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ABSTRACT In this paper, we propose an inertial derivative-free projection method for solving convex
constrained nonlinear monotone operator equations (CNME). The method incorporates the inertial step with
an existing method called derivative-free projection (DFPI) method for solving CNME. The reason is to
improve the convergence speed of DFPI as it has been shown and reported in several works that indeed the
inertial step can speed up convergence. The global convergence of the proposed method is proved under
some mild assumptions. Finally, numerical results reported clearly show that the proposed method is more
efficient than the DFPI.

INDEX TERMS Monotone nonlinear operator, inertial algorithm, conjugate gradient, projection method.

I. INTRODUCTION
Consider the problem of finding y € E such that

T(y) =0, ey

where 7 : R" — R" is a monotone and Lipschitz con-
tinuous operator and E is a nonempty, closed and convex
subset of R”. This problem has recently received remarkable
attention as it arises in a number of applicable problems.
For example, in constrained neural networks [1], nonlinear
compressed sensing [2], [3], phase retrieval [4], [S], power
flow equations [6], economic and chemical equilibrium prob-
lems [7], [8], non-negative matrix factorisation [9], [10], fore-
casting of financial market, portfolio selection models, price
returns [11]-[13] and many more. As such, recently several
derivative-free methods such as the conjugate gradient (CG)
method have been proposed for solving problem (1). Given
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an initial point yg, the conjugate gradient method computes
the next iterate as:

Vi1 =Yk +ogdr, k=0,1,2,...,

where o > 0 is a step size and dj, is called the CG direction
of search defined as

=T ()
=T (yr) + Brdi—1

The parameter f is called the CG parameter. For more on
derivative-free methods for solving (1), interested readers can
refer to [14]-[35] and references therein.

Recently, several researchers are interested in how to
improve the speed of convergence of existing iterative algo-
rithms. One of the approach in this regard is the inertial
extrapolation method where a new step called the inertial
step is added to the existing step(s) of an iterative method.
It has been shown that the inertial step enhance the speed
of the existing methods such as methods for solving fixed

ifk =0,

d
k ifk > 0.
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point problems, variational inequality problems, equilibrium
problems, split feasibility problems, and so on. By choosing
two starting points y_; and yp, the inertial term is defined as

Vi =Yk + 0Ok — Yk—1),

where {0;}72, is a sequence satisfying certain condition.
Inertial extrapolation method has been employed successfully
in improving the convergence of the sequence generated by
various algorithms. However, to the best of our knowledge,
there is no theoretical proof to justify that, indeed, all one
can find is numerical justification using some examples.
However, the choice of the parameter 6 has an effect on the
speed of convergence. For more on iterative methods with
inertial extrapolation, the reader is referred to [36]-[41] and
references therein.

Inspired by the inertial methods [36]-[41] and the
derivative-free projection method proposed by Sun and
Liu [17] which is an extension of the work of Cheng [42],
we propose an inertial derivative-free projection method for
finding solutions to problem (1). The method is based on the
work of Sun and Liu [17], where the inertial term is incorpo-
rated in order speed up its convergence. The remaining part
of this paper is organized as follows: the next section gives
some preliminaries and the proposed algorithm, convergence
results is provided in the third section, Numerical results in
the fourth section and lastly the conclusion.

Notation. Unless otherwise stated, the symbol | - || stands
for Euclidean norm on R”.

Il. PROPOSED ALGORITHM
Definition 2.1: Let R" be an Euclidean space and T
R" — R" be a mapping. Then T is
(i) Monotone, if
(TG) =T (¢ —x) =0,

(i) L-Lipschitz continuous, if there exists L > 0 such that

ITG) =TI < Llly — x|,

Definition 2.2: Let E C R" be closed and convex, the pro-
jection of y € R" onto E denoted by Pg(y), is defined as

Vy,x € R".

Vy,x € R".

Pg(y) = argmin{||x — y| x € E}.

Lemma 2.3 ([43]): Let E C R" be nonempty closed and
convex. Then the following inequality hold:

IPEQ) — PEC)I < lly — xIl, Vy,x € R"

Lemma 2.4 ([44]): Let y,x € R". Then the following
equality hold:

Iy + x> = [IyI1> + 2 x" (v + x).

Lemma 2.5 ([45]): Let {yx} and {x;} be sequences of non-
negative real number satisfying the following relation

Vi+1 = Yk + Xk,
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o0
where Zxk < 00, then klirglo Vi exists.

Lemllinal 2.6 ([46]): A point y* € SOL(T, E) if and only if
y* = Pg(y* — uu) for some u = T(y*) and u > 0.
We make use of the following assumptions.
Assumption 1:

(a) The feasible set E is a nonempty closed and convex
subset of the Euclidean space R”.
(b) T : R" — R”"is monotone and L-Lipschitz continuous.
(c) The solution set SOL(T, E) of (1) is nonempty.
Assumption 2: Let {6} be a sequence of nonnegative real
numbers satisfying the conditions:

o
B € (0. 1), Y Oillye = yi—1 |l < o0.
k=1
Based on the Sun and Liu [17] derivative-free projection
method for monotone nonlinear equation with convex con-
straints called DFPI, we present an inertial derivative-free
projection method for finding solutions to problem (1).
Algorithm 2.7 (Inertial Derivative-Free Method (IDFPI):)
(S.0) Choose a sequence {6y }7° , satisfying Assumption 2
and select the parameters: 7ol > 0, p € (0,1), ¢ >
0,0 > 0. Select arbitrary points y_1, yo € E. Set k := 0.
(S.1) Set

Vi =Yk + 0Ok — Yk—1)

(S.2) Compute T (vg). If || T (vi)|| < Tol, stop. Otherwise,
generate the search direction di by

—T(vi) ifk =0,
T
P oo
T () + Brdi—1 ifk >0,
where,
1Tl
:=0.01 . 3
P et 3)

(S.3) Compute a trial point xz = vi + ogdy.
(S.4) Determine the step-size oy = ¢p' where i is the least
nonnegative integer satisfying

—T o + ad) die > oo |ldic]|*. )
(S.5) If x; € E and || T (x¢)|| < Tol, stop. Otherwise,
Y41 = PE vk — v T ()], ©)

where

Ve = T ()" (v — xz)
' IT ()11

(S.6) Set k = k + 1, and go back to (S.1).
Remark 2.8: Let dy be generated by (2)-(3) in Algo-
rithm 2.7. Then

T de = — 1T (©6)
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Ill. CONVERGENCE RESULT
Lemma 3.1: The line search condition (4) is well-defined.
That is, for all k > 0, there exists a non negative integer i
satisfying (4).
Proof: Suppose there is kg > 0 for which (4) is not true
for any non-negative integer i, i.e.,

—T(viy + Lp'di) diy < o2 dy|I>.

Using Assumption 1 (b) and allowing i — oo, we have
that

~T(vig) dy < 0. (7
On the other hand, from (6),
~T (i) diy = IT (i) I* > 0,

which contradicts (7). Hence, (4) is well defined.
| |
Lemma 3.2: Let {yx} and {xx} be generated via Algo-
rithm 2.7.If y* € SOL(T, E), then under Assumption 1 and 2,
it holds that

Iyt = ¥ 11 < llvie = y*1l = o llvie — ]l *.
Moreover, the sequence {yx} and {x;} are bounded and
lim [jvg —xi [l = 0. (®)
k— 00
Proof: By the monotonicity of the mapping 7', we have

T vk — %) = T vk — x0) + T)T (o — y*)
> T ok —x0) + TOH) (i — y*)

= T ()" (v — xe) 9)
= T ()" (—ody)

= oaglldil?

