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ABSTRACT In this paper, the non-fragile robust attitude control problem is investigated for flexible
microsatellite close-proximity inspection, with external disturbances, parameter uncertainties and input
constraints. Firstly, the attitude motion model of microsatellite with flexible appendages is established.
Secondly, a non-fragile robust dynamic output feedback controller (RDOFC) with multiplicative gain
variations (MGV) is designed to satisfy the multi-objective requirements, including pole assignment, Ho,
disturbances attenuation and input constraints. Based on the Lyapunov stability theory, the design of the
non-fragile robust Hy, attitude control is formulated as the linear matrix inequality (LMI) condition. Finally,
numerical simulations are performed to demonstrate the effectiveness of the proposed controller.

INDEX TERMS Attitude control, non-fragile Hyo, flexible microsatellite, multi-objective, dynamic output

feedback.

I. INTRODUCTION

The capability of space target inspection in close proximity is
the premise of space situational awareness and approaching
operations. Due to the inherent advantages of small size
and high cost-effectiveness, microsatellites are applied into
several space close-proximity inspection missions, such as
XSS-11 [1], MiTEx [2], and BX1 [3]. Those missions have
stimulated the demand for attitude control capabilities of
microsatellites, including higher pointing performance and
better robustness.

In order to achieve the attitude control performance, three
major problems should be considered. Firstly, the microsatel-
lite is generally equipped with flexible appendages like large
antennas and solar array, and the generated vibration will
make the high-accuracy attitude control more complicated.
Secondly, in practice engineering, the microsatellite suffers
from external disturbances in space environments [4], and
parameter uncertainties caused by the change of moment of
inertia [5]. The disturbances and uncertainties will deterio-
rate the closed-loop stability and attitude control accuracy.
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Thirdly, the attitude control input torque is limited because of
the constraint of the reactor wheel output torque [6]. Besides,
in order to achieve desired transient control performance,
the closed-loop poles of the attitude control system (ACS)
should lie in a specified disc region of the stable half-
plane. Thus, the microsatellite attitude controller design is
a multi-objective problem. In recent years, the problem of
attitude control for flexible satellite has attracted consider-
able attention, and many control methods have been elabo-
rately designed, such as fault-tolerant-based control [7]-[9],
disturbance-observer-based control [10]-[13] and adaptive-
backstepping-based control [14]. However, the above papers
do not consider all of the mentioned problems. On the
other hand, as a systematic and effective method to deal
with multi-objective problem, robust H, control theory has
been successfully utilized into various systems [15], [16].
In [5], a mixed H>/H, attitude control design is proposed
for microsatellite system with the external disturbances and
parameter uncertainties considered. In [17], a robust Hy
state feedback controller with additive gain variations (AGV)
is proposed for spacecraft attitude control subject to exter-
nal disturbances and parameter uncertainties. However,
in [5], [17], it supposed that the relative attitude angle and
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angular velocity are available. Note that in several space
missions, the precise measurements of angular velocity are
not always satisfied because of the absence or the failure
of the gyroscopes [18]. So it is desirable to develop an
output feedback methodology by using only attitude angle
information.

In [19], a mixed Hy/H output feedback attitude con-
troller with parameter uncertainties, space environmental dis-
turbances and pole placement constraints is proposed. Based
on LMI, Wu and Wen [20] propose a RDOFC for flexible
satellite attitude stabilization with external disturbances and
model uncertainties. Furthermore, in view of the imprecise
collocation, an integrated robust H, attitude controller, con-
sisting of a feedforward component and an output feed-
back component, is presented to handle the multi-objective
problem for flexible spacecraft [21]. However, due to the
control gain parameter drifts and the deviations of the mea-
sured output caused by the sensor, the parameters in con-
troller gain matrices may be uncertain. The small parameter
perturbations of the controller gain matrices may degrade
the attitude control precision or destabilize the closed-loop
system [22]. Hence, it is required to propose the non-fragile
RDOFC. Notice that the non-fragile control problem has
been addressed by a number of papers [22]-[27], and also
utilized into ACS successfully [28], [29]. Liu et al. [28]
address the non-fragile attitude control problem for rigid
spacecraft, the non-fragile RDOFC is designed with respect
to the additive perturbation and multiplicative perturbation.
Based on [28], the non-fragile fault tolerant attitude control
problem for rigid spacecraft is investigated, and the corre-
sponding controller is designed by conducting a stochasti-
cally intermediate observer [29]. Nevertheless, to the best of
our knowledge, very few researches have been devoted to the
non-fragile RDOFC design method for flexible microsatellite
attitude to satisfy the multi-objective requirements, which
motivate our present study. The main contributions are sum-
marized as follows.

i). In contrast to [19], [21], a non-fragile RDOFC with
MGV for the microsatellite attitude is designed to satisfy
the multi-objective requirements, including flexible modes,
external disturbances, parameter uncertainties, input con-
straints and poles assignment. Besides, compared with [30],
the state-derivative-dependent uncertain term in the proposed
rigid -flexible coupling model is handled directly, which can
decrease the complexity of the controller design.

ii). Based on the Lyapunov stability theory, the existence
conditions of admissible controller under multi-objective
requirements are formulated as the nonlinear matrix inequal-
ities (NLMIs), and the NLMIs are transformed into linear
matrix inequalities (LMIs) by performing a set of changing
variable process. Thus, the non-fragile controller design prob-
lem can be transformed as a convex optimization problem
with LMI constraints.

iii). For the nonconvex problem caused by the cou-
pling term in matrix inequality, compared with the
two-step procedure solution performed in [25], we propose
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a less conservative method by constructing a Lyapunov
matrix with some structure, which makes the transformation
from the NLMIs to the LMIs more easily.

