFORMING
Sparse hybrid precoders/combiners or SOMP based-designs
maximize the spectral efficiency R as defined in (7), tak-
ing into account the RF precoders/combiners constraint and
baseband power constraint [17]. As mentioned in the previ-
ous section, the scattering in mmWave channels is limited
and sparse hybrid precoders/combiners are built to approx-
imate the unconstrained optimum digital precoder/combiner
Fopt/Wopt [17].
Designing the unconstrained optimum digital precoders/

combiners, Fopt/Wopt, is usually done by using the
channel singular value decomposition (SVD) defined

by [8]–[11], [17][
U6VH

]
= SVD (H)

= [U1U2]
[

61 0
0 62

] [
VH
1

VH
2

]
= U161VH

1 +U262VH
2 (10)

where 61=(σ1, . . . ,σNs ) is a diagonal matrix with the largest
Ns singular values of H in decreasing order. Taking the
left Ns columns of semi-unitary matrices U ∈CNMS×NMS and
V ∈CNBS×NBS yields

Fopt = V1∈CNBS×NS

Wopt = UH
1 ∈C

NS×NMS (11)

which are the fully digital SVD-based precoder and combiner,
respectively. Therefore, the sparse hybrid precoder is found
by approximating the unconstrained optimal precoder Fopt as
follows [17]

(FBB) = argmin
F̃BB

∥∥Fopt−ABSFBB
∥∥
F

s.t.
∥∥∥diag(FBBFH

BB)
∥∥∥
0
= NRF

BS

‖ABSFBB‖
2
F = NS (12)

where ABS is the set of feasible quantized RF precoding
codebooks with constant-magnitude entries which can be
implemented in the RF circuitry using analog phase shifters.
The design of RF precoding/combining codebooks ABS have
the same form of the array response of the mmWave channel
and thus can be quantized in the azimuth and elevation angles
with angular resolution L, where L = 2N∅+Nθ , and N∅ and Nθ
are the numbers of azimuth and elevation quantization bits,
respectively [17]. The analog combining codebook AMS can
be defined in the same way. However, to build the quantized
RF precoding codebooks, some assumptions on the mmWave
channel structure and array geometry have to be made. The
sparsity constraint

∥∥diag (FBBFH
BB

)∥∥
0 = NRF

BS states that FBB
cannot havemore thanNRF

BS non-zero rows. Equation (12) can
be solved by the well-known concept of orthogonal match-
ing pursuit (OMP) [17]. It works by finding the vector in
the RF precoding codebooks matrix ABS along which the
optimal precoder Fopt has the maximum projection. It then
appends the selected column vector to the RF precoder FRF
matrix. After that, FBB is calculated using the least squares
solution and the contribution of the selected vector from ABS
is removed. The process continues until allNRF

BS beamforming
vectors have been selected from RF precoding codebooks
matrix ABS. At the end of the NRF

BS iterations, the RF pre-
coding matrix FRF, and the baseband precoder FBB, which
minimize

∥∥Fopt−FRFFBB
∥∥
F , are found. Finally, FBB is nor-

malized so that the transmit power constraint is satisfied,
and the sparse hybrid precoder F =FRFFBB is returned.
The sparse hybrid combiner is designed by maximizing the
data rate using Wopt or minimizing the mean squared error
between transmitted and received signals (WMMSE) [17].
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The main drawback of the sparse hybrid design is the use
of the set of feasible quantized RF precoding codebooks and
the costly correlation operations. Moreover, the accuracy of
the algorithm depends on the angular resolution L. There-
fore, in this paper we propose an algorithm to solve (12)
without making any assumption on the array geometry and
without any other constraint, such as the number of streams
must be equal to the number of RF chains, or the baseband
precoder/combiner is scaled unitary, while achieving a good
spectral efficiency with low computational complexity com-
pared to the other popular designs in the literature.

IV. PROPOSED HYBRID BEAMFORMING
In this section, we propose a low complexity-precoding algo-
rithm with equal power allocation per stream. In addition,
we do not assume any constraint on the optimization problem,
which is related to (12). The derivation of the combiner is
similar. We note that the optimal unconstrained semi-unitary
precoder for H is simply given by Fopt = V1. Also, we need
the hybrid precoder FRFFBB to be sufficiently ‘‘close’’ [17]
to the optimal precoder V1 by using its digital precoder to
construct linear combinations of the RF precoder vectors.
By formulating an optimization problem, we first need to
find the baseband precoder FBB that minimizes the Euclidean
distance by using the initialization of the proposed RF pre-
coder, which is calculated by taking the first Ns columns
from Fopt and then normalizing them such that each entry has

constant magnitude, i.e., FRF=Fopt�
(∣∣Fopt

∣∣√NBS

)
. One

should note that the element-wise normalization of FRF sat-
isfies the normalization constraint

∣∣[FRF]i,j
∣∣2 = 1

NBS
[17].