> o flve — x| (10)

By Lemma 2.3 (iii), (5), (9) and (10), it holds that for any
y* € SOL(T, E),

Iyk+1 = Y I* = IPEk — v T (x)) — y*II*
< vk = T () — y*|1?
= llve = y*II* = 20T ()" (v — y™)
+ 12T Ca)l?
< vk = y*1? = 2% T )T (v — x0)
+ 92T (o)1

T o) (v — xx)?
< flve —y*II? — —

17 (e ) 112
2 4
o |lvi — xkl
< e —yIIP - —————. 1D
1T ()12
From equation (11), we can deduce that
ket = y* Il < llve = y*I
= |lyk + OOk — yi—1) = Y|
< vk = y* Il + Okllye — ye—1ll.  (12)
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Because ) 2, Okllyk — yk—1ll < oo, then by Lemma 2.5,
the limit of {y; — y*} exists and hence it is bounded. This
implies that for all k, there exist My > O such that ||y —y*|| <
M. Therefore, for all k we can deduce that

lyell < My, (13)

and

lyk — ye—1ll =M,

where M| = My + ||y*|| and M = 2M.
Using the above relations, we can have

Ivill < Ma, v —y*|| < M2, where My = 2M.

Since H is Lipschitz continuous, we have
ITOON = I1TW) =TGN < Livk —y*Il < LM,. (14)

Also, using (14) and the monotonicity of T,

T )" vk —x0) = (Tx) — TR vk — xx)
+ T vk — x)
< T vk — x0)
< ITOOve — x¢ll
< LMp|lvi — xill.

This together with (9) and (10) implies that

LM
vk — x|l < —.
o

Then, we have

LM,
Ioell = == + el

Hence the sequence {x;} is bounded since {v;} is bounded.
Moreover as T is continuous and {x;} is bounded, then
{T(xx)} is bounded. That is, there exists N > 0 such that
I7 ol = N.

By the definition of v; and (13) we have

vk = y*II* = lyk + 6 — ye—1) — y*II?
= llyx — y*II?
+ 20k — Yk—1)" Ok + Ok — ye—1) — ¥)
< Dk = Y* I + 26kllye — ye—1llCllye — y*I
+ Ok llye — ye—1l)
< lyk = y* 1> + 2M 6 llyk — ye—1
+2M O llyk — Yi—1l
= |lye = Y*I? 4 4M6|lyk — yi—1ll. (15)

Combining (15) with (11), we have

k1 — I < llye — y*II* + 4MOllyk — ye—1
o?llve — x|t

~Tireor - 19
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Thus, we have

o?llve — x|t

oo = — Y1 + 4MOllyx — i1l

— vk —Y* 1% (A7)

Adding (17) for k = 0, 1, 2, ... and the fact that {T"(xx)} is
bounded, we have

2 00 o]
o
7 2 e =2l < D (v = ¥ I + MOk llye = yia
k=0 k=0

— Ny =Y 3. (18)

Now, let Sp = 3% (Ilya — y*I1> = [ya1 — ¥*11%), then

Sk = Yo (Iv0 = Y*I> = llyk1 — ¥*I1?). As limit of ||y —
y*|I} exists from (12) with limit say L;, then

( lim Sk = [lyo — y*II? —L1> eR.
k—o00

So,

o0
> (I =517 = Iy = ¥*I12) < o0
k=0

o0
and ) Oy — ye—1ll < oo.
k=0

Using (18) together with the above inequalities, we con-
clude that

Iim |jvg —x¢|| = 0.
k— 00

| |
Remark 3.3: By the definition of {x;} and (8), we have

lim oy |di]| = 0.
k— 00

Lemma 3.4: Suppose Assumptions 1-2 hold and the
sequence {y} and {v} are generated by Algorithm 2.7. Then

lim |lvi = ye41ll = 0. (19)
k—o00

Proof:
Using definition of vg,

vk = vill = llye — Ok + Ok — ye—1)I|

= Okllye — yk—1ll-
This implies that
lim |lyx —vell = 0. (20)
k—o00
Also,
lye — xkll = llye — vie +vie — x|

< e = vl 4 lve = el

Using (8) and (20), we have
lim [lyx — x| = 0. 21
k— 00
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TABLE 1. Starting points.

SP y—1 Yo

y1 o (0.2,...,02)T  (0.1,...,0.)T
yo  (0.2,...,02)T  (0.2,...,02)T
ys  (0.5,...,057T (05,...,0.5)7T
ya  (1.2,...,1.2)7  (1.2,...,1.2)T
ys  (15,...,1.5)T (1.5,...,1.5)7T
U6 ,...,2)7T ,...,2)7T
Y7 rand(n, 1) rand(n, 1)

Note. For DFPI algorithm [17], the starting point is yq.

By Lemma 2.3, we have

lyk+1 — y&ll = I1PElvk — v T )] — wiel
< vk — vk T (k) — vl
< vk = yell + Iy E@ol

T ()" (v — xz)
= |lvk —yill + H — 5L (%)
IT ()11
< vk = el + llvie — x|l (22)
Thus, from (8) and (20), we have
lim |lye+1 = yell = 0. (23)
k— 00

Therefore,

lyk+1 — vell = lIye+1 — Ok + Ok — Y=l
< yk+1 = yell + Ok llye — yi—1ll-

Using (23) and Assumption 2, the desired equation is
obtained.
|
Theorem 3.5: Let {yx} be a sequence generated via Algo-
rithm 2.7. Using Assumption 1 and 2, then {y;} converge to
an element of SOL(T, E).

Proof: We know that the sequence {yx} is bounded
from (13). This implies that there exists a subsequence {yy;}
of {yx} such that {yy, } converge to some point y. Also, we have
that

Vi, — vl = Ok;lly; — yig—1ll > 0, asj — oco.  (24)

Claim: y € SOL(T, E). Suppose on the contrary that y ¢
SOL(T, E). Then from (19) and (24), we have that

lim yp 1= lim Pg (v, — v, T () = lim yi, =y, (25)

Without loss of generality, if y;, — y* and T'(xy) —
T (x*). Then since T is continuous, we have T'(x*) = T(y).
Therefore, from (25)

Pg (y— y*T(x") =y.

It then follows from Lemma 2.6 that y* € SOL(T, E),
which is a contradiction. Hence, our claim holds. Substituting
y* with y in (12), it is easy to see that klim lvk — Il exists

—> 00
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TABLE 2. Numerical experiments with different coefficients of g for problem 1-5 with n = 1000.

0.01 0.5 1.5 2

n=1000 SP  NOI NFE CPUT NOI NFE CPUT NOI NFE CPUT NOI NFE CPUT

Y1 9 36 0.00568 36 144 0.021784 96 384  0.044784 188 752 0.10513
Y2 10 40 0.003477 25 100  0.011812 126 504  0.059805 282 1128  0.11457

Y3 6 24 0.003472 28 112 0.010859 84 336 0.033187 222 888  0.081797
Problem 1 ¥4 7 28 0.003033 26 104 0.008285 87 348  0.033013 319 1276 0.1232
Y5 7 28 0.00311 18 72 0.008741 102 408  0.049486 91 364  0.043828

Y6 7 28 0.002948 28 112 0.010702 114 456  0.045376 175 700  0.094839
Y7 19 76 0.006554 26 104 0.010181 191 764 0.077315 - -

yi 11 43 0069731 11 43 0004505 11 43 0004516 11 43  0.005377
y> 13 51 0004297 13 51 0004481 13 51 000571 13 51 0.004752
ys 12 46 0005032 12 46 0004509 12 46 0004683 12 46  0.00444

