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ABSTRACT This paper examines methods to incorporate feedforward loops of known external inputs
(output reference) into a multi-input feedback control structure to achieve certain robust performance of
its output. Undoubtedly, feedforward can reduce the need for feedback and therefore the amplification of
sensor noise at actuators, as occurs in single-input control. Beyond that, since there are several available
inputs, a convenient distribution of feedforward and feedback can minimise the control action at each input
and offer benefits at all frequencies. The procedure is as follows: because there are rough plant models of the
behaviour from each input to the output, it is possible to approximate the individual control demand that will
satisfy the performance. Based on this, individual feedforward filters allocate the control bandwidth among
the inputs in order to build an equivalent plant that has an equal or greater magnitude than any individual
plant at each frequency. Next, the uncertainty of this equivalent plant is addressed by feedback that reduces
the closed loop deviation of magnitude frequency responses. The reduction is sufficient to enable a master
feedforward to place them, at a second step, around the desired tracking performance model without violating
any deviation tolerances. Individual feedback controllers distribute the total feedback among the inputs in
order to have the least possible feedback at each frequency. A first example illustrates the method and the
relevance of a feedforward orientation to reduce the individual control action, instead of the individual
feedback action. Another example proves the superiority of adding feedforward loops to feedback-only
schemes and highlights the benefits of robust design methods such as Quantitative Feedback Theory (QFT).
This paper also provides the algorithms to employ in response to new robust control specifications in the
framework of QFT.

INDEX TERMS Mid-ranging control, valve position control, control allocation, robust control, quantitative
feedback theory, model-matching, tracking error.

I. INTRODUCTION this determines the necessary control action. However, sev-

In some cases, several inputs are available to govern the
output of feedback control, which is described here as
a multiple-input single-output (MISO) control. Successful
examples of the latter can be found in many different disci-
plines. They include process control [1]-[3], medical systems
[4], consumer electronics [5], [6], robotics [7]-[9], unmanned
aerial vehicles [10], and the automotive industry [11].

In single-input single-output (SISO) control, the limited
capacity of the single actuator limits the performance that can
be achieved at the output. Or, if the performance is prioritized,
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eral combinations of the manipulated inputs can contribute
to the required output performance in MISO control. Vari-
ous structures and methodologies to accomplish this appear
in the scientific literature. One area of work focuses on
hierarchy structures [12]. A high-level controller produces
the virtual (total) control action that is necessary to achieve
the output performance. Then, a low-level control allocation
algorithm coordinates the set of multiple inputs to produce
the virtual control action. Selecting the best of the feasible
inputs at each time is at the heart of different approaches.
Some of these solve optimization problems [13] addressing
different criteria such as input constraints, consumption and
output performance. There is another area of work branded
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as valve position control [14] and habituating control [15].
In these methods, two inputs participate along different fre-
quency bands. Thus, the cheapest and most powerful input
dominates the steady state, while the most expensive and
fastest input provides the dynamic performance and returns
to a convenient resetting point in the steady state. Mid-range
resetting points attempt to preserve the maximum actuation
range in the event that a new output deviation occurs [16].
Any other resetting points might inspire the establishment of
a more profitable steady state of the manipulated inputs [2],
[17]. One paper [18] presents a general setting of n inputs
whose sequential intervention can be selected as desired.
A robust design of feedback controllers achieves this in the
framework of Quantitative Feedback Theory (QFT).

The criteria for assigning a frequency band to each con-
trol input can be linked to the input itself; this includes its
range and associated cost, the sensor noise amplification
at the control input, or the static and dynamic constraints
of the actuator. Furthermore, those criteria may depend on
the contribution of the control input to the output, i.e. the
plant frequency response, and its constraints. Inputs (plants)
that do not produce any significant benefit are not called to
collaborate at a specific frequency for two main reasons. First,
an unnecessary contribution of one input in the steady state
displaces its equilibrium point which reduces the actuation
range of its dynamic contribution. Second, an unfruitful con-
tribution of one input in non-zero frequencies unnecessarily
excites the actuators. Therefore, it is important to determine
how to make the most of the frequency response of each
individual input (plant) in order to save individual control
effort while achieving the performance. In a MISO structure
with only feedback control elements, this is equivalent to
designing the set of feedback controllers that have the low-
est possible gain at each frequency. Quantitative and robust
solutions to this were provided in [19], [20]. Further insights
are required when feedforward elements participate in robust
control tasks together with feedback controllers, to which the
present work will contribute.

Feedforward conveniently channels the information from
known external inputs (output reference or measurable dis-
turbances) which, in SISO control, enables a reduction in
the amount of feedback (=feedback controller gain), and
then softens the mid-high frequency drawbacks of feedback
(sensor noise amplification at the control input). QFT seeks to
reducing the amount of feedback to what is strictly necessary
for the existence of a feedforward element [21], [22]. The
feedforward mainly provides the desired output behaviour for
the external input change, whereas the feedback constrains
the closed-loop dispersion due to plant model uncertainty.
Nevertheless, whatever the roles of feedback and feedfor-
ward, the total control action would be invariable. This is
because the required output performance can be contributed
by a single input (plant). This does not happen in multi-input
systems where, eventually, sensible distribution of feedback
and feedforward can reduce the control effort at each actu-
ation, as the present work will demonstrate. New control
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FIGURE 1. Feedback-feedforward control structure for SISO control [22].

architectures will permit a tailor-made and separated contri-
bution of feedback and feedforward for each control input.
Then, the matter of how to share the frequency band among
inputs for feedback and feedforward will be studied. Uncer-
tainty in plant models will be explicitly considered. The QFT
framework will provide the methodology for the design of the
control elements that achieve the required robust stability and
reference tracking performance while reducing the individual
control effort. New quadratic inequalities to compute QFT
bounds will be required to make decisions and to design the
control elements.

