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ABSTRACT In this paper, the problem of computing the number of degrees of freedom (NDF) of the field
radiated by a strip current along all the possible lines orthogonal to the source is addressed. As well known,
the NDF is equal to the number of singular values of the radiation operator that are before a critical index
at which they abrupt decay. Unfortunately, in the considered case, the solution of the associate eigenvalue
problem is not known in closed-form, and this prevents us from directly evaluating the singular values of the
radiation operator. To overcome this drawback, a weighted adjoint operator is exploited. The latter allows
obtaining an eigenvalue problem whose solution is known in closed-form but, at the same time, it modifies
the behavior of the singular values. However, since the change affects only the dynamics of the singular
values but not the critical index at which they abrupt decay, the NDF of the radiated field can be analytically
estimated by resorting to the weighted adjoint operator.

INDEX TERMS Dimension of data, eigenvalue problem, inverse source problem, integral equation, radiation

operator, singular values, NDF.

I. INTRODUCTION

The inverse source problem has several applications in
antenna analysis and synthesis [1]-[9]. From the mathemati-
cal point of view, it entails inverting a linear integral operator
called radiation operator. The latter relates the density cur-
rent J to the radiated field E which represent respectively the
unknown and the data of the inverse problem.

In order to evaluate the achievable performance in lin-
ear inverse problems, some common metrics are the point
spread function (PSF) [10], and the number of degrees of
freedom (NDF) [11]-[13]. In particular, the point spread
function provides the reconstruction of an impulsive source
or the synthesis of an impulsive field; instead, the number of
degrees of freedom represents at the same time the number
of independent functions required to represent the data with a
given degree of accuracy and the dimension of the unknowns
subspace that can be stably reconstructed [14].

Both the metrics depend on the geometric parame-
ters of the configuration and both are linked to the
singular values decomposition (SVD) of the radiation
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operator, which is a key mathematical tool widely used in
electromagnetics [15]-[20].

The link between the singular values decomposition and
the metrics mentioned above appears immediately clear con-
sidering that the point spread function can be expressed in
terms of the singular system of the radiation operator while
the number of degrees of freedom is given by the number of
relevant singular values of such an operator [21], [22].

However, the SVD of the radiation operator can
be exploited not only to evaluate the singular system,
the number of degrees of freedom, and the point spread
function [23]-[26] but also to find a discretization of the
radiation operator that exploits a non-redundant number of
samples [27]-[30].

In this article, the NDF of the near-field radiated by a
magnetic current strip is analytically computed. For a finite
observation domain parallel to the source, the NDF of the
near-field has been already computed in [31]. Here, instead,
the case where the observation domain is a truncated line
orthogonal to the source is dealt with.

A similar configuration was considered also in [32]
and [33]; however, there, the focus was the study of the depth
resolution and the analysis was limited to an observation
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domain centered with respect to the source. Differently, here,
the focus is on the analytical estimation of the NDF and the
case of an observation domain not centered with respect to
the source is also tackled.

Let us remark that the knowledge of the NDF for the con-
figuration described above gives insight on the forward and
on inverse source problems since it allows establishing both
the number of basis functions required to span the radiated
field and the number of coefficients in the current expansion
that can be stably recovered. Moreover, it is of great interest
also in phase retrieval [34] in the case where the phaseless
data are collected on multiple scanning lines parallel to the
source. In such a context, the knowledge of the NDF along the
directions orthogonal to the source allows finding the number
of scanning surfaces that provide independent information.
In fact, taking into account that the square amplitude of the
radiated field must be sampled with a step-length that is
the half of the radiated field, it is possible to retain that the
number of scanning surface that provide independent data
will be approximately equal to two times the NDF of the
radiated field.

For the considered configuration, the kernel of the asso-
ciate eigenvalue problem is space-variant; hence, the issue
of finding the NDF by studying the singular values behavior
of the radiation operator is quite difficult. To surmount this
drawback, at first, a weighted adjoint operator is introduced
and an asymptotic evaluation of the kernel of the eigenvalue is
performed. After, by acting a change of variables, the original
eigenvalue problem is recast in a new one.

If the observation domain is outside the source domain

or centered with respect to it, the new eigenvalue problem
involves a convolution operator with a sinc kernel. Hence, its
eigenvalues can be computed by exploiting the closed-form
results related to the Slepian-Pollak operator [35], [36].
At this stage, the NDF of the radiated field will be obtained
by observing that the presence of the weight function in the
adjoint operator affects only the dynamics of the eigenval-
ues but it does not change the position of the knee; hence,
the NDF corresponds to the number of relevant eigenvalues
of the sinc kernel.

Differently, if the observation domain is in front of the
source but not centered with respect to it, the kernel of the
new eigenvalue problem can be expressed by a sinc function
of difference type plus an error term that does not affect the
number of relevant eigenvalues. As it will be shown, also
in this case the presence of the weight function does not
affect the position of the knee in the eigenvalues diagram.
Hence, the NDF of the radiated field can be still evaluated
by referring to the integral operator with the sinc kernel.

Accordingly, our final result will be that of providing the
NDF of the near-field for each possible observation domain
orthogonal to the source. As it will be seen, for the considered
geometry the maximum value of the NDF is lower than that
achievable with an observation domain parallel to the source.

The article is organized as follows. In section II, at first,
the geometry of the problem is shown; after, the radiation
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FIGURE 1. Geometry of the problem.

operator and its adjoint are introduced. In section III,
the expression of the kernel involved in the integral equa-
tion for the computation of the singular values of the
radiation operator is deduced. In section IV and V, the
above-mentioned kernel is evaluated respectively in the case
where the observation domain is located in the region outside
the source, and in the region in front of the source. Later,
it is shown how it is possible to recast such kernel in a form
more similar to a sinc kernel of difference type. In section VI,
the number of degrees of freedom of the radiated field is
found. A section of conclusion follows.

Il. GEOMETRY OF THE PROBLEM

A magnetic current J (x) = J(x) fy, supported on the set SD =
[—a, a] of the x-axis, radiates in a homogeneous medium with
wavenumber S.