Problem?2 Y4 13 49 0005324 13 49 0006814 13 49 0004967 13 49  0.005646
ys 14 53 0005046 14 53 0005374 14 53 0005185 14 53 0.00466
ys 12 44 0004429 12 44 0006134 12 44 0004458 12 44 0.004317
yr 14 53 000526 25 95 0008445 179 713  0.090395

yi 13 52 0063903 13 52 0004482 13 52 000409 13 52 0.004058
yo 13 52 0004457 13 52 0004565 13 52 0004368 13 52 0.003968
ys 14 56 0004882 14 56 0004492 14 56 0003748 14 56  0.004461

Problem3 Y4 14 56 0005488 14 56 0004633 14 56 0004022 14 56  0.005487
ys 14 56 0004491 14 56 0005229 14 56 0004916 14 56  0.004376
ys 15 60 0005917 15 60 0005052 15 60 0003972 15 60  0.004675
yr 14 56 0004507 114 456 0039936 - - - - - -

yi 13 52 0016113 13 52 0004009 13 52 0005635 13 52 0.004117
y» 13 52 000361 13 52 0003692 13 52 0003629 13 52 0.003991
ys 13 52 0004013 13 52 0004321 13 52 0004246 13 52 0.003573

Problem4 ¥4 13 52 0003393 13 52 0003838 13 52 0004084 13 52 0.003938
ys 14 56 0.005 14 56 0006158 14 56 0004706 14 56  0.00564
ye 14 56 000404 14 56 0005038 14 56 0003816 14 56  0.003763
yr 15 60 0004885 23 92 0006901 153 612  0.040723 - - -

Y1 22 83 0.02265 25 93 0.006098 185 734 0.053499 - - -
Y2 18 68 0.005 26 98 0.006317 144 567  0.039396 - - -
Y3 22 86 0.006487 25 98 0.007825 176 696 0.05854 - - -
Problem 5 Y4 20 80 0.006677 27 108 0.007371 142 568  0.036509 - - -
Y5 23 92 0.00758 28 112 0.007031 159 636 0.042945 - - -
Y6 33 132 0.015034 26 104  0.007602 142 568  0.038659 - - -
y7 39 155 0.014079 34 134 0.011338 161 639  0.045031 - - -

by Lemma 2.5. Since y is an accumulation point of {y}, Problem 2: Logarithmic function [47]
we obtain that {y;} converges to y. yi

] ti(yi)zlog(yi+l)—;, i=1,2,...,n,
IV. NUMERICAL EXAMPLES E =R].

By comparing the proposed inertial algorithm (Iner. DFPI)
to the DFPI algorithm in [17], we show the numerical effi-
ciency and computational advantage of the proposed inertial
algorithm (Iner. DFPI) in this section. The MATLAB imple- R "
mentation of the algorithms was executed on a Windows E = {y €RL:y=0, Xivis n} :
10 computer with Intel(R) Core(TM) 17 processor with 8.0GB
of RAM and CPU of 2.30GHz using MATLAB R2019b soft-

Problem 3: Nonsmooth function [48]

ti(y) = 2y; — sin(|y;|), fori=1,2,...,n,

Problem 4: Strictly convex function I [47]

ware. The numerical experiment made use of the following L)y =ei—-1, i=1,2,...,n,
test problems to measure the efficiency and robustness of the E = R"
proposed inertial algorithm (Iner. DFPI). +
Problem I: Modified exponential function [47] Problem 5: Strlctly convex function II [47]
) =eéet -1 i
)= [Z)ei = -
E=R]. E=R].
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TABLE 3. Numerical experiments with different coefficients of g, for problem 6-10 with n = 1000.

0.01 0.5 15 2
n=1000 SP NOI NFE CPUT NOI NFE CPUT NOI NFE CPUT NOI NFE CPUT
yi 16 64 0028171 16 64 0008079 74 296 0.039752 530 2120  0.27322
y2 16 64 0006196 16 64 0007641 73 292 0038947 529 2116  0.26621
ys 16 64 0007024 16 64 0007142 74 296  0.03997 524 2096  0.24974
Problem6 wa 15 60 0007648 15 60 0007185 72 288  0.031371 510 2040  0.2355
ys 15 60 0007387 15 60 0007385 70 280  0.03291 496 1984  0.24424
ys 15 60 00087 15 60 0007901 65 260 0031665 467 1868  0.2211
yr 16 64 0007314 16 64 0007423 43 172 0020312 489 1956  0.22663
v 8 32 0024297 8 32 000364 8 32 0004126 8 32 000538
v 7 28 000333 7 28 0002719 7 28 0002391 7 28 0.003311
ys 6 24 001827 6 24 0002887 6 24 00024 6 24  0.003263
Problem7 Y4 7 28 0004197 7 28 0002811 7 28 0003058 7 28 0.003245
ys 8 32 0004041 8 32 0004093 8 32 00039 8 32 0.003798
vs 8 31 0003253 8 31 0003851 8 31 0003888 8 31 0003131
yr 9 36 0004528 21 84 0.007788 456 1824  0.16334 410 1640  0.3094
v 9 32 0018072 9 32 0004243 9 32 0004036 9 32 0004227
y2 9 32 0003068 9 320003102 9 320003234 9 32 0.003993
ys 9 32 0003516 9 32 00029 9 32 000361 9 32 0.003437
Problem8 Y4 9 32 000303 9 32 0003161 9 32 000347 9 32 0003267
ys 9 32 000386 9 32 0003489 9 32 0003431 9 32 0005727
y6 9 32 0003614 9 320002902 9 32000275 9 32 0.004086
yr 87 317 0020828 - - - - - - - - -
T 20 0016153 5 20 0001863 5 20 0001487 5 20 0.002629
y2 5 20 0001592 5 20 000164 5 20 0001465 5 20 0.001785
ys 5 20 0002472 5 20 0001823 5 20 0001626 5 20 0.002922
Problem9 Y4 6 24 0001959 6 24 0001971 6 24 0002312 6 24  0.002833
ys 6 24 0002435 6 24 0002336 6 24 0002423 6 24 0.003877
ys 6 24 0001855 6 24 0001686 6 24 000168 6 24  0.00189
yr 5 20 0001481 5 20 0002654 5 20 0001523 5 20 0.001975
yi 9 36 0020723 9 36 0006713 9 36 0006291 9 36 0.010543
y2 10 40 000665 10 40 0006561 10 40 0007961 10 40  0.009544
ys 1 30000977 1 30001388 1 3000115 1 30002128
Problem 10 ¥4 1 4 0001237 1 4 0001396 1 4 000149 1 4 0001539
ys 1 30001488 1 30001946 1 30001396 1 30002452
ye 1 4 0001899 1 4 0002218 1 4 0001877 1 4 0002951
yr 11 44 0007231 45 180  0.028201 447 1788 024792 405 1620  0.67977

Problem 6: Tridiagonal exponential function [47]

nGy) =y — 08U +y2))

1i(y) = y; — OU0im1Hyityis)
£C08UGn—1+yn))

tn(y) =Yn—

| =

n

+1

and E =R/

i=2,..

Problem 7: Nonsmooth function II [49]

,n—1,

ti(y) = yi —sin(ly; — 1)), for i=1,2,...,n,

n
E=1yeRi:y>-1, Zyifn
i=1

Problem 8: Penalty function I [16]

92162

n
=)y, c=107,
i=1

ti(y) = 2¢(yi — 1) + 45 — 0.25)y;,

E=R..

i=1,2,...,n,

Problem 9: Pursuit-Evasion problem [16]
no) =8y, —1, i=1,2,...,n,
E =R].
Problem 10: Pursuit-Evasion problem [16]

t(y) = & +3siny;cosy; — 1, i=1,2,...,n,
E=R.

