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ABSTRACT To guarantee safe motion planning, the underlying path planning algorithm must consider
motion uncertainties and uncertain state information related to static, and dynamic obstacles. This paper
proposes novel hybrid A* (HA*) algorithms that consider the uncertainty in the motion of a mobile robot,
position uncertainty of static obstacles, and position and velocity uncertainty of dynamic obstacles. Variants
of the HA* algorithm are proposed wherein a soft constraint is used in the cost function instead of chance
constraints for probability guarantees. The proposed algorithm offers a tradeoff between the traveling
distance and safety of paths without pruning additional nodes. Furthermore, this paper introduces a method
for considering the shape of a mobile robot for probabilistic safe path planning. The proposed algorithms
are compared with existing path planning algorithms and the performance of the algorithms is evaluated
using the Monte Carlo simulation. Compared with the related probabilistic robust path planning algorithms,
the proposed algorithms significantly improved safety without excessively increasing travel distance and
computational time. The results also showed that dynamic obstacles were safely avoided, which is in contrast
to the conventional HA* algorithm that has a high probability of collision. In addition, considering the shape

of the robot in the proposed probabilistic approach led to safer paths overall.

INDEX TERMS Dynamic obstacle, nonholonomic mobile robot, path planning, probabilistic safety.

I. INTRODUCTION

Self-driving cars face with many challenges in terms of per-
ception, localization, and control. A key difficulty in design-
ing an autonomous vehicle is path planning. The vehicle
is required to find a feasible path from its starting pose to
the desired goal pose without collision. For this demand,
many different path planning algorithms have been developed
(e.g., [11-[3D).

A new graph-search-based path planner called hybrid
A* (HA*) was introduced in the DARPA Urban Challenge
in 2007 [2], [4], which was modified in [5] for multiple,
subsequent goal poses. The HA* algorithm is based on the
A* path planner [6]. However, unlike A*, the HA* algorithm
has expanded its nodes with continuous vehicle coordinates,
thus guaranteeing feasible paths. In general, A*-based path
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planners are piecewise linear. Recent research has enabled
the planner to re-plan [7], [8] or use any angle for the
piecewise linear path [9]. Although these algorithms can find
optimal and feasible paths to a desired goal position, none of
them consider the uncertainty of the environment or robot.
In particular, A*-based approaches tend to find paths that
are very close to obstacles; hence, in such approaches, safety
cannot be guaranteed. Some recent studies used reinforce-
ment learning to teach mobile robots to move from a starting
position to the desired goal position without colliding with
obstacles [10], [11]. Sampling-based planners (SBP), partic-
ularly rapidly-exploring random tree (RRT) algorithms [12],
[13], were modified to guarantee safety. The arrival field
method using Eikonal equations was used in [14] to gener-
ate time optimal paths, where the robot moves slower near
obstacles. Bry et al. introduced the rapidly-exploring ran-
dom belief trees (RRBT) [15] algorithm, which uses local
linear quadratic Gaussian (LQG) control solutions to predict
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distributions over trajectories. A particle-filter based RRT
path planner (pRRT) was developed by Melchior and Sim-
mons [16], where each extension of the search tree was
simulated multiple times under different conditions. Addi-
tionally, nodes were created by clustering the simulation
results. Blackmore et al. presented a probabilistic approach
that used the value of the maximum probability of a robot
colliding with an obstacle [17], [18]. The probability of col-
lision is expressed as a disjunction of deterministic linear
constraints. Luders et al. combined the chance-constrained
method of Blackmore et al. with RRT (CCRRT) and extended
it by including uncertainty for obstacles [19]. The CCRRT
algorithm was then combined with a method for predicting
future obstacle behavior in the planner [20]. Furthermore, for
linear dynamics it was extended for the RRT* algorithm [21],
which they termed CCRRT* [22]. Model predictive control
was combined with the particle approach to achieve optimal
robust solutions [23]. Particle-based approaches were intro-
duced to guarantee probabilistic safe paths, which considered
non-Gaussian uncertainty [24]. Van den Berg et al. proposed
a variant of LQG for motion planning to consider motion
uncertainty and imperfect state information [25]. A novel
motion planner [26] was modified to consider perception and
control uncertainties for self-driving vehicles in [27].

Existing works mainly extend sampling-based planners
to enhance the probabilistic robustness, in which results
for nonlinear mobile robot dynamics observed a ‘“‘zig-zag”
motion leading to large traveling distances [24]. By con-
trast, modified HA* path planning algorithms that consider
the motion uncertainty of mobile robots and the uncertain
state of static and dynamic obstacles are proposed in this
work. They employ the chance constraints presented in [17]
and [19] to guarantee probabilistic robustness. A disadvan-
tage of the chance constraints for collision avoidance in the
probabilistic robust path planners is the additional pruning
of nodes. Especially in narrow environments, probabilistic
robust approaches may be unable to find a path to a goal pose.
Hence, a novel cost function that allows a tradeoff between
traveled distance and safety is introduced in this work.
Expanded nodes with a large probability of collision incur
large cost penalties when not pruned. Furthermore, existing
path planning models assume point or circular-shaped mobile
robots. Extending probabilistic robustness for the shape of
the robot is difficult due to the computational complexity of
extending the configuration space. The proposed approach
uses an approximation for arbitrary-shaped mobile robots in
a deterministic environment [28] and extends it for state and
environment uncertainties and is, therefore, able to consider
probabilistic robustness for arbitrary-shaped mobile robots.
This work considers linear dynamics and uncertainties in
the position and velocity of dynamic obstacles. The con-
tributions and motivations of this study are summarized as
follows.

(i) Existing path planning models that consider uncer-
tainties in the system states and environment use
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incremental sampling-based path planners (e.g., RRT).
We believe this work presents the first HA*-based prob-
abilistic robust path planning algorithm.

(i1) In this work, a soft constraint for the collision proba-
bility is employed, instead of chance constraints, which
increases the search space of the algorithm by keeping
candidate nodes that will be otherwise deleted by the
chance constraints.

(iii) Other existing approaches consider probabilistic safety
only for point or circular-shaped mobile robots. So far,
to the best of our knowledge, probabilistic collision
detection for arbitrary-shaped mobile robots has not
been studied. A novel method to extend the state uncer-
tainty of arbitrary-shaped mobile robots, which explic-
itly considers orientational uncertainties, is proposed in
this study.