The electric field radiated by such current has two compo-
nents: one along the x-axis, and another along the z-axis. The
x component of the electric field, E, is observed on a bounded
observation domain OD = [Zin, Zmax] that is orthogonal to
the source, and located in near non-reactive zone along the
axis x = x, (see Fig. 1).

For the considered configuration, the radiation operator T
can be expressed as

0 G iBRGD)
TJ = / z———J()dx' (1
—a Ri(x/’ 7)
where
R(x',2) =+ (xo —x')> + 22

The adjoint operator Ttis usually defined as

< 7-‘]’ E >L2[Zmin,2max] =< J’ TTE >L2[_“sa] (2)

with <, >;> denoting the scalar product in the functional
space L2 [37].

Here, instead, a weighted adjoint operator is introduced.
The latter is given by

Zmax @j BR(',2)
TJE = TTwE =f w(x', 2)z———E@)dz (3)
Zmin Rf(.x/, Z)
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where w(x’, z) denotes a real positive continuous function that
pre-weights / pre-filters the data.

The use of the weighted adjoint has two effects. On one
hand, it simplifies the mathematical analysis of the radiation
operator. On the other, it changes the singular values decom-
position of the radiation operator. The latter would appear a
bad effect. However, since the weight function does not affect
the phase of the kernel of the adjoint operator, its presence
changes only the shape of the singular values but not the
critical index at which they abrupt decay. For such reason,
the weighted adjoint operator can be used in place of the usual
adjoint for evaluating the NDF of the radiated field.

IIl. PRELIMINARIES CONCEPTS FOR THE STUDY OF THE
RADIATION OPERATOR
With the aim to study the singular values behavior of the
radiation operator 7T, the eigenvalues of the auxiliary operator
T} will be studied.

By virtue of the definitions (1) and (3), the latter can be
expressed as

Zmax
TTIE = f K(z0, D E(@)dz @)
Zmin
where
a e B [R(x'20)—R(x",2)]
K(z0,2) = ZoZ/ w(x',2) — : dx' (5)
—a R2(x’,zo)R2(x’, 2)

By setting f(x/,20,2) = 1/[R%(x’,z0)R%(x/, 7)] and
o(x',20,2) = [R(x',z0) — R(x’,2)1/a, the kernel can be
recast in the following form

a

K(20,2) = 202 / wx', f (x', 20, 2) € TPIOE 20D gx " (6)

—a

For z, = z, the exponential function in (6) is equal to one;
consequently, the kernel K (z,, z) can be exactly computed by
exploiting the integration by part method.

For each (25, 2) € [Zmin, Zmax] X [Zmin> Zmax] : {20 # 2}, if
Ba > 1, the integral above can be evaluated by resorting to
an asymptotic approach. Since the choice of the asymptotic
technique is related to the presence/absence of stationary
points, it arises the problem of solving the equation

¢'(',2,2)=0 Vx' €[~a,al N

where ¢’ indicates the derivative of ¢ with respect to x’.

It is easy to show that if |x,| > a (or in other words if
the observation domain is outside the region of the source),
equation (7) does not admit any solution with respect to x’ in
the set x’ € [—a, a]. Differently, if |x,| < a (or equivalently,
if the observation domain is located in front of the source)
then the point x’ = x, is a solution of such equation (see,
once again, Fig. 1). For such reason, the cases |x,| > a and
|xo| < a will be analyzed separately in sections IV and V,
respectively.
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IV. STUDY OF TTL, IN THE CASE |xo| > a@

In this section, at first, the kernel of the operator TTIV in the
case where |x,| > a is evaluated. Later, it is shown how to
recast such operator in a form more similar to a convolution
operator with a bandlimited kernel of sinc type.

As seen before, for |x,| > a no stationary points appear in
the phase function; hence, the integral (6) can be asymptoti-
cally evaluated by taking into account only the contributions
of the endpoints [38]. Accordingly, if Ba > 1 and |x,| > a
then V (25, 2) € [Zmins Zmax] X [Zmins Zmax] : {20 # 2z} the
kernel of ’7'7;;r can be approximated by

x'=a

/!
202 X'120:2)  _; /
K(20,2)— = <w(x’, Z)—ff = ) i pagis ’Z”’Z))
Jﬂa ¢ (x » 205 Z) x'=—a
®)
From equation (8), it follows that
K(z,2)
N — ﬁe_j% (¢a+¢fa)
JjBa
< Wala b o¢a) _ W-al-a e—j%"(«ba—%)) )
ba’ ¢-a’
where the subscripts —a or a indicate that the correspondent
function has been particularized in x’ = —a orx’ = a.

As can be seen from (9), the operator Tﬁ is space-variant.
In order to recast it in a form more similar to a convolution
operator, let us introduce the following variables

1
(@ = 5 (Voo +aP +2 = Vx, —aP +22) (10)

@ = %(%(xo +a)? + 2+ V- a?+22) (D)

which represent the two elliptic coordinates.

Thanks to the introduction of such variables, it results that
B (p—a—¢a) = Ba 5o —¢) and B ($—a+a) = Ba (v (o) —
y({)). Hence, by passing from the variables (z,, z) to the
variables ¢, = ¢{(z,) and ¢ = ¢(z), it is possible to recast
(4) as below

C(Zmin)
TTIE = /( Ko OEQ)dg (12)
¢ (Zmax
where
~ W) Az _igaryc)—y (o))
K(,¢) iBa d{e
(Wa(g)fa(go» 0) oIBalto=0)
®a’ (80, C)
_W-a(()f—a((m §) e_j'fja(;o_;)> (13)
$—a'(80, 0)

The full expressions of z(¢) and its derivative j—; are

reported in appendix A.
At this stage, the kernel has still a complicate structure.
However, by approximating the amplitude factors as

2o, §) ~ a

14
CAtONS (X0 —a)(&o — :)5—2 o
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FIGURE 2. Kernel of 7-7°1 in the variables (¢, Zo) for a = 201, xo = 251,
Zmin = 2.5X ({max = 0.987), Zmax = 40X ({min = 0.497).
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FIGURE 3. Kernel of 777, ,,i in the variables (¢o, ¢) for a = 201, xo = 251,

Zmin = 2.5\ (;max = 0.987), Zmax = 40\ (;Il‘llll = 0.497).
Z(fo[)f—a(é'm 9] ~ a . (15)
d)—a(gav é‘) (xo + a)(é'o - C)ﬁ
and by choosing
/ wix') (o —x')
5 = = 3 16
MO Te T T (1o
it can be rewritten in simple and nice form
ety oy (P —0)

K(,, "’—
(G 00~ 7o —0)

The derivation of the approximations (14) and (15) is
shown in Appendix B.