The remaining paper is organized as follows: Section 2
includes the new control architecture and the design
method. Section 3 presents two examples: the first shows a
well-performed distribution of feedback and feedforward and
the second shows the superiority of adding feedforward to
classical feedback structures. Section 5 gives the conclusions.
An Appendix provides the formulation for QFT designs.

Il. ROBUST REFERENCE TRACKING

A. PRELIMINARIES: THE SISO CASE

Let us take the feedback-feedforward control structure
in Fig 1 (model-matching [22]), as the most convenient exam-
ple: (i) to discern the roles of feedback c(s) and feedforward
g(s), (ii) to relate them to the required y/r performance by the
explicit model m, and (iii) to obtain both actions, ug and uy,
separately.

Feedforward could achieve perfect control in r reference
tracking (m—y/r = 0) with g = m/p under the ideal assump-
tion that there is no modelling error in plant p. The lack
of reality of this (together with the presence of unknown d
disturbances) justifies the feedback correction with ¢, which
introduces sensor noise v as a negative counterpart. The track-
ing error is

_m—pg 1 Pd

= r— v — d (1)
l+pc l+pc l+pc
and the control action can be written as
m—pg C pd
=|— — — 2
" (1+pcc+g>r 1+pcv 1+pc @

The two terms for the function u/r split feedback and
feedforward actions, ug and uy, with respect to 7.

Robust reference tracking considers explicit uncertainty
in the model p to design ¢ and g. In particular, the model-
matching version [22] of QFT limits every possible y/r in
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the w frequency domain so that

e

r

=W,

Vp, Vo, 3)

_‘m—pg
T l+pe
where W, is a magnitude tolerance on closed-loop deviations
of y/r around the desired tracking model m. The robust spec-
ification (3) can be fulfilled only with the feedback element
¢, and the feedfoward element g = 0. However, it is obvious
that g can conveniently reduce |m — p g| and consequently,
less feedback c is needed. Eventually, this reduces the cost
of feedback [21], i.e. the v noise amplification at the u actua-
tor (2). Accordingly, one study [22] develops the formulation
to cause the design of g and ¢ to be independent so that the
feedback demand c is limited to what is strictly necessary
for a feedforward controller g. Thus, feedback ¢ reduces the
dispersion of the set of frequency responses y/r to what
a feedforward g can position around m and meet (3). This
implies a control effort u/r (2) whose magnitude frequency
response can be broken down in feedback ug /r and feedfor-
ward ug /r terms that can be over-bounded as follows

u u ug
r r r

_|m—-prs8
l+pc

At a first glance, W, |c| takes relative small values along
the frequency, since the tracking tolerance W, is small along
the control bandwidth and the feedback demand |c| reduces
beyond the cross over frequency. Let us roughly approximate
g = m/p,, assuming that p, is the middle plant in the
uncertain set of p plant frequency responses. Then, |m/p,|
usually results in far greater than W,|c|, unless there was
great plant uncertainty that would magnify |c| or unless there
were large plant magnitudes that would shrink |g|. All this
means feedforward action is usually greater than feedback
action. Furthermore, the absence of feedforward g should
be supplied by feedback c. In such a case, a rough upper
tolerance of the up,/r magnitude frequency response could
be (Im| + W,)/|pmin| (assuming that ppi, is the plant of
least magnitude in the set p). In summary, the magnitude
of the plant set roughly configures the control demand at
each frequency, regardless of whether it is provided only with
feedback or with feedforward assistance.

Then, if several plants (inputs) were available to provide
the performance (m, W,), those plants of greatest magnitude
would demand less control action. Furthermore, if feedback
and feedforward build the control action, it is usually the
feedforward action that is greatest in magnitude. With these
preliminaries, the aim is to allocate the frequency band among
the available inputs after studying each output-input (plant)
frequency response.

=3
m-——| =
r

c+gl=Wrlcl+1gl; Vp, Yo. (4

B. MISO CONTROL

A new feedback-feedforward control structure is adapted to
MISO systems for reference tracking in Fig 2. The y output
deviation is modelled by the influence of u;—1 .. , manipulated
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inputs and a non-measurable d disturbance input. Thus, a vec-
tor of (n 4 1) transfer functions, P(s) = [pi=1,..n(5), pa(s)],
defines the MISO plant. Let us assume a total amount of w
uncertain parameters in these dynamical models. By defining
q1 as a vector of those uncertain parameters in the set of the
all the possible values Q in R, the MISO uncertain plant can
be formally defined as

P={P(s;q):q € Q}. (5)

Henceforth, labels p; (or p4) denote plants with uncertainty,
which can adopt any model in the set (5).

Individual control elements c; and g; allow an independent
distribution of feedback and feedforward tasks, respectively,
for each control action u;, which commands a plant p;. As a
result, the total feedback

n n
=Y Li=) pici (6)
i=1 i=1

is contributed by individual feedback loops /;. And the total
feedforward

n n
lg=) le = pigisgm (7
i=1 i=1

is contributed by individual feedforward channels /;.
The matching of the frequency responses y/r to the desired
behaviour m is confined in magnitude such that

e m—lg
; - ' 1+
. 'm — D i1 Pigigm
- 1+ Z?:]Pici

As a main difference with SISO control (3)(4), several
combinations of u;—1,. . ,/r can now achieve (8). Depending
on the role that is attributed to feedback and feedforward
for each input, u;/r can be broken down in feedback and
feedforward terms, and its magnitude frequency response can
be over-bounded as

y
m— <
-

<W, VPeP, Vo. (8)

Ui )”fbf ug, | |m— 30 pigigm
—| = | = + ) = e T C: + .
el e o ’ Tty pie
< W,lcil + |gigml; VP € P, Vo. )

The final objective is to meet the robust tracking specifica-
tion (8) while using the least possible control action at each
input |u;/r|. With this aim, the feedforward distribution by g;
is addressed first, and then, the feedback by c¢;. The master
gm completes the fulfilment of specification. A frequency
domain method will be followed. Depending on the gain
associated with g; and ¢; at w, the plant p; will contribute to
achieving or not achieving the specification at w.

