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ABSTRACT In this study, a new concept of allowable velocity and force is proposed to precisely evaluate the
maximum directional kinematic capability of a redundant manipulator. For a general redundant manipulator,
an optimization problem is formulated to determine the maximum achievable velocity and force projected
along the base direction at any target position in the workspace. This provides quantitative information on
allowable (i.e., maximum directional) velocity and force to be precisely visualized in 2D and 3D complicated
shapes, which conventional manipulability ellipsoid cannot provide. As application examples, allowable
velocity and force are evaluated for a distributed actuation mechanism (DAM)-based three-link planar
manipulator, 3RRR planar parallel manipulator, and the UR5 robot (a spatial manipulator with 6 degrees of
freedom). The simulation and experimental results validate that the proposedmethod can precisely determine
allowable velocity and force, thereby contributing to planning the optimal operation for a given task.

INDEX TERMS Allowable velocity, allowable force, robot kinematics, redundant manipulator,
gradient-based optimization.

I. INTRODUCTION
Demand for complicated manipulation has expanded into
diverse areas such as service, military, and surgical/health
applications. Manipulators are often required not only to have
high performance for a specific measure in one situation, but
also to enhance a different type of performance measure in
another situation. For example, high-speed and large-force
operation with a limited power source is an ever-challenging
issue. Thus, it is important to precisely evaluate the maximum
capability of a manipulator in terms of velocity and force. The
most widely used method to evaluate such capabilities is to
obtain the manipulability ellipsoid [1], which can visualize
the performance of an end-effector [2]. Similarly, the manip-
ulability measure can be used as a scalar index which is
derived from the volume of the manipulability ellipsoid [3].
Chiu [4] also proposed a performance index that uses velocity
and force ellipsoids to measure the compatibility of a gen-
eralized manipulator task. However, because the maximum
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speed in the joint space is assumed to be the same unit value
(i.e., a hypersphere), the results of performance analysis are
generally underestimated [5]. Although the concept of force
polytope and scaled force ellipsoid were subsequently pro-
posed [6], the maximum performance could not be precisely
evaluated due to the aforementioned limited utilization of
resources in the joint space. Therefore, a newmethod needs to
be developed to provide reliable information on themaximum
capability of a general manipulator.

Actuation mechanism at the assembly level can also
significantly affect the manipulation performance [7]–[10].
Because a kinematically redundant mechanism has a higher
number of actuators than degrees of freedom (DOFs),
a redundant actuation mechanism can be used to execute an
additional task (e.g., obstacle avoidance [11] and joint limit
avoidance [12]) by using increased dexterity due to additional
actuators. For example, a distributed actuation mechanism
(DAM) [13], [14] was proposed to enhance fingertip force
by relocating a redundant actuation position of a slider along
a link without changing the posture. Any redundancy in a
manipulator can be considered an additional design variable
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(or freedom) to enhance themanipulation performance. How-
ever, the greater the redundancy of a manipulator, the greater
the difficulty of precisely evaluating the maximum capability
of a manipulator (velocity and force in this study).

As an alternative for redundancy resolution, gradient-
based optimization has been successfully used in the
fields [15], [16]. Gradient-based optimization is mathemat-
ical programming that can systematically and efficiently
extremize an objective function (e.g., minimization of execu-
tion time, joint rotation, and travel length [17], and minimiza-
tion of energy consumption, tracking error, and total weight
ofmotors [18], minimization of sway of a robot body, forward
movement error, and backward foot slipping [19], maximiza-
tion of load carrying capacity [20], [21]) while satisfying the
constraint functions (e.g., displacement, velocity, accelera-
tion, and jerk of joints [22], the range of PD control gain
values [23], and the rotation range of a superelastic flexure
hinge [24]). An optimization-based method was also imple-
mented to evaluate force capability for redundantly actuated
parallel manipulators [25]. It is interesting to note that, in the
field of structural analysis, the concept of allowable load set
was introduced to define and visualize the set of loads that
are structurally safe for a given working condition, using a
gradient-based optimization [26].

In this study, a new concept of allowable velocity and
force is proposed to precisely evaluate the maximum direc-
tional kinematic capability of a redundant manipulator in
the task space. After the kinematic modeling of the manip-
ulators (DAM-implemented three-link planar manipulator,
3RRR planar parallel manipulator (PPM), and UR5 selected
for demonstration purposes) is derived for the end-effector
velocity and force, gradient-based optimization is conducted
to evaluate the maximum directional velocity and force at the
end-effector projected along the given base direction. For val-
idation, numerical simulation and experiments are conducted
at several end-effector positions of the manipulator, thereby
demonstrating the validity of the proposed method.