Flgures 2, 3 and 4 sketch respectively the kernel of
TTT, T’T and the sinc kernel (17). The diagrams are in dB
and normalized with respect to its own maximum. As can be
seen from such figures, the sinc kernel is almost equal to the
actual kernel of ’T’ﬁj. Consequently, the eigenvalues of the
sinc kernel (17) approximate very well those of ’7"7;3L This is
confirmed also by Fig. 5 in which the eigenvalues of TTT,
those of TT and those of the sinc kernel (17) are depicted.
As can be seen from such figure, the eigenvalues of 7’7;3L
and those of the sinc kernel (17) have the same behavior;
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FIGURE 5. Eigenvalues of 771, 7T, .Jf.,. and of the sinc kernel for
a = 20X, Xo = 25X, Zin = 2.5X ({max = 0.987), Zmax = 40X ({min = 0.497).

instead, the eigenvalues of Tﬂj exhibit a different behavior
with respect to those of 77 . Despite this, the critical index
beyond which the eigenvalues abrupt decay is the same for
both the operators. This confirms that the use of the weighted
adjoint does not change the number of relevant singular val-
ues but it modifies only the dynamics of the singular values
by making them more flat.

From the above considerations, it follows that the number
of relevant eigenvalues of 77 (or in the words the NDF of
the radiated field) can be evaluated by determining the num-
ber of relevant eigenvalues of TT which, in turn, exhibits
the same eigenvalues of the integral operator with the sinc
kernel (17).

Let us remark that despite the analysis developed above
holds both for x, < —a and x, > a, in the case where
X, < —a it may be convenient to define the variable ¢ as the
opposite of (10). In such a way, the kernel expression remains
the same of (17) but the variable ¢ attains positive values.

V. STUDY OF TT,T,, IN THE CASE |xo| < a

In this section, with reference to the case where |x,| < a,
the kernel of Tﬂ:r is first evaluated, and after it is recast in a
form suitable to be studied.
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Differently from the case of section IV, if |x,| < a the
asymptotic evaluation of the kernel contains not only the
contributions of the endpoints x’ = —a and x’ = a but also
the contribution given by the stationary point x’ = x, [38].
Hence, if Ba > 1 and |x,| < a an asymptotic evaluation
of the integral (6) which holds true V(z,, 2) € [Zmin, Zmax] X
[Zmins Zmax] : {zo # 2} is given by

W—af-a
_j:Ba ¢—a !

—jﬁa%geiﬁsign(—%)) (18)

_Wala__ jpag. _
_j:Ba ¢a !
2 onfx(,

Ba /18|

K(20,2) & 2oz ( e/ Pad—a

where

e ¢ indicates the second partial derivative of ¢ with
respect to the variable x/,

« the subscripts —a, a, x, denote respectively that the
corresponding function has been particularized for x’ =
—a,x' =aorx' =x,.

To further proceed in our analysis, let us restrict the atten-
tion to the case 0 < x, < a. In such circumstance, it is
convenient to recast the previous expression of K(z,, z) in the
form

K(z0,2)

~ 202 eiT O-at ) <—.W_af_a/ e
jPag—a

27‘[ onﬁm ﬁ”(d, a_¢xo)e,4szgn(zg—2)> — AKy(20,2)

. L ———

(19)

where
ﬁ —Wa (Z)fa (ZO i Z) efj Ba¢a(z0,2)
JjBa ¢4 (2,2)

With the aim to obtain a kernel whose eigenvalues can be
computed in closed-form, let us introduce the variables

1
$(2) = m(v (X +a) + 22— 2]) 21

(22)

AKy(zp,2) = (20

(xo + a)? + 72

(@) =

The latter allow writing that a (¢p—,—x,) = (a+x,)({o—2)
and a (¢—a(8o, §) + 5,80, §)) = (@ + %) (r(5o) — ¥(£)).
Hence, by expressing (4) in terms of the variables ¢, = ¢(z,)
and ¢ = (), it results that

¢ (Zmin)
TTIE = / K (5o, DEQ)dg (23)
¢ Zmax)
where
K (o, ¢)
N —2(en) 2(0) 5 P (e v @)

dg
FralCor ©)
(W‘”@jﬁa 660 O)°
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—j Begro) (¢, —¢)

27 S0, ) iBlatxo) (r oy _im i _
+ | —wy 4 e 2 (Go—¢) 14”8”(40 &)
VB T o ¢
FAKy(Cor ) (24)
with

° a a\So» d
AR, (2. 0) = ZEHD WalEV (o, §) d2

JjBa a8, §) d(

oI Ba%aC0)

(25)

The expressions of z(¢) and are shown in Appendix C.