Note that, the mapping T is taken as
T() = G10) 20), -, )

and recall that, the inertial-type algorithm is an iterative
procedure in which subsequent iterates are obtained using
the preceding two iterates. As such, for the proposed inertial
algorithm (Iner. DFPI), the two preceding iterates used in
obtaining the initial iterates are as follows:

Note. For DFPI algorithm [17], the starting point is yy.

The above listed problems are solved with dimensions n =
1000, 5000, 10, 000, 50, 000 and 100, 000. The parameters

VOLUME 9, 2021
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TABLE 4. Numerical experiments with different sequences {6y} for
problem 1-5 with n = 1000.

O = Grve b = spanT O = Tz
n=1000 SP NOI NFE CPUT NOI NFE CPUT NOI  NFE CPUT
Y1 9 36 0.009119 9 36 0.019343 0 0 0.003002
Y2 10 40 0.009186 10 40 0.013494 10 40 0.024327
Y3 6 24 0.007353 6 24 0.006644 6 24 0.016818
problem1 ¥4 7 28 0008871 7 28 0009398 7 28 0017854
Ys 7 28 0.003838 7 28 0.011266 7 28 0.011046
Y6 7 28 0.008816 7 28 0.008429 7 28 0.009511
y7 19 76 0.020365 19 76 0.012149 20 80 0.01573
Y1 11 43 0.062537 11 43 0.011218 0 0 0.002089
Y2 13 51 0.009315 13 51 0.00942 13 51 0.013417
Y3 12 46 0.011573 12 46 0.008909 12 46 0.012356
problem2 ¥4 13 49 0011216 13 49 0009268 13 49 0016215
Y5 14 53 0.010668 14 53 0.029236 14 53 0.016043
Y6 12 44 0.008497 12 44 0.00864 12 44 0.013048
Y7 14 53 0.010962 14 53 0.01112 14 53 0.01145
Y1 13 52 0.081519 13 52 0.009919 0 0 0.001735
Y2 13 52 0.010098 13 52 0.009571 13 52 0.008503
Y3 14 56 0.009522 14 56 0.010984 14 56 0.011609
Problem3 ¥4 14 56 0012593 14 56 0013154 14 56  0.013062
Y5 14 56 0.010016 14 56 0.011638 14 56 0.010194
Y6 15 60 0.0169 15 60 0.011157 15 60 0.018817
y7 14 56 0.015987 14 56 0.006418 14 56 0.013272
Y1 13 52 0.027212 12 48 0.007644 0 0 0.002682
Y2 13 52 0.008549 13 52 0.006964 13 52 0.00497
Y3 13 52 0.011045 13 52 0.006538 13 52 0.011129
Problem4 ¥4 13 52 0008611 13 52 0010887 13 52 0.08666
Ys 14 56 0.00786 14 56 0.009174 14 56 0.015178
Y6 14 56 0.008609 14 56 0.006611 14 56 0.00971
Y7 15 60 0.009977 15 60 0.009921 15 60 0.007715
Y1 22 83 0.014915 22 83 0.012003 23 87 0.008566
Y2 18 68 0.010097 18 68 0.011021 18 68 0.011365
Y3 22 86 0.009015 22 86 0.012862 22 86 0.009067
Problem 5 Y4 20 80 0.015665 20 80 0.017248 20 80 0.00942
Ys 23 92 0.01444 23 92 0.022297 23 92 0.012842
Y6 33 132 0.032199 33 132 0.038352 33 132 0.025196
Y7 32 127 0.020831 38 150 0.038326 36 143 0.026164

TABLE 5. Numerical experiments with different sequences {6} for
problem 6-10 with n = 1000.

0 = 7(2k}r5)2 Ok = 79,(;,(,;1)“1 O = (k+11)2
n = 1000 SP  NOI NFE CPUT NOI NFE CPUT NOI NFE CPUT
Y1 16 64 0.080299 16 64 0.017491 16 64 0.016929
Y2 16 64 0.013439 16 64 0.011797 16 64 0.011792
Y3 16 64 0.018681 16 64 0.012646 16 64 0.017659
Problem6 Y4 15 60 0014368 15 60 0013669 15 60  0.016687
Ys 15 60 0.013089 15 60 0.017483 15 60 0.014834
Y6 15 60 0.014044 15 60 0.016498 15 60 0.024312
Y7 16 64 0.012709 16 64 0.021474 16 64 0.013924
Y1 8 32 0.032771 8 32 0.006973 8 32 0.013911
Y2 7 28 0.005828 7 28 0.008311 7 28 0.008
Y3 6 24 0.037642 6 24 0.005015 6 24 0.00695
Problem?7 Y4 7 28 0006844 7 28 0008496 7 28 0011212
Y5 8 32 0.009869 8 32 0.006206 8 32 0.008115
Y6 8 31 0.014343 8 31 0.011633 8 31 0.014518
Y7 9 36 0.007226 9 36 0.006186 9 36 0.006638
Y1 10 34 0.03011 10 34 0.004109 9 31 0.010335
Y2 10 34 0.00805 10 34 0.004493 10 34 0.005206
Y3 10 34 0.00437 10 34 0.005042 10 34 0.00788
Problems ¥4 10 34 0009151 10 34 0007257 10 34 0003722
Ys 10 34 0.008475 10 34 0.006482 10 34 0.00584
Y6 10 34 0.006564 10 34 0.005847 10 34 0.005513
Y7 12 39 0.010024 12 39 0.006773 13 42 0.008748
Y1 5 20 0.039191 5 20 0.007925 5 20 0.009406
Y2 5 20 0.004174 5 20 0.005295 5 20 0.005742
Y3 5 20 0.002224 5 20 0.003368 5 20 0.007404
Problem9 ¥4 6 24 0007065 6 24 001478 6 24 0007671
Y5 6 24 0.003812 6 24 0.004744 6 24 0.007709
Y6 6 24 0.002333 6 24 0.002989 6 24 0.004279
Y7 5 20 0.008178 5 20 0.006976 5 20 0.006137
Y1 9 36 0.089549 9 36 0.016183 0 0 0.00387
Y2 10 40 0.019257 10 40 0.018461 10 40 0.0118
Y3 1 3 0.002148 1 3 0.003585 1 3 0.004648
Problem 10 ¥4 1 4 0005166 1 4 000363 1 4 0.002651
Ys 1 3 0.004204 1 3 0.003815 1 3 0.004593
Y6 1 4 0.009407 1 4 0.0036 1 4 0.00679
y7 11 44 0.024152 11 44 0.019788 11 44 0.021147

Ok
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1, p = 0.7, 0 = 0.01 were chosen for
PI algorithm to obtain the best possible results.

TABLE 6. Numerical results for IDFPI and DFPI algorithms on problem 1.