The rest of this paper is organized as follows. In Section II,
the attitude motion control model of microsatellite with
flexible appendages is established, and the multi-objective
control requirements are formulated. Based on Lyapunov
theorem, a non-fragile RDOFC is proposed to achieve the
multi-objective requirements in section III. Section IV illus-
trates the numerical simulation results. Finally, the conclu-
sions are given.

Notations: Throughout this paper, matrix transposition
and matrix inverse are represented as the superscript T and
—1, respectively; R” stands for the n-dimensional Euclidean
space, and R denote the set of all n x m real matrices;
|| - || refers to the Euclidean vector norm or the induced matrix
2-norm. The symmetric and negative definite real matrix X
is represented as X < 0; An ellipsis for terms induced by
symmetry in complex matrix expressions is denoted as .
0 and I denote zero matrix and the identity matrix with
compatible dimension, respectively.

Il. PROBLEM FORMULATION

A. ATTITUDE DYNAMICS OF MICROSATELLITE WITH
FLEXIBLE APPENDAGES

Many different coordinate reference frames are introduced
to describe the attitude control model of microsatellite with
flexible appendages. One can refer to Fig. 1 for the spatial
directions of different frames.

————

-~
P Flexible
P Appendages ¥

a, \

Micro—
satellite \
\
\

FIGURE 1. Coordinate axes of microsatellite in a circular orbit.

1) The LVLH reference frame: the frame is described
by F, and its origin located at the mass center of microsatel-
lite and the unit vectors (a1, a», a3) defined as a; along the
microsatellite’s velocity direction in orbit plane, a3 toward
the earth, and a; is completed by a right-handed Cartesian
frame.

2) The body-fixed frame: the frame is described by Fj, its
origin is also fixed in the mass center of the microsatellite,
and three basic unit vectors (b1, b7, b3) are along the inertia
principal axes.

In the body reference frame Fj, the attitude dynamic
equations for microsatellite with flexible appendages are
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given by [31]
W+ Flij= —wJw4u+Ty+d
i+ Cuil + An+Fw =0, (1)

where J = diag(J1, J2, J3) is the moment of inertial, w =
[wi, wa, w3]T € R3 is the angular velocity, u is the control
torque acting on the microsatellite, T, = [T, Ty2, Tg3]T
donates the gravity-gradient torque presented as [32], d is
the external disturbances torque, » and F are the flexi-
ble modal coordinate and the rigid-elastic coupling matrix,
respectively. C,, = diagR2t 11, -+, 2{n ) represent
the modal damping matrix, with the damping ratio ;(i =
1,---,N) and the modal frequency w;(i = 1,---,/N).
A = diag(wlz, e wﬁ/-) denotes stiffness matrix, N is the
number of elastic mode.

In the motion of microsatellite, the velocity direction of
microsatellite is not consistent with the thrust orientation,
which results that the output of thrust cannot be used fully.
Therefore, the ACS is required to achieve the space missions.
In this article, the attitude of the microsatellite is described by
the Euler angles. The orientation of the frame F}, relative to
F is defined through the yaw-pitch-roll (1 — 6 — ¢) suc-
cessive rotations, and the resulting coordinate transformation
is described as

b a;
by | =Rp |az |, 2
b3 as
where
cOcyr cOsyr —s0
Ry = | —cosy + s¢psOcr  cohpcyr + spsOsyr sipch

SPsY + cpsOcyr —spcyr + cpsOcyr copch

with cf = cosf, s6 = sind, etc. Further, the angular velocity
of the reference frame F, relative to the LVLH frame F; can
be described by

Wor = WpL b1 + wer b2 + wir b3, (3)
where
WhL x 1 0 —s0 ¢
wpLy | =10 cd spco 0
WhL.z 0 —s¢ copch | | v

Assuming that the microsatellite motion is in a circular
orbit. Then the angular velocity of the frame F}, relative to
the inertial reference frame F; is expressed as

W =Wy =Wy + Wi = Wp — nay 4

where n represents the orbit angular rate of the microsatellite.
Substituting (2) and (3) into (4), we obtainw = w1b|+wybr+
w3b3 in which

wi I 0 —sO é cOsyr
wry | =10 cop spcod 6 | —n|spsOsy + cpeyr
w3 0 —s¢ copch ¢ cpsOsyr — spc

We consider the situation that the attitude deviation from
the frame Fy is small, and attitude kinematics equations
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can be simplified considerably. At this point, the coordinate
transformation matrix Ry, can be simplified as

1y -0
Ry~ |-y 1 ¢
0 —¢ 1

Moreover, based on equation (3), the angular velocity of
F, relative to F, can be simplified as

WoLx X, WpLy X0, wpL R Y.