The first term of K(¢,, ;) can be expressed in terms
of a sinc function depending on the difference ({, — ¢).
In order to achieve this aim, let us first approximate the
amplitude term 2(5o) f~a(8os §)/$—-d (5o, ¢) as in (15), and
FrolCor O/ /BT Cor ©) as below

fol6o©) VA signe =0 e
I 0 2 °
PG T O [l

(see Appendix D for the derivation of approximation (26)).
Later, let us choose the following weight function

W_a _WXG (

W(-x ) —a—x, x/ - x()) + on
~ o 27
MO =0 X @7
where
_ _n(a—}—xo) . Jat+x
Wy = - Wy, = T (28)

By taking into account of equations (15) (26) (28), and by
performing the following approximation

1 dz V2 m [
) ‘_ :\/m 1-¢2 a+x, 29
the kernel expressed in (24) can be approximated as follows
K (o, )
~ 7 oI L (YC-7(©) ,i%sign(co—0)
sin (W@o &)+ Esign(c, - 0))
x + AKy(o, 0)

(8o — &)
(30)
Since equation (18) does not work for z, = z, equation
(30) is not valid for ¢, = ¢. An expression of K(,, ¢) which
well approximates the behavior of the actual kernel V(¢,, {) €

[Cmim gmax] X [gmins é—max] is given by

sin (M(éa - ;“))

(6o —¢)
+AK.(8,¢)  (B1)

) (3 () -y ()

Ko, )~ me

Hence, for 0 < x, < a the kernel of T’Ej is made up
by two terms. The first one is proportional to a sinc kernel of
difference type, instead, the second term AK,, can be regarded
as an additive error.

Figures 6, 7 and 8 sketch respectively the actual kernel of
TTH, T’EI, and the first term of (31). The diagrams are in dB
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FIGURE 6. Kernel of 77T in the variables (o, ¢) for a = 201, xo = 102,
Zmin = 2.51, (max = 0.920), Zmax = 40X ({min = 0.333) .
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FIGURE 7. Kernel of T°7;) in the variables (Zo, ¢) for a = 201, xo = 103,
Zimin = 2-5X (¢max = 0.920), Zmax = 40X ({min = 0.333).

and normalized with respect to its own maximum. As it can be
seen from such figures, the kernel of TTT exhibits a different
decay with respect to the others. Instead, the kernel of ’7'7;3L
and the sinc term in (31) strongly differ in the region outside
the main lobe whereas they are similar in the region of the
main lobe (in particular way for small and medium values of §
and &,). In this last case, the differences between the two dia-
grams are due essentially to the approximation made in (29),
and to the fact that we are neglecting the additive term AK,,.
Despite the differences among Figs. 6, 7 and 8, the number
of significant eigenvalues is essentially the same in all the
three cases. This aspect is well shown in Fig. 9 which sketches
the eigenvalues of 777, T7;J and those of the integral oper-
ator with the sinc kernel. As it can be seen from Fig. 9,
the dynamics of the eigenvalues changes in each case, instead,
the position of the knee in the eigenvalues plot is always the
same. Accordingly, also for 0 < x, < a the number of
relevant eigenvalues of TT1 can be computed by referring
to the integral operator with the sinc kernel corresponding to
the first term of (31).

It is worth noting that the study developed for 0 < x, < a
can be repeated in a dual way for —a < x, < 0.Insuchacase,
the terms of (18) that allow approximating the main lobe of
the kernel of TT,} are those due to the endpoint x' = a and
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FIGURE 9. Eigenvalues of 771, 7 T7,, and of the sinc kernel for
a =201, Xo = 10, Zyjn = 2.5% ({max = 0.920), Zmax = 40X ({min = 0.333).

to the stationary point x’ = x,. Hence, after the introduction
of the variables

{(2) = — (Vo —aP +22 —2]) (32)
1
Y@ = (V(xo —a? + 22 + 2)), (33)
a—Xx,

it is possible to approximate the kernel of TTJ in the case
where —a < x, < 0 as below

:Bla—xo)
Ko, o)mme™ 2

sin (2322, - ¢)

(6o — &)
+AK _4(50,8) (34
As regards the eigenvalues behavior, the discussion already
made for the case 0 < x, < a works also for —a < x, < 0.
At this point, let us tackle the cases where x, = 0 and
X, = Za. In such circumstance, the asymptotic evaluation
of the kernel of 7'7;J can be expressed by only two complex

exponential functions; accordingly, it can be recast as a purely
sinc function.

(v@—v©)

A. THE CASE xo =0

In this section, a closed-form expression of the kernel of
T7;I in the case where x, = 0 is provided. In such a case,
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FIGURE 10. Kernel of 771 in the variables (o, £) for a = 203, xo = 04,
Zmin = 2-5A (¢max = 0.883), Zmax = 40\ ({min = 0-236).
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FIGURE 11. Kernel of 77, ,,:f, in the variables (¢o, ¢) for a = 201, xo = 0},
Zmin = 2.5X ({max = 0.883), Zmax = 40X ({min = 0.236).

the asymptotic evaluation of K(z,, z) given by equation (18)

works Y(zo,2) € [zZmin> Zmax] X [Zmins Zmax] : {20 # 2z}
Furthermore, since x, = 0, it results also that

_ Ja(20, 2) _ _ffa(zo, 2)
ba(20, 2) = P—a(20, 2) ¢(/I(Zo, ) = ¢/_a(zo, ) (35)

Consequently, if the weight function w(x’, z) is such that
wa(2) = w—4(2), the kernel (18) can be rewritten as

2Wdfa jpag,
jBag_a’

B 0 pa g sien-sp) | (36
Pa. fig5)

where the subscript O denotes the correspondent function has
been particularized for x’ = x, = 0.

The use of the variables ¢(z) and y(z) defined in (21) and
(22), and the following choice of the weight function

K(zp,2) = zoz(

W_q — Wo ’ —
W) g It

2e) 2(¢)

wx', ¢) = (37
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FIGURE 12. Sinc kernel given by (38) for a = 201, xo = OA,
Zmin = 2.5A ({max = 0.883), Zmax = 40X ({min = 0.236).
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FIGURE 13. Eigenvalues of 771, 7T, I,,, and of the sinc kernel for
a =20}, Xo = 0, Zyjp = 2.5A ({max = 0.883), Zmax = 40X (¢min = 0.236).

where w_, = %, wo = 4/ %“ allow recasting the kernel of
TTIV as below

ysin (B0 - )

. Ba
Kz 0) ~ 2 eI (re0—r®
(Con by 2me 7(Co —0)

. (38)

InFigs. 10, 11 and 12 the kernel of TTH, 7'7;;r, and the sinc
kernel (38) are sketched in dB and normalized with respect to
its own maximum.