Section II presents the problem considered in this study fol-
lowed by the HA* algorithm under Gaussian uncertainty in
Section III. Section IV introduces the extension of the chance
constraints for arbitrary-shaped mobile robots. In Section V
the results are presented, and the effectiveness of the proposed
HA* algorithms is demonstrated in different environments,
and a performance comparison test of the algorithms is given
using the Monte Carlo simulation (MCS). A discussion is
given in Section VI and conclusions and future works are
presented in Section VII.

NOTATION

R™ and R™ represent an n-dimensional Euclidean space
and (n x m)-dimensional matrix, respectively; AT and I,
represent the transpose of the matrix A and n-dimensional
identity matrix, respectively. Bold uppercase, bold lowercase,
and lowercase letters indicate matrices, vectors, and scalars,
respectively. Uppercase ¥ indicates a covariance matrix; sz
indicates the variance of variable x; oy, indicates the covari-
ance of variables x, y. The mean of a variable x is given by
Wy €x ~ N(fy, Xy) denotes the random Gaussian process
disturbance of state vector x.

Il. PROBLEM FORMULATION

This study considers a planar motion of arbitrary-shaped
mobile robots whose configuration space C € SE(2) =
R? x SO(2) is the special Euclidean group which consists
of two-dimensional position and orientation. Furthermore,
the configuration space is divided into open space Cgee € C
and obstacles Cops C C, where Ciee + Cobs = C. In a
deterministic environment, the objective is to find a path
from the start node xs € Crree to the goal node xg € Cree.
The complete path P = (xo, X1, ...,Xs, Xr+1, ...,x,goal) is
described by the set of nodes whose ends are the start and goal
nodes, xs = xg and xg = Xigou> respectively. Moreover, x; is
the parent node of x,41, t € N is the respective integer time
instant, and tgoq is the final time instant. The optimization
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problem is described as follows:

Tgoal
minimize Z J(x;)
=1

subject tox; € Crree VYt €10, ..., tgoal},

where J(x;) is the cost function. In belief space planning,
the collision condition is described by chance constraints
and the cost function is the expected cost of J(x;). Accord-
ingly, the stochastic optimization problem is described as

tgoa]
minimize Z E[J (xt)]
=1
subject to p(x; € Cobs) < T V1 € {0, ..., tgoal},

where E[-], p(-) and I" denote the expected value, prob-
ability of the outcome, and threshold value for collision,
respectively.

Static and dynamic obstacles in the configuration space
are represented as convex polygons, as illustrated in Fig. 1,
which allows a fast collision analysis and makes it possible to
incorporate a probabilistic collision check [17]. It is assumed
that each vertex of an obstacle is known, and the obstacles
are obtained from an offline map. In the following section,
the robot is assumed to be a point robot, and therefore col-
lision will occur when the robot point is inside the obstacle.
Using the known obstacle vertices and robot position g, =
[x;, y,]T, the collision conditions are expressed as follows:

Ne
/\aiTq, < b;, ey
i=1

where n, is the number of edges and a; and b; denote the
parameters of the straight-line equation al.Tq, = b; of edge i,
respectively.

FIGURE 1. Convex obstacle representation in the configuration space.

Ill. HYBRID A* ALGORITHM UNDER GAUSSIAN
UNCERTAINTY

This section describes the uncertainty propagation for a kine-
matic model of a nonholonomic mobile robot [29]. After
briefly explaining the conventional HA* algorithm [4], this
section introduces the collision condition for probabilistic
safe motion. The linear velocity model of dynamic obstacles
and their uncertainty propagation is introduced.
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FIGURE 2. Example motions for HA* using the velocity model.

A. UNCERTAINTY PROPAGATION

In this work, the velocity model from [29] is used to model
the kinematics of the nonholonomic mobile robot. The deter-
ministic kinematic model of the form

X1 =Jf @, up) 2)

with nonzero angular velocity is as follows [29]:

Ve o Vi o
—— sin 6y + — sin (6; +w; 6t)
Xt+1 Xt Va), Va),
Y1 | =| Ve |+ —tcos9,——tcos(9,+w,5t) N E)
9[+1 9; (27 Wy
CU[(SI

where x; = [x;, y;, ;] € SE(2) is the pose of the robot at
time instant ¢ with x;, y; being the position in the global refer-
ence frame and 6; being the heading of the robot. Moreover,
u; = [v;, 0]¥, where v; and w, are the linear and angular
velocities, respectively, and ¢ is the sampling time. The
model for straight motions can be obtained using L‘Hopital ‘s
rule for lim f(x;, u;) as follows:
w;—0

Xt4+1 Xt Vt8t COS 9;
Yiel | = | Y | + | viStsinb; | . 4
Or+1 Oy 0

Example motions using the velocity model for HA* are
shown in Fig. 2. The additive Gaussian process noise is
integrated into the model by replacing u; = [v;, w,]T with
i; = [V, &7, where

v v
[é;t } _ [w} e )

374 "“N(O, EM). (6)

with

Here, X, is the covariance matrix of the random vari-
able ep. The Gaussian probability distribution Xy, is
obtained using the prediction step of the extended Kalman
filter [30]. Hence, the nonlinear kinematic model of the robot
has to be linearized at each time instant around the input u,
and state mean gy,

By, ™ Atﬂx, + B,
~ af
A = 3_(ﬂx”ut)
X
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~ 8f
B = ﬁ(ﬂx"ut)’ @)
where
r Vi Vi
1 0 ——cos ug, + — cos (g, + w;8t)
~ CL‘))[ 6\(})[
Ar =101 ——Lsin e, + L sin (g, + widt) ®)
wy wy
100 1
B = [51.5:]
[ — sin g, +sin (g, +o1d;)
l;l — COs (g, —cocfs‘)t(ugt 4w, 8t)
wy
B 0
[~ v (sin pg, —sin (ug, +w;81)) vt €os (g, +w; 81)8t
[on + wr
l~72 — _v,(cos g, —€08 (g, +w; 8t)) + vy sin (ug, +w; 8t)3t (9)
wtz Wy
i 51

for w; # 0. For straight motions, the linearization is given as
follows:

(10 —v;6; sin g,
01 v cospg, (10)
100 1
[8; cos g, O
8;sinpug, O . (11)
0 0

With the linearized model, Gaussian uncertainty distribu-
tion Xy, ., can be updated as follows:

Ry = (B, )
~ ~T = ~T
Y. =AZyA, +BZyB,, (12)

~ =T
where B; Xy B, is the mapping of the motion noise from the
control space to state space [29].