C. FEEDFORWARD DISTRIBUTION AMONG INPUTS
This first stage studies and executes the feedforward distri-
bution. Feedforward elements g;—1 . ,(jw) are filters with

,,,,,
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FIGURE 2. Feedback-feedforward control structure for robust reference tracking in multi-input systems.

unitary gain at the frequencies where the p; participation is
of interest. This yields the plant

n
Pm =Y _pig>
i=1

whose uncertainty will be conveniently reduced by total feed-
back I; and then positioned by g, (8) in later stages of design.

At a first glance, the strategy is to get the smallest uncer-
tainty of p,, at each frequency,

); (1)

which foretells smaller feedback /; and therefore smaller con-
troller gains |c;|. This would reduce the sensor noise ampli-
fication at each input, since |u;/v| is reduced. Magnitudes
|ug, /r| would also be reduced (9). However, this could occur
at the expense of a large increase of |uy. /r| due to |g;,| growth.
That would be the case if p,, does not have the maximum
achievable gain. Section II-A concluded that plant magnitude
mainly conditions the control action.

Therefore, the best strategy is to get the highest gain of p,,
(10) at each frequency, which implies a feedforward routing
by g; to the most powerful p; plants regardless of their uncer-
tainty. With this goal, it is proposed to begin by computing an
approximation of the frequency response function u;/r, in the
event that only input u; will provide the performance m,

(10)

VP e P, Vo,

min (|m -1,

m
ki = ;

Pi,min

VP € P, Vw

(12)

where p; min 18 the plant p; of least magnitude at a particular
o inside the uncertain set |p;(jw)|. Next, the k; frequency
responses of all inputs i = 1,...,n are compared at each
frequency to decide which inputs are of sufficient interest for
participation: those that yield the smallest k; magnitude are
considered. At any frequency, the contribution of as many
inputs as possible is desired, if it yields a total plant p,, (10)
with significantly greater magnitude than the individuals p;
(let us remember that g; are filters with unitary gain at the
pass band). Thus, their potential collaboration would reduce
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the individual feedforward actuations |uy;/r| because of the
virtual need for total feedforward |ugy/r| ~ |m/p;,| would
be significantly reduced. A two-in-two comparison of k; is
advised. As a rule of thumb, a difference in &;(jw) magnitude
greater than 20log2 = 6 dB makes the plant that is associated
to larger k;(jw) magnitude useless. A second relevant point
is to check that the k;(jw) phase-shift of those plants that are
likely to collaborate is less than 90°, since the vector sum
of plants in counter-phase would reduce the total magnitude
of py, (10).

After the comparisons, the feedforward frequency band is
distributed among the inputs, which can work in separated
bands or collaborate within the same band. Finally, to attain
the planned distribution, the g; filters have an open-loop
design. As a result, the magnitude of p,,(jw) in (10) should
be equal to or exceed than the magnitude of any p;(jw).

Once the g; filters are known, the remaining specification
(8) becomes

e ‘ m — PmEm
| =|l—=|<W, VPeP, Vo. (13)
‘ r ‘ 1+ Z?:lpici '
Next, the c;—1,... , feedback task is reducing the closed-loop

influence of the p,, uncertainty to the extent that a master
feedforward g, can position the resulting y/r frequency
responses around m with a magnitude deviation less than W,
tolerance.

D. FEEDBACK DISTRIBUTION AMONG INPUTS

The total feedback needed, [, = Z?:l pici, can be provided
by several inputs (or p; plants). In particular, this stage first
examines how to distribute the feedback frequency band
among the inputs. The design of ¢;—1 ... ,(jw) is accomplished
in a second step. The purpose is to use the least possible
amount of feedback (controller gain) at each frequency, since
this results in saving the individual feedback control action
lup, /r] in (9). Thus, it is proposed to compare the exact
amount of feedback |c;(jw)| that each p; plant would require
to achieve the specification by itself (cx; = 0).
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If only p; participates in feedback tasks, (13) becomes

< W

‘w VP € P, Yo. (14)

1+ pici

Despite its similarity with (3), p,, and p; are different plants
and it is not possible to use the QFT formulation [22] to
make the design of feedback c; independent of feedforward
gm- A new formulation is developed in Appendix IV. This
also provides the quadratic inequalities to incorporate in the
Terasoft QFT toolbox [23] in order to compute the bounds
that guide the design of c;.

Appendix IV deals with control specifications that follow
the general format

AGr + B
C+ DG
In comparing (14) and (15), let us take A = —pp,

B =mCC=1D = p,G = ¢, Gt = gn and
W = W,, to compute the QFT bounds g, (w) for a discrete set
Q of w-frequencies. Depicted on mod-arg plots, the bounds
express the closed-loop restriction (14) in terms of a nominal
open-loop transfer function /;, = p; c¢; where p;, is any plant
in the uncertain set p; that is chosen as the nominal plant.

