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ABSTRACT The musculoskeletal model plays an important role in the investigation of human lower limb
diseases. Although different methods are used for musculoskeletal models, the prediction of the tibiofemoral
and muscle forces still needs more improvements. This paper introduces a model for the lower limb; 3-DOF
hip, 1-DOF knee, and 3-DOF ankle. The model estimates the tibiofemoral and muscle forces based on static
optimization. The shank and the foot are considered as one element to avoid the high-cost computation
of the traditional inverse dynamic method. The direction of the tibiofemoral force is estimated based on the
analyticalmethod to tune theweight factors of the predicted force. Two subjects (A andB) performedwalking
at 1m/s for about 5 gait cycles with recording the kinematics, ground reaction force (GRF), and foot center
of pressure (CoP) and electromyographic (EMG) signals. A static optimization technique was performed to
predict the tibiofemoral and 6 lower limb muscles forces based on the 2nd-Newton law in three-dimensional
(3D). Muscles moment arms were verified by compared to measured data in the literature. The validity of
the model was guaranteed by testing the model on a subject of total knee replacement (TKR) and compared
the predicted tibiofemoral force with the measured one. The predicted tibiofemoral forces had the root mean
square error (RMSE) of 0.19, 0.56, and 0.43 BW for TKR subject, subject A and subject B, respectively.
The predicted muscles force was validated by comparing it to EMG signals. The analysis and the validation
of the model showed that it could be used for different activities like walking and running and assessment
rehabilitation devices such as knee brace.

INDEX TERMS Musculoskeletal model of the lower limb, tibiofemoral force prediction, muscle force
estimation, static optimization.

I. INTRODUCTION
The knee plays an important role in the balance of the
whole body. The knee shows different characteristics such
as various load support, according to the activities [1], and
different kinematics according to gender [2], and healthy con-
ditions (i.e. healthy vs. osteoarthritis)[3]. The knee diseases
such as osteoarthritis and anterior circulate ligament (ACL)
deficiency encourage scientist to develop a musculoskeletal
model to describe the cause and prognosis of these diseases;
like cartilage deformation[4], [5]. Also, to introduce different
treatment and rehabilitation strategies according to the symp-
toms and from the engineering point of view according to the
kinematic and dynamics of the lower limb [6]. The diversity
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of the human body structure like the bone geometries appear-
ing in the kinematics and knee points of contact [2], [7], the
muscles, and the ligaments parameters [8], [9], overcomes
having a generic musculoskeletal model. Different knee fea-
tures overcome deciding the suitable treatment for diseases

The subject-specific model showed reasonable results for
the analysis of knee motion and predicting the tibiofemoral
force [10]. While the prediction of the tibiofemoral force
has great attention by researchers [11], different models were
introduced using numerical knee model [12], the surrogate
knee model based on an artificial neural network[13], and
the whole lower limb model [14]. Moreover, ASME held
many competitions to introduce a model that can predict
this force [6], [15] using different subjects with TKR with
implant e-tibia. The major difficulty in the prediction process
is an indeterminate system of equations representing the knee
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motion due to the muscles redundancy. Researchers and orga-
nizations exerted great effort to predict tibiofemoral force.

Unfortunately, the muscles can’t be measured directly out-
side the surgery room except for small invasivemeasurements
in superficial tendons like the Achilles [16]. The muscle
redundancy and the indeterminate system of equations could
be solved using optimization for the muscles-tendon force.
The cost function for the optimization process was based
on the sum square of the muscle force, stress, and activa-
tion [17], with the known muscle moment arm. Buford [18]
and Spoor [19] used cadaver lower limb and they measured
the excursion of the muscles to represent the moment arm.
The moment arm could be analytically estimated using two
methods the tendon excursion and the cross product [20].
Arnold [8], introduced a musculoskeletal model based on the
muscles tendon excursion to estimate the moment arm while
anybody software is based on the cross-product method.