II. EVALUATION OF ALLOWABLE VELOCITY AND FORCE
A. LIMITATIONS OF MANIPULABILITY ELLIPSOID
For a general manipulator, the differential kinematic equation
can be obtained as follows:

ve = J(θ )θ̇ , (1)

where ve is the end-effector velocity vector in the task space
(ve ∈Rm), θ̇ is the velocity vector in the joint space (θ̇ ∈Rn),
and J(θ) is the m × n Jacobian matrix with the components
of Jij = ∂ki(θ )/∂θj.
If the Euclidean norm of the joint-space velocity, which

describes a unit sphere defined by

||θ̇ ||2 = θ̇21 + θ̇
2
2 + · · · + θ̇

2
n ≤ 1 (2)

is considered, it is mapped into a velocity ellipsoid [1], [4].
This domain is defined by

ẋTe
(
JTpJp

)
ẋe ≤ 1, (3)

where Jp = JT(JJT)−1 denotes a pseudo inverse of J( θ ) for
redundancy resolution.

In a similar way, a force ellipsoid can also be defined.
Task-space forces are transformed into joint-space forces by
using the same Jacobian matrix with the relation of

τ = JTFe, (4)

where τ is the joint-space force vector andFe is the task-space
force vector at the end-effector. Then, one can consider the
unit sphere of the joint-space forces as

||τ ||2 = τ 21 + τ
2
2 + · · · + τ

2
n ≤ 1, (5)

and this is mapped into the task-space force ellipsoid, which
is defined by

FT
e JJ

TFe ≤ 1. (6)

The above approach of manipulability ellipsoid [2] has a
severe limitation that maximum velocity and force estimated
in the ellipsoids are not accurate because they are derived
under the assumption that joint-space velocity and force form
unit spheres with normalization [5], as expressed in Eq. (2).
To overcome this limitation, the scaled velocity and force
ellipsoid was derived using a scaling matrix with the limit
values (i.e., upper or lower bound) of joint velocity and
force [6], as follows:

vTJTpWθ̇Wθ̇Jpv = 1 (7)

FTJWτWτJTF = 1 (8)

where Wθ̇ = diag
(
1/θ̇1,lim, · · · , 1/θ̇n,lim

)
and Wτ =

diag
(
1/τ1,lim, · · · , 1/τn,lim

)
. However, there still exists a

problem that it is not possible to fully utilize (or consider) the
joint-space velocity and/or force because actual joint space
has a shape of a hypercube, not a sphere [5].

In addition, the manipulability ellipsoid cannot provide
precise information on the maximum capability of a manip-
ulator if the positional parameters (PPs)1 such as link length
and orientation angle significantly affect end-effector veloc-
ity and force. See footnote 1 for the terminology used in
this study. For example, Fig. 1 shows a three-link planar
manipulator in which link lengths are equal (l1 = l2 = l3 =
100mm). Note that, in Fig. 1, the position of the end effector
is fixed at (0 mm, 150 mm), but the orientation of the end
effector is not given. Therefore, θ1 can be considered as the PP
that can affect the end-effector velocity and force. As shown
in Fig. 2(a), if the limit value of joint velocity is set at 0.2rad/s
(i.e., max(θ̇1) = max(θ̇2) = max(θ̇3) = 0.2rad/s), the joint
velocity space can be represented as a sphere. Using Eq. (7),
scaled velocity ellipsoids can be obtained according to the
value of θ1 (Fig. 2(b)).
Conventional methods such as manipulability ellipsoid

typically evaluate the maximum performance by considering

1In this study, among all control parameters (CPs), a positional parame-
ter (PP) refers to the position and orientation which affect the performances
of a manipulator, whereas a thrusting parameter (TP) refers to the speed and
force used for the direct actuation control.
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FIGURE 1. Three-link planar manipulator.