B. ALGORITHM OVERVIEW

The conventional HA* [4] is a variation of the A* algorithm
[6]. Unlike the A* algorithm, the HA* algorithm assigns a
continuous mobile robot coordinate to each discrete cell in
the working space. Each node of the planner is expanded by
applying three different actions: no-turn, left turn, and right
turn for forward and reverse motions (see Fig. 2). Reverse
motions are only applied if a forward motion violates a
collision constraint. A kinematic model of the mobile robot
is used to generate new states for the planner ((3) and (4)),
and the same cost-to-goal heuristics as in [4] are applied:
The non-holonomic-without-obstacles heuristic, which uses
Reeds and Shepp paths [31] to compute the shortest path
to the goal (assuming no obstacles) from every point in the
working space, and the holonomic-with-obstacles heuristic,
which employs the occupancy grid of the configuration space
to compute the shortest path to the goal via dynamic program-
ming. The maximum heuristic cost of both heuristics is used
for the path planner.
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For every N node, an expansion of the current node to
the goal with Reeds and Shepp paths is generated, where
N depends on the cost-to-goal heuristic. If the expansion
does not collide with any obstacles, the HA* algorithm is
completed.

The HA* algorithm uses a cost function to penalize the
reverse motion and switching of the motion direction of the
path traveled:

Jr) = li(1 + 1 Crey) + [rr = ri—1]Csw, 13)

where [; is the distance traveled from time instant  — 1 to time
instant ¢, and Cyey and Cy,, are the penalty gains for driving in
reverse and switching the direction of motion, respectively.

This work modifies the HA* algorithm by considering
Gaussian uncertainties in the robot’s motion, as well as the
static obstacle position. Furthermore, dynamic obstacles with
uncertain state information are considered. Hence, the robot’s
uncertain state is updated at each node expansion using (12).
If the condition

px; € Cops) < T (14)

is satisfied the current node is probabilistically safe and the
expected cost

E[J(x:)] Zﬂl,(1+rtcrev)+ [ri — re—1]Csw (15)
is calculated, where p;, is the mean distance traveled from

time instant + — 1 to time instant ¢. If the condition is not
satisfied the node will be pruned.

C. STATIC AND DYNAMIC OBSTACLES

1) STATIC OBSTACLES

The static obstacles are expressed in a manner that is similar
to [19]. The probability distributions of the static obstacles
are time invariant, i.e.,

) X o
[xs’} = | %] teg (16)

YSi Vs

—_—— 0

*si x_j

Sp

with

esi~N@O,Zg) jell,...,ns}, (17

where [xg;), ij]T is the position of obstacle j, [xS,- , yS,-]T is
the nominal position of obstacle j, and ng is the number of
static obstacles in the configuration space. Hereafter, all static
obstacles have the same covariance, i.e., Egj =Xs.

2) DYNAMIC OBSTACLES

The dynamic obstacles are assumed to be convex with an
estimated mean heading and velocity. This work uses a linear
velocity model for the dynamic obstacle

XD, 1048t 0 XD,
YD | _ 010 6t YD,
ip., | =001 0 ]kp | 75D (18)
)'}Dt+1 000 1 VD,
—_————— ——

A XD,
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where xp,, yp, denote the position, and xp,, yp, denote the
velocity in x and y direction in the global reference frame,
respectively. ep ~ N(0, Xp) is a random variable with
Gaussian noise distribution with covariance matrix Xp. In the
following, it is assumed that the robot is able to detect and
track a dynamic obstacle at each time instant for example
with the methods in [32] and [33]. It is often sufficient to
assume a linear motion of a dynamic obstacle [34]. A linear
model allows a one time computation of the mean state and
the covariance of the dynamic obstacle using the Kalman
filter [30]

ILXDH—I = AtILxDO (19)
t+1
Eth+l = AtHExDO (AT>
! k—1 T t—k—1
+y AT Ep (aT) L o)
k=0
where Bxp, and X, ~are the mean and the covari-

ance matrix of the dynamic obstacle at time instant ¢ + 1,
respectively. Process noise is used to increase the uncertainty
while propagating the mean state and covariance in time,
which increases robustness without specific knowledge of the
dynamic obstacles’ behavior. In this case, the process noise
of the dynamic obstacle can be tuned based on confidence of
the unknown future behavior of the dynamic obstacle. If it is
certain that the dynamic obstacle will continue moving in the
measured direction at the measured velocity, small values for
the process noise matrix can be selected as parameters inside
the algorithm. If the dynamic obstacle behaved in a nonlinear
manner in previous time instants, larger values for the process
noise should be selected.

D. PROBABILISTIC COLLISION CHECK

This section introduces two methods for calculating the prob-
ability of collision.

1) CHANCE CONSTRAINTS

The objective is to guarantee that the probability of a collision
with any obstacle is less than the assigned value I'. In a
deterministic world, a collision will occur if (1) is satisfied.
Hence, in belief space context the inequality, i.e.,

Ne
p(x; € Cons) = p (/\ alq, < bi,) =r @
i=1
has to be evaluated. Here, bj; is only time dependent for
a dynamic obstacle and a is not time dependent since we
assume no rotation of obstacles. Since normality is pre-
served by linear transformations [35], a new random variable,

d ~ N (g, 03) can be introduced with

pa=a'pg, —b (22)
0} =a'3,a, (23)

where p, is the mean value of the position of the mobile
robot with respective covariance matrix ¥, at time instant 7.
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Mean and covariance are taken from the mean vector and
covariance matrix of robot state x;, respectively. Therefore,
the new inequality condition for the probability of collision
is as follows:

pd<0)<T. (24)

This probabilistic constraint is shown to be equivalent to the
following deterministic constraint using the mean and vari-
ance of d, together with the inverse Gaussian error function
[17], [18]:

fa > /207erf™ 1 (1 —2T). (25)

The left-hand side of the above equation is the mean distance
between the center of the robot and the line segment of the
obstacle, and the right-hand side represents the minimum
allowed distance between the center of the robot and the line
segment. Hence, the chance constraint is satisfied if

Ne
\/ al g, — b = \J2a] Sqajerf™' (1—-2I)  (26)

i=1

is true. This approach can be extended for obstacles with
an uncertain position and translation [19]. The current work
assumes static and dynamic obstacles. The mean distance (g4
is unchanged for static obstacles and can be calculated for
dynamic obstacles with updated parameters b;; based on the
translation of the dynamic obstacle at time instant z. The
variance for d for both static and dynamic obstacles is as
follows:

oj=a' (Z4 +20)a, (27)

where X is the covariance matrix of the respective obstacle.
Then, the final inequality equations for a single obstacle are
shown as below:

ne
\/ al g, —bi > \/ZaiT (Zq, + So)aierf ' (1 —20).
i=1

(28)

This inequality condition has to be extended for multiple
obstacles, which can be obtained using an upper bound for
the probability of collision with at least one obstacle using
Boole‘s inequality [17], i.e.,

no no; no
px; € Cops) < ZP /\a};tuq, <bji | < Z yi=T,
j=1 i=1 j=1

(29)

where no, represents the number of line-segments for obsta-
cle j and ne is the total number of obstacles. It is shown that
this inequality can only be guaranteed if

vi=y=—. (30)
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Hence, the conjunction of inequalities at each time
instant ¢, i.e.,

no

noj
/\ \/ud,,-z /2ojﬁerf—1(1—2y) (31)

j=1 \i=1

has to be satisfied to guarantee safe execution. Hereafter,
the HA* algorithm that employs this method for the prob-
abilistic collision check will be referred to as the chance
constraint HA* (CCHA¥*).