IDFPI DFPI

n SP_NOI NFE CPUT___LNORM NOI NFE _ CPUT __ LNORM
y1 9 36 0017162 668E-07 76 403 0.024481 7.21E-07

yo 10 40 0012476 S5.09B-07 74 394  0.024509  6.86E-07

ys 6 24 0004145 276E-07 76 405 0.024232  7.26E-07

1000 wa 7 28 0007213 453E-07 76 406  0.026091  5.12E-07
ys 7 28 0009987 298E-07 49 270 0.019812  846E-07

ye 7 28 0005634 247E-07 90 478  0.036841  5.10E-07

yr 19 76 0009093 8.82E-07 75 400  0.024059  7.ITE-07

yi 7 28 0010122 7.08B-07 82 434  0.10282  8.03E-07

yo 8 32 001214 791B07 72 38 0079772 1.37E-10

ys 6 24 0010519 474B-07 87 461 009622  8.07E-07

s000 w4 7 28 0011582 S570E07 73 392 0082718 5.71E-07
ys 7 28 0010631 447E-07 58 316 0069378 9.41E-07

ye 7 28 0012023 464E-07 88 469 01209  5.67E-07

yr 21 84 0028841 41SE-07 78 416  0.098002 7.90E-07

yi 7 28 0019183 489E-07 81 429  0.17261  193E-14

y2 7 28 0016653 852E-07 83 441  0.18057  5.39E-07

ys 6 24 0014861 64IE07 89 472 021044  5.70E-07
10000 wi 7 28 0017194 694E-07 70 377 017188  8.07E-07
ys 7 28 0023033 583B-07 90 479  0.19026  7.81E-07

ye 7 28 0021992 639B-07 89 476 022891  7.77E-1S

yr 21 84 0054409 530B-07 93 492 0.19355  5.62E-07

yi 6 24 0067682 2.67E-07 75 399  0.68515  2.I5E-14

Y2 6 24 0054711 258E-07 75 399  0.69894  L.ISE-13

ys 7 28 012306 103E-07 75 400 067299  1.25E-13

50000 Y4 8 32 0094062 209E-07 72 389 096128  3.20E-10
ys 8 32 0074329 126E-07 82 445  0.80865  6.53E-07

ys 8 32 010103 8.I0E-08 84 459 086014  8.22E-15

yr 22 88 025757  S0SE-07 90 478 10839  6.27E-07

i 6 24 012284 1.69E-07 73 389 16516  G.OGE-14

y» 6 24 010121 147E07 81 431 14517  9.10E-15

ys 7 28 011899 107E-07 82 438 13592  8.99E-07

100000 ¥4 8 32 031637 211E-=07 79 430 12955  1.80E-13
ys 8 32 017021 129E-07 87 475 32752  8.66E-1S

ye 8 32 017119 856E-08 86 480 15122  8.04E-07

yr 22 88 060812 7.SE-07 91 485 14229  7.04E-07

TABLE 7. Numerical results for IDFPI and DFPI algorithms on problem 2.

IDFPI DFPI

n SP  NOI NFE CPUT LNORM NOI NFE CPUT LNORM
Y1 11 43 0.005001  8.52E-07 3 9 0.058465  5.17E-07

Y2 13 51 0.004356  3.18E-07 4 12 0.002939  6.04E-09

Y3 12 46 0.00557  8.35E-07 4 12 0.002548  4.37E-07

1000 Ya 13 49 0.007236  4.32E-07 5 15 0.002855  1.52E-07
Y5 14 53 0.007473  4.27E-07 6 18 0.009373  1.10E-09

Y6 12 44 0.004463  9.51E-07 6 18 0.002567  1.74E-08

y7 14 53 0.005317  7.52E-07 106 318 0.060475  9.65E-07

Y1 12 47 0.017058  5.52E-07 3 9 0.003876  1.75E-07

y2 13 51 0016004 6.89E-07
ys 13 50 0015614 537E-07
5000 w4 13 49 0015854  9.11E-07
ys 14 53 0016588 9.11E-07
ys 13 48 0017176  5.76E-07
yr 15 57 0021617  5.08E-07
yi 12 47 0024133 7.77E-07
ya 13 51 0027397  9.71E-07
ys 13 50 0031404  7.55E-07
10000 ¥4 14 53 0031945 3.83E-07
ys 15 57 003006  3.84E-07
yo 13 48 0025585 S.04E-07
yr 15 57 0034146  7.18E-07
yi 13 51 05665 5.19E-07
y2 14 55 010992  6.49E-07
ys 14 54 010742 5.04E-07
50000 ¥4 14 53 012007  8.52E-07
ys 15 57 0.14337  8.55E-07
ye 14 52 01029  533E-07
yr 16 61 0.16827  4.84E-07 3
yi 13 51 026108 7.34E-07
ys 14 55 02078 9.I8E-07
ys 14 54 024524 T.A2E-07
100000 w4 15 57 027307  3.61E07
ys 16 61 023156  3.62E-07 34 016312 1.10E-09
ye 14 52 033684  7.53E-07 34 015642 1.10E-09
yr 16 61 030503  6.84E-07 346 1042 10.5937  5.00E-07

12 0.005113  6.27E-10
12 0.005662  1.42E-07
0.007849  3.94E-08
15 0.007635  4.05E-07
18 0.007015  2.36E-09
0.45786  9.84E-07
9 0.009625  1.21E-07
12 0.008537  2.79E-10
12 0.009399  9.73E-08
15 0.011722  2.56E-08
15 0.013383  2.93E-07
20 0.016129  3.62E-09
0.93838  9.70E-07
9 0.025051  6.32E-08
12 0.060209  6.75E-11
12 0.033312  4.87E-08
22 0.076411  5.75E-08
28 0.070887  9.31E-09
28 0.078715  9.31E-09
3.4659 8.63E-07
9 0.051374  5.40E-08
12 0.064736  4.27E-11
0.084643  7.37E-10
34 0.19686 1.10E-09
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For the compared method (DFPI), its parameters were set
as reported in [17]. All iterative procedure terminate when
IT(vi)ll < 1070 is fulfilled. If this condition is not satisfied
after 1000 iterations, failure is declared.
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TABLE 8. Numerical results for IDFPI and DFPI algorithms on problem 3.