The exact amount of feedback |c;(jw)| at each design phase
can be computed by B.,(w) = Bj,(w)/Ipi,(jw)|. Then, bounds
Be;(w) are computed for all inputs i = 1, ..., n. Once they
are depicted on mod-arg plots, their magnitude heights and
their phase-shifts are compared at each discrete w € Q.
In essence, B.; bounds of lower magnitude height imply less
lc;| if p; plant were employed and, then, less |up,/r| (9).
Furthermore, the contribution of as many inputs as possible
is desirable at each frequency whenever their contribution
would imply a significant reduction of |up,/r|. A rule of
thumb is to choose the inputs of lower S, magnitude height
with a difference that does not exceed 20logg dB (g is the
number of plants asked to collaborate). In this way, since /;
is the total feedback to obtain, the contribution of g plants of
similar magnitude |p;(jw)|, thatis [; = Z?: 1 li» would reduce
the need |c;(jw)| (and then, |up, /r|) by approximately g times.
It should be noted that if only one plant works (¢ = 1),
then /; = I;. Another relevant point is determine if the S,
phase-shift of plants that are likely to collaborate is less than
90°. It should be recalled that loops in counter-phase would
impair the increase in magnitude to reduce the control action.
After completing these magnitude and phase comparisons,
the feedback frequency band is distributed among the inputs,
which can work in separated bands or collaborate in the same
band.

Finally, to attain the planned distribution, the set of con-
trollers ¢; are designed via the loopshaping of /;(jw) to sat-
isty the bounds B, (w) at €2, following a sequential process
between the i loops. Thus, if at some point, the controller c;
is to be adjusted and the other controllers cy; take known
values in the sequence, the robust tracking specification (13)
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can be rewritten as

m — Pm8m

VP € P, Yo. (16)
L+ D ki PiCk + pici

< Wy(w);

and their representative f;, bounds can be computed by
choosing A = —p,,, B=m,C =1+ Zk#ipkck, D = p;,
G = ¢;, Gr = gn and W = W, in the solution given to
(15) in the Appendix IV. The loopshaping essence is that c;
provides the necessary gain at the frequencies where p; plant
must work and filters those frequencies where p; must not
work. Special attention must be paid at the frequencies where
several inputs must collaborate. A detailed explanation on the
global procedure is given in [19].

E. FULFILLING SPECIFICATIONS

Achieving tracking error specification (8) ends with the
design of g,,. Since elements g; and c; are known, the spec-
ification resembles the format [(A + BG)/(C + DG)| < W
that implements the function gndbnds in [23]. By choosing

A=mB= -0 pig C= 1+ pici,D =0,
G = gu, and W = W,, the regions for g, that are permitted
are computed. A certain over-design in the gain of cj—1, ,

may be desirable to enlarge these regions and simplify the
shaping of the feedforward master g,. Let us remember
that this is accomplished on a mod-arg plot, as suggested
in [22], [24].

Besides their task in robust reference tracking, feedback
controllers must achieve certain robust stability. Constraints
on global sensitivity or complementary sensitivity [19] may
not be sufficient to assure certain stability margins for any
single loop. Then, specifications of the type

li
14+

are advised [18], [20], [25], where Wy, delimits the size of
the forbidden region around the critical point that cannot be
violated by I; = c¢ipi/(1 + Zj# l;). Their representative
bounds can be computed with traditional CAD tools in the
QFT toolbox [23]. Thus, at each w-frequency in €2, a set of
n stability bounds and one tracking bound are combined to
give a single representative bound. Next, the set of bounds at
2 are met by /;(jw) shaping.

Specifications for the robust rejection of non-measurable
d-disturbances are

|T,~|:' <W,.i=1,....n; VPP, Vo, (17)

pd
1+

< Wy,

’2( - VP € P, Vo. (18)

Since no feedforward of d is possible, the feedback must do
all the work. Choosing the inputs better conditioned to pro-
vide both performances (reference tracking and disturbance
rejection) can reduce ug,; due to r and d. Thus, in addition
to B, bounds for (14), new B, bounds must be computed to
represent |pg/(1 + pic;)] < Wy. In this last case, classical
functions in the QFT toolbox [23] can be used to compute
the bounds g, on /; , and then, 8., = B;,/Ipi, |-
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Some important issues of MISO control from the point of
view of its practice application should be noted. Consider

how the whole set of external inputs, r, d, v, ry,_, , in Fig2
intervene in the tracking error
B l 1 Di
e= r 19
1+l, 1+ 1+lt ; we (19)
and in each control action
L v+ pad)
u = e r—
’ 1+z ] T A
) CiPk
—_— 1y — , 20
o ;Hltruk (20)
#-i
where l_; = I — ;.
A zero steady state error e(t = oo) = 0 is usually desired.
In the frequency domain, this involves |/;(j0)| = oo, which

makes 1 4 ;(jO) ~ [,(jO), and the frequency response of (19)
becomes

€(j0) ~ m

1,GO)
o 0
_ pa(j0)
1,j0)

To achieve |[;(jO)] = oo, at least one [;(jw) of the
i=1,...,nloops should work at the lowest frequency band
(Jl;(jO)| = o00). Thus, the c; controller should provide the
necessary number of integrators to cancel the influence of
r(j0), v(j0), d(jO) and r,,(jO) on e(j0).

Another common requirement is that the control variables
that do not work at steady state can return to convenient set
points [2], [14]-[18]. Thus, let us impose ui(t = 00) =
ry (t = 00) in the event that /; does not work in the steady
state. The k control action (20) can be approximated at w = 0
as

v(j0)

pl(] )
l ;o)

lz(10)
d(jo) —

i (j0). (21)

j0) — 1,(jO
i ~ [P0

c(jO) . .
~60) (v(jO) + pa (j0)d (jO))

1;(jO) — It (O

t(l ;t(lo)k(l )ruk(iO)
ck(jO)pi(jO)

; 1:(jO)

where |/;(jO)] = oo. If ¢, contains an inferior number of
integrators than the loops that work in the low frequency
band, it means that |I;(j0)| < |/;(jO)| and |ck (jO)| < |1:(jO)I,
and (22) becomes

ur (jO) = gr(j0)gm(jO)r (jO) + 14 (jO). (23)

Thus, to meet ux(t = o0) = r, (t = oo) an additional
requirement at @ = 0 is [gx(jO)| = O, i.e. gx should have
the necessary number of differentiators that eliminate the
influence of 7(jO) on ux (jO). In summary, the k-branch should
not work at low frequencies in feedback or feedforward tasks.

ck(jO) + gk (iO)gm(iO)] r(jO)

ru; (jO) (22)
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Ill. EXAMPLES

Below, two examples show the new methodology along with
some comparisons that illustrate its benefits. A two-input
system (i = 1, 2) is considered, whose plant models are

) - (5 =<4
pis) = ———, ps) =
o+ ) v
a €[1.60, 2.00], b e[l1.36, 1.44]
c€[0.98, 0.99], de][l, 3]. (24)

Fig 3 shows that p; (jw) is more powerful, but with a greater
uncertainty than p>(jw) in low frequencies. The opposite
occurs in high frequencies.