We then find the RF precoder FRF such that the hybrid pre-
coder FRFFBB is sufficiently ‘‘close’’ to the optimal uncon-
strained digital precoder V1. Specifically, we would like to
solve the following alternating optimization problem first,
which is related to (12):

(FBB) = argmin
FBB

∥∥Fopt−FRFFBB
∥∥2
F (13)

The objective function can be expanded as follows∥∥Fopt−FRFFBB
∥∥2
F

= tr
(
FH
optFopt

)
−2tr

(
FH
optFRFFBB

)
+tr(FH

BBF
H
RFFRFFBB)

= NS−2tr
(
FH
optFRFFBB

)
+tr(FH

BBF
H
RFFRFFBB) (14)

To minimize over FBB, we set the derivative of (14) with
respect to FBB equal to zero, which yields the following
minimized proposed baseband precoder FBB (least squares
solution)

FBB =
(
FH
RFFRF

)−1
FRFFopt (15)

Then, we keep FBB fixed and solve the same optimization
problem, but now minimizing over FRF

(FRF) = argmin
FRF

∥∥Fopt−FRFFBB
∥∥2
F (16)

Similarly to (14), expanding the objective function yields∥∥Fopt−FRFFBB
∥∥2
F

= NS−2tr
(
FH
optFRFFBB

)
+tr(FH

BBF
H
RFFRFFBB) (17)

We again set the derivative of (17) with respect to FRF
equal to zero, which yields the following

FRFFBBFH
BB = FoptFH

BB (18)

The problem in (18) is that FBBFH
BB cannot be inverted

when NS < NBS
RF . Thus, to solve it we add FRF to both sides

of (18) such that

FRF = FoptFH
BB − FRFFBBFH

BB + FRF

FRF = (Fopt − FRFFBB)FH
BB + FRF

FRF = FresFH
BB + FRF (19)

where the residual precoding matrix Fres = Fopt − FRFFBB.
Equation (19) yields an iterative solution for FRF such that
in the current iteration, the updated FRF is equal to FRF
from the previous iteration plus FresFH

BB. Moreover, (19)
satisfies the property of the gradient descent method with a
step size equal to one andwithout vectorizing the RF precoder
FRF [32]. Thus, FRF is guaranteed to converge to a feasible
local optimal solution. This solution can also be applied when
NS = NBS

RF . Note that when NS<N
BS
RF , we need to complete

the NBS × NBS
RFFRF after the initialization. In each iteration,

we add a column to FRF which leads to the highest reduction
of the residual. This column can be selected from the basis
of the range of the residual matrix, which is the element-wise
normalization of the first singular vector of the residual.

The pseudo-code for the proposed hybrid precoder FP

solution is given in Algorithm 1. In a mmWave system using
the hybrid precoding design, the BS or MS can support up
to NRF data streams, i.e., NS ≤ min(NBS

RF ,N
MS
RF ) [8]–[11],

and [17]. The inputs of the algorithm are Fopt∈CNBS×NS and
the maximum number of iterations K , where K ≥ NBS

RF - NS
when NS < NBS

RF , in order to calculate the NBS × NBS
RFFRF

matrix, and K ≥ 1 when NBS
RF = NS . In the general case

of NS ≥ 1 where NS ≤ NBS
RF , the algorithm starts by

initializing FRF with the element-wise normalization of the
first Ns columns of Fopt i.e., FRF= Fopt�

(∣∣Fopt
∣∣√NBS

)
.

Then, FBB is computed using least squares in step 2. After
that, the algorithm proceeds to calculate the residual precod-
ing matrix Fres and the proposed RF precoder FRF in steps
3 and 4 respectively. Step 5 ensures that the proposed RF
precoder FRF is satisfied exactly with constant-magnitude
entries which can be applied at RF using analog phase
shifters. In steps 7 and 8, when NS<NBS

RF , we need to com-
plete the NBS × NBS

RFFRF, which can be done by adding the
element-wise normalization of the first singular vector of the
residual matrix Fres to FRF. After K iterations the process
is completed and the algorithm will find the NBS × NBS

RF
proposed RF precoding matrix FRF and the optimal NBS

RF ×

NS baseband precoder FBB such that
∥∥Fopt−FRFFBB

∥∥
F is
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Algorithm 1 Proposed Hybrid Precoding.