There were two approaches for muscles force prediction;
the forward and inverse dynamic approach [21]. Using the
forward dynamic approach; the activations of the muscles
or joints torques are known, and integration of the system
equations is performed to find the kinematics of the lower
limb and compared with the measured one [22], [23]. The
inaccurate measurements of the muscle activation and the
muscle torque hindered the prediction of the muscle force
using this approach. The inverse dynamic approach is pre-
ferred by many researchers due to its simplicity. The forces
and moments at each segment peripherals are found then
these forces and moments are transferred to the next segment.
However, this method suffered from dealing with complexity
and many unknowns. This problem was solved using the
wrench approach [24], [25] but it is not conventional like
2nd Newton law for describing the motion for biomechanical
systems.

The goal of this study is two folds. Firstly, to introduce a
simple method for predicting the muscles and tibiofemoral
forces using the 2nd Newton law with an analytical method
for predicting the force in 3D. The model presents the shake
and the foot as one element to reduce the complexity and
the unknown forces. Secondly, to validate the model for two
healthy subjects by comparing the predicted tibiofemoral
forces to the in vivo data [6] of a TKR subject and the data in
the literature. Additionally, the model is implemented on the
TKR subject as ground truth for the model validation.

II. METHOD
A. EXPERIMENTAL DATA
The experimental data are based on open source data
HUMOD [26] for a healthy female subject (27 years, 1.61 m,
57 kg) and a male subject (32 years, 1.79 m, 85 kg) performed
tials for about 100 sec within walking speed 1m/s. The whole
body had 35 reflective markers, the kinematics of the lower
limb could be calculated after recording markers positions at
500 Hz with a three-dimensional motion capture system con-
sisting of four Oqus 310+ cameras and six Oqus 300+ cam-
eras (Qualisys, Sweden) Fig.1. The EMG signals of fourteen

FIGURE 1. The subject walks at 1m/sec and the markers are used to
record the kinematics, [26].

FIGURE 2. The musculoskeletal model and muscles affecting the knee
motion.

selected muscles in both legs were recorded at 2000 Hz and
filtered to bandwidth between 20 Hz and 450 Hz. GRFs were
measured using two force places with four multi-axis force
sensors (Kistler, Switzerland) to measure the medial and the
lateral GRF. The GRF data were recorded at 1000 Hz.

B. THE LOWER LIMB
The model of the lower limb was based on representing the
hip as 3-DOF, the knee as 1-DOF, and the ankle as 3-DOF
as shown in Fig.2. The method used here was to reduce
the complexity of the system equations by decreasing the
number of unknown forces [27], [28] unlike the traditional
inverse dynamic method. While other models transfer the
force from one joint to the next, herein the shank and the foot
were represented as one element and the moment of inertia
was calculated for each segment w.r.t femur origin using the
parallel axes theorem.

The equation of motion representing the external force (i.e.
GRF), the muscle and tibiofemoral force were represented by
(1) and (2), as shown at the bottom of the next page, using 2nd

Newton law in 3D, where m is the mass of two segments,
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FIGURE 3. The medial and lateral femur condyles as a part of two
spheres and the tibiofemoral contact points.

GRFj, Fcont j, Fmus j, and Wj are the GRF, muscles’ forces
and the weight in X-Y-Z axes, respectively, and j stands for
X-Y-Z axes and n represents the muscles used. Additionally,
ẍ, ÿ, and z̈ are the linear acceleration components of the shank
and the foot the center of mass (CoM) in 3D. The vectors
rGRM , rcont , rmusc, and rg are moment arm for GRF at CoP
position, muscle force at the insertion points (via points),
tibiofemoral force at the contact points between the femur
and the tibia, and the weight of each segment at CoMw.r.t the
femur origin. Also, Ixx , Iyy, Izz are the 2nd moment of inertia
for each segment [26]. The angular velocity and acceleration
around the Cartesian coordinates are θ̇x , θ̇y, θ̇z, θ̈x , θ̈y, θ̈zGRFxGRFy
GRFz