Note that when x, = 0, the sinc kernel expressed by (38)
approximates well the actual kernel of 7'7;1. The only differ-
ence between the two diagrams concerns the value of the two
kernels along the lines given by the equation {, — { = nlzg—’;
Along such lines, the sinc kernel is exactly zero, instead,
the actual kernel of Tﬂj assumes a value that is —35 dB with
respect to its maximum.

In Fig. 13 the eigenvalues of 77, 7T, and those of the
integral operator with the sinc kernel (38) are depicted.

As it can be seen from the figure, also in this case the number
of relevant eigenvalues is the same in all the cases. Conse-
quently, also for x, = 0 the number of relevant eigenvalues of
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FIGURE 14. Kernel of 771 in the variables (o, ¢) for a = 201, xo = 201,
Zmin = 2.51 ({max = 0.939), Zmax = 40A ({min = 0.415).
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FIGURE 15. Kernel of 777, ,; in the variables (¢o, ¢) for a = 201, xo = 203,
Zmin = 2.51 ({max = 0.939), Zmax = 40A ({min = 0.415).

TTT can be computed by referring to integral operator with
the sinc kernel (38).

B. THE CASES xo = a AND xo = —a
In this section, the operator ’7'7;;[ is studied in the case where
X, =aand x, = —a.

For x, = a, the pointx’ = a is at the same time an endpoint
and a stationary point; hence, the asymptotic evaluation of the
K(z,, 7) is given by

jBad—a’
n 1 27 wef,
2V Ba /1¢]
Keeping in mind the definition of ¢(z) and y(z) provided

respectively in (21) and (22), and choosing the weight func-
tion as below

Wedfoa _;
K(z0.2) %zoz(ﬂe jBad-q

e—jﬁad)aei’jsign(—d)g)) (39)

W_g — Wy -
, w(x") —a—a “
= = 4
Wi ) 2(¢) 2¢) “0)
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FIGURE 16. Sinc kernel given by equation (41) for a = 201, xo = 201,
Zmin = 2.5 (max = 0.939), Zmax = 40 ({min = 0.415).
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FIGURE 17. Eigenvalues of 771, 7T I,,, and of the sinc kernel for
a =201, Xo = 201, Zyin = 2.5X ({max = 0.939), Zmax = 40X ({min = 0.415).

withw_, = 2’;—“ andw, =,/ 4T“, it is possible to approximate

the kernel of TTIV by the following expression

K(&y, ) ~ e iPalr@-r©) sin(a o~ ¢) 1)
(8o — &)

In Figs. 14, 15 and 16 the kernel of TTT, 7'7;;[, and the sinc
kernel are sketched in dB. Instead, in Fig. 17 the eigenvalues
of TTT, '7'7;;r and those of the sinc kernel (41) are shown. All
the considerations already made in the case x, = 0 hold true
also for x, = a.

The study of the operator T’Ej for x, = —a can be tackled
as the case x, = a. For x, = —a, the variables ¢ and y have
the expression given by (32) and (33), respectively. Despite
the definition of the variables ¢ and y is different by the case
X, = a, the formal expression of K (¢,, ¢) will be once again
that provided by (41).

VI. NDF OF THE RADIATED FIELD
In the previous sections, it has been shown that the eigenval-
ues of 77T can exhibit a different dynamics from those of the
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FIGURE 18. Behavior of the transformation ¢(z) for different values of xo
when a = 20A.

correspondent integral operator with a sinc kernel; however,
in each case, the position of the knee in the eigenvalues
plot occurs at the same index. For such reason, the number
of degrees of freedom (that corresponds to the number of
eigenvalues before the knee) can be evaluated by referring
to the integral operator

/mmm) W o©=reon SV & =) 4
;

(zmax) (8o — )
where
Ba for 1xo| = a
P ) <a )

2

By exploiting the Slepian-Pollak results in [35], it follows
that the number of degrees of freedom is given by

w
NDF = ;(§ (Zmin) — f(Zmax)) 44
where ¢ (z) is defined as
¢(@)
Vo +a? +22 = (o —aP + 22
forx, > a
mza
(X + a)? + 22 — |2 for0 <x, <a
_ a—+x,
\/ﬁ —
(xo —a)*+z |2l for —a<x,<0
a—Xo
Vo —aP? +22 =V +a)? + 22
> forx, < —a

(45)

In Fig. 18, the behavior of ¢(z) for positive values of
X, is sketched. By its definition, the diagram of ¢(z) for a
negative value of x, is exactly equal to the diagram of the
correspondent positive value of x,.

As can be seen from (44), the NDF depends only on the
wavenumber 8 = 27”, and on the geometrical parameters of
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FIGURE 19. Geometry with combined observation domain (1 line parallel,
and 2 lines orthogonal to the source).

the configuration a, x,, Zmin, Zmax Which are related to the size
of the source, the position of the observation domain, and its
extension.

Note that if ¢(zmin) and ¢(Zmax) remain unchanged and
X, changes in the set x, € [a,+oo] then the NDF
remains unchanged. Differently, if ¢ (zi,) and ¢ (24, ) remain
unchanged and x,, changes in the set x, € [0, a] then the NDF
increases with respect to x,.

Let us remark that if the observation domain was infi-
nite, the difference ¢(Zpnin) — ¢ (Zmax) Would be equal to 1;
accordingly, the NDF would be at maximum (8a)/m. Since
in practical cases the observation domain is necessarily finite,
the NDF is always less than (8a)/m. Bearing in mind that the
set of all possible currents is well represented by (28a)/m
independent functions, it follows that it is not possible to
retrieve the current with data collected only on a single line
orthogonal to the source (this, instead, is possible when the
observation domain is parallel to the source).

In order to retrieve the current, the data should be collected
on 2 scanning lines of infinite extension placed along the
axis x, = a and x, = —a. However, since the observa-
tion domains are necessarily limited, also a little observation
domain parallel to the source must be added (see Fig. 19).
In such a case, the NDF of the radiated field can be derived by
considering the result on the NDF provided here and that for
an observation domain parallel to the source shown in [31].