IDFPI DFPI
n SP__NOI NFE _CPUT __ LNORM _NOI NFE _ CPUT __ LNORM
yi 13 52 0006685 482E-07 22 110 0071091 7.52E-07
y2 13 52 0005691 991E-07 23 115 0007863 7.47E-07
ys 14 56 0003863 6.78E-07 24 120 0.008379  8.92E-07
1000 yi+ 14 56 0005027 858E-07 25 125 0.009312 8.38E-07
ys 14 56 0006172 493E-07 25 125 0012101 8.90E-07
ye 15 60 000505 6.63E-07 25 125 0.009162 8.19E-07
yr 14 56 0007421 7.33E07 24 120 0014291 9.51E-07
yi 14 36 0017961 323E07 23 115 0039916 8.41E-07
y2 14 56 0013373 6.65E-07 24 120 0042328 8.36E-07
ys 15 60 0017098 4.55E-07 25 125  0.042063 9.98E-07
5000 v+ 15 60 0018924 S576E-07 26 130  0.040312  9.36E-07
ys 15 60 0015824 331E07 26 130 0.040585 9.95E-07
ye 16 64 0016746 445E07 27 134 0042017 0
yr 15 60 0018791 4.99E-07 26 130  0.045348  5.35E-07
yi 14 56 0026742 457B-07 24 118  0.082392 0
y2 14 56 0030263 9.40E-07 24 118  0.066964 0
ys 15 60 0033116 643E-07 26 128  0.068461 0
10000 ¥4 15 60 0029508 8.14E-07 27 133 0.065645 0
ys 15 60 0030222 4.68E-07 28 139  0.065254 0
ye 16 64 0033895 629E-07 28 139  0.062041 0
yr 15 60 0035151 7.06E07 26 130  0.073951 7.60E-07
yi 15 60 010247 3.07E07 25 123 0.20488 0
y2 15 60 01067 631E07 25 123 020469  3.70E-22
ys 16 64 020393 432E07 25 123 020252 0
50000 Ya 16 64 010433 S46E07 29 147 024523  9.26E-07
ys 16 64 01076  3.04E-07 28 141 027392 0
ye 17 68 027182 422E07 28 141 023675 0
yr 16 64 014651 473E-07 27 133 028916  4.88E-23
yi 15 60 021037 434E07 25 125 061769 9.40E-07
y2 15 60 031285 892E07 25 123 0.40009 0
ys 16 64 023906 6.10E07 26 128  0.40665 0
100000 ¥a 16 64 026002 7.73E-07 28 142 0.81468 0
ys 16 64 025336 444E07 28 142 0.52701 0
ye 17 68 022276 597E07 28 143 045238 0
yr 16 64 04129  6.68E07 27 134 056451  1.32E-22
TABLE 9. Numerical results for IDFPI and DFPI algorithms on problem 4.
IDFPI DFPI
n SP_NOI NFE CPUT __LNORM NOI NFE  CPUT __ LNORM
y1 13 52 0004035 4.10E07 22 110 0022312 6.82E-07
y2 13 52 000492 7.01E07 23 115 0006507 6.15E-07
ys 13 52 0004044 7.4E07 24 120  0.006548  5.54E-07
1000 w4 13 52 0004554 953E07 22 110 0.010051 5.79E-07
ys 14 56 0005693 847E-07 25 126  0.008113  5.94E-07
ye 14 56 0003309 7.79E-07 24 121 0.007482  9.98E-07
yr 15 60 0005889 3.52E07 24 120  0.012266 5.25E-07
yi 13 52 0012538 O.17E07 23 115 0.022903 7.62E-07
y2 14 56 0012422 470E07 24 120  0.024653 6.88E-07
ys 14 56 0010397 479E-07 25 125 0.023646 6.20E-07
5000 v+ 14 56 0011449 639E-07 23 115 002075  647E-07
ys 15 60 0015644 S5.68E-07 26 131  0.024758  6.64E-07
ye 15 60 0015205 52207 24 122 0.024551 6.33E-07
yr 15 60 0013931 8.16E-07 25 125  0.022842 5.91E-07
yi 14 56 0018642 3.89E07 24 120 0.041772 5.39E-07
y2 14 56 0020051 6.65E-07 24 120 0.039254 9.73E-07
ys 14 56 0022804 677E-07 25 125  0.043002 8.76E-07
10000 Y4 14 56 0020417 9.04E07 26 131  0.051036 9.36E-07
ys 15 60 0023572 8.04E-07 26 131  0.043001 9.39E-07
ye 15 60 0022412 739E-07 27 138  0.044418 9.36E-07
yr 16 64 0023027 349E-07 25 125 0051145 8.37E-07
yi 14 56 013458 870E07 25 125  0.1406  6.03E-07
y2 15 60 0076105 446E-07 26 128  0.14453 0
ys 15 60 0074626 4.54E-07 26 130 03076  9.80E-07
50000 Ya 15 60 0078944 6.06E-07 - - - -
ys 16 64 0087076 5.39E-07 - - - -
ye 16 64 0090052 4.96E-07 30 157  0.18098 0
yr 16 64 0092506 7.J1E07 27 136 0.14182  7.33E-07
yi 15 60 022368 3.69E-07 25 125 025496  8.52E-07
y2 15 60 014734 63107 - - - -
ys 15 60 014545 642E07 26 129  0.66636 0
100000 Y4 15 60 021704 858E-07 - - - -
ys 16 64 016062 7.63E07 32 169  0.91603 0
ye 16 64 016709 7.0IE-07 34 186 041102 0
yr 17 68 026252 3.25E07 28 141 029815  5.18E-07

To illustrate in detail the efficiency and robustness of Iner.
DFPI, we start by performing some numerical experiments
with different coefficients of the parameter B; and the results
are reported in Table 2 and 3. It can be observed from the
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TABLE 10. Numerical results for IDFPI and DFPI algorithms on problem 5.

IDFPI DFPI
n__ SP_NOI NFE___CPUT___LNORM NOI NFE__ CPUT___ LNORM
y1 22 83 0006723 336E-07 27 125 0025308 7.64E07

g2 18 68 0004817 3.58E-07 27 127 0013897 5.68E-07

ys 22 86 0007747 3.16E-07 30 142 0009465  5.36E-07

1000 ya 20 80 0007736 938E-07 26 130 000958  5.96E-07
ys 23 92 0007882 S80E-07 27 134 0010308 9.66E-07

ye 33 132 0013091 3.68E-07 26 132 0011363 7.39E07

yr 36 143 0015021 9.85E-07 33 173 0012412 7.J7E07

y1 22 83 0023041 336E-07 27 125 0.028866 9.11E07

y2 18 68 0017824 7.77E-07 28 132  0.031948  6.88E-07

ys 23 90 0019053 6.89E-07 32 150  0.033963 6.55E-07

5000 v4 21 84 0018336 6.11E07 27 135 0040092 8.11E-07
ys 27 108 0033345 3.04E-07 30 147 003638  6.11E-07

ys 46 184 0077517 3.86E-07 27 137  0.032325 9.59E-07

yr 51 203 0074716 SOSE-07 43 243 0.052204 7.93E-07

y1 25 95 0042456 893E-07 29 138  0.050406 9.96E-07

y2 19 72 0033543 332E-07 28 132 0.047778 9.91E-07

ys 23 90 0040511 B89IE-07 32 150  0.053794 9.38E-07

10000 Y4 21 84 0.031568  9.96E-07 32 155 0.0541 5.90E-07
Ys 28 112 0.05547  9.14E-07 30 147 0.062782  8.87E-07
Y6 50 200 0.18221 3.37E-07 31 154 0.055032  5.36E-07

yr 60 239 018747 593E-07 38 205  0.074963  9.59E-07
y1 48 187 060608 342E-07 39 219 033566  7.35E-07
y2 19 72 012914 7.62E-07 37 194 026823  5.90E-07
ys 26 102 01525  3.7E-07 33 157 020113  S581E-07
50000 Y4 34 136 03022  846E-07 34 163 022611  6.85E-07
ys 35 140 037456 8.3E-07 33 162 022718  9.63E-07
ye 75 300 13335  668E-07 33 162 021739  6.33E-07
yr 88 351 14975  5.7E-07 35 167 02218  5.56E-07
y1 64 251 17805  8.73E-07 37 181 04819  8.65E-07
Y2 20 76 02093 327E-07 37 183 044101  5.07E-07
ys 26 102 037068 S50SE-07 33 159 040582  5.19E-07
100000 ¥4 35 140 072236  S66E-07 34 166 042738  7.31E-07
ys 40 160 077446  6.02E-07 35 173 047046  5.55E-07
ye 75 300 25582  479E-07 35 177 056666  8.85E-07
yr 98 391 36313 321E-07 35 168 043766  7.I8E-07

=3

TABLE 11. Numerical results for IDFPI and DFPI algorithms on problem 6.

IDFPI DFPI
n SP__NOI NFE__ CPUT __ LNORM NOI NFE _ CPUT __ LNORM
y1 16 64 0010483 356E-07 27 135 0.033919 6.16E-07

ys 16 64 0009273 342E07 27 135 0014032 5.92E-07

ys 16 64 0008048 3.01E-07 27 135 0013855 5.22E-07

1000 wa 15 60 0007367 6.87E-07 26 130 001828  7.14E-07
ys 15 60 0005634 55207 26 130  0.014308  5.73E-07

ys 15 60 0006965 325E-07 25 125 0019782 6.76E-07

yr 16 64 0010309 305B-07 27 135 0016674 5.22E-07

yi 16 64 0020797 798E-07 28 140 0.062147 6.90E-07

y2 16 64 0027649 7.66E-07 28 140  0.053856 6.63E-07

ys 16 64 0025924 675E-07 28 140  0.053509  5.84E-07

s000 w1 16 64 002971  462E-07 27 135 0051204  8.00E-07
ys 16 64 0025478 37IE07 27 135 0.056674 6.42E-07