+
Fcont−xFcont−y
Fcont−z

+ i=n∑
i=1

Fimusc xFi musc y
Fimusc z

+
wxwy
wz


= m

 ẍÿ
z̈

 (1)

C. KNEE MODEL
The medial and lateral femoral condyles are represented as
part of spheres as shown in Fig.3 with the surface repre-
sented by (3) and (4). The frame directions are based on
the international society of biomechanics recommendations
(ISB) [29]. The anterior-posterior represents the positive
X-axis; the medial-lateral represents the positive Z-axis and
the superior-inferior represents the positive Y-axis Fig. 3. The
origin of the femur is considered as the midpoint between
the center of the two femur condyles where a, b, and c are
the center of the two femur condyles and rfm and tfl are the
radii for the medial and lateral femur condyles, respectively.

FIGURE 4. The contact point (Pct ) w.r.t the femur origin.

For the medial femur condyle

(x − a1)2 + (y− b1)2 + (z− c1)2 = r2fm (3)

For the lateral femur condyle

(x − a2)2 + (y− b2)2 + (z− c2)2 = r2fl (4)

The points of contact between the femur and the tibia
were represented by a fixed distance in the medial and lateral
direction about 20 mm from the anterior-posterior axis, and
as a function of the flexion angle along the anterior-posterior
axis direction, based on the regression method [30] as shown
in Fig 3. A fixed distance of about 25 mm in the inferior
direction was considered for the simulation of the points of
contact in 3D. The direction of the force on the medial and
lateral femur condyles is based on points of contact between
the femur and the tibia as illustrated in Fig.4. The vector at
each femur condyle is differentiated w.r.t X-axis and Z-axis
and using the cross product to get normal vector at the points
of contact [31] as expressed by (5) and illustrated in Fig.5.The
details derivation can be found in Appendix A

n̂f =
nf
‖ nf ‖

=

∂y
∂x

∣∣∣
(xc,zc)

î− ĵ + ∂y
∂z

∣∣∣
(xc,zc)

k̂√
r2fm

r2fm−(x−a1)
2−(z−c1)2

(5)

D. MUSCLES MODEL
The muscles were represented by 6 muscles that passed
through the knee, hip and ankle [32]; the rectus femoris,
tensor fasciae latae, hamstring, biceps femoris, vasti, and
gastrocnemius Fig.2. The origin, via points, the insertion
points and physiological cross-section area (PCSA) of the
muscles were based on the data of Klein Horsman 2007 [9].
The moment arm of the muscles was based on a straight line

rGRM × GRF + rg × w+ rcont × Fcont + ri musc × Fi musc =

 Ixx θ̈xIyyθ̈y
Izzθ̈z

+
 (Izz − Iyy)
(Ixx − Izz)
(Iyy − Ixx)

 θ̇yθ̇zθ̇x θ̇z
θ̇x θ̇y

 (2)
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FIGURE 5. The direction of the tibiofemoral force during the stance phase.

between the origin and the insertion, and for hamstring using
via points. The vasti and the rectus femoris were based on
the motion of the patella w.r.t the femur using the helical
axis [9]. The moment arm was compared to measured data
from literature; Arnold [8], Buford [18] and Spoor as shown
in Fig.6.

III. OPTIMIZATION TECHNIQUE
Static optimization are used for the estimation of the muscles
and tibiofemoral forces by performing minimization of the
cost function defined in (6), where F represents the muscle
and tibiofemoral forces, ω is a weight vector. Additionally,
Aequ is a matrix of the cross product between the moment arm
and unity vector for each force line of action in 3D, Bequ is a
vector of the moment affecting the knee in 3D, and C is the
vector of the total force constraining the motion of the knee,
details are in APPENDIX B.

min
F

J =
∑

FTωF (6)

subject to


AequF = Bequ

lb ≤ Fmusc ≤ ub∑
Fmusc + Fcont = C

(7)

The weight and constraints for the criteria (i.e. cost
function) played an important role in the force prediction.
The weight of muscles is considered as 1/PSCA2. The
lower boundary for all forces was negative infinity. How-
ever, the upper boundary (ub) was the maximum isometric
muscle force, 61 N/cm2 times the PSCA [8], whereas for
the tibiofemoral force it was infinity. The linear and non-
linear equality constraints were based on the 2nd Newton
law for linear and rotational motion w.r.t the femur ori-
gin in (1B, 2B) APPENDIX B. The forces that affect the
tibia by the patella tendon were considered equal to the
force of the vasti and rectus femoris but in the opposite
direction.