Hence, from equation (4), we have

wi = ¢ —ny
szé—n
w3 = ¥ + ne. (5)

For the situation of the small attitude deviation, substitut-
ing (5) into (1), and ignoring the second order small terms,
the attitude motion model of microsatellite with flexible
appendages are described by

JG+Dqg+Gqg+Flij=u+d
i + Cuil + AN+ F@G+Ng =0, (6)

where g = [, 6, w]T

C4n%(J, — J3) 0 0
G = 0 3n2(J; — J3) 0
0 0 n?(Jp — J1)
B 0 0 —n(Jy+J3 —J2)
D= 0 0 0
| n(J1+J3 — J2) 0 0
. 00 —n
N=1[000
| n 00

Remark 1: The attitude model mentioned above is only
valid for small angle attitude deviation. It is assumed that the
attitude deviation relative to the desired attitude orientation
is small. The same assumption can be seen in [5], [19].
Moreover, since the roll and yaw dynamic are coupled and
affected mutually in the attitude control, the three axis atti-
tude model (6) is relatively effective comparing with only
singular-axis attitude mode considered in [33].

B. MULTI-OBJECTIVE CONTROL REQUIREMENTS

Due to the displacement deviation of payload in the space
motion of the microsatellite, the principal moment of inertia
will cause the perturbations, which can be described as

Ji=Jio+ AJiS; 18] < 1,i=1,2,3,

where Jj is the nominal value, AJ; is the known perturbation
envelope of J;, and §; denotes the normalized uncertainty.
The matrices J, D and G with the perturbation terms can be
described as

J=Jo+AJ, D=Dy+ AD, G=Gy+ AG,
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where

AJ = E;A; T, AD = EpApTp, AG = EgAglg

[J10 0 0 AJp 0 O
Jo=1| 0 Jy O |, 8 = 0 AJ, O

| 0 0 Jy 0 0 AUz

i 0 0 —n(J10 + J30 — J20)
Dy = 0 0 0

| n(J10 + J30 — J20) O 0

[4n?(J20 — J30) 0 0
Go = 0 3n%(J10 — J30) 0

| 0 0 n2J2() —Jio
Ay = diag(1, 62, 63), 'y = diag(1,1,1)

0 —AJ1 0 —=AJ3 0 —AL

8p=n| 0 0 0 0 0 0
AT 0 Az 0 A, O

1010-1 07"
Tp=|00000 0
0101 0 —1

Ap = diag(d1, 81, 83, 83, 82, 62)
AJ, O 0 0 —4AJ3 O
Ec=n’| 0 0 3AJ13A3 O 0
0 A, 0 0 0 —AJ
400 0 1077

001-100
0100 01

Ag = diag(8z, 82, 81, 83, 83, 81).

I'g =

In view of the state vector x = [¢", §T]", the linearized

attitude model of microsatellite with flexible appendages can
be rewritten as

% + Ee(x) = Ax + Biu + Bod
y = Cx, (7)

where

. 0 ; ; 00
e(x) = [AJJ'Q]’ le@)l < [Woxll, Wo = [0 Ej]

0 I
A =Ag+ AA, Ag= _
0+ A4 Ao [—MO_IGO —My (Do — FTFN)}

0 0
AA = LAHK, L = T .
[_Mo '8¢ —M, 1°D]

0 0 T .
E = |:OMO_1i| , Mo=Jo—F F, K =diag(T'g,'p)
AH = diag(Ag, Ap), AHTAH <1
0
= = = [
B B> |:MO_1] , C [ 0]
d=F'Cpij + F'Ap+d.

Remark 2: Tt is noted that the uncertain term Ee(x) is the
term on the state derivative which will be handled directly in
this paper. For the ACS, in general, the parameter uncertainty
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can be transformed into the parameter uncertainty in the sys-
tem matrix and control input matrix by the matrix inversion
operation [30]. That operation increases the complexity of
the control design. Moreover, it is difficult to design the
non-fragile controller due to the multiple uncertainties in the
control input matrix.

For dynamic equation (7), a full order non-fragile RDOFC
is designed as

Xf = AarXy + Bary
u = Carxy, (8)

where x is the controller state. Axr = Ay + AAy, Baor =
Bf + ABy, Cap = Cr + ACy. Ay, By and Cy are the nominal
controller gain matrices to be determined. AAs, ABy and
ACy denote the MGV matrices resulting from the control
parameter drifts and other uncertain factors, and satisfy the
following hypothesis.

Assumption 1: The controller gain variations matrices
AAy, ABy and ACy are described by

AAp = Arky, ABp = BrFy, ACGr =F3Gp,  (9)
where
Fl = diag(salvaa%u-»aaﬁ) |8ai| ngi: 17"'16
F> = diag(8p1, 8p2, 8p3) |8pil < 8mi=1,2,3
F3 = diag(Scl, 8c2,0¢3) 18¢il <dmi=1,2,3.

Remark 3: In assumption 1, AAy means that the identical
relative percentage drift §,; from the nominal entries of every
column of Ay is admissible, and so to ABy. In practice, ABy
and ACy are described to the degradation of sensors and
actuators [34]. AAys can be used to describe the errors due
to the controller state error [23].

Combining system (7) and non-fragile RDOFC (8),
we obtain the closed-loop system

£ = Af + Bd — Ee(x)
y = C§, (10)
where
£= [ﬂ leGoll < I Woxl| = | Wos |
7

= ~ A  B1Cx
o= 00]. A= [0 PA]

- B, - E -
B = [0] E:[O] c=[co].
Therefore, we can write the actual control input as

= Capxy = [0 Cas] [;;] — K¢&. (11)

Our goal is to design a non-fragile RDOFC (8) such that the
closed-loop system (10) satisfies the following requirements.
1) All the closed-loop poles lie in a prescribed the disk
region D(a, b) (centered in —a + jO with the radius

b(b < a)).
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2) The closed-loop system (10) is asymptotically stable,
and the Hy norm of the closed-loop transfer func-
tion from the disturbances d to the output y satisfies
1Tl < v.

3) The control input torque should be limited into a certain
range, which can be described as ||u|| < u;;qx, Where
Unmay denotes the upper bound of input torque.

We first give the following two lemmas before presenting our
main results.

Lemma I ([35]): Let Y = YT, H and E be matrices of
appropriate dimensions, then Y + HFE+ETFTHT < 0 holds
for all F satisfying FTF < I, if and only if there exists any
scalar u such that Y + u 'HHT + nETE < 0.

Lemma 2 ( [36]): Let €2, ® and I' be matrices of appropri-
ate dimensions, and 2 is symmetric matrix, then

Q+er'+re’ <o,
if there exist a scalar A > 0 satisfying

Qi le+ar -0
* —21 ’

1. NON-FRAGILE ROBUST CONTROL SYNTHESIS
In this section, we devote to designing a multi-objective
non-fragile RDOFC for microsatellite attitude with flexi-
ble appendages. The requirements (1) — (2) are considered
simultaneously, and the sufficient conditions are obtained,
under which there exists a non-fragile RDOFC such that the
requirements (1) — (2) can be achieved. The input saturation
is further considered in the control design.

Lemma 3: Consider a disk D(a, b) and positive scalars
A, y, if there exists a symmetric matrix P > 0 such that the
following matrix inequality holds

—2p _pE PB AW CT(@A+aD™P
x = 0 —AE"W] 0 0
* * * —1I 0 0
* * * * -1 0
* * * * * —aP

Then, it is concluded that the closed-loop system (10)
satisfies the requirements (1) — (2).
Proof: See Appendix A. g
Remark 4: Tt should be pointed out that the Lyapunov
matrix P in (A.1) and (A.2) should be two independent
matrix variable. In this paper, the common Lyapunov matrix
variable P is selected, which can be seen in the proof of
Theorem 1, which may bring in some conservatism. However,
the conservatism can be paid by the following merits. Firstly,
the common Lyapunov matrix variable P makes the NLMIs
(A.1) and (A.4) tractable and solvable by transforming the
NLMIs into the LMIs, which can be seen in the following
results. Secondly, all degrees of freedom in choosing the com-
mon Lyapunov matrix P are exploited until the requirements
(1) — (2) are satisfied [37].
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The matrix inequality (12) employs the matrix P, the nom-
inal controller parameter matrices Ay, By, Cr, and the uncer-
tain terms contained in the matrix A as unknown variables,
and then the coupling nonlinear terms occur. Thus, the matrix
inequality (12) is not considered as a LMI problem. It is
essential to transform the NLMI (12) into the LMI in the later
development.

Theorem 1: Consider a disk D(a, b) and positive scalars
€1, €2, A, ¥, 8, if there exist matrices S > O, N < 0, F, F}
such that the following inequality holds

(1, 1) (1,2) (1,3) (1.4)
x* —A1 0 —AETW{
* | )»B;WOT
* * * -1
* * * *
* * * *
* * * *
* * * *
| * * * *
(1,5 (1,6) 0 ez 0
0 0 0 0 0
0 0 0 0 0
0 0 Y1 0 Yu
5,5 0 Yo 0 ys | <0 (13)
* —el O 0 0
* * —el O 0
* * * —&l 0
* * * x  —e&nl
where
Fo = NA¢, Fp = NBy
01— ~2sycTc -ZsicTc
’ L« —2(§—N)+CTC

. —SE . SB>
(1,2) = | —(S —N)E] (1,3 = |:(S —N)Bz]

M ATwT TpTy T

(1.4 = | 40" +AC/;BIW0
’ i AW,

(L5 = [AGS + C/B[S +aS
T AlS +aS

AJ(S —N)+ CTF] + C/B{(S = N) + F; +aS
AYS —N)+ CTFf +a(s—N)

| —aS$ —a$ _ a KT
5.3) = [—as —a(s —N)}’ (1,6) = [glKT]

SL
Y1 = AWoL, o= [(S -~ N)L]

T ~T
Y3 = [[C G ],1/f4=[00)»5mW031]

f
0CT 0
p=]. 0 0 3mSB1

5= | 8mFa 8mFp 8m(S —N)B1 |

Then, the closed-loop system (10) satisfies the require-
ments (1) — (2) with the proposed non-fragile RDOFC (8),
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Cr and
Ar =N"'F,, By =N"'F,. (14)
Proof: Based on Lemma 3, system (10) satisfies the
requirements (1) — (2) if the matrix inequality (12) are sat-

isfied. Define
Y N I
p=lx ) m=[0)

T SS
rfer, = [s v

where S = Y + N. Then, based on the Schur Complement
Formula, it is obvious that P > 0 is equivalent to S > 0 and
N < 0. Post- and pre-multiplying (12) by diag(I'y,1,1,1,1,
I'1) and its transpose, respectively, can yield

1, D @,2) (1,3) Y s

x =M 0 —AETW] 0

x o« —y ABIJWS 0 | <0 (15
* * * -1 0

* * * * 5,5

where (1, 1), (1, 2), (1, 3), (5, 5) are defined in (13),
AATWS +aCk BTWS
‘ﬁ14 - T "[j
LAT W,
ATS + CT BTS +a$
Y15 = T M
A'S +aS

ATY + CTB) N + C,BlY + A} (N +aS
ATY + CTBT N +aY '
Further, the matrix inequality (15) can be rewritten as

0+ ["ﬂ AH[O W] + [NOIT] AHT [T 0]

where

(16)

(L, (1,2) (1,3) Y s

x —) 0 —AETWS o0
— 2 Ty T
Or=| % = —y ABW, 0
* * * -1 0
* * * * 5,5)
Ty T TpTwT
s = [0 +AC4BI W,
AW,
T TpT
Jus — | 405 + GBIS +aS
AlS +aS

ATY + CTBTN +aY

_ [T _ ICTCT
wc[f] -5

AYY + CTBIN + CIBlY + ATN + aS:|

KT 0cT 0
Ny = [ALTW] LTS LTY]

[ 0 0 AN
N, = 0 0 BIN

| ABTWJ B[S BY
F =diag(F{, FT, F), FTF <82.1.
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It follows from Lemma 1 that (16) is equivalent to the matrix
inequality (13). |

Note that the matrix inequality (13) is not a LMI due to the
coupling term Cf BT(S N)in (1, 5). To solve the problem,
a two-step procedure method is proposed in [25], which is
assumed that the controller gain matrix Cy is prior given, and
the actual controller gain matrix Cy will be designed later.
However, the two-step procedure with given matrix Cr will
cause more conservatism due to the reduction in the freedom
variable. Based on Lemma 2, the less conservative method
which solves the problem of the existence of the coupling
term is proposed in the following Theorem.

Theorem 2: Consider a disk D(a, b) and positive scalars
£1,82, A, A1, ¥, 8m, system (10) satisfies the requirements
(1) — (2) with the proposed non-fragile RDOFC (8) if there
exist matrices S > O,N < 0, F,, Fp, Cr such that the
following LMI holds.

——
[: A qi;“q’} <o, a17)
where
F(1,D (1,2 1,3) 1,4
* =M 0 —AETW]
x o« —y2 ABIW]
* * * -1
8= * * * *
* * * *
* * * *
* * * *
| * * * *
Yis (1,6) 0 &3 0
0 0 0 0 0
0 0 0 0 0
0 0 Y1 0 Yy
5.5 0 Yo 0 s
* —el 0 0 0
* * —el O 0
* * x —el 0
* * * *  —epl |

J AlS +aS AJ(S —N)+ CTFT +FI +as
5= ATS +aS AT(S N) + CTFb +a(S — N)

=[[¢;0]00000000]"
v =[0000[BTS BT(S —N)] 0000]"
with (1, 1), (1, 2), (1, 3), (1, 4), (1, 6), (5, 5), ¥1, ¥2, V3, ¥4,

Y5 are defined as in Theorem 1. Thus, the desired nominal
non-fragile RDOFC can be obtained by Cr and equation (14).

Proof: By Lemma 2 and the Schur Complement For-
mula, if the LMI (17) holds, then we have

E+ovT +wol <. (18)

It can be easily verified that the inequality (17) is
equivalent to the inequality (13). Thus, based on Theo-
rem 2, the closed-loop system (10) satisfies the requirements
(1) — (2) if the LMI (17) holds. O

VOLUME 9, 2021



Y. Li: Multi-Objective Non-Fragile Robust Attitude Control for Flexible Microsatellite Close-Proximity Inspection

IEEE Access

Lemma 4: Consider system (10) with the non-fragile con-
troller given in (8), it is assumed that the initial state &£(0) =
x(0)
0
presented in Theorem 1, then the input constraint |[u|| < @4y
can be satisfied if there exist scalars % > 0 and &3 > 0 such
that

is known. With the matrices § > 0,N < 0 and Cy

_u%m)cl + 838r2n1 _?f ? OT ]
* * —5(E—-N) 0 o
* * * —e&31 |
-1 —xT(0) —xT(©0) |
* - ) < 0. (20)
* *  —(§—N)]
Proof: See Appendix B. O

Theorem 3: Consider a disk D(a, b), initial state £(0) and
positive scalars €1, €2, €3, A, A1, ¥, &m, the closed-loop sys-
tem (10) with non-fragile RDOFC (8) satisfies the require-
ments (1) — (3) if there exist matrices S > O,N <
0, Fy, Fp, Cy such that the LMIs (17), (19) and (20) are
satisfied.

Proof: Based on the results of Theorem 2 and Lemma 4,
if there exists a feasible solution § > 0,N < 0, Fy, Fp, Cr
such that the matrix inequalities (17), (19) and (20) are sat-
isfied, the non-fragile RDOFC can be obtained such that the
closed-loop system satisfies the poles, Hy, norm and input

constraint requirements. O
I: Model uncertainty | [*
d
T2 Eq. (6) 9.0,
Z{’;’b Microsatellite j _}’_b
> system
Eq. (8)
Proposed controller
Eg. (9) Controller gain
MGV
2V d s gy
T v Egs. (17,19,20) {AEqs. (12,13)
Egq. (14) LMIs NLMIs
Nominal controller gain LMI solver

FIGURE 2. Block diagram of the non-fragile RDOFC.

As a summary, the matrix inequalities (17), (19) and (20)
are the LMIs about the matrices S > 0, N < 0, Fy, Fp, Cy,
which can be solved efficiently by convex optimization using
the LMI tool [38]. Therefore, by solving the matrix inequal-
ities (17), (19) and (20), we can obtain the feasible solution
of the matrices § > 0,N < 0, F, Fp, Cy, and the desired
nominal non-fragile dynamic output feedback gain matrix
A = N~'F, and B = N~'F}, can be computed easily,
the control logical diagram of the whole system is illustrated
in Fig. 2.

Remark 5: In [24], [36], the non-fragile output feed-
back control problems with AGV have been investigated.
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However, for MGV in the output feedback controller, there
are few results in the existing literatures. Compared with
AGYV, MGV is more consisted with the factual situation,
which can be seen in Remark 3. Moreover, For MGV, AAy,
ABy and ACy in the output feedback controller (8), it is
difficult to transform the NLMI (13) into LMI using chang-
ing variable method [39], [40], which results that the LMI
approach cannot be used and the non-fragile dynamic output
feedback controller cannot be found. Based on Lemma 2,
the less conservative and simpler method is proposed than
the results in [25], which can transform the NLMI into LMI
successfully.

IV. SIMULATION RESULTS

In this section, math simulation about attitude control for
microsatellite with flexible appendages is presented to verify
the stability and performance of the non-fragile RDOFC.
The microsatellite is moving along a geosynchronous orbit
of radius 42241 km with an orbital period of 24 h. Thus,
the orbital rate microsatellite can be computed as n =
7.2722 x 107 rad /s. The initial conditions and microsatel-
lite main parameters referred to [19], [31] is summarized
in Table 1.

TABLE 1. System parameters and initial condition.

Parameters values

Mass of the microsatellite ~ m = 30kg

Nominal inertia matrix Jo=

of the microsatellite diag(25.3868,24.3483,20.3781)kgm?
—0.4733 —0.5877  0.0052

Rigid-elastic coupling F= :)05%?i3§1 8;283 }85?2

matrix —0.1530  0.7138  —0.0002

Modal frequency w1 = 0.7400, w2 = 0.7500

w3 = 0.7600, g = 0.7600
¢1 = 0.004, ¢2 = 0.005
¢3 = 0.064, ¢4 = 0.008
Perturbation envelops of the AJ; = 0.05J19, AJ2 = —0.05J29
principal moment of inertia AJz = 0.05J30
1.5 x 1075J1 (3cosnt + 1)
d=|1.5 x 1072 J2(1.5sinnt + 3cosnt)
1.5 x 1075 J3(3sinnt + 1)
Oai = Op; = 0ci = 0.05Sin(2ﬂ't)

Damping ratio

External disturbances

Perturbation terms of

controller gain variation Om = 0.05

and upper bound

Initial values of attitude an- ¢(0) = 0.05rad, 8(0) = 0.03rad
gle ¥(0) = —0.05rad

Initial values of attitude an- q}(O) = 0.001rad/s

gular velocity 6(0) = —0.001rad/s

1(0) = 0.0015rad/s

Umaz = 2NM

v =10

e1 =0.1,e2 = 10,e3 = 100
9 =20,A=1,A\1 = 100

Maximum output torque
H oo performance index
Control parameters

The following multi-objective requirements are satisfied
with the proposed non-fragile dynamic output feedback con-
troller (8):

(1) All the closed-loop poles lie within a disk region
D(1.01, 1);

(2) The closed-loop system is stable, and the closed-loop
transfer function ||7,5|| < v;

(3) The control input ||u|| < Umqax-
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FIGURE 3. Poles of the open-loop and closed-loop system.
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FIGURE 4. The transition processes of the euler angle.

We consider the closed-loop system (10) with the
non-fragile RDOFC (8). With Hy, performance index and the
system control parameters as shown in Table 1, the associated
matrices S > 0, N < 0, F,, F, Cr can be obtained by solv-
ing the LMIs (17), (19), (20). The gain matrices Ay, By, Cr in
the non-fragile RDOFC (8) can be obtained, as shown at the
bottom of the page.

The poles placement of the open-loop system (7) and the
closed-loop system (10) in the complex plane are presented
in Fig. 3. It can be seen that all open-loop poles are near the
origin, among which are located in the right half plane. It is

0.02

0.015 i
0.01

0.005

0.005

Euler rate (rad/s)
o

-0.01

-0.015

-0.02 ; ; ; ;
0 20 40 60 80
time(s)

100

FIGURE 5. The transition processes of the euler rate.

0.3

02 1

o

Y | 2
T
| - - U3

Control torque (Nm)

04 1 1 1 1
0 20 40 60 80 100

time(s)

FIGURE 6. The required control torque u.

illustrated that the open-loop system (7) is unstable. With the
proposed non-fragile RDOFC (8), all the closed-loop poles
lie in a prescribed disk region D(1.01, 1). So the requirement
of poles placement is satisfied by the designed controller.
With the proposed non-fragile RDOFC (8), the Euler angle
and Euler rate for microsatellite with flexible appendages are
shown in Fig. 4 and Fig. 5. It demonstrates that the Euler angle
and Euler rate converge to a small set containing the origin
even though in the presence of the multiple perturbations
including the parameter uncertainties, external disturbances,
flexible mode and the controller gain variations. The required

1.7617 0.0464 0.0453
0.0404 1.7653 0.0466
0.0230 0.0302 1.8053
0.8236 0.0514 0.0508
0.0430 0.8235 0.0485
0.0193 0.0252 0.8477

, By =

94258

—0.8402

[—1.7436 —0.0414 —0.0345 0.8259 0.0045 0.0355
—0.0391 —1.7468 —0.0378 —0.0109 0.8404 0.0395
A —0.0266 —0.0322 —1.7870 —0.0223 —0.0031 0.9072
7= 1 —0.9915 —0.0835 —0.0603 —0.9275 —0.1709 —0.0419
—0.0860 —0.9930 —0.0663 —0.2251 —0.9062 —0.0577
| —0.0734 —0.0767 —1.0442 —0.2533 —0.2149 —0.8746
[—4.4942 —0.8019 —0.2853 —20.9548 —3.4785
Cr = | —0.8950 —4.1983 —0.2066 —3.96817 —19.1590 —0.2567
| —0.6417 —0.4734 —3.2429 —2.6142 —1.5703 —12.9845
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FIGURE 7. The flexible modal coordinate.

control torque is depicted in Fig. 6. We can see that the largest
required control torque is below the upper bound of the output
torque generated by reaction wheels. So the requirement (2)
and (3) can be satisfied. Meanwhile, the modal displacements
are illustrated in Fig. 7, which shows that the vibration of the
flexible appendage is suppressed effectively.

In addition, to highlight the performance of the proposed
non-fragile RDOFC (8), we compare it with the existing
robust controller given in [39]. Considering the flexible
microsatellite system (6) and the same Hy, performance
index, we obtain the following gain matrices Ay, By, Cy, as
shown at the bottom of the page.

In such a case, each of the elements of the parameter per-
turbation terms F'y, F; and F3 are random numbers belonging
to a uniform distribution on the interval (0,1). The responses
curves of three Euler angles under the proposed non-fragile
RDOFC (8) and robust controller given in [39] are shown
in Figs. 8 and 9, respectively. Compared with the results
in Figs. 8 and 9, we can observe that the proposed non-fragile
RDOFC (8) guarantees that the Euler angles converge into a
smaller convergent region than the robust controller in [39].
It is illustrated that the proposed non-fragile RDOFC (8) has
better robustness performance and can achieve high control
accuracy in the presence of the gain parameter perturbations.

0.06

0.04

0.02

Attitude angle (rad)
o

002

0.04 i

-0.06

0 20 40 60 80 100
time(s)

FIGURE 8. The transition processes of the euler angle under the proposed
controller with uniformly distributed gain perturbation.
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FIGURE 9. The transition processes of the euler angle under the robust
controller in [39] with uniformly distributed gain perturbation.

V. CONCLUSION

In this article, we have proposed a non-fragile RDOFC with
the MGV for flexible microsatellite close-proximity inspec-
tion mission in presence of flexible mode, parameter uncer-
tainties and external disturbances. The controller is successful
to satisfy the multi-objective requirements simultaneously,
including poles assignment, H, norm and input constraint.
On the basis of the Lyapunov stability theory and LMI tech-
nique, the multi-objective attitude control problem for the
microsatellite is reduced to a convex optimization problem,