2) EXACT COLLISION PROBABILITY

The inverse Gaussian error function will be over-conservative
for an increasing number of obstacles in the configuration
space (see (30)). Hence, many nodes will be pruned and a
solution may not be found in a many-obstacle case. This
drawback can be circumvented using the Gaussian error func-
tion directly to obtain the exact probability of collision for the
respective obstacle [19]:

T ..
aj;itq, — bjir

5]‘,'; =—|1—erf
s J2al (24, + Zo) 4

where §j;; is the probability of collision with line segment i
of obstacle j at time instant 7. The inequality equation for all
obstacles at one time instant using the Boole’s inequality is
as follows

. (32

P € Cas) < 379 minic gy 8je = Ay(x), (33)

where A;(x;) is the probability of collision for x; at time
instant 7. The CCHA* algorithm that uses this method are
referred to as CCxHA*, where “x” indicates that the algo-
rithm uses the Gaussian error function and as such calculates
the exact probability of collision per obstacle.

E. COST FUNCTION EXTENSION

This section introduces an extension of the cost function for
the HA* algorithm

E[J(x)] = (1 + r:Crey)
+rr — ri—1|Cow
+k In(1 — As(xp)). (34)

A new soft constraint is added for considering the prob-
ability of collision for the mobile robot, where k < 0 is a
tuning gain employed as a trade-off between traveled distance
and path safety. Instead of pruning nodes that do not satisfy
the probability of collision I', the cost function penalizes the
cost of nodes with high probability of collision. This approach
has the advantage that no nodes will be pruned, and accord-
ingly the algorithm may find a path where other approaches
will fail. This path may, however have a high probability of
collision. Hereafter, all HA* algorithms using the adapted
cost function are labeled SCHA*, where SC refers to ““soft
constraint”.
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FIGURE 3. Segmentation of a rectangular robot into smaller segments.

IV. ARBITRARY-SHAPED MOBILE ROBOTS

In general, path planning algorithms work with point robots
[4]. This can be achieved by inflating the obstacles based on
the robot’s shape and heading. For circular mobile robots,
the obstacles simply have to be inflated by the radius
of the robot. However, for arbitrary-shaped mobile robots,
the obstacles must be inflated using the Minkowski differ-
ence [13], where each possible heading also has to be con-
sidered. This can computationally and memory-wise be very
demanding. Uncertainty in the robot’s heading complicates
the inflation. One simplification for the configuration space
is the segmentation of the robot into smaller circular parts
to achieve a similar result as for circular mobile robots [28],
where the obstacles will be inflated with the radius of the
respective segment of the robot. In this work, the robot is
separated into several smaller circles as shown in Fig. 3.
The collision check for the center of motion is the same as
in (31) and (33) using the parameters for the inflated obstacle.
For the other segments, the uncertainty of the heading has to
be included. The general equation for deriving the center of
each segment is as follows:

x! | cos 6; — sin6; lx{
|:5;] - [y,} * [SiHQz cos ; ] L (35)

8(xr)

where (x], y)) is the position of the center of a selected square
segment j at time step ¢, and indicates the selected square
segment, and (/ o [ }{) is the corresponding translation value.
This transformation is nonlinear, which means that resulting
variables are no longer Gaussian [35]. Therefore, the transfor-
mation will be approximated by the Taylor series expansion
as follows:

Lﬂ X gy + V 8GN, (¥ — 1y,
1

_ [xz} i [_Sua, _Cue,} ZX{ 6,
Yt Cug,  —Spue, ly{
+ [Cuet F Sug Ko —Sug T Cug Mf] [l)‘{ } . (30

Sug, — CuoHb,  Cug Tt Sug 16, ly;

where s, and ¢, are abbreviations for sin ug, and cos ug,,
respectively; x/ and y, on the right-hand side of this equation
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are of the form x] = ayx; +b16,+c1 and y, = ary, +b26;+c»
with the constants a;, az, by, ba, ¢, ¢». Hence, it is sufficient
to calculate the expectation and variance for the general case,
i.e., Z = aX + bY + ¢, where a, b, and ¢ are constants and
X, Y, and Z are random variables. Subsequently, the expecta-
tion and variance are calculated in terms of moment expres-
sion. Since it is a linear transformation, the expectation for Z
is as follows:

E[Z] = E[aX 4+ DY + c] = aE[X] + bE[Y] +c. (37)

The complete calculation of the variance is shown in
Appendix A, and the resulting equation is as follows:

var(Z) = a*var(X) + b*var(Y) + 2abcov(X, Y). (38)

Therefore, the mean and variance for the transformed coor-
dinates are

. |:'ux'i|+|:cl‘9r —Sue,] jx’ (39)
My/, My, Sug,  Cug, ¥

2 2 72 . 2 72
o5 o2 Sl lxj +Su9,cﬂ9,lx;l)4 +Cuo,l\j )
j— pas
o2l = 1e2| T 2 2%,

1 .—suetc%lx{l)/; +s

Yt oy X{

Moy y{‘
+2 |:Ux,,(-), 0 ][—Suet —Cuet} Y o)
0 oy, Cug,  —Spue, lth'

Then, cov(xf , y’,) can be calculated in a similar manner (the
full equation is shown in Appendix A):

cov(aix; + b16; + c1, axyr + b26; + c2)
= ajapcov(xy, y;) + arbacov(x, 0;)
+azbicov(yy, 6;) + bibyvar(6;). 41

The covariance can be expressed in vector form as follows:
o s, —c lxi
0y = OXx;,y1 + |: x,,@ti| |: Her M9[:| 1 !
R Oy:,6; Cus,  —Sue, ¥
22 g2
+ I:SM(_)I CMGI (1}4 - lx{) - CzMé)r lx{l)/l} Uet. (42)

Hence, the covariance matrix for the square center posi-
tions is
o5 o
DO X (43)
] oi i O°
Nyl
The above equations can be used to calculate the probabil-
ity of collision for each of the square centers with either (31)
or (33) using the inflated obstacle parameters, where the
maximum probability of collision of all segment centers will
be used per obstacle. An example figure of the resulting
confidence ellipses for the square segments is shown in Fig. 4,
where the robot’s heading is 45° and the selected covariance
matrix of the robot is

0.003  —0.0009 —0.00005
—0.0009 0.003 —0.00005
—0.00005 —0.00005  0.05

Ty =

93472

FIGURE 4. Rectangular robot with 95 % confidence ellipses.