TABLE 1. The medial and the lateral tibiofemoral force prediction (BW)
comparing to the literature data.

TABLE 2. RMSE and (R2) for the medial, lateral and total TIBIOFEMORAL
force (TF) in BW.

TABLE 3. RMSE and (R2) for the predicted muscles forces in BW.

IV. RESULTS
The force of the medial, lateral, and total tibiofemoral com-
partments are presented in Fig.7 for subjects A and B where
the tibiofemoral forces were compared to in vivo data of TKR
subject [6], [33] from the 4th grand challenge competition.
Moreover, the predicted tibiofemoral forces were compared
to other models in the literature, for the 1st and 2nd peak
values of the medial and lateral tibiofemoral force as shown
in Table 1. Additionally, the analysis of tibiofemoral forces
using RMSE and co-efficient of determination (R2) was pre-
sented in Table 2. The predicted muscles force patterns were
compared to the corresponding EMG signals after scaling,
Fig. 8. The agreement between the predicted muscles’ force
and the EMG signals was verified by the co-efficient of
concordance [34] where it was 0.66 and 0.96 for subject A
and B, respectively. The RMSE and (R2) for the predicted
muscles were shown in Table 3.

V. VALIDATION FOR TIBIOFEMORAL FORCE PERDITION
USING TKR SUBJECT
A subject of TKR with e-tibia from the 4th grand challenge
competition [6] performed walking at low speed was used
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FIGURE 6. Muscles moment arm. the present study (red line), the model by Arnold et al. [8] (blue line) the measured by Buford [18] (black
line) and Spoor [19] (green line).

to validate the tibiofemoral force perdition. The OpenSim
model [35] was used to estimate the joint angles using inverse
kinematics. The SCORE method [36] was used to find the
hip and the knee joint positions during the stance phase. The
prediction force was compared to the in vivo data measured
from e-tibia, Fig. 9. The medial tibiofemoral force had RMSE

0.14 BW (R2 = 0.86) where the 1st and the 2nd peak have
values of 1.35 ± 0.2 BW and 1.3 ± 0.09 BW, respectively.
The lateral tibiofemoral force had RMSE 0.09 BW (R2

=

0.75) where the 1st and the 2nd peak have values of 0.13 ±
0.03 BW and 0.89 ± 0.09 BW, respectively. Additionally,
the total tibiofemoral force prediction had better results where

VOLUME 9, 2021 5



A. M. Mohamed, R. Sun: Valid Model for Prediction Tibiofemoral Force

FIGURE 7. The tibiofemoral force prediction for subjects A and B. the mean value for the prediction force(solid blue line ), standard
deviation,(std in vertical bars), and the in vivo data[6] (in dotted red).

RMSE was 0.19 BW (R2
= 0.84) and the forces at the

1st and 2nd peaks were 1.47 ± 0.25 and 2.3 ± 0.17 BW,
respectively.

VI. DISCUSSION
A musculoskeletal model of the lower limb was developed
to estimate the tibiofemoral force and the muscles force
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FIGURE 8. The predicted muscles force (blue line) is compared to the corresponding EMG signals (shaded area).

based on static optimization. The model used two subjects
A and B performed walking at 1m/sec for about 5 gait cycles,
recording the kinematics, GRFs and CoPs, and the EMG
signals. All data were processed and filtered to delete the
noise in the signals then used in the simulation to present

the mean values for the 5-gait cycle. A static optimization
method was performed to predict the forces in 3D for the
tibiofemoral force and 6 lower limbmuscles. The 2nd Newton
law in 3D was considered as the nonlinear constraints for the
optimization process. The model considered the shank and
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the foot as one element during the simulation to avoid more
calculation of the internal force at the ankle, unlike traditional
inverse kinematics.