A. EXAMPLE 1

This first example illustrates how a convenient distribution
of feedback and feedforward among the available plants (24)
can reduce the control action at each input. The main control
goals are to achieve robust stability and robust reference
tracking performance. Robust stability specifications (17)
seek minimum phase margins (PM) of 40° by taking

0.5
cos(m (180 — PM)/360) |’

Wyiys = PM = 40°. (25)

Robust model-matching in reference tracking (8) takes the
form

(5) = 32.65 26)
M 28513265
and the deviation tolerance
0.2s
Wi (w) = 27

0.12552 +0.75s5 + 1

s=jo
The set of discrete frequencies is

= {0.01, 0.1, 0.2, 0.4, 0.8,
1, 4, 8, 10, 20)[rad/s].  (28)

Two strategies are compared for feedforward distribution.
The former (ST1) attempts to reduce the individual control
action by considering k;(jw) (12) as indicated in Section II-C.
k; frequency responses are depicted in Fig 4, concluding the
allocation at the upper part of Table 1. A second strategy
(ST2) aims for (11), which rewards those p; plants with less
uncertainty (see Fig 3) to reduce the individual feedback
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TABLE 1. Two strategies for the frequency allocation of feedforward.

ST1. Control action reduction

w 001 01 02 04 038 1 2 4 8 10 20
p1 X X X X X X X
P2 X X X X X X X X X

ST2. Feedback action reduction
w 001 01 02 04 038 1 2 4 8 10 20
p1 X X X X X
P2 X X X X X

action. This completes the allocation at the lower part of
Table 1.
The individual feedforward elements that achieve ST1 are

g1(s) = g2(s) = (29)

s
s+4° s+0.1°

The low-pass filter g; attains a cut-off frequency of
w, = 4, and the high-pass filter g; attains a cut-off frequency
of w, = 0.1. The individual feedforward elements that
achieve ST2 are

s 1
gl(s)_s+1’ (s+ 12

In this case, g1 is a high-pass filter withw, = 1,and g2 isa
low-pass filter with w, = 0.6. The use of individual filters g;
modifies the outcome plant p,, (10) to be handled by feedback
¢i=1,2 and the remaining feedforward g,,. Fig 5 proves the
objectives of both strategies: ST1 achieves a more powerful
Pm plant, which will demand less |u;/r|, and ST2 achieves
a p;, plant with smaller uncertainty, which will require less
lum, /r].

The distribution of feedback is decided later by comparing
the bounds B.,_, , in Fig 6. These bounds represent the feed-
back demand at each input in the event that this input handles
the feedback tasks alone; SectionlIl-D detailed the formal
procedure for computing these bounds. As expected, B,
bounds for ST2 are lower than those for ST1, for whichever

8a(s) = (30)
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I

TABLE 2. Frequency allocation of feedback for the two strategies of
feedforward.

ST1. Control action reduction
w 001 01 02 04 038 1 2 4 8 10 20
p1 X X X X X X X
P2 X X X X X X X
ST2. Feedback action reduction
w 001 01 02 04 038 1 2 4 8 10 20
p1 X X X X X X X
P2 X X X X X X X

input assumes the control. For either of the two strategies,
the feedback frequency band distribution between inputs is
decided by comparing the bound heights. The results appear
in Table 2, and are entirely in consonance with the plant
frequency responses in Fig 3. In order to provide certain /;,
the plant p; is clearly more powerful than py over » < 0.4,
whereas the opposite occurs over w > 4. However, as the dif-
ference in magnitude between plants shortens, in particular,
over 0.8 < w < 2, the collaboration of both plants will help
to reduce the individual feedback action.

To conduct the feedback allocation at Table 2, the design
bounds B;; are computed and each /;, = p;, c; is loopshaped
to meet them as Fig 7 illustrates; nominal p;, plants of (24)
correspond to a = 0.16,b = 1.36,c = 0.98,d = 1.00.
The bounds considered not only the tracking specification,
but also the stability specifications. The feedback controllers
for ST1 are

6(s + 0.5)
ci(s) = m,
109.01(s% + 7.219s + 14.75)
ca(s) = 5 . 6D
(s + 15)(s* + 10.33s + 39.69)
And the feedback controllers for ST2 are
1.8135(s + 0.013)(s 4+ 0.7)
Al = A+ 1)
ea(s) = 44.37(s + 0.88) (32)

(s + 1.7)(s +3)(s + 6.6)

Finally, the bounds on the feedforward master are com-
puted, and the loopshaping (see Fig 8) yields the following:

19.107(s + 0.02)(s> + 0.684s + 0.36)

(s) = 33
8m(8) = G 1 0.019)(% + 6.066s + 19.89) )
for ST1, and
k(s+b b)) (s +b3s+b
2m(s) = (s + b1)(s + b2)(s” + b3s + ba) (34)

(s 4+ a1)(s + a2)(s + a3)(s> + ass + as)
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with coefficients of

k=597 by =113 by;=1021 b3 =1.078
b4 =043 a) = 0.26 aj) = 7.6
a3 =20 a4 =149 a5 =73.55 (35)

for ST2.