Input: The optimum unconstrained solution Fopt ∈ CNBS×NS

and the maximum number of iterations K .
Output: Analog FRF ∈ CNBS×NBS

RF with the element-wise
normalization and baseband FBB ∈ CNBS

RF×NS such that∥∥Fopt − FP
∥∥
F is reduced and

∥∥FP
∥∥2
F = NS , where

FP
= FRFFBB.

Initialization: analog precoder FRF =

Fopt�
(∣∣Fopt

∣∣√NBS

)
.

1: for i = 1:K do
2: Update: FBB=

(
FH
RFFRF

)−1
FH
RFFopt

3: Update the residual: Fres=Fopt − FRFFBB
4: Update: FRF=FresFH

BB+FRF
5: Element-Wise Normalization:

FRF = FRF�
(
|FRF|

√
NBS

)
6: If i ≤ NBS

RF − NS
7: Fres = U6VH

8: Append the element-wise normalization of the first
vector of U as a new column to
FRF : FRF =

[
FRF|U1�

(
|U1|
√
NBS

)]
9: end if
10: end for
11: FBB=

(
FH
RFFRF

)−1
FRFFopt

12: FBB=
√
N S

FBB∥∥FPRFFBB∥∥F
13: return FP

= FRFFBB

minimized. In steps 12 and 13, we ensure that the transmit
power constraint is satisfied and return the proposed hybrid
precoder FP

= FRFFBB. The proposed hybrid combinerWP
RF

can be calculated in the same way.
Remark 1 - Convergence of the Proposed Hybrid Precoder

to Local Minimum Points: Note that when NS = NBS
RF

or NS < NBS
RF , FBB is a square matrix that is approx-

imately unitary FH
BBFBB≈FBBFH

BB≈INS or a non-square
matrix that is approximately semi-unitary FH

BBFBB≈INs ,

respectively [17], [29]. Thus, each iteration in Algorithm 1
minimizes the objective function

∥∥Fopt−FRFFBB
∥∥
F and the

error term decreases monotonically with each iteration. Since
the objective function has a lower bound, the proposed
method must converge to local optimum points. In Section
VI, simulations results will confirm that the objective func-
tion decreases monotonically with each iteration and it tends
asymptotically to its lower bound.

In Table 1, we compare the proposed hybrid design with
other popular approaches in the literature. The hybrid design
by alternating minimization (HD-AM) method [29] assumes
two additional constraints. The first one is that the num-
ber of streams must be equal to the number of RF chains,
and the second one is that the baseband precoder is scaled
unitary and designed by orthonormal Procrustes solution,
which is given by FBB = VUH with the use of the singu-
lar value decomposition of FH

optFRF = U6VH where the

initial precoder is given by FRF= Fopt�
(∣∣Fopt

∣∣). More-
over, the solution of analog precoder is based on solv-
ing an optimization problem which is given by FRF =

FoptFH
BB�

(∣∣FoptFH
BB

∣∣) . This process is repeated until the
maximum number of iterations M is reached. After the last
iteration, FBB is updated via the least squares. The same
method can be applied for the hybrid combiners. In the sparse
hybrid precoder [17], the vectors of the analog precoders
are found from the RF precoding codebooks matrix ABS
along which the optimal precoder Fopt has the maximum
projection, and the baseband precoder is calculated using
the least squares solution. The same method can be applied
for the hybrid combiners or by minimizing the mean square
error between transmitted and received signals [17]. For the
greedy hybrid precoding [27], FBB is computed using the
least squares solution after the initialization of the analog pre-
coders, i.e., FRF= Fopt�

(∣∣Fopt
∣∣). If the number of streams is

smaller than the number of RF chains, the columns of FRF are
selected from the element-wise normalization of the first sin-
gular vectors of the residual matrices. The same method can
be applied for the hybrid combiners. The proposed algorithm
is based on an alternating optimization procedure, which
leads to direct solution without assuming any additional con-
straint. Moreover, the proposed solution can be applied in
the general case (the number of RF chains can be greater
than or equal to the number of data streams). The design
of baseband precoder is not made exactly unitary unlike the
HD-AM approach. Specifically, after the initialization of the
analog precoder i.e., FRF= Fopt�

(∣∣Fopt
∣∣√NBS

)
, the base-

band precoder of the proposed design is solved using the least
squares solution, but it is approximately unitary or approxi-
mately semi-unitary [17], [29]. After that, the analog precoder
is designed by solving an optimization problem separately,
which is given by FRF=FresFH

BB+FRF. Then, the analog
precoder FRF is normalized element-wise to satisfy the hard-
ware constraint, i.e., FRF=FRF�

(
|FRF|

√
NBS

)
where each

entry has constant magnitude, which can be implemented
in the RF circuitry using analog phase shifters. Notice that
the
√
NBS in the normalization step is a good way to make

the diagonal of FH
RFFRF normalized to one, which is needed

because FH
optFopt = INs . Hence, its factors should also have a

semi-unitary structure [29]. The analog precoder FRF can be
normalized again to the unit modulus between step 10 and 11
in Algorithm 1 and we have verified that the results are not
affected by that. This process is repeated up to K iterations.
After the last iteration, FBB is updated via the least squares.
The same method can be applied for the hybrid combiners.