For subject A, the 1st peak for medial and lateral
tibiofemoral forces was 2.34 ± 0.1 BW and 1.37 ± 0.2 BW,
respectively, whereas for the 2nd peak was about 1.65 ±
0.2 BW and 0.89 ± 0.4 BW, respectively. On the other hand,
for subject B, the 1st peak for medial and lateral tibiofemoral
forces was 1.6 ± 0.2 BW and 1.48 ± 0.3 BW, respectively,
whereas the for 2nd peak was about 0.5 ± 0.4 BW and
0.6± 0.1 BW, respectively. RMSE for subject A was 0.3 and
0.16 BW and for the subject, B was 0.15 and 0.12 BW for the
medial and lateral tibiofemoral force respectively. Although,
subject B had more accuracy than subject A for tibiofemoral
force prediction, the two subjects were within the range of the
force prediction as shown in Table. 1 and these results agreed
to the results in the literature for both experimental measure-
ments [40], [41] and model prediction [10], [42]. Moreover,
a subject of TKR with e-tibia from the 4th grand challenge
competition was used to achieve the validity of the model by
comparing the tibiofemoral force prediction with measured
e-tibia where the RMSE was 0.14, 0.09 and 0.19 BW for
the medial, lateral and total tibia compartments. The diversity
between people makes a generic model for prediction of the
tibiofemoral force is a difficult task and that is why many
competitions were held by ASME for that [6], [15] and many
authors worked hard to achieve the best model [7], [43].

The muscles’ forces were based on the moment arm calcu-
lation and the prediction of the force using static optimization.
The estimated moment arms were compared to three litera-
ture data Buford [18], Spoor [18], and Arnold [8] to show
the fidelity and ability to use the model for other motor tasks
like running. The coefficient of concordance was used for
comparing the agreement between the EMG signals and the
predicted muscles’ force[34]. The active/inactive threshold
was considered 5% of the maximum value for both quanti-
ties [44]. Four muscles were used for concordance analysis;
vasti, rectus femoris, gastrocnemius and biceps femoris (other
muscles were not measured). The results were within the
range of the literature [45] for the prediction of muscle force.
The muscles’ pattern was tested by comparing the prediction
muscles force to scaled EMG signals to be in the range of the
muscles force prediction as shown in Fig.8

While Optimization could be used for the prediction of
the tibiofemoral and muscle forces based on the sum square
of the forces or the muscles activations with different con-
straints [46], the prediction of the forces was based on the
constraints [47]. Our model was based on the force and
moment of both the muscles and tibiofemoral force in 3D as
the constraints with neglecting the patella and the ligaments
force. The predicted muscles’ forces were compared to the
EMG signals pattern and the values as shown in Fig.8 and
Table 3. The results showed that themodel could predict some
muscles with high accuracies like rectus femoris for both
subjects(R2) 0.83 and 0.64 for subjects A and B, respectively.
In addition, the model introduced good agreement for vasti

FIGURE 9. The tibiofemoral force for a subject of TKR. the tibiofemoral
force prediction (solid blue line) and standard deviation (vertical bars)
and the corresponding measured in vivo data (dotted red line [6].

(R2
= 0.53) for subject A and gastrocnemius (R2

= 0.55)
and biceps femoris (R2

= 0.67) for subject B. Moreover, the
maximum values for all muscles force was within the range
of predicted muscles in the literature [47], [48]. Moreover,
the RMSE for rectus femoris, vasti and biceps femoris didn’t
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exceed 0.1 BW for both subjects and only the gastrocnemius
had 0.18 and 0.28 BW for subject A and B respectively.