ys 15 60 0023231 729E07 26 130 0.050872 7.57E-07

yr 16 64 0026982 6.80E-07 28 140  0.071807 5.90E-07

y1 17 68 0060317 339E-07 29 146  0.11459  7.32E-07

y2 17 68 0049807 325E-07 29 146  0.11246  7.04E-07

ys 16 64 0047161 95SE-07 29 146  0.11393  6.20E-07

10000 v+ 16 64 0045383 654E-07 28 140 011162  5.66E-07
ys 16 64 0055288 524E-07 27 135  0.10514  9.08E-07

ye 16 64 004654 3.09E-07 27 135  0.10359  5.35E-07

yr 16 64 0047746 9.63E-07 29 146  0.10954  6.25E-07

yi 17 68 039191 7.57E-07 33 172 077122 0

g2 17 68 018194 727E-07 33 172 049267 0

ys 17 68 018105 641E-07 32 165 074557 0
50000 v+ 17 68 029297  438E-07 29 145  0.44817 0
ys 17 68 018165 352E-07 29 145 042038 0

ye 16 64 018681 691E-07 27 133 0.38266 0

yr 17 68 022631  646E-07 32 165 049133 0

y1 18 72 044716 321E-07 35 189 14108 0

0

0

0

0

0

0

g2 18 72 052194 3.09E-07 35 188 19585
ys 17 68 040182 9.06E-07 34 181  1.1235
100000 ¥4 17 68 053042  620E-07 31 160  1.0369
ys 17 68 050865 498E-07 29 146 10626
ye 16 64 043562 978E-07 27 134 095013
yr 17 68 06718  9.3E-07 34 181 12456

tables that the coefficient 0.01 is a good choice. In addition,
we performed another numerical experiments with different
sequences {0y} and the results are reported in Table 4 and 5.
It clan be observed from the tables that the sequence 6y =

e is a good choice. We further employ the performance
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TABLE 12. Numerical results for IDFPI and DFPI algorithms on problem 7.

TABLE 14. Numerical results for IDFPI and DFPI algorithms on problem 9.

IDFPI DFPI IDFPI DFPI
n SP__NOI _NFE__ CPUT _ LNORM NOI NFE _ CPUT _ LNORM n SP_NOI NFE CPUT___LNORM NOI NFE _ CPUT __ LNORM
y1 8 32 0003653 931E08 7 35 0088016 2.09E-07 y1 5 20 0002775 546E-07 14 84  0.025842 7.75E-07
yo 7 28 0002498 7.06E07 7 35 0002876 1.30E-07 Yo 5 20 0001703 325B-07 14 84 000484  4.70E-07
ys 6 24 0002711 203E-07 5 25 0002588 6.75E-07 ys 5 20 000257 3.00B-07 14 84  0.006867 4.48E-07
1000 wa 7 28 0004252 186E07 7 35 0003619 5.39E-07 1000 wa 6 24 0003117 536B-08 15 90  0.004959  7.58E-07
ys 8 32 0004847 291E07 7 35  0.005417 6.75E-07 ys 6 24 0002628 725B-08 16 96  0.006006 3.01E-07
ye 8 31 0002989 3.9E-07 7 33  0.003767 6.55E-07 ye 6 24 0001932 104E-07 16 96  0.005295 4.32E-07
yr 9 36 0003879 283E-07 10 50  0.005564 4.13E-07 yr 5 20 0001605 6.86E-07 15 90  0.007065 2.93E-07
yi 8 32 0011319 208807 7 35 0012628 4.68E-07 y1 6 24 0032784 364B08 15 90  0.023128 5.08E-07
yo 8 32 0010446 130E07 7 35 0010796 2.90E-07 Yo 5 20 0004843 728B-07 15 90  0.013479  3.08E-07
ys 6 24 0007387 453E-07 6 30  0.009275 9.64E-08 ys 5 20 000474 694E-07 15 90  0.019939  2.93E-07
so00 w4 7 28 0008646 4ISE07 8 40 0011531 7.69E-08 s000 w4 6 24 0005001 120E07 16 96 0018103 497E-07
ys 8 32 0011077 65IE07 8 40 0012222  9.64E-08 ys 6 24 0028177 162E07 16 96 0059113 6.73E-07
ye 8 31 0011479 7.4B07 8 38 0012377 9.35E-08 ye 6 24 0005417 233E07 16 96 002335  9.66E-07
yr 9 36 0012983 629E-07 10 50 0.016196  9.76E-07 yr 6 24 0004567 461E-08 15 90 0018177 6.49E-07
y1 8 32 0016198 295807 7 35 0019634 6.62E-07 yi 6 24 0009786 5.I5B-08 15 90  0.035418 7.18E-07
y» 8 32 0017598 184E07 7 35 0018425 4.10E-07 y2 6 24 0013561 3.07E-08 15 90  0.033533  4.35E-07
ys 6 24 0015246 641E07 6 30 0017956 136E-07 ys 5 20 0009086 O9.82E-07 15 90 0036702 4.15E-07
10000 w4 7 28 0014948 SSTE-07 8 40 0021969 1.09E-07 10000 w4 6 24 0009481 169E-07 16 96 0039716 7.02E-07
ys 8 32 0018776 920B-07 8 40  0.020505 1.36E-07 ys 6 24 002489 229B-07 16 96  0.033306 9.51E-07
ye 9 35 0019481 834E-08 8 40  0.024966 1.36E-07 ye 6 24 0012618 329B-07 17 103 0034423  8.83E-07
yr 9 36 0025324 903B-07 11 55 0033891 18IE-07 yr 6 24 0009643 649E-08 15 90 003156  9.16E-07
y1 8 32 0074381 659E07 8 40  0.078752 9.46E-08 yi 6 24 0040512 LISE07 16 96 022563  4.70E-07
Y2 8 32 0057285 4I2E07 7 35 006381  9.17E-07 y2 6 24 0038022 687E-08 15 90  0.1461  9.73E-07
ys 7 28 005958 LISE07 6 30 0071067 3.05E-07 ys 6 24 004902 655E-08 15 90  0.11495  9.28E-07
50000 Y4 8 32 011846 1.OSE-07 9 47  0.08954  2.58E-07 50000 Y4 6 24 0039638 3.79E-07 18 109  0.22775  2.97E-07
ys 9 36 0076652 170E07 9 47  0.087936 2.69E-07 ys 6 24 0034356 S.3E-07 18 110 0.18641  8.89E-07
¥y 9 35 00716 L8TE07T 9 47  0.091278  2.69E-07 ye 6 24 0039451 737E07 20 126 017079  8.65E-07
yr 10 40 020552 1.66E-07 11 55  0.12051  4.06E-07 yr 6 24 0047944 144E07 16 96 021042 599E-07
i 8 32 011275 931E07 8 41 0.14657 8.58E-07 yi 6 24 0070738 1.63E-07 16 96 030649  6.65E-07
Y2 8 32 011906 583E-07 8 40  0.1458  8.28E-08 y2 6 24 0096217 97IE08 16 96 026029  4.03E-07
ys 7 28 022704 L67E07 6 30  0.10972  431E-07 ys 6 24 01065 927E-08 16 96 041442  3.84E-07
100000 Y4 8 32 012258 153E-07 9 47  0.17732  3.64E-07 100000 ¥4 6 24 0084986 536E-07 18 110 033314  9.28E-07
ys 9 36 013371 240E07 9 47 02031  381E-07 ys 6 24 0071928 725E-07 20 126 032012  8.52E-07
ye 9 35 024326 264E07 9 47 016742  381E-07 ye 7 28 0089085 3.01E-08 22 142 053318  8.29E-07
yr 10 40 016384 236E07 11 56 024561  4.69E-07 yr 6 24 009697 205E-07 16 96 02514  8.50E-07

TABLE 13. Numerical results for IDFPI and DFPI

algorithms on problem 8.