VIl. CONCLUSION
In this paper, with reference to a magnetic strip current,
an analytical expression of the NDF of the radiated field over
a truncated line orthogonal to the source has been provided.
Since our study works in near zone for each value of x,,
it extends the results obtained for an observation domain cen-
tered with respect to the source located in Fresnel zone [32]
or in near zone [33].
Let us point out that although the analysis has been devel-
oped in the case of a magnetic current, the expression of the
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NDF of the radiated field remains unchanged for an electric
current. Indeed, in the case of an electric current, the kernel
of the radiation operator 7 differs by that in (1) only for the
amplitude but not for the phase (which represents the quantity
that really affects the NDF). Accordingly, a similar analysis
can be repeated by achieving the same result.

Before concluding, it is worth noting that this study, and
that developed in [31] represent the mathematical basis for
addressing configurations where the observation domain is
a generic curve. The latter are very interesting in applica-
tions since a generic curve of observation may represent
the trajectory followed by an UAV-based system for in-situ
evaluation of radiating systems [39]-[43]. More in detail,
the analysis made in [31] for an observation domain parallel
to the source is suitable to study also the case where the
observation domain is a smooth curve slowly varying (in such
case no stationary points appear in the kernel of the integral
equation involved in the computation of the singular val-
ues). Instead, the analysis developed here for an observation
domain orthogonal to source allows to study also configura-
tions where the observation domain is a smooth curve rapidly
varying (in such case a stationary point appears in the kernel
of the integral equation for the computation of the singular
values).

APPENDIX A

The TRANSFORMATION, ITS INVERSE, AND THE
DERIVATIVE OF THE INVERSE FOR THE CASE x, > a
In this appendix, with reference to the transformation

() = %(\/(xo—l—a)z—kzz—\/(xo—a)2+Z2)

used for x, > a, the expression of z(¢) and j—g is provided.
In particular, the inverse function z(¢) is given by

2
) = [(1=¢?) (é_—‘; - a2> (46)

while its derivative is provided by

dz a’c —x02§’3

- 47
dg 2(¢) @7

APPENDIX B

APPROXIMATION OF THE AMPLITUDE TERMS
z(¢o)fa(lo ¢) Z(o)f-alt, ¢o)

¢a(Zo), ¢ $_a(¢> Zo)
In this appendix, it is shown how to derive the approximation
of the amplitude terms z((o)gz(é‘;’?) and z((o)% made
in (14) and (15).

To obtain (14), the following approximation has been per-
formed

Zofa(20, 2) |20:Z

dol(z0, 2) |
dz, =t

Zofa(20, 2) ~

D0 2)

(48)

0,(20s Dlzp=z + (zo —2)
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Taking into account for the definitions of f(x’, z,, z) and
¢(x', zo, z) provided in section III, it results that

<

Zofa(20, Z)|z(,=z = [(r, — a)2 i Z2]3/2 (49)
(15;(20, Z)|ZD=z =0 (50)

A (20, 2) _ 2(xo — @)

T T e —arrae OV

Consequently, equation (44) can be rewritten as below

Zofa(Zm 2) ~ a
0,(z0,2) (X0 —a)zo —2)

(52)

dz .
— (&, — ), it results

By exploiting the equation z, — z = dz

that

Z(go)fa@()a ;) ~ a
$io8) (o — @G — O

The same discussion has been repeated also to approximate
f=a(%0.0)
the term z(&,) o Cnt)
APPENDIX C
The TRANSFORMATION, ITS INVERSE, AND THE
DERIVATIVE OF THE INVERSE FOR

THECASEO <xo <a
In this appendix, with reference to the transformation

(x/(xo +a)?+ 72— |z|>

(@)=~ ey
used for 0 < x, < a, the expression of z(¢) and 5—2
is provided. In particular, the inverse function z(¢) has the
following expression

a+x, (1
= - = 53
z(¢) > ( : ¢ > (53)
while its derivative is given by
dz a+x, (1
= = —+1). 54
dg 2 <c2 " ) o4
APPENDIX D
fxo (C09 C)

APPROXIMATION OF THE TERM

‘/ I¢;,u(§-05 ;)I
In this appendix, the approximation (26) is justified.

Taking into account for the definitions of f(x/, z,,z) and
¢(x', Zo, z) provided in section III, it results that

AR N R

= 55
197 (2o, D 220 /|20 — 2l 43
Since z, —z = ﬁ(;‘o — ¢), equation (55) can be rewritten
as below
@@(; gln T2 (;)1 (%) - o
0 2 Z [
o EVTG =1l
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By performing the following approximation

1
~ ] o — ), 57
TV T Y oD
it results that
fxo(§07 $) \/a sign(&o — ¢) (58)

T Ol 2,
GO EORD Tl

dz
dg

REFERENCES

[1]

[2]

[3]

[4]

[51

[6]

[71

[8]

[9]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

G. Schnattinger and T. F. Eibert, “Solution to the full vectorial 3-D
inverse source problem by multilevel fast multipole method inspired hier-
archical disaggregation,” IEEE Trans. Antennas Propag., vol. 60, no. 7,
pp. 3325-3335, Jul. 2012.

L. J. Foged, L. Scialacqua, F. Saccardi, J. L. A. Quijano, G. Vecchi, and
M. Sabbadini, “Practical application of the equivalent source method as an
antenna diagnostics tool [AMTA Corner],” IEEE Antennas Propag. Mag.,
vol. 54, no. 5, pp. 243-249, Oct. 2012.

E. A. Marengo and A. J. Devaney, “The inverse source problem of
electromagnetics: Linear inversion formulation and minimum energy
solution,” IEEE Trans. Antennas Propag., vol. 47, no. 2, pp. 410412,
Feb. 1999.

C. Cappellin, A. Frandsen, and O. Breinbjerg, “Application of the SWE-to-
PWE antenna diagnostics technique to an offset reflector antenna,” /IEEE
Antennas Propag. Mag., vol. 50, no. 5, pp. 204-213, Oct. 2008.