The values of the muscles force were different during the
5 gait cycles and that agreed with the EMG signals. The
analysis of the maximum value of each muscle force by
comparing it with the literature data showed the validity of the
predicted muscles’ force. The gastrocnemius had a maximum
value of 0.75 BW for subject A and the literature showed
1.54 ± 0.7 BW[48] while subject B had 1.22 BW. Vasti had
a maximum value of 0.42 and 0.34 BW for both subjects
within the range of literature. Biceps femoris had a similar
value for both subjects 0.16, 0.26 BWwhereMoissenet et al.,
2012 [47] prediction was 0.15 BW. For hamstring muscles,
the maximum values were 0.12 and 0.25 BW where they
were in the literature 0.67 ± 0.5 BW [48]. Rectus femoris
maximum values were 0.18 and 0.14 BW for both subjects
and other publication summarized as 0.4 ± 0.3 BW [48].
The tensor fasciae latae had a maximum value of 0.005 and
0.017 BW for both subjects and that may be expected due to
the small PSCA compared to other muscles.

The study had some limitations to be overcome in future
work. Firstly, the study was performed for only two healthy
subjects. However, the model was validated with the ground
truth of the subject had TKR from the 4th grand challenge
competition [6]. Secondly, the EMG signals can’t be mea-
sured for all the lower limb muscles since a few muscles
can be measured in vivo. However different methods for
the validation of predicted muscle force were used such as
the coefficient of determination (R2) and the coefficient of
concordance for comparing the pattern of the predicted mus-
cles forces with the available EMG signals, in addition to,
comparing with the data in the literature. Thirdly, the patella
force and the ligaments were not introduced in the model.
However, the effect of the patella was considered during
the estimation of the muscle’s moment arm for the vast and
rectus femoris using the helical axis to represent the motion
of the patella w.r.t the knee. Also, the direction of these
muscles’ forces was reversed to simulate the effect of the
patella tendon on the tibia during the motion. Finally, the cost
function for optimization was based on weight factors and
that may be different from one subject to another. How-
ever, the results of the prediction were with the literature
results [7], [37]–[39], [49], in Table 1

VII. CONCLUSION
A model for the prediction of the muscle and tibiofemoral
forces is proposed to avoid the high-cost computation of
the traditional inverse dynamic method. The model has con-
sidered the shank and the foot as one element and so the
forces and moments at the ankle are not estimated while
the kinematics, weight, and inertia of each segment have
been considered during the analysis. Additionally, the model
does not include the EMG signals to predict the muscle and
tibiofemoral forces to avoid the problem of time-consuming
filtering and process the signals. The model has been per-
formed on two healthy subjects walking at 1m/sec. Themodel

has shown good accuracy in the prediction of the tibiofemoral
forces by comparing it to in vivo e-tibia measurement of TKA
subject. Also, the model has proved a reasonable prediction
for the muscle’s forces comparing to the scaled EMG signals.
The model has guaranteed validity and accuracy by imple-
menting on TKR subject as ground truth and two healthy
subjects, where the results are within the range of literature
data. The model is standalone where no need for other soft-
ware to estimate the muscle moment arm, unlike OpenSim.
The moment arms of the muscles were verified by comparing
to the measured data and that guarantees using the model in
other activities and applications that need high knee flexion
angle like running. Using the 3DOF knee joint, introducing
the knee ligament, lower limb muscles, and subject-specific
tibiofemoral points of contact in the model are future objec-
tives to enhance the model.

APPENDIX A
The direction of the tibiofemoral force is based on the vector
Pcf of the contact point at each condyle. The differentiating of
this vector w.r.t X and Z produces two vectors ∂Pcf

∂x and ∂Pcf
∂z in

the X and Z direction, respectively. The cross product of these
two vectors produces vectors;nf and nt normal to the surface
of the femur and the tibia at the contact points, respectively.
(1A).