Fig 9 proves that the performance (8)(26)(27) and stability
(17)(25) specifications have been fulfilled for ten plant cases
in the uncertain set (24). Closely achieving performance saves
control action, but requires a higher order of the control
elements to exactly meet the bounds.

Fig 10 shows several analyses of interest in the frequency
domain. Feedback loops [; = p;c; perform the feedback allo-
cation in Table 2. Thus, /; = [; over low frequencies, [; ~ I,
over high frequencies, and /; = /1 41, over the mid-frequency
band. ST2 shows a smaller need for feedback |/;(jw)| than
ST1. This results in smaller |c;=1,2(jw)|. All this is a conse-
quence of the different distribution of feedforward [, between
the inputs, i.e. l,;, = p;gigm, according to Table 1. ST2 priori-
tizes building a total feedforward [, with the smallest possible
uncertainty by achieving I, ~ I,, over low frequencies and
lg ~ g, over high frequencies. The main benefit of obtaining
smaller |c;=1 2(jw)| is a considerably smaller amplification of
v sensor noise at both u; actuations (20). However, the price
paid for using a less powerful input to provide the feed-
forward needed is a larger |gi=1 28, (jw)| at the frequencies
where they participate in the control tasks. Let us compare
how much larger |g2g,,(jw)| of ST2 is than |gigm(jw)| of
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ST1 over low frequencies. In contrast, |g1g,(jw)| of ST2 is
much larger than |g2g,,(jw)| of ST1 over high frequencies.
Time domain responses in Fig 11 clearly show these draw-
backs; the system is excited with a unit step r(¢t) at + = 1.
ST2 demands smaller up,(¢) than ST1. However, its relevance
in u;(¢) is far less than ug; (7). Eventually, ST1 uses less u;(t)
at both inputs. In particular, ST2 requires a larger actuation
range for u; during the transients, and implies larger expends
of uy at steady state. A fair comparison would compare the
steady state of u; in ST1 with the steady state of up in ST2,
as these are the inputs that provide the actuation to achieve
r = y in steady state. Even for this comparison, ST1 achieves
better results than ST2.

As expected in MISO control, the inputs that do not work
at steady state (up for ST1 and u; for ST2 ) return to zero
att = oo, i.e., they recover a convenient chosen operating
point r,;. Section II-E detailed the requirements to provide
this and to achieve r = y att+ = o0, named as follows.
In ST1, an integrator is needed in ¢ (31) and a differentiator
in g> (29). In ST2, an integrator is needed in ¢y (32) and a
differentiator in g1 (30).

B. EXAMPLE 2

This second example shows the benefits of the new structure
that conveniently adds feedforwad loops and highlights the
relevance of a robust design method.

As a reference, let us take the solution given by ST1 of
Example 1, which yielded feedback controllers (31) and feed-
forward elements (29) (33) to govern the two-input system
(24) inside the control structure of Fig 2, being n = 2.

This is being compared with one of the most popular
multi-input control strategies in process industry: valve posi-
tion control (VPC) [14], [26]. Its quick and effective design
method is oriented to simple process models without uncer-
tainty. Thus, let us take the nominal plants

P2,(8) = (36)

2
(s +0.7)2’ s+2’
from the uncertain set (24) for a fairer comparison (their
magnitude frequency responses are centred on the bunch of
p1 and p> responses, respectively, on Fig 3). VPC employs
a serial structure of feedback controllers - Fig 12- and the
following design method [26].

A PI controller cz(s) to the fastest input (p», plant) is
first designed to achieve the desired y/r performance, i.e m
(26). To accomplish the design, [26] suggests any standard
procedure. Here,

P1,(8) =

ea(s) = 3 (1 + 37)

0.1837s) ’
is found to place the roots of 1 + p», c2(s) at the poles of m.
After the quick response of the fastest loop [, = py, c2,
the slowest loop /1 = pj,cic2 must take charge of the
system, and the fastest input u; must be reset to a conve-
nient set-point r,, (mid-ranging). Thus, another PI controller
c1(s) determines the switching frequency wy,, between loops,
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where |[1(jwsy)| = |l2(jwsy)|. There is not a standard method
to choose wg,, but it must be sufficiently lower than the
fast loop crossover frequency w¢, to avoid any distortion
of the performance m already achieved. This impedes any
collaboration of plants as ST1 reached over @ € [0.8, 2]
(see Table 2), i.e. VPC forces plants to work in separated
frequency bands. To get a behaviour comparable to STI,
wgw = 0.4 is selected. Then, the PI time integral is tuned
to wgy /5 as [26] recommends. Finally, the PI proportional
gain is calculated to achieve |/ (jwgy,)| = |l2(jwsy)|. The VPC
controller is

ci(s) = 12.5 <1 + (38)

1
0.0843s> '
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FIGURE 12. Series architecture in valve position control.

Fig 13 compares the robust feedback plus feedforward
of the new QFT strategy with the feedback-only of VPC.
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FIGURE 13. Time domain responses of output and control inputs for (left) feedback VPC (right) feedback-feedforward QFT.

External inputs are a unit step change of set-point r(¢) at
t = 1 s and a sensor noise v(¢) that is built with a band lim-
ited white-noise source of Simulink® (power of 0.00005 and
sample time of 0.01 s).

Both strategies show a similar behaviour y(#). Neverthe-
less, VPC presents a three times higher overshoot due to the
¢y zero (37) that is transmitted to y/r transfer function and
distorts the pure second order behaviour of m. Despite any
fine tuning of feedback c; to palliate the overshoot for the
nominal case, this does not guarantee a proper behaviour for
another plant case, since VPC is not a robust method and
does not consider the plant uncertainty in the design. Another
solution would be to incorporate a feedforward prefilter to the
classical feedback structure, as it is common in SISO con-
trol. Our methodology illustrates the more profitable way of
adding feedforward elements to MISO control and achieves
the expected performance for the whole set of plant cases.