R. A. M. Mauermayer, Y. Weitsch, and T. F. Eibert, ““Electromagnetic field
synthesis by hierarchical plane wave-based field transformation,” IEEE
Trans. Antennas Propag., vol. 63, no. 12, pp. 5561-5572, Dec. 2015.

J.L. A. Quijano and G. Vecchi, “Improved-accuracy source reconstruction
on arbitrary 3-D surfaces,” IEEE Antennas Wireless Propag. Lett., vol. 8,
pp. 1046-1049, 2009.

Y. Alvarez, F. Las-Heras, B. A. Dominguez-Casas, and C. Garcia,
“Antenna diagnostics using arbitrary-geometry field acquisition
domains,” IEEE Antennas Wireless Propag. Lett., vol. 8, pp. 375-378,
2009.

J. Kornprobst, R. A. M. Mauermayer, O. Neitz, J. Knapp, and T. F. Eibert,
“On the solution of inverse equivalent surface-source problems,” Prog.
Electromagn. Res., vol. 165, pp.47-65, 2019. [Online]. Available:
https://www.jpier.org/PIER/pier.php?paper=19050904

K. Persson, M. Gustafsson, and G. Kristensson, ‘‘Reconstruction
and visualization of equivalent currents on a radome using an
integral representation formulation,” Prog. Electromagn. Res. B,
vol. 20, pp.65-90, 2010. [Online]. Available: https://www.jpier.org/
PIERB/pier.php?paper=10012109

A.J. den Dekker and A. van den Bos, “Resolution: A survey,” J. Opt. Soc.
Amer. A, Opt. Image Sci., vol. 14, no. 3, pp. 547-557, Mar. 1997.

G. T. Di Francia, “Degrees of freedom of an image,” J. Opt. Soc. Amer. A,
Opt. Image Sci., vol. 59, no. 7, pp. 799-804, 1969.

R. Piestun and D. A. B. Miller, “Electromagnetic degrees of freedom of
an optical system,” J. Opt. Soc. Amer. A, Opt. Image Sci., vol. 17, no. 5,
pp. 892-902, 2000.

D. A. B. Miller, “Waves, modes, communications, and optics: A tutorial,”
Adv. Opt. Photon., vol. 11, no. 3, pp. 679-825, 2019.

O. M. Bucci and G. Franceschetti, “On the degrees of freedom of scat-
tered fields,” IEEE Trans. Antennas Propag., vol. 37, no. 7, pp. 918-926,
Jul. 1989.

B. Fuchs and A. G. Polimeridis, “Reduced order models for fast
antenna characterization,” IEEE Trans. Antennas Propag., vol. 67, no. 8,
pp. 5673-5677, Aug. 2019.

K. Xu, L. Ran, Y. Zhong, and X. Chen, “Singular value decomposition
of the current-to-field operator in solving inverse scattering problems,” in
Proc. IEEE Antennas Propag. Soc. Int. Symp. (APSURSI), Memphis, TN,
USA, Jul. 2014, pp. 659-660.

D. G. Fischer, R. A. Frazin, M. Asipauskas, and P. S. Carney, ‘““Information
content of the near field: Three-dimensional samples,”” J. Opt. Soc. Amer. A,
Opt. Image Sci., vol. 28, no. 3, pp. 296-306, 2004.

G. Leone, M. A. Maisto, and R. Pierri, “Inverse source of circumfer-
ence geometries: SVD investigation based on Fourier analysis,” Prog.
Electromagn. Res. M, vol. 76, pp. 217-230, 2018. [Online]. Available:
https://www.jpier.org/PIERM/pier.php?paper=18062102

VOLUME 9, 2021

(19]

(20]

[21]

(22]

(23]

(24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

[36]

(371
(38]

(39]

[40]

[41]

(42]

T. Yin, Z. Wei, and X. Chen, ‘““Non-iterative methods based on singular
value decomposition for inverse scattering problems,” IEEE Trans. Anten-
nas Propag., vol. 68, no. 6, pp. 4764-4773, Jun. 2020.

G. Gennarelli, I. Catapano, F. Soldovieri, and R. Persico, “On the achiev-
able imaging performance in full 3-D linear inverse scattering,” IEEE
Trans. Antennas Propag., vol. 63, no. 3, pp. 1150-1155, Mar. 2015.

T. Isernia, G. Leone, and R. Pierri, “Sulle dimensioni ‘essenziali’ dei
campi: Un approccio ai valori singolari,” in Proc. 9th Riunione Nazionale
di Elettromagnetismo, Assisi, Itay, 1992, pp. 5-8.

R. Somaraju and J. Trumpf, “Degrees of freedom of a communication
channel: Using DOF singular values,” IEEE Trans. Inf. Theory, vol. 56,
no. 4, pp. 1560-1573, Apr. 2010.

R. Pierri and F. Soldovieri, “On the information content of the radiated
fields in the near zone over bounded domains,” Inverse Problems, vol. 14,
no. 2, pp. 321-337, Apr. 1998.

M. A. Maisto, R. Solimene, and R. Pierri, “Resolution limits in inverse
source problem for strip currents not in Fresnel zone,” J. Opt. Soc. Amer. A,
Opt. Image Sci., vol. 36, no. 5, pp. 826-833, 2019.

G. Leone, F. Munno, and R. Pierri, “Inverse source on conformal
conic geometries,” IEEE Trans. Antennas Propag., vol. 69, no. 3,
pp. 1596-1609, Mar. 2021.

A. S. Y. Poon, R. W. Brodersen, and D. N. C. Tse, “Degrees of freedom
in multiple-antenna channels: A signal space approach,” IEEE Trans. Inf.
Theory, vol. 51, no. 2, pp. 523-536, Feb. 2005.

A. Capozzoli, C. Curcio, and A. Liseno, ‘“Multi-frequency planar near-
field scanning by means of singular-value decomposition (SVD) opti-
mization,” IEEE Antennas Propag. Mag., vol. 53, no. 6, pp. 212-221,
Dec. 2011.