IDFPI DFPI
n SP_NOI NFE CPUT __LNORM NOI NFE _ CPUT _ LNORM
y1 9 32 0004774 676E08 14 84  0.047306 9.29E-07
y2 9 32 0002911 676E08 14 86  0.007059 9.29E-07
ys 9 32 0004649 676E-08 14 89  0.006651 9.29E-07
1000  wa 9 32 0005168 676E-08 14 91 0007693 9.29E-07
ys 9 32 0003576 676E08 14 92 0012985 9.29E-07
ye 9 32 0002819 676E08 15 99 0012506 9.29E-07
yr 93 340 0033585 9.32B-07 - - - -
y1 11 41 0017931 299E07 16 107 004506 4.92E-07
y2 11 41 0014838 299E-07 16 109 0032913 4.92E-07
ys 11 41 0015599 299E-07 16 111 010903  4.92E-07
s000 w4 1l 41 0072565 299E-07 17 129  0.038967  4.92E-07
ys 11 41 0026755 29907 17 126 0051708 4.92E-07
ye 11 41 0020458 299E-07 18 142 004588  4.92E-07
yr 32 112 0033263 8.56E-07 - - - -
y1 8 29 0051059 442E07 11 75 0052377 6.02E07
y2 8 29 0027061 442E07 11 77  0.049877 6.02E-07
ys 8 29 0023059 442E07 11 80  0.10928  6.02E-07
10000 ¥ 8 29 0026803 442E07 12 99 0080173 6.02E-07
ys 8 29 0028654 442E07 13 107 0.079948 6.02E-07
ye 8 29 0026353 442E07 14 132 0093111 6.02E-07
yr 27 102 0065685 7.89E-07 - - - -
y1 6 22 0075446 189E07 10 76 034388 4.68E-07
y» 6 22 015044 189E07 10 78 02456  4.68E-07
ys 6 22 0070266 189E07 11 97 031595  4.68E-07
50000 Y4 6 22 0069065 189E-07 14 154 054484  4.68E-07
ys 6 22 010305 189E07 14 ISl 04634  4.68E-07
ye 6 22 011076 189E07 16 201 075152  4.68E-07
yr 9 33 0275 776E07 11 97 028241  4.68E-07
y1 8 31 022729 195807 8 65 040538  1.73E-07
y» 8 31 024876 195E07 8 67 041492  1.73E-07
ys 8 31 021451 195E07 10 104 072037  1.73E-07
100000 ¥4 8 31 035928 19SE-07 13 176 13032  1.73E-07
ys 8 31 021663 195E-07 14 202 14652  L73E-07
ye 8 31 022028 195E07 16 255 17952  1.73E-07
yr 11 43 036981 68207 11 115 085792  1.73E-07

profile proposed by Dolan and More

in [50] in order to

summarize Table 6-15. The profile is defined as follows:

p(T) ==

|Tp|
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t, € Tp : log,

Ip.q
min{t, , : g € O}

TABLE 15. Numerical results for IDFPI and DFPI algorithms on
problem 10.

IDFPI DFPI

n SP NOI NFE CPUT LNORM NOI NFE CPUT LNORM
Y1 9 36 0.007359  7.97E-07 17 119 0.050153  8.17E-07
Y2 10 40 0.006139  1.95E-07 18 126 0.017728  5.55E-07

Y3 1 3 0.001581 0 1 3 0.00131 0

1000 Ya 1 4 0.001474 0 2 11 0.003299 0
Ys 1 3 0.001559 0 19 134 0.018093  7.43E-07
Y6 1 4 0.001463 0 19 135 0.026692  8.51E-07
y7 11 44 0.011139  9.03E-07 19 133 0.019643  6.11E-07
Y1 10 40 0.026382  2.84E-07 18 126 0.056932  6.85E-07
Y2 10 40 0.025512  4.35E-07 19 133 0.060359  4.65E-07
Y3 1 3 0.002706 0 19 133 0.077922  8.49E-07
5000 Y4 1 4 0.00444 0 20 141 0.085714  8.56E-07
Ys 1 3 0.002336 0 20 141 0.065807  6.23E-07
Y6 1 4 0.004291 0 21 151 0.06585 8.59E-07

Y7 12 48 0.03001 3.47E-07 20 140 0.072448  4.97E-07
Y1 10 40 0.047915  4.02E-07 18 126 0.12476  9.69E-07
Y2 10 40 0.053406  6.15E-07 19 133 0.12265  6.58E-07

ys 1 3 0.004908 0 20 140 012326 4.5IE-07
10000 v4 1 4 0005123 0 21 148 015724 4.54E-07
ys 1 3 0.003785 0 20 142 0.14843  8.59E-07
v 1 4 0010065 0 2 158 0.15980  4.56E-07

y7 12 48 0.060441  4.85E-07 20 140 0.13272  7.04E-07
Y1 10 40 0.15997  9.00E-07 19 133 0.59465  8.13E-07

y2 11 44 041328 220E-07 20 140 049973  5.51E-07
ys 1 30019508 0 21 147 0.63901  3.78E-07
50000 v4 1 40023778 0 2 157 0.64155  9.89E-07
ys 1 30017874 0 23 167 0.69792  9.89E-07
ve 1 4 0033341 0 24178 08938  9.93E-07
yr 13 52 024602 177E07 21 148 0.5043  7.42E-07
y1 11 44 048433 203E-07 20 140  LI71  431E-07
y2 11 44 033993  3.11E07 20 140 12389  7.80E-07
vz 1 30023354 0 2 155 1.0994  4.10E-07
100000 Y4 1 4 0058607 0 25 183 1356  4.59E-07
ys 1 3 0.030501 0 26 193 14711 4.59E-07
v 1 4 0057797 0 28 217 16932 4.72E-07

Y7 13 52 0.61981 2.49E-07 22 155 1.1673 3.93E-07

where Tp is the test set, |Tp| is the number of problems in
the test set Tp, Q is the set of optimization solvers, and #, 4
is the number of iterations (or the number of the function
evaluations, or the CPU time (in seconds)) for #, € Tp and
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FIGURE 1. Performance profiles for the number of iterations.
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FIGURE 2. Performance profiles for the number of function evaluations.

q € Q. The performance profile tells the percentage of win
by each solver. Figures 1, 2 and 3 illustrate the performance
of the two solvers (Iner. DFPI and DFPI) where the perfor-
mance indices are the number of iterations, the number of
function evaluations and the CPU time in seconds as reported
in Tables 2-11. It can be observed from the figures that Iner.
DFPI algorithm performs better with a higher percentage
win of at least 90% in all the three metrics, i.e., number of
iterations, the number of function evaluations and the CPU
time. As a consequence, we can conclude that Iner. DFPI
algorithm is an efficient solver. It is worth mentioning that
the good numerical performance of the Iner. DFPI algorithm
is as aresult of the inertial term vy, suitable control parameters
such as p, o and the sequence {6y }.

A detailed report of our numerical experiments is reported
in Table 6-15 in the appendix section. The abbreviations on
the tables can be read as follows:

n: denotes the dimension of the problem

SP: denotes the starting points

NOI: denotes the number of iterations
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NEFE: denotes the number of function evaluations
CPUT: denotes the CPU time in seconds
LNORM: denotes the final norm

V. CONCLUSION

In this paper, we suggested an inertial derivative-free method
for solving nonlinear monotone operator equation. Based on
the DFPI method, an inertial term was added to it in order to
speed up its convergence. We used some mild assumptions
to establish the global convergence of the proposed inertial
method. To support the theoretical results, we perform some
numerical experiments on some benchmark test problems
with the proposed method and the DFPI. The results indicate
that the proposed inertial method is faster than DFPI.

APPENDIX
See Tables 2—15.
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