Nevertheless, the major differences are on control actions
ui(t) and wup(t). Our parallel structure of feedback con-
trollers allows a free and flexible allocation of the fre-
quency band between inputs [19]. The plant collaboration
over mid-frequencies (w € [0.8, 2]) increases the u(¢) peak
to help the fast intervention of u>(¢). Then, a more balanced
pair of u; and up peaks than in VPC is obtained; it should be
recalled that both loops work on clearly separated frequency
bands in VPC. The benefit of collaboration to reduce the
control action would be even more advantageous the higher
the gain of the plants in the same frequency band.
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Another drawback of wy,, < @, in VPC is a slower return
of u (1) to the set-point r, (), which is supposed to be a prof-
itable steady state [2], [14]-[18]. In particular, uy(#) shows a
settling time three times longer for feedback-only VPC than
for feedback-feedforward QFT. Those effects would be even
more noticeable with traditional VPC strategies [14], which
seek slower u1(¢) intervention.

Finally, the most relevant difference is the amplification
of the sensor noise v(¢) at the control inputs u;—1 2(t), which
is favoured by the feedback control gains |cj=1 2(jw)|. From
a mathematical point of view, (8) shows how a non-zero
> i, pigigm can help to reduce the ¢; feedback gains, as in
SISO control, and this happens regardless of the design tech-
nique. In the present example, compare the c¢>(jw) gain (31)
with (37), and also the ¢1(jw) gain (31) with the cjc2(jw) gain
(38)(37) that results from the equivalent of a series structure
to a parallel one. Ultimately, too much noise at the control
inputs causes fatigue or even saturation of the actuators.
Let us quantify the differences between both strategies by
computing the indices

t

du;(t)
drt

IAVU;—1 2 = / dt 39)

0

for the ten plant cases. Table 3 shows the results. The
feedback-only strategy returns an index 15.3 times higher for
u1 and 3.94 times higher for u, than the feedback-feedforward
strategy, showing the superiority of the latter.
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TABLE 3. Noise effect at the control inputs (39).

Feedback VPC Feedback-feedforward QFT
TAVU;  [1.4256, 1.4659] [0.0868, 0.0931]
IAVUy  [4.7538, 4.8883] [1.2074, 1.2218]
C. REMARKS

« When several control inputs are available, a convenient
distribution of the control bandwidth can help to reduce
the individual control action in addition to satisfying the
performance specification for the output. A method is
established that relates the plant frequency responses to
the performance specification.

o Feedforward from known external inputs reduces the
feedback contribution and its drawbacks, namely the
amplification of sensor noise at the control inputs, which
can saturate or fatigue actuators.

« The presented control architecture allows an independent
distribution of frequencies for feedback and feedforward
tasks. Thus, plants can collaborate or be inhibited at any
design frequency, for feedback or feedforward.

« As a preference, the frequency distribution of feedfor-
ward aims to use the least possible control action at each
input, but any other strategy is supported. For exam-
ple, feedforward can be oriented to use the least possi-
ble feedback action despite increasing the total control
effort. This strategy could be of interest for systems with
a high level of sensor noise.

o The control structure supports any number of control
inputs, and the method can handle any plant difficulties
such as pure delays or RHP zeros and poles.

o A robust methodology guarantees the expected bene-
fits for a predefined set of plant cases. Robust model
matching for reference tracking and robust stability were
explicitly considered. Other robust specifications such
as disturbance rejection and set-point changes for the
mid-range variables could also be added.

IV. CONCLUSION

Several control inputs contributed to output performance
by allocating their participation along the control band-
width, which resulted in the use of the least possible control
action. This demand ultimately depended on the input-output
(plant) frequency response and the required performance.
Due to uncertainties about plant models and unknown dis-
turbances, the usual means to compute the control actions
were inside feedback loops. If some external inputs were
accessible (output reference), feedforward helped feedback
to generate the required action. This reduced, in single-input
control, the amount of feedback and its high frequency draw-
backs. However, using the feedforward to minimise the feed-
back might prove to be faulty in multi-input control. Since
there were several available inputs, a thoughtful feedforward
and feedback distribution attempted to minimise the control
action at each input, which reported benefits at all frequen-
cies. The expected results were: (i) lower expenses in the
inputs that handle the steady state, (ii) greater ranges of
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actuation in the inputs that handle the transients, and (iii) less
noisy commands on actuators.

The proposed control architecture contained feedback
loops (one feedback controller in the direct path to each con-
trol input) and incorporated feedforward loops straight to the
control inputs (a master feedforward followed by individual
pass-band filters). This enabled a tailor-made and separated
distribution of feedback and feedforward, which improved
classical mid-ranging control that used feedback-only archi-
tectures and clearly separated frequency bands for each input
intervention. In the new method, first, individual feedforward
filters allocated the control bandwidth so that an equivalent
plant was built with equal or greater magnitude at each fre-
quency than any individual plant. Next the uncertainty of
this equivalent plant was addressed. Thus, global feedback
reduced the closed loop deviation of magnitude frequency
responses to the extent that, at a second step, a master
feedforward could place them in-between the tolerances of
model-matching. Individual feedback controllers distributed
the global feedback among the inputs. In so doing, they
sought to use the least possible feedback at each frequency.
Quantitative Feedback Theory (QFT) was the robust method-
ology used to design the control elements, which achieved
the expected benefits for the whole set of plant cases. In QFT
framework, a new formulation was developed to deal with
more general robust control specifications.

In future work, the feedforward of any other measurable
input, such as measurable disturbances, may be of interest,
which will need a specific analysis. Additionally, we intend to
take advantage of the new control structures in an application
example.