V. COMPLEXITY ANALYSIS OF THE
PROPOSED ALGORITHM
In this section, we analyze the complexity in implement-
ing the proposed hybrid precoding/combining design using
Algorithm 1 as compared to previous methods from the lit-
erature. To simplify the complexity analysis, let us denote
N = L= max {NBS ,NMS}, NRF= max

{
NBS
RF ,N

MS
RF

}
,K is
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TABLE 1. Comparison between the proposed method and other approaches.

the maximum number of iterations of the proposed hybrid
design, and M is the maximum number of iterations of the
hybrid design by alternating minimization (HD-AM) [29].
In Table 2, we present the complexity analysis by evaluating
the total number of floating-point operations (flops) for each
hybrid precoding/combining approach.

The primary factor in the sparse hybrid precoder/combiner
design algorithm’s complexity depends on the selection of RF
precoders/combiners [17]. The complexity increases when
the process involves an exhaustive search for the code-
books at both the BSs and the MSs. The sparse hybrid
precoders/combiners need higher angular resolution L to
improve the performance. Therefore, the complexity of the
sparse hybrid design is O(N 2NRFNS ) operations for a res-
olution O(N ). Because of the angular resolution and the
correlation function for sparse hybrid design, the proposed
design, greedy hybrid design [27], and the HD-AM provide a
great complexity reduction especially when NS � N .

The construction of the proposed hybrid design only
requires complex matrix multiplication and element wise
division operations. Moreover, the computational complexity
of the proposed hybrid design is the same as the HD-AM
when the maximum number of iterations is the same, i.e.,
K = M , but the drawback of the HD-AM is that it can
only be used when the number of RF chains equals the
number of data streams, NS = NRF . The greedy hybrid
design and the proposed hybrid design have almost similar
computational complexity and our hybrid design only needs a
small number of iterations K to outperform the greedy hybrid
design.

Therefore, the complexity of the proposed hybrid pre-
coders/combiners is lower than that of the sparse hybrid
precoders/combiners, similar to the HD-AM with the same
performance when the maximum number of iterations is the
same, i.e.,K = M , and close to the greedy hybrid design with
better performance.
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TABLE 2. Complexity of the proposed algorithm compared to previous
methods from the literature.

VI. SIMULATION RESULTS
This section presents the numerical results to show the per-
formance advantages of the proposed hybrid precoders /com-
biners implemented as described in Algorithm 1. Specifically,
we present the BER performance of the ZF, MMSE, ML, and
sphere decoding. Moreover, we provide the sum rate for the
proposed design compared to other popular methods from
the literature. We show numerical simulations of the pro-
posed method’s performance when maximizing the spectral
efficiency as defined in (7). For all detection algorithms, the
QPSK and 16 QAM modulation schemes are used without
error-control coding. In addition, for all cases, the mmWave
channel remains constant during the transmission of one
block of data.

In these simulations, we use the system architecture pre-
sented in Fig. 1. We consider the case where there is
only one BS and one MS at a distance of 100 meters.
The spacing between antenna elements is equal to λ/2.
The system is assumed to operate at a 28 GHz carrier fre-
quency in an outdoor scenario, and with a path loss expo-
nent n= 3.4. The channel model is described in (8), with
Pα,i= 1 for all clusters. The azimuth and elevation angles
AoAs/AoDs of the rayswithin a cluster are assumed to be ran-
domly Laplacian distributed. The AoAs/AoDs azimuths and
elevations of the cluster means are assumed to be uniformly
distributed. We use the AoD/AoA beamforming codebooks
(exact array response of mmWave channel) at the BSs and
MSs respectively for the sparse hybrid design. The SNR in
all the plots is defined as SNR =Pr/σ 2. We assume perfect
CSI at the BS and MS. For fairness, the same total power
constraint is enforced on all precoding/combining solutions.