It is shown that the confidence ellipses for four square
centers are angled and have larger radii than the ellipse of
the robot’s center. This follows from the fact that variance
092 of the heading and covariances oy g, 0y,¢ are considered.
Hereafter, algorithms (i.e., HA*, CCHA*, CCxHA*, and
SCHA¥*) that incorporate the shape of the robot are labeled
with the prefix ASR (arbitrary-shaped robot).

V. RESULTS

This section demonstrates the validity of the approaches
applied in this paper. The variants of the proposed algo-
rithms (i.e., CCHA*, CCxHA*, SCHA*, ASR CCHA*, ASR
CCxHA* and ASR SCHA*) are examined to evaluate their
strengths and weaknesses. The above proposed algorithms
are compared with existing approaches in a clustered, static
environment, and an environment with a dynamic obsta-
cle. For the comparison, the conventional A* [6], the HA*
algorithm [2], [4], ASR HA* considering the shape of the
robot using the approach of [28], the RRT algorithm [12],
the closed-loop RRT (CLRRT) algorithm [1], [36], the heuris-
tic arrival time field-biased random tree (He AT-RT) [14] well
as the probabilistic approaches CCRRT and online CCRRT
(CCxRRT) [19], [24], which are based on CLRRT, are all
implemented. All kinematic planners use the same motion
model, and all probabilistic planners use the same uncer-
tainties and uncertainty propagation method. The RRT-based
planners for comparison are random in their search, which
generate different solution paths in every calculation, and
therefore each RRT algorithm is executed 1000 times for
both environments. The success rate, shortest distance, mean
computation time, standard deviation ogime, mean distance,
and standard deviation of the distance ogiy; are calculated
for evaluation. A plan is considered successful if it finds a
solution within 20s. Furthermore, RRT-based planners are
generally unable to exactly reach the goal pose, but the vicin-
ity of Rgoal € Xgoal C SE(2). Here, the vicinity to the goal is
defined to be in a range of 0.5 m with a heading difference of
less than 20°.
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An evaluation of the proposed cost function (see (34))
is presented. Finally, the performance of the algorithms is
evaluated using MCS [6].

The robot used for simulation has a length of 1.27m
and a width of 0.75m. The robot will move with a fixed
linear velocity of v = 0.5m/s (except for HeAT-RT)
and, for the HA*-based planners, an angular velocity of
® = 107/180 rad/s. Furthermore, the environments are
discretized with a cell size of 0.5 m and an angle increment of
57 /180 rad. The penalties for driving in reverse and switch-
ing the driving direction are set to the same values, i.e., Crey =
1.0 and Cgy = 1.0, respectively. The algorithms are tested in
ROS Kinetic [37] on a GNU/Linux Ubuntu 16.04 laptop with
an Intel® Core™7-8550U CPU @ 1.80 GHz x 8 and 8 GB
memory.

A. RESULTS ON STATIC ENVIRONMENT

In this section, the algorithms are compared in a static envi-
ronment with nine obstacles (see Fig. 5). The process noise
and initial covariance matrix for the robot are as follows:

s _ [0.001 0
M =1 0 0.0005

Yy, = 0.000175.
The covariance matrix for the static obstacles is
Ys =0.11.

The gain for the soft constraint is k = —1.5 and the chance
constraint parameter is I' = (0.25.

Fig. 5 shows the resulting path attaining the shortest dis-
tance (solid red) and expanded nodes (solid orange) for the
ASR CCxHA¥* algorithm. It is shown that the algorithm
pruned all nodes that were too close to the obstacles, and the
final path attempted to keep as much distance as possible from
all obstacles. The resulting path attaining the shortest distance
(solid red) using the CCRRT algorithm and a path with
“zig-zag” motions (dash-dotted blue) using the CCxRRT
algorithm are shown in Fig. 6. The path segments with “zig-
zag” motions are emphasized with black circles. The paths
for all algorithms are shown in Fig. 7. Both the A* and RRT
algorithms move close to obstacles to generate short distance
paths. The conventional HA* algorithm, which did not con-
sider the robot shape, moved close to the obstacles while
CCHA* moved very conservatively, although it did not con-
sider the shape of the robot. The ASR CCHA* was not able
to find a solution (not shown in the figure) because it pruned
all nodes that were considered ““too dangerous”. This result
was derived from the number of obstacles, where the allowed
probability of collision per obstacle (see (30)),1i.e., y =~ 0.028
was very conservative in terms of satisfying Boole’s inequal-
ity. The CCxHA* and ASR CCxHA* algorithms were able
to find a solution that guaranteed A,(x;) < I' for V¢. Further-
more, the SCHA* and ASR SCHA* algorithms found robust
solutions without pruning any nodes. The HA* algorithms
move the robot in reverse only if the forward motion violates
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the collision constraints, whereas the CLRRT-based algo-
rithms take a backward motion based on the position of the
randomly expanded node. Therefore, the best solution of the
CLRRT-based algorithms took a different route than the other
algorithms. Table 1 shows the performance of the algorithms.
The probabilistic approaches required more time to check for
collisions than the conventional HA* and CLRRT algorithms.
CCHA* and CCRRT use the same method for collision check
and have, therefore, the same collision check computation
time per node. Accordingly, the collision check time per
node is the same for CCxHA* and CCxRRT. The CCHA*
algorithm, which used the inverse Gaussian error function,
required approximately 10 times more time per node than
the HA* algorithm, while the algorithms that employed a
Gaussian error function (CCxHA*, ASR CCxHA*, SCHA*
and ASR SCHA¥*) needed slightly more; this was because
they calculated the Gaussian error function for each line
segment. Additional time per node was needed if the shape
of the robot was considered. It is shown that a trade-off
occurred between computation time and robustness. The
RRT-based planners were able to find paths that are shorter
in distance than the HA*-based algorithms, but the mean
distance of all trials was larger than the distance of any
HA*-based planner. Furthermore, only 9.5 % of the paths of
CCRRT were successful in finding a path within the given
time frame. The mean computation time of CCRRT and
CCxRRT is much larger than that of CCHA* and CCxHA*.
In addition, the standard deviation of the distance and com-
putation time is large for the CCRRT and CCxRRT path
planners. The HeAT-RT algorithm expanded fewer nodes
than most other planners but generated a path near an
obstacle and had a larger mean computation time compared
to the proposed probabilistic algorithm CCxHA*. In addi-
tion, the HeAT-RT had the largest standard deviation of the
distance.