Pcf = xî+ yĵ+ zk̂

y = f (x, z)
∂Pcf
∂z
= 0î+

∂y
∂z
ĵ+ k̂

∂Pcf
∂x
= î+

∂y
∂x
ĵ+ 0k̂

nf =
∂Pcf
∂x

x
∂Pcf
∂z

nf =
∂y
∂x
î− ĵ+

∂y
∂z
k̂

n̂f =
nf
‖ nf ‖

=

∂y
∂x

∧

i −
∧

j + ∂y
∂z

∧

k√
( ∂y
∂x )

2 + ( ∂y
∂z )

2 + 1
(1A)

As the medial and lateral femur condyles are represented
as part of spheres as shown in (1,2) in the paper, the normal
vector on the femur condyles can be presented by (2A),
and(3A).

y = −
√
r2
fm
− (x − a1)2 − (z− c1)2 + b1

∂y
∂x
=

(x − a1)√
r2
fm
− (x − a1)2 − (z− c1)2

∂y
∂z
=

(z− c1)√
r2
fm
− (x − a1)2 − (z− c1)2

n̂f =
nf
‖ nf ‖

=

∂y
∂x

∣∣∣
(xc,zc)

î− ĵ + ∂y
∂z

∣∣∣
(xc,zc)

k̂√
r2fm

r2fm−(x−a1)
2−(z−c1)2

(2A)
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n̂f =
nf
‖ nf ‖

=

∂y
∂x

∣∣∣
(xc,zc)

î− ĵ + ∂y
∂z

∣∣∣
(xc,zc)

k̂√
r2fm

r2fm−(x−a1)
2−(z−c1)2

(3A)

The two-unity vectors normal to the femur and the tibia
are collinear at the points of contact and so n̂t = n̂f where
n̂t(medial) and n̂t(lateral) are the normal vectors at the medial
and lateral tibia compartment, respectively.FxFy
Fz


medial

= Fcont(medial).n̂t (medial) (4A)

FxFy
Fz


lateral

= Fcont(lateral).n̂t (lateral) (5A)

APPENDIX B
The constraints of the optimization process are based on the
2nd Newton law after modifying (1) and (2) to be (1B) and
(2B), respectively. Nonlinear equality constraints are based
on (1B) by checking the value of the forces affecting the knee
at each knee angle to be within the constraints for predicting
the muscles and the tibiofemoral forces. On the other hand,
the linear equality constrains Aequ, and Bequ are based on
(2B). The cost function of optimization should have a scalar
value of the forces to be run and optimized. Additionally, it is
required to tune the medial and lateral tibiofemoral forces
in 3D. Using the direction of tibiofemoral forces n̂f in 3D
(2A) and (3A) and muscles potential moment vector (cross
product between the vector from knee joint to the insertion
point and the unit vector of muscle force line of action),
the magnitude of the predicted forces can be separated from
the direction (2B). Using the screw matrix to represent the
cross product between the moment arm and unit vector of
each force line of action (5.4), in that Aequ is a (3 × 24)
matrix(3B). Also, Bequ equals (MT); a (3 × 1) vector of the
moment that affect the knee in 3D (2B).Fcont−xFcont−y

Fcont−z

+ i=n∑
i=1

Fimusc xFi musc y
Fimusc z

 = C

where

C = m

 ẍÿ
z̈

+
GRFxGRFy
GRFz

+
wxwy
wz

 (1B)

rcont ×
←

Fcont + rimuscles ×
←

F i muscles = MT
←

Fcont = n̂f · Fcont
←

F i musc = pmv · Fi musc[
rcont × n̂f ri musc × pmv

] [Ftibiofemoral
Fi muscles

]
= MT

where

Minertia =

 Ixx θ̈xIyyθ̈y
Izzθ̈z

+
 (Izz − Iyy)
(Ixx − Izz)
(Iyy − Ixx)

 θ̇yθ̇zθ̇x θ̇z
θ̇x θ̇y



MT = Minertia + rGRM × GRF + rg × w

Aequ = [r] (2B)

where r represnts rcont × n̂f or pmv

Aequ =

 0 −Aequ (3) Aequ (2)
Aequ (3) 0 −Aequ (1)
−Aequ (2) Aequ (1) 0

 (3B)
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