In Fig. 2 and Fig. 3, the channelmodel has five paths, which
is equivalent to 5 clusters with an angular spread of zero. The
AoAs/AoDs azimuths of the cluster means are assumed to
be uniformly distributed in [0,2π], while their AoAs/AoDs
elevations are uniformly distributed in [−π2 ,

π
2 ]. In Fig. 2,

we evaluate the BER performance of the ZF, MMSE, and
sphere decoding algorithms for a 16 QAM 256× 16 UPAs
mmWave systems with NBS

RF = NMS
RF = 3 RF chains and

NS= 3 data streams.
Fig. 2 shows that the BER performance is significantly

improved by using the proposed hybrid precoding/combining
design with K= 6 compared to the BER performance

FIGURE 2. BER performance for uncoded 16 QAM single-cell proposed
hybrid precoders/combiners with K= 6 compared to the sparse hybrid
precoders/combiners [17], [48], [49] in mmWave systems for NBS= 256
and NMS= 16 with 3 and 3 RF chains respectively, and NS= 3.

of the sparse hybrid precoding/combining designs [17],
and [48], [49]. Furthermore, the performance gap between
the sphere decoding algorithm and the ZF and MMSE detec-
tors with the proposed hybrid precoding/combining over the
whole range of SNR is considerably reduced compared to the
performance gap of the same schemes with the sparse hybrid
precoding/combining designs [17], and [48], [49]. The sphere
decoding algorithm, ZF and MMSE detectors perform simi-
larly over the whole range of SNR for the proposed hybrid
beamforming design, but the ZF and MMSE detectors per-
form significantly worse than the SD when the sparse hybrid
beamformer is used, especially for a BER below 10−2. A bit
error probability of 10−5 can be obtained with SNR = 4dB
using sphere decoding with the proposed hybrid precod-
ing/combining design, whereas the ZF and MMSE detectors
with the proposed hybrid precoding/combining design need
about 6 dB to obtain the same BER, which represents a
small difference of 2 dB. However, with the sparse hybrid
precoding/combining design, the difference between sphere
decoding and ZF or MMSE exceeds 15 dB to obtain a BER
of 10−4. Hence, the proposed beamformer allows the use
of the ZF or MMSE detectors, which have a significantly
lower computational complexity than SD [48], [49], without
incurring the performance penalty observed with the sparse
hybrid precoder/combiner.

Fig. 3 shows the performance with the same system
parameters used in Fig. 2, but with QPSK modulation
and ML detection instead of sphere decoding. Similarly to
Fig. 2, the proposed hybrid precoding/combining design with
K= 6 significantly improves the BER performance com-
pared to the sparse hybrid precoding/combining design [17],
and [48], [49]. It can be seen from Fig. 3 that by using
the proposed hybrid precoding/combining design with K= 6
the ZF and MMSE detectors can achieve almost the same
performance as the ML detector for low SNRs, with a small
degradation for high SNRs. In contrast, the performance gap
between the ML detector and the ZF and MMSE detec-
tors with the sparse hybrid precoding/combining design is
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FIGURE 3. BER performance for uncoded QPSK single-cell proposed
hybrid precoders/combiners with K= 6 compared to the sparse hybrid
precoders/combiners [17], [48], [49] in mmWave systems for NBS= 256
and NMS= 16 with 3 and 3 RF chains respectively, and NS= 3.

significant and increases with SNR. Hence, the proposed
hybrid precoding/combining design with K= 6 can reduce
considerably the performance gap between the ML detector
and the ZF and MMSE detectors compared to the sparse
hybrid precoding/combining design. Furthermore, there is
a small difference between the ZF and MMSE detectors
with the sparse hybrid precoding/combining designs, whereas
their performance is identical with the proposed hybrid pre-
coding/combining designs. Notice that the complexity of
sphere decoding increases with the number of data streams
and modulation order. Although the speed of sphere decod-
ing (SD) increases in the high SNR region, it still requires
a considerably longer time compared to the low complexity
ZF/MMSE detectors for any SNR [48], [49].

In Figs. 4 and 5, the channel model has Ncl= 8 clus-
ters, and the number of rays Nray= 10 per cluster with an

FIGURE 4. BER performance achieved by the proposed design with
different K compared to the sparse hybrid precoders/combiners [17],
the optimal unconstrained digital precoders/combiners, and the greedy
hybrid precoders/combiners [27] for ZF detector in uncoded 16 QAM
single-cell in UPAs mmWave systems for NBS= 64 and NMS= 16 with
4 and 4 RF chains respectively, and NS= 3.

angular spread of 7.5o which is the same at the transmit-
ter and receiver. Also, the transmitter’s sector angle is 60o

wide in the azimuth domain and 20o wide in elevation,
but the receivers have relatively smaller antenna arrays of
omni-directional elements. In Fig. 4, we evaluate the BER
performance of the ZF detector using the proposed hybrid
precoders/combiners with different numbers of iterations K ,
the sparse hybrid precoders/combiners [17], the uncon-
strained digital precoders/combiners, and the greedy hybrid
precoders/combiners [27] for a 16 QAM 64× 16 UPAs
mmW systems with NBS

RF = NMS
RF =4 RF chains and

NS= 3 data streams. Fig. 4 shows that the ZF detector with
the proposed hybrid precoders/combiners achieves a BER,
which is very close to that of the unconstrained digital pre-
coders/combiners and performs better than the ZF detec-
tor with sparse hybrid precoders/combiners over the whole
range of SNR. The ZF detector with the proposed hybrid
precoders/combiners performs similarly to the ZF detector
with the greedy hybrid precoders/combiners with the smallest
number of iteration K = NBS

RF - NS = 1, but outperforms
the greedy hybrid precoders/combiners when K is increased.
Moreover, as we can see from Fig. 4, a number of iterations
K = 6 or 10 is sufficient to outperform the other hybrid
designs and to achieve a performance very close to that of
the unconstrained digital precoders/combiners. Furthermore,
the performance improvement of the proposed hybrid pre-
coders/combiners is noticeably fast by increasing K from
1 to 6, but it becomes slow after K = 6. Notice that the
HD-AM [29] cannot be applied when the number of RF
chains is greater than the number of data streams.

Fig. 5 shows the BER performance of the ZF detector
with the proposed hybrid precoders/combiners with different
numbers of iterations K , ZF detector with the sparse hybrid
precoders/combiners, ZF detector with the unconstrained dig-
ital precoders/combiners, ZF detector with the greedy hybrid

FIGURE 5. BER performance achieved by the proposed design with
different K compared to the sparse hybrid precoders/combiners [17],
the optimal unconstrained digital precoders/combiners, the greedy hybrid
precoders/combiners [27], and the HD-AM [29] with different M for ZF
detector in uncoded 16 QAM single-cell in UPAs mmWave systems for
NBS= 64 and NMS= 16 with 3 and 3 RF chains respectively, and NS= 3.
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precoders/combiners, and ZF detector with the HD-AM [29]
with different numbers of iterationsM for a 16 QAM64× 16
UPAs mmW system with NBS

RF = NMS
RF = 3 RF chains

and NS= 3 data streams. For the sake of fairness, we use
the same number of iterations for the proposed hybrid pre-
coders/combiners and the HD-AM design, i.e., K = M .
As we can see from Fig. 5, the ZF detector with the pro-
posed hybrid design and the ZF detector with HD-AM are
overlapped and outperform the ZF detector with sparse hybrid
design and the ZF detector with greedy hybrid design by
increasing the number of iterations K and M . The improve-
ment over the sparse hybrid design is significant and exceeds
6 dB even with K = M = 1. In addition, the number of
iterations K orM should be equal to 6 since the performance
is improved compared to K = M = 1, but after K = M= 6
the performance of proposed hybrid precoders/combiners and
HD-AM improves slowly.

Figs. 6, 7, and 8 show the simulated sum rate of the
proposed hybrid precoders/combiners with different numbers
of iterations, sparse hybrid precoders/combiners, optimal
unconstrained digital precoders/combiners, greedy hybrid
design, and HD-AM with different number of iterations M .
The channel model has Ncl= 8 clusters and the number of
rays Nray= 10 per cluster with an angular spread of 7.5o

which is the same at the transmitter and receiver. Also,
the transmitter’s sector angle is 60o wide in the azimuth
domain and 20o wide in elevation, but the receivers have rel-
atively smaller antenna arrays of omni-directional elements.

Fig. 6 shows the spectral efficiency achieved by the
proposed hybrid precoders/combiners, the sparse hybrid
precoders /combiners, the optimal unconstrained digital
precoders/combiners, greedy hybrid design in a 64× 16
UPAs mmWave system for different SNR values with
NS ∈ {1, 2} , and NBS

RF = NMS
RF = 4. The maximum number

FIGURE 6. Average spectral efficiency achieved by the proposed design
with K = NBS

RF − NS compared to the sparse hybrid
precoders/combiners [17], the optimal unconstrained digital
precoders/combiners, and the greedy hybrid precoders/combiners [27]
for a 64× 16 UPAs mmWave systems for different SNR values with
NS ∈

{
1, 2

}
, and NBS

RF =NMS
RF = 4.

of iterations K for the proposed hybrid design is equal to
NBS
RF -NS , which is 3 and 2 for NS= 1 and 2 respectively. The

proposed hybrid precoders/combiners and the greedy hybrid
design outperform the sparse hybrid precoders /combiners
for NS = 2 and are almost similar for NS = 1. The pro-
posed hybrid design overlaps the greedy hybrid design for
any number of data streams with the smallest number of
iterations K and both achieve the optimal performance of the
unconstrained digital precoder/combiner.

When the number of RF chains equals the number of
data streams, Fig. 7 shows the spectral efficiency achieved
by the proposed hybrid precoders/combiners with different
numbers of iterationsK , the sparse hybrid precoders /combin-
ers, the optimal unconstrained digital precoders/combiners,
greedy hybrid design, and the HD-AM with different num-
bers of iterations M for different numbers of RF chains
and data streams varying from 1 to 4 in a 64× 16 UPAs
mmWave systems where Ns = NBS

RF = NMS
RF . The SNR is

fixed to 0 dB for any number of RF chains. To make a fair
comparison between the proposed hybrid design and the HD-
AM, the number of iterations for both designs is the same,
i.e., K = M . We can see that the proposed hybrid design
and the HD-AM are overlapped and yield an improve-
ment over the sparse hybrid design and the greedy hybrid
design. Moreover, by increasing the number of iterations
K and M , the overall performance of the proposed hybrid
precoders/combiners and of the HD-AM is improved; the
maximum number of iterations K and M for both designs
should be between 1 and 6 because the performance improves
slowly after K = M= 6. Notice that the HD-AM can only be
applied when NS = NBS

RF = NMS
RF , but the proposed design,

and the greedy hybrid design can be applied in the general
case (the number of RF chains is greater than or equal to the
number of data streams).

FIGURE 7. Average spectral efficiency achieved by the proposed design
with different K compared to the sparse hybrid precoders/combiners [17],
the optimal unconstrained digital precoders/combiners, greedy hybrid
precoders/combiners [27], and the HD-AM [29] with different M in
64× 16 UPAs mmWave systems for SNR = 0 dB with NS=NBS

RF =NMS
RF .
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FIGURE 8. Average spectral efficiency achieved by the proposed design
with different K compared to the sparse hybrid precoders/combiners [17],
the optimal unconstrained digital precoders/combiners, and the greedy
hybrid precoders/combiners [27] in 64× 16 UPAs mmWave systems for
SNR = 0 dB with NS ∈

{
1, 2, 4

}
and different RF chains.

Fig. 8 evaluates the performance when the number of RF
chains is greater than the number of data streams, where
NS ∈ {1, 2, 4} and the SNR is fixed to 0 dB over the whole
range of RF chains. We note again that the HD-AM cannot
be applied when the number of RF chains is greater than
the number of data streams. The other parameters are the
same. The proposed hybrid design and the greedy hybrid
design perform better than the sparse hybrid method in all
cases. The proposed hybrid design with K= 6 can accurately
approximate the optimal unconstrained one when the number
of RF chains slightly exceeds the number of data streams.
Moreover, it only needs a small number of RF chains (less
than twice the number of streams) to achieve the optimal
performance compared to the sparse hybrid precoders / com-
biners, and the greedy hybrid design. The gain of the proposed
hybrid solution over the greedy hybrid design is noticeable
for NS ∈ {2, 4}. In practice, the number of RF chains will be
limited because of the high power consumption and cost per
RF chain [5]–[17].

Notice that the number of iterations K= 6 of the pro-
posed hybrid design is sufficient to outperform both the
greedy hybrid design and the sparse hybrid design. Moreover,
the total performance of the proposed hybrid design improves
slowly when the number of iterations K increases beyond 6.

Therefore, the performance of the proposed method is the
same as that of the HD-AM when NS = NBS

RF = NMS
RF and

better than that of the greedy or sparse hybrid design when the
number of RF chains is greater than or equal to the number
of data streams with a reasonable number of iterations K .
Figs. 9 and 10 show the average simulation running time

of the proposed hybrid design with different numbers of
iterations K compared to the other methods vs. the num-
ber of BS antennas. In Fig. 9 and Fig. 10, we consider
UPAs mmWave systems with NS = NBS

RF = NMS
RF = 3 and

FIGURE 9. Average running time of the proposed hybrid design with
different K compared to the HD-AM with different M [29], greedy hybrid
design [27], and sparse hybrid method [17] with different number of BS
antennas for UPAs mmWave systems - NBS

RF =NMS
RF NS= 3.

NS = 3,NBS
RF = NMS

RF = 4 respectively. As we can see from
both figures, the complexity of the sparse hybrid method with
an angular resolution L = NBS increases with the number
of BS antennas. In addition, the proposed hybrid with any
number of iterationsK , HD-AMwith any number of iteration
M , and greedy hybrid have very low complexity compared
to the sparse hybrid method especially when NS � NBS .
In Fig. 9, the average simulation running time of the proposed
hybrid design and HD-AM is the same for any number of
iteration, where K = M for fair comparison. In addition,
the proposed hybrid design, HD-AM, and the greedy hybrid
design have almost the same simulation time for small num-
bers of iteration K = M= 1 and 6 but the greedy hybrid
design becomes faster with an increase in the number of
iterations. In Fig. 10, the average simulation running times
of the proposed hybrid design with K= 6 or 10 and of the
greedy hybrid design are almost the same, but the simulation
time of the proposed hybrid design increases slightly with the
increase of the number of iterations K .

To summarize the performance results, when NS> 1, the
appropriate number of iterations for the proposed hybrid
design is NRF − NS ≤ K ≤ 6 when the number of RF
chains is greater than or equal to the number of data streams.
In practice, the number of RF chains and data streams will
be limited and hence, the difference between them should
be less than 6. Moreover, the gain of the proposed hybrid
design improves slowly by increasing the number of iteration
above 6. In the case when NS = 1, the appropriate number of
iterations in the proposed hybrid design is K = 1 when the
number of RF chains equals the number of data streams, i.e.,
NRF = NS andK = NRF−NS when the number of RF chains
is greater than the number of data streams.

Figs. 11 shows the average value of the objective func-
tion

∥∥Fopt−FRFFBB
∥∥
F vs. the number of iterations K for

one million simulation runs of the proposed hybrid beam-
former. In Fig. 11, we use UPAs mmWave systems with
NS = 3,NBS

RF = NMS
RF = 4 and NS = NBS

RF = NMS
RF = 4.

As we can see from both figures, the objective function
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FIGURE 10. Average running time of the proposed hybrid design with
different K compared to the greedy hybrid design [27], and sparse hybrid
method [17] with different number of BS antennas for UPAs mmWave
systems - NBS

RF =NMS
RF 4, and NS=3.

FIGURE 11. Average value of the objective function
∥∥∥Fopt−FRFFBB

∥∥∥2

F
obtained by simulating the proposed hybrid design with different
numbers of iteration K for a 64× 16 UPAs mmWave system with
NBS

RF =NMS
RF NS = 4 and NBS

RF =NMS
RF = 4 and NS = 3.

∥∥Fopt−FRFFBB
∥∥2
F decreases monotonically with the number

of iterations K . In addition, the objective function of the
proposed hybrid design decreases rapidly when the number
of iterations K increases from 1 to 6 approximately and after
that, decreases slowly. Thus, the performance of the proposed
hybrid design improves slowly when the number of iterations
K increases beyond 6. When NRF > NS , the objective
function is smaller compared to the case whenNRF = NS and
that is because the proposed hybrid design can more accu-
rately approximate the optimal unconstrained beamformer.
This plot confirms the convergence property in Remark 1.

VII. CONCLUSION
In this paper, we have proposed a low complexity hybrid
precoder/combiner design for single-user communication in
mmWave systems. Assuming the channel state information
is known, we consider an optimization problem that finds
the hybrid precoder/combiner pair that best approximates the

optimal unconstrained digital ones. In addition, there is no
need to make any assumption on the antenna array geometry
or for any other constraint, such as unitary baseband pre-
coder/combiner or equal numbers of streams and RF chains.
The computational complexity of our proposed solution is
comparable to that of the HD-AM technique and close to that
of the greedy hybrid design when the number of iterations
K is reasonable, and it is much lower than the complexity
of the sparse hybrid design. Our proposed solution can also
be applied in all cases whereas the HD-AM technique can
only be applied when the number of RF chains is equal to the
number of data streams. The spectral efficiency simulation
results show that our proposed low complexity solution with
a reasonable number of iterations K is similar to the HD-AM
technique when NS = NBS

RF = NMS
RF and K = M , and

outperforms the greedy or sparse hybrid design in all cases.
Furthermore, our simulation results have shown that the pro-
posed low complexity hybrid precoding/combining design
improves the BER performance of simple ZF/MMSE detec-
tors and considerably reduces the performance gap between
these detectors and the high computational complexity ML
detector or Sphere Decoding. Moreover, for a given detection
scheme, the BER of the proposed hybrid beamformer is
lower than that of the sparse hybrid and greedy beamformers,
similar to the HD-AM and close to the unconstrained hybrid
beamformer. Finally, because of the large available band-
width in the mmWave band, it will be interesting to extend
the proposed hybrid design to multicarrier techniques such
as orthogonal frequency division multiplexing (OFDM).
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