The best performance of the proposed algorithms in the static
environment in terms of travelling distance and computation
time are provided by the CCxHA* and the ASR SCHA*.

B. RESULTS IN A DYNAMIC ENVIRONMENT

In this section, the algorithms are evaluated in a dynamic
environment. The dynamic obstacle had a square size of 0.5 m
with linear velocity v = 0.3536 m/s and a heading direction
of 135°. The initial covariance matrix and process noise of
the dynamic obstacle are given as follows:

Trp, = 0.001 Iy

0.001 O 0 0
0 0.001 O 0
0 0 0.0001 O
0 0 0 0.0001

Yp =

The covariance matrix of the static obstacles was the same
as in the static environment, and elements of the covari-
ance matrix and the process noise of the mobile robot were
increased for this environment, where ¥y, = 0.01/3 and the
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TABLE 1. Traveled distance and computation time per node in static environment.

Aleorith Shortest Collision check Expanded nodes ~ Mean comp. s Mean < [m] Successful
gorithm distance [m]  time per node [us] (best solution) time [s] Ttime 18 distance [m] Tdist LM nodes [%]
CCHA* 23.70 ~ 149 2620 ~ 1.21 — — — —
CCxHA* 20.51 ~ 240 408 ~ 0.22 — — — —
SCHA* 20.98 ~ 222 1333 ~ 0.592 — — — —
ASR CCHA* X X X X — — — —
ASR CCxHA* 22.83 ~ 898 5086 ~ 13.84 — — — —
ASR SCHA* 22.15 ~ 885 2022 ~ 3.5 — — — —
A* 22.63 ~ 15 509 ~ 0.019 — — — —
HA* 20.19 ~ 15 334 ~ 0.02 — — — —
ASR HA* 21.40 ~ 67 580 ~0.11 — — — —
RRT 17.70 ~ 15 191 ~ 0.022 ~ 0.02 24.04 3.49 100
CLRRT 18.64 ~ 15 1720 ~ 0.57 ~ 0.74 28.25 4.82 100
CCRRT 20.47 ~ 149 10628 ~ 8.40 ~ 5.64 30.78 4.32 9.5
CCxRRT 19.25 ~ 240 10242 ~ 2.65 ~ 3.02 28.39 471 97.5
HeAT-RT 18.90 ~ 15 288 ~ 0.32 ~ 0.51 26.51 5.39 100
20 T ’ s ; : T

20 —— shortest (ll;ﬁlﬂll('(‘ (CCRRT )I ——— zig-zag ullullou (CCxRRT)

18

16

14

12

E S0t

> >

8 =

6 -

4 -

2 b

0r 1 0 : : L
—— final_path
expanded nodes 0 5 10 15 20
L X [m]
0 20

X [m)]

FIGURE 5. The resulting path (solid red) and all expanded nodes (solid
orange) using the ASR CCxHA* algorithm (the dashed ellipses are plotted
every 5th node with a confidence of 95 %).

process noise is given as follows:

0.01 O
Zu Z[ 0 0.005]‘
The parameters for the chance constraints and the soft
constraint are I' = 0.4 and k = —1.5, respectively.

Results are shown in Figures 8 and 9, where the former
shows the result of the ASR CCHA* algorithm at a selected
node. The robot attempted to cross the path of the dynamic
obstacle behind it while considering its own uncertainty and
that of the dynamic obstacle. Fig. 9 shows the results for
all the algorithms. Most HA* algorithm variants crossed
the path of the dynamic obstacle behind it, except for the
HA* algorithm, the CCxHA* algorithm, which did not con-
sider the robot shape and the ASR SCHA* algorithm, which

93474

FIGURE 6. The resulting path attaining the shortest distance (solid red)
using the CCRRT algorithm and a “zig-zag” motion (dash-dotted blue)
using the CCxRRT algorithm (the black circles emphasize the path
segments with a “zig-zag” motion).

conservatively crossed the path of the dynamic obstacle ahead
of it. Table 2 shows the results for each of the planner. It is
shown that the SCHA* variations expanded many nodes and
therefore had a larger computation time. Due to the dynamic
obstacle, the soft constraint part increased, which will lead
to the expansion of many nodes. Furthermore, most of the
algorithms had a similar traveled distance as the HA* and
ASR HA* algorithms. The CCxRRT algorithm had a similar
computation time as the CCxHA*, but a larger mean distance
with a large standard deviation. The CCRRT algorithm had
the second-largest mean computation time, which is more
than two times larger as for the ASR CCHA*. Both the A*
and RRT moved, as in the static environment, very close
to the obstacle. Furthermore, the HeAT-RT expanded the
fewest nodes but had the largest standard deviation of the
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— A* — — CCRRT —-- COXRRT  sverems HeAT-RT
—— CLRRT - — CCxHA* —-- SCHA*
—— CCHA* = — ASR CCxHA* —-- ASR SCHA*
— -HA* === ASRHA* e RRT
20
18 |
16
14 |
12 1
g 10
>
8 L

FIGURE 7. Resulting paths for all algorithms in a clustered, static
environment.

15 T T
— ASR CCHA*T = 0.4 Goal
I- — Dynamic Obstacle
10 ¢
El
>
5 -
Start
0 : '
0 5 10 15

X [m]

FIGURE 8. The ASR CCHA* algorithm result at a selected node.

distance and a larger mean computation time compared to the
proposed CCHA*, CCxHA* and SCHA* algorithms.

The CCxHA* and ASR CCxHA* performed best among
the proposed algorithms in terms of computation time and
travelling distance.

C. RESULTS FOR DIFFERENT SOFT CONSTRAINT GAINS

This section compares the result of the HA* algorithm with
those of the SCHA* algorithm using different k£ gains for
the soft constraint. Fig. 10 shows the resulting paths, where
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—_ AF - - HA* === ASR HA* = «eeeen. RRT
—— CLRRT — = CCRRT === CCxRRT = «weeene HeAT-RT
—— CCHA* — = CCxHA* —-— SCHA*

— — ASR CCHA* —-=: ASR CCxHA¥* -weeen ASR SCHA*

15 T T

FIGURE 9. Resulting paths in the dynamic environment.