M. A. Maisto, G. Leone, A. Brancaccio, and R. Solimene, ““Efficient planar
near-field measurements for radiation pattern evaluation by a warping
strategy,” IEEE Access, vol. 9, pp. 62255-62265, 2021.

J. Ranieri, A. Chebira, and M. Vetterli, “‘Near-optimal sensor placement
for linear inverse problems,” IEEE Trans. Signal Process., vol. 62, no. 5,
pp. 1135-1146, Mar. 2014.

C. Jiang, Y. C. Soh, and H. Li, “Sensor placement by maximal projection
on minimum eigenspace for linear inverse problems,” IEEE Trans. Signal
Process., vol. 64, no. 21, pp. 5595-5610, Nov. 2016.

R. Pierri and R. Moretta, “Asymptotic study of the radiation operator
for the strip current in near zone,” Electronics, vol. 9, no. 6, May 2020,
Art. no. 911.

R. Pierri, A. Liseno, F. Soldovieri, and R. Solimene, “‘In-depth resolution
for a strip source in the Fresnel zone,” J. Opt. Soc. Amer. A, Opt. Image
Sci., vol. 18, no. 2, pp. 352-359, 2001.

M. A. Maisto, R. Solimene, and R. Pierri, ‘“Depth resolution in strip current
reconstructions in near non-reactive zone,” J. Opt. Soc. Amer. A, Opt.
Image Sci., vol. 36, no. 6, pp. 975-982, 2019.

R. Moretta and R. Pierri, “‘Performance of phase retrieval via phaselift
and quadratic inversion in circular scanning case,” IEEE Trans. Antennas
Propag., vol. 67, no. 12, pp. 7528-7537, Dec. 2019.

D. Slepian and H. O. Pollack, *“Prolate spheroidal wave functions, Fourier
analysis, and uncertainty—I,”” Bell Syst. Tech. J., vol. 40, no. 1, p. 43,
1961.

K. Khare and N. George, “Sampling theory approach to prolate spheroidal
wavefunctions,” J. Phys. A, Math. General, vol. 36, no. 39, p. 10011,
2003.

M. Bertero and P. Boccacci, Introduction to Inverse Problems Imaging.
Bristol, U.K.: IOP, 1998.

N. Bleistein and R. A. Handelsman, Asymptotic Expansions of Integrals.
New York, NY, USA: Dover, 1986.

G. Virone, A. M. Lingua, M. Piras, A. Cina, F. Perini, J. Monari,
F. Paonessa, O. A. Peverini, G. Addamo, and R. Tascone, ‘“Antenna
pattern verification system based on a micro unmanned aerial vehicle
(UAV),” IEEE Antennas Wireless Propag. Lett., vol. 13, pp. 169-172,
2014.

T. Fritzel, R. StrauB}, H.-J. Steiner, C. Eisner, and T. Eibert, “Introduction
into an UAV-based near-field system for in-situ and large-scale antenna
measurements (Invited paper),” in Proc. IEEE Conf. Antenna Meas. Appl.
(CAMA), Oct. 2016, pp. 1-3.

M. Garcia-Ferndndez, Y. A. Lopez, A. Arboleya, B. Gonzalez-Valdés,
Y. Rodriguez-Vaqueiro, M. E. De Cos Gémez, and F. Las-Heras Andrés,
“Antenna diagnostics and characterization using unmanned aerial vehi-
cles,” IEEE Access, vol. 5, pp. 23563-23575, 2017.

G. Virone, P. Bolli, F. Paonessa, G. Pupillo, S. J. Wijnholds, S. Matteoli,
A. M. Lingua, J. Monari, G. Addamo, and O. A. Peverini, ‘““Strong
mutual coupling effects on LOFAR: Modeling and in situ valida-
tion,” IEEE Trans. Antennas Propag., vol. 66, no. 5, pp.2581-2588,
May 2018.

91659



IEEE Access

R. Pierri, R. Moretta: NDF of Near-Zone Field on Line Perpendicular to Source

[43] L. Ciorba, G. Virone, F. Paonessa, S. Matteoli, P. Bolli, E. de Lera Acedo,
N. R. Ghods, J. Abraham, E. C. Beltran, K. Z. Adami, and A. Magro,
“Near-field phase reconstruction for UAV-based antenna measure-
ments,” in Proc. 13th Eur. Conf. Antennas Propag. (EuCAP), 2019,
pp. 14.

ROCCO PIERRI received the Laurea degree
(summa cum laude) in electronic engineering from
the University of Naples ““Federico II,” in 1976.

He was a Visiting Scholar with the Univer-
sity of Illinois at Urbana-Champaign, Urbana,
IL, USA; Harvard University, Cambridge, MA,
USA; Northeastern University, Boston, MA, USA;
Supelec, Paris, France; and the University of
Leeds, Leeds, U.K. He also extensively lectured
in many abroad universities and research centers.
He is currently a Full Professor with the University of Campania “Luigi
Vanvitelli,” Aversa, Italy. His current research interests include antennas,
phase retrieval, near-field techniques, inverse electromagnetic scattering,
subsurface sensing, electromagnetic diagnostics, microwave tomography,
inverse source problems, and information content of radiated field.

Prof. Pierri was a recipient of the 1999 Honorable Mention for the
H. A. Wheeler Applications Prize Paper Award of the IEEE Antennas and
Propagation Society.

91660

RAFFAELE MORETTA (Graduate Student
Member, IEEE) received the M.S. degree (summa
cum laude) in electronic engineering from the Uni-
versity of Campania “Luigi Vanvitelli,” in 2018,
where he is currently pursuing the Ph.D. degree.
Since 2016, he has started scientific cooperation
with the Electromagnetic Fields Group of the
University of Campania “Luigi Vanvitelli.” His
current research interests include inverse problems
in electromagnetics with particular attention to

phase retrieval and near field techniques.

Dr. Moretta is a Student Member of the Italian Society of Electromag-
netism (SIEM). He was under consideration by the Committee of the IEEE
Antennas Propagation Society for the R. W. P. King Award 2020.

VOLUME 9, 2021