FIGURE 2. Comparison between the conventional and proposed method
for a three-link planar manipulator: (a) spherical joint space velocity with
a given joint angle θ1, (b) velocity ellipsoid at θ1 = −12.1◦, 120.7◦, and
192.1◦ with the corresponding configurations of the manipulator,
(c) cube-shaped joint space velocity with a variable joint angle θ1, and
(d) an allowable velocity polygon that visualizes the maximum velocities
along the specific direction.

only the limited TPs at the joint space (i.e., a spherical shape
in Fig. 2(a)) with given PPs. Therefore, the maximum per-
formance of a redundant manipulator evaluated by manipu-
lability ellipsoid significantly varies, depending on the PPs
(e.g., first joint angle in Fig. 1). Its magnitude also shows a
noticeable discrepancy due to the use of the limited TPs at
the joint space, compared with a true value (black triangles
in Fig. 2(b)). In addition, dotted lines when θ1 = −12.1◦ and
192.1◦ in Fig. 2(b) represents the upper and lower boundaries
of the major axis direction. Therefore, because the ellipsoids
are determined by the transformation, there is a limit in the
direction of the main axis.

Conversely, the proposed method can precisely evaluate
the maximum performance by considering both a whole
range of the TPs at the joint space (i.e., cubic shapes
in Fig. 2(c)) and the PPs (a range from −12.1 to 192.1

FIGURE 3. Concept of allowable velocity and force.

in Fig. 2(c)) at the same time. Note that the proposed method
can simultaneously determine the optimized PPs and TPs as
a result of optimization. Thus, these results indicate that the
effect of the PPs on the manipulability ellipsoid needs to be
thoroughly investigated for redundant manipulators.

In addition, the previous methods in the literature cannot
provide quantitative information on maximum directional
velocity and force projected on a given direction. Note that
directional (or projected) performance should be carefully
investigated for manipulators that operate on a non-flat sur-
face because a task is typically given in a direction normal
and/or tangential to the surface. Therefore, a new method
needs to be developed to precisely evaluate the maximum
directional performance of a manipulator along a particular
direction and, at the same time, to determine the correspond-
ing CPs for the optimal operation.

B. PROPOSED CONCEPT OF ALLOWABLE VELOCITY AND
FORCE
In this study, the concept of allowable velocity and force is
proposed to precisely evaluate the maximum directional per-
formance of amanipulator projected along the given direction
and to effectively visualize it in 2D and 3D.

For visualization of allowable velocity and force, a unit
base direction (small gray arrows in Fig. 3) is selected at
a target point in the workspace to represent the maximum
directional velocity and force (red and blue arrows, respec-
tively, in Fig. 3) projected along the same base direction.
Connecting all the vertices of allowable velocity and force
constructs allowable velocity and force polytopes, respec-
tively. Note that the form of allowable velocity and force
is a polygon in two-dimensional space and a polyhedron in
three-dimensional space. Thus, these polytopes can effec-
tively visualize allowable velocity and force in any arbitrary
direction by interpolating the allowable velocity and force at
two adjacent vertices.

In this study, gradient-based optimization was used to
determine the maximum achievable values of end-effector
velocity and force along each unit base direction. Note
that gradient-based optimization has been widely used as a
root-finding method for redundant problems in which the
number of design variables is larger than the number of
constraints [27]. Thus, the optimization can be formulated for
a general manipulator, as follows:
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i) Allowable velocity

Find z

To maximize f1(z) = ve · di i = 1, · · · ,M

Subject to g1(z) ≤ 0

z(l)j ≤ zj ≤ z
(u)
j j = 1, · · · ,N (9)

ii) Allowable force

Find z

To maximize f2(z) = Fe · di i = 1, · · · ,M

Subject to g2(z) ≤ 0

z(l)j ≤ zj ≤ z
(u)
j j = 1, · · · ,N (10)

where the subscript i denotes the i-th unit base direc-
tion, and the superscripts (l) and (u) denote the lower and
upper bounds, respectively. In Eqs. (9) and (10), z is an
N -dimensional vector of the generalized design variables
which represent the CPs to operate a manipulator. Objective
functions (f1 and f2) indicate the end-effector velocity and
force, respectively, projected along the unit base direction di.
The constraint functions (g1 and g2) are imposed to consider
operating conditions such as limited power consumption.
As a result of optimization, the optimized design variables
(z in Eqs. (9) and (10)) can be determined and, at the same
time, the corresponding allowable performance can also be
obtained.

For example, assume two configurations of a three-link
planar manipulator in Fig. 2(a). Then, for two different θ1 =
190◦ and 20◦, the maximum values of conventional veloc-
ity ellipsoids are 51.5 mm/s and 41.3 mm/s (stars in the
Fig. 2(c)), respectively. The corresponding orientations of
major axes are −19.0◦ and 27.4◦, respectively. However,
the maximum values determined by the proposed allow-
able velocity are 86.4