— HA* ——k=-05 === k=-30 —-=k=-10.0
———k=-01 ——-k=-15 —-=k=-50 —-—k=-100.0
20

0 5 10 15 20
X [m]

FIGURE 10. Results for different gains of the SCHA* algorithm.

the conservatism of the SCHA* algorithm increases with a
decreasing gain value for k. Furthermore, Table 3 shows that
the number of expanded nodes, the traveled distance and the
computation time also increases. For k = —0.1, the traveled
distance is less than for the HA* algorithm (see Table 1);
however the SCHA* algorithm with k = —0.1 moves close to
the obstacles. The traveled distance of the SCHA* algorithm
with k = —0.5 and &k = —1.5 is similar to the traveled
distance of HA*. Based on these results, the gain value of
the soft constraint should be set between —0.5 and —1.5
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TABLE 2. The traveled distance and computation time per node in a dynamic environment.

Aleorith Shortest Collision check Expanded nodes ~ Mean comp. 8] Mean . [m] Successful
gorithm distance [m]  time per node [us] (best solution) time [s] Ttime 1S distance [m] Odist LML nodes [%]
CCHA* 18.75 ~ 179 745 ~ 0.39 — — — —
CCxHA* 18.25 ~ 224 550 ~ 0.3 — — — —
SCHA* 18.75 ~ 212 2064 ~ 0.9 — — — —
ASR CCHA* 20.35 ~ 410 1063 ~ 1.32 — — — —
ASR CCxHA* 18.36 ~ 637 671 ~1.08 — — — —
ASR SCHA* 18.84 ~ 589 4138 ~ 4.9 — — — —
A* 18.38 ~ 14 447 ~ 0.011 — — — —
HA* 17.97 ~ 14 309 ~0.02 — — — —
ASR HA* 18.25 ~ 56 584 ~0.11 — — — —
RRT 17.36 ~ 14 207 ~ 0.016 ~ 0.005 20.28 2.33 100
CLRRT 17.46 ~ 14 699 ~ 0.27 ~ 0.57 20.31 2.68 100
CCRRT 18.85 ~ 179 4653 ~ 2.81 ~ 3.65 26.19 4.44 93.9
CCxRRT 17.60 ~ 224 788 ~ 0.55 ~ 0.71 21.79 3.52 100
HeAT-RT 19.05 ~ 14 72 ~ 0.96 ~ 0.51 25.53 4.73 99.9
—— HA* — ASRHA*  —+ CLRRT dynamics, where the robot state was updated at each
—+— CCRRT —+ COxRRT  —- HeAT-RT expanded node for the motion command of the final path.
—+— CCHA* —+ CCxHA* —+- SCHA* . .
—+— ASR CCxHA* —s - ASR SCHA* Algorithm 1 shows a pseudo-code of the MCS algorithm.
1 ! ' ' Variable pcon(R,-) denotes the probabilities for robot R
_E‘ 08l | to not collide with the tested obstacle. S*, 7V denote static
',g ‘ obstacle i and dynamic obstacle j, respectively. A, Agi and
< 06t i Ap; denote the area of the robot R, static obstacle i and
& dynamic obstacle j, respectively. O is the set of all obstacles
g 04r . and ng, np is the number of static and dynamic obstacles,
E respectively. Function randc() calculates the Gaussian ran-
g 0.2 ~ ] dom variable. This work used P = 1000 particles for the
0 1“.(/‘ \ Pt MCS, and the probability of collision was calculated based on
0 20 30 40 50 the shape of the robot. The results of the static and dynamic
Nodes environments are shown in Fig. 11. The red lines indicate the
(a) Collision probability for the static environment. MCS results for .the p.I'Op. osed algorlthms assuming a pf)lnt
robot, the blue lines indicate the algorithms that consider
—— HA* — ASR HA* —+- CLRRT the shape of the robot, and the green and purple lines show
— CORRT — COxRRT — HeAT-RT the results of the planners used for comparison, except A*
—— CCHA* —  CCxHA* —+ SCHA* v thep u P ’ pt
—— ASR CCHA* — - ASR CCxHA* —+- ASR SCHA* and RRT, which cannot be evaluated using the MCS since
1 ' ' ' ' they do not use a robot model. The probability of collision
£ osh | was significantly reduced for the static environment. Only
E CCxRRT and the proposed CCxHA* had high values, likely
o] . .
< 06} , because they did not consider the shape of the robot and
& allowed a probability of collision of A;(x;) < 0.25. The
g 04r ] result of the dynamic environment was similar. In both envi-
g ronments, the CCHA* algorithm variation indicated almost
S 02y 1 no probability of collision while the CCxHA* algorithm had
0 R R a small value based on the setting of I'. It can be seen
0 30 40 50 that the algorithms that do not consider uncertainties had

Nodes

(b) Collision probability for the dynamic environment.

FIGURE 11. Monte Carlo simulation for static and dynamic environments.

to achieve a good traveling distance, computation time, and

safety.

D. PERFORMANCE COMPARISON

This work adapted the MCS algorithm in [38], which was
modified for dynamic obstacles and robots with nonlinear
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the largest probability of collision. Furthermore, the ASR
variations (blue lines) of the proposed algorithms have a very
low probability of collision in both the static and dynamic
environments.

VI. DISCUSSION

The performance of the algorithms was evaluated using a
clustered, static environment, and an environment with a
dynamic obstacle. In addition, the true probability of a col-
lision was calculated using the MCS.
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Algorithm 1 Monte Carlo Simulation

1: procedure ProbabilisticCollisionCheck
2: for all Nodes do

3: reset(Pcoll)
4: for j < ngs do
5: for i < Pdo
6: U < u+ randc(0, Xy)
T Xip1 = f(xr, 1)
8: Xgj =x5{J + randc(0, £35)
9: S« Xgj
10: if A N Agi = ¢ then
11 Peoll(R, §) « Peoll(R, Sh+1
12: end if
13: end for
14: end for
15: for j < np do
16: fori < Pdo
17: i < u+ randc(0, Xyy)
18: X4 =f(x;, )
19: Xpi =My T randc(0, ;)
'r+l DtJrl
20: D« X5
t+1
21: if Agx N Ap; = ¥ then
22: Peoll(R, Di) « Peoll(R, D)+ 1
23: end if
24: end for
25: end for
26: Peoll(R, O) < 1
27: for k < 1tongs do
28: Peoll(R, O) < peol(R, O) - peon(R, S¥)
29: end for
30: for k < 1tonp do
31 Peoll(R, O) < peoni(R, O) - peonn(R, D)
32: end for o
33: Peoll(R, 0) < 1 — LalllRO)
34: store(peonl(R, O))
35: end for