APPENDIX I

INEQUALITY FOR CAD COMPUTATION OF FEEDBACK
CONTROLLER BOUNDS

A general format of robust control specification with feed-
back G and feedforward Gy elements is the following:

AGy +B
C + DG

where A, B, C and D are known functions that can take a set
of values (uncertainty), and W is the upper tolerance of the
magnitude of the closed-loop frequency response.

QFT perspective limits the feedback to the strictly nec-
essary amount that enables a feedforward controller to be
found. Thus, the method begins to find the mathematical
requirements over G. Equation (40) is rearranged as

C +DG
WL‘
|A]

Then, considering Gy as the independent variable, (41)
describes the region of valid feedforward elements Gy in the
complex plane for each frequency of interest. This region is
a circle with centre —B/A and radius W |C + DG]|/|A|. Thus,
any two cases (u, v) of A, B, C and D in the set of possible
values share a common solution Gy if the distance between

< W, (40)

G+ 2| < (41)
5| =
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the centres of the circles is equal to, or shorter than, the sum
of their radii. This condition is expressed by the inequality

below:
B B C+D,G C,+ D,G
|Aul |Ay]

Av Ay

This expresses the requirements of G. It is conveniently
rearranged as

[BAy — ByAu| < WIC + D,GI|A)| + WIC, + DyGl|A|.
(43)

All of the frequency responses can be written in polar form
asA = alb,, B=bl0p, C = clO.,d =d.l0;,G = gl¢.
Thus, the modulus of sum vectors in (43) can be expanded
using Euler’s formula as

IB,A, — ByAy| = (bial + bla, — 2b,byaya,
1/2

x €O8(Op,u + Oay — Oy — Oaw)) '~, (44)
ICy + D,G| = (d2¢% + ¢ + 2cydygcos(yn))?,  (45)
ICu+ DGl = (d2g% + € + 2ecudug cos(y)) % (46)
where
Yy = @ + 04y — Oy,
Yu =@+ 04.u— Ocu 47)
And inserting them into (43) yields
(b2a2 + b2a2 — 2bubyayay cos@p.u + Oay — Oy — 6a) "
< Way(d2g* + 2 + 2cudug cos(1//u))1/2
+Way (d2g% + €2 + 2cvdyg cos(y)' 2. (48)

After squaring both sides of the inequality twice and rear-
ranging, a fourth order inequality on g is produced:

)\4g4~|—)\3g3~|—)\2g2~|—)\1g+ko <0 49)
where

22 2 12N\2

A = _(avdu — audv)
- 242
4asa;

2
a
A3 = dyey cos(yn)(d2 — a—;db

v

2
a
+dycy cos(Yr,)(dE — a—;db

u
M=ﬁ£+ﬁﬁ+w<ﬂﬁ+@ﬁ>
ay ay
a, ay 2
—| —cudy cos(¥ry,) — —cyd, cos(yry)
ay ay
2, Gus
AL = chdv(cu + a_W) cos(ry)
v
2, Y
+2c,dy(c; + a_W) cos(yry,)
u
Ao = 22 — W? (50)
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and

W:ﬂ bﬁ—cﬁWz +@ b%—c%WZ
ay 2W? a, 2W?

b,b
‘;/ZV COS(@b,u + Ga,v - eb,v - a,u)' (51)

The squaring operations introduced non-valid solutions.
Thus, the four g solutions of (49) must be checked and, those
that do not fulfil (43) must be discarded. As is common in
QFT, the procedure is repeated for all possible pairs (u, v) in
the uncertain set. Finally, a controller bound can be calculated
at w. This delimits the valid region for g at each phase ¢ on
the mod-arg plane.

Controller bounds are calculated for a discrete set of fre-
quencies and then referred to a nominal plant P, to per-
form the loopshaping L, = P,G on a mod-arg plot. Thus,
the bound solution G = g/¢ is shifted by P, = p,ZL0,.
The nominal plant corresponds to the nominal case of the
uncertain set of A, B, C, D. In this way, (49) can be easily
incorporated in the Terasoft QFT toolbox [23], which to date
has used quadratic inequalities on g to calculate bounds for
different closed-loop inequalities (see functions sisobnds and
gndbnds).

Also, it can be proven that the controller solution
(49) to meet the robust specification (43) is simpli-
fied in the controller solution given in [22] to solve
|(M — PGy)/(1+ PG)| < W. Let us use the following
equivalents A = —P, B = M, C = 1, D = P, and their
polar forms a/6, = p/ — 6, b/0, = mlu, c/6. = 1.0,
d/6; = p/l6. After substituting their particular values (i, v)
in (50), the following is obtained:

P il 7
4= )
4pip;;
2 P2 2
A3 = pycos(¢ + 0,)(py, — —5Py)
Py
2 P2 2
+pu cos(¢ + 0,)(p; — p—;pu)
u

M=ﬁ+£+®(ﬁﬁ+@ﬁ)
Pu p

v

2
- (jj—p cos(¢ + O) — 22 p, cos(g + 9»)

u v

=21+ i—“vAV) cos(¢ + 6,)

v

+2pu(l + ?Vv) cos(¢ + 6,)

u

ro=1—W2, (52)
where
o m2 — w2 +p_u m2 — w2
T pu \ 2W2 py \ 2W2

nmy,my,

w2 cos(iy — 0y — y +6y).  (53)

Since  the performance model M  has no
uncertainty (m, = m, = mand u, = W, = W),
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W can be rewritten as

%)

m2 — w2
2W?2

2
— cos(6,

N
Pu 2w? Pv

—0,). (54

By means of simple operations, one can verify how the
coefficients A4 and A3 vanish and (49) simplifies to

2 (2 + 12+ 200 W — (py cOs( + 6,)

—pucos(¢p + 9v))2> + Zg((pv + puW) cos(d + 6,)

+(pu + pyW) cos( + Gu)> +(1-W?) <o, (55

which matches the quadratic inequality in [22].
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