[—1.6216 0.0001 —0.0003 —7.0776 1.1269 —0.2834 22.7536 09123 —1.5473
0.0001 —1.624 —0.0003 1.0201 7.1427 —0.2254 —1.2782 22.4673 —4.4155
A — —0.0007 —0.0005 —1.6480 —0.0807 0.0960 8.0078 B — —1.2252 —4.4756 —23.0957
771 02101 —0.0314 0.0037 —1.9273 0.0111 —0.0197 |* /= | —16.0443 1.6823  0.8288
—0.0318 —0.2089 —0.0042 0.0108 —1.9315 0.0198 1.5634 15.5300 —3.4306
| 0.0052 0.0043 -0.2013 —0.0141 0.0147 —1.9813 —1.2205 —-3.1685 —14.1571
[ 0.5574 —0.0326 —0.0189 4.7734 —0.4647 0.3537
Cr =] 0.0196 0.5218 —0.06889 —0.4881 —4.5021 0.8142
| —0.0370 —0.1017 —0.3530 —0.2292 0.9723 3.4230
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and the desired non-fragile RDOFC can be obtained by
solving the LMIs constraints. The final simulation results
verify the high-accuracy and good robustness of the proposed
controller.

APPENDIX I. PROOF OF LEMMA 3

Suppose that there exists a solution P > 0 satisfying the
matrix inequality (12). Based on the Schur complement, then
we have

2

N P . b
A+aD™—@A+al)— —P <. (A.1)
a a

Based on the Lyapunov stability theory, it is concluded that
o(A) € D(a, b). Therefore, system (10) satisfies the require-
ment (1). Further, Let us consider the following Lyapunov
function

T .
V(E) =&TPE+ fo A IWoE|I> — A2lle@)|PdT. (A.2)

Calculating the time derivative of V(&) along the trajectory
of system (10), we have

W= VE) +yTy -y d

= (A& + Bd — Ee)"Pt + ETP(AE + Bd — Ee)
+ETCTCE + 22| Wo(AE + Bd — Ee)|)?
—22e@|? — y?d'd

= ETATP 4+ PA + A2ATWI WoA + CTC)E
—(ETPEe + A2 EATWS WoEe)
—(ETPEe + 22 EATW] WoEe)"
+(&ETPBd + 2*EA"W{ WoBd)
+(&ETPBd + 1*EATW{ WoBd)"
+22e"(ETWy WoE — De
22T ETWI Wobd
+d QPBTWIWoB — yAd

=Md M, (A.3)

where M = ET T ZlT], @ satisfies (A.4), as shown at the
bottom of the page.
On the other hand, the matrix inequality (12) can be rewrit-

ten as (A.5), as shown at the bottom of the page.
The inequality (A.5) implies that ®; < 0. Based on the

~T~
from zero to infinity, we have [;°yTydt < [;°y?d ddr,
which implies that ”Ty& || < y.Hence, the closed-loop system
(10) satisfies the requirement (2). This completes the proof.

APPENDIX Il. PROOF OF LEMMA 4

Consider the Lyapunov function candidate U(§) = £TPE,
which has the same Lyapunov matrix P as Lemma 3, and
satisfies

U) <9,

where ¢ is a positive scalar. Define the ellipsoid I[1(P, ¥) =

{& |§TP§ < ¢¥}. For input constraint ||u/|| =< Umax, sub~stitllting

the control input (11), another ellipsoid IT(K) = {& TKTK &<
2

U, ) 18 presented, where the input constraint can be satisfied.

Hence, the input constraint can be ensured by

(P, ¥) C TI(K). (B.1)

According to [39], it is concluded that (B.1) can be guaran-
teed if and only if the following matrix inequality is satisfied

[_”’ZWI _IK } <0.

Post- and pre-multiplying (B.2) by the matrix diag(l, I'1)
and its transpose, respectively, the inequality (B.2) can be
transformed as

U2l —Cay 0

T “max

(B.2)

x  —35 —1S <0 (B.3)
s * —+(S—N)
Denote
—2, ] —Cy 0
0) = x —+S 1S
* x* —2(S—N)

Based on Assumption 1 about the uncertain term in the
control gain matrix Cay, then (B.3) can be written as

1 0
Q2+ |0|F3[0Cr O]+ | Cf | F5[100]<0. (B4
0 0

It follows from Lemma 1 that (B.4) is equivalent to (19).

On the other hand, for P introduced by Lemma 3, it is
guaranteed that U(£) < 0 is satisfied. Then we have £Tpg <
£T(0)PE(0) for V¢ > 0. Thus, the condition §TP§ < ¥ can be
guaranteed by &£ T(0)P£(0) < ¥, which can be written as

Lyapunov stability theory, system (10) is asymptotically sta- —91 —£7(0) <0 (B.5)
ble (whend = 0 ). Moreover, integrating both sides of (A.3) * -P |— ’
ATP 4 PA 4 2ATWIWoA + CTC —PE — 12ATWIWoE PB + 12AT W WoB
) = * METWIWoE =221 —22ETWIWoB (A4)
* * A2BT WOT WoB — v
LATPA 4 €=0p L ATP 4 PA + \2ATWIWoA + CTC —PE — 22ATWIWoE PB + 22AT WI WoB
METWIWoE =221 =2 2ETWIWoB | <0 (AS5)
. J2BTWI WoB — 21

94260
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Post- and pre-multiplying (B.5) by diag({,T'1) and its
transpose, respectively, (B.5) can be written as (20). Thus,
the input constraint can be satisfied.
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