36: end procedure

The results showed that the proposed algorithms were able
to find probabilistically safe paths within the set threshold,
i.e., I'. Furthermore, the CCHA* algorithm was very con-
servative, thus exhibited a very low probability of collision
(Fig. 11). However, with an increase in the number of obsta-
cles, the CCHA* algorithm may fail to find a solution due to
the pruning of all expanded nodes. The CCxHA* algorithm
showed good results with a small increase in the compu-
tation time per node compared with the CCHA* algorithm
(Tables 1 and 2). All proposed algorithms were able to avoid
the dynamic obstacle with a decreased probability of collision
(Table 2). The method considering arbitrary-shaped mobile
robots further increased probabilistic safety at the cost of
additional computation time per node. Therefore, the ASR
variations of CCHA*, CCxHA*, and SCHA* can be used as
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global approaches for predicting an initial probabilistically
safe path.

The proposed soft constraint approach successfully found
probabilistic robust paths for both environments. However,
computation time and number of expanded nodes was large
for the dynamic environment, which indicates that the heuris-
tics approach should be extended to consider dynamic obsta-
cles. The ASR SCHA* outperformed both ASR CCHA* and
ASR CCxHA¥* in the static environment. The ASR CCHA*
failed to find a solution and the ASR CCxHA* had a large
computation time (Table 1). Moreover, results indicated that
the gain values for the SCHA* algorithm should be in the
range of k = —0.5 to —1.5 to achieve good results for safety
and traveled distance (Table 3).

TABLE 3. Traveled distance and computation time per node in a static
environment for the SCHA* algorithm.

Soft . Expanded Comp.
constraint k Distance [m] nodes time [s]
—0.1 19.82 400 ~0.174
-0.5 20.62 813  ~ 0.406
-1.5 20.81 1333~ 0.592
-3.0 21.34 1846  ~ 0.936
—5.0 22.01 1713 ~0.794
—10.0 21.88 1917 ~0.994
—100.0 23.10 5499 ~ 3.176
CCHA* and CCxHA* outperformed CCRRT and

CCxRRT in terms of mean computation time and mean
traveled distance (Tables 1 and 2). In addition, the results of
the HA* algorithms are deterministic, whereas the results of
the RRT-based planners are random. The shorter computation
time of the proposed HA*-based planners is the result of
two factors. First, the RRT-based planners compute a new
motion command for each node, whereas the HA*-based
planners use a fixed motion command that can be stored
beforehand in a lookup table. Second, HA*-based planners
store each expanded node in a list, and the node with the
lowest total cost (heuristic cost plus cost-so-far) is selected
for expansion. Such a procedure requires a heap algorithm;
here, binary heap [39] is used, which has an average time
complexity for inserting a value of O(log n) and extracting the
minimum value of O(log n), where n is the number of nodes
in the list. Meanwhile, the RRT-based approaches use a list
for all expanded nodes, where the cost of each node has to be
updated based on the newly expanded node, which requires
O(n) time. In CLRRT, CCRRT and CCxRRT the updated list
has to be sorted, which takes O(n log n) time [40].

The larger mean distance of the RRT-based planners is
a result of detours and “‘zig-zag” motions (Fig. 6) caused
by random selection of new nodes in the configuration
space [24]. In contrast the proposed algorithms are guided
by heuristics, therefore expand nodes close to the goal, and
change motion directions only if a collision constraint is
violated, hence avoiding ““zig-zag” motions (Fig. 5).

The heuristics approach used for the proposed algorithms
do not consider dynamic obstacles, which result in a large

93477



IEEE Access

T. R. Schéfle, N. Uchiyama: Probabilistic Robust Path Planning

number of node expansions. Therefore, future studies should
extend the algorithms with heuristics considering dynamic
obstacles to reduce the number of expanded nodes and com-
putation time.

VII. CONCLUSION

This work proposes novel variations of the HA* algorithm,
that consider the probability of collision with an obsta-
cle. Furthermore, a method is proposed that considers the
shape of the robot in the probabilistic collision calculations.
The proposed algorithms outperformed the RRT-based algo-
rithms in terms of mean computation time and mean trav-
eled distance. The proposed algorithms that consider the
arbitrary-shaped robots further increased the probabilistic
safety of the obtained paths.

Future work will modify the heuristics for dynamic obsta-
cles and heuristics in belief space will be incorporated to
reduce the number of expanded nodes of the proposed algo-
rithms. The probabilistic robust approach will be extended
for non-Gaussian uncertainties. In addition, uncertain hybrid
discrete-continuous systems known as jump Markov linear
systems [41], [42] will be considered.

APPENDIX A

LINEAR TRANSFORMATION OF VARIANCE AND
COVARIANCE

It is known that variance and covariance can be expressed
using the expectation of random variables as follows:

var(X) = E[(X — E[X])*], (44)
cov(X,Y) = E[(X — E[X])(Y — E[YD]. (45)
Furthermore, the expectation of aX + bY + c is
E[aX + bY + ¢] = aE[X] + bE[Y] +c. (46)
Using (44) and (46)
var(aX + bY + ¢)
= E[(aX + bY + ¢ — E[aX + bY + ¢])?]
= E[(aX — E[X]) + b(Y — E[YD) +c—c)*1 (47)

Using the principles of (46) again and the binomial
formula,

= E[a*(X — E[X])*] + E[b*(Y — E[Y])]
+E[2ab(X — E[X)(Y — E[Y])]  (48)
Hence,
var(aX + bY + ¢) = a®var(X) + b*var(Y)
+2abcov(X,Y). (49)

The covariance for Z1 = a1X; + b1Y1 4+ ¢1 and Zr, =
a2Xy + b2Y + ¢ can be calculated similarly, i.e.,
cov(Z1,7Z2)
= E[@X1 +b1Y1 +c1 — Ela1 X1 +b1Y1 +c1])
(@2X2 + b2Y2 + 2 — ElaxXs + by Y2 + c2])],
(50)
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which can be simplified using (46),

cov(Zi,Z) = E[(ai(X1 — E[Xq]) +b1(Y1 — E[Yq])
(a2(Xp — E[Xo]) + ba(Y2 — E[Y2]D].
(5D

Rearranging above equation and using (45) led to the final
result for the covariance as follows:

cov(Z1,Zp) = araxcov(Xy, Xo) + by bacov(Y1, Y2)
+ay bycov(Xy, Y2) + ap bicov(Xy, Yi).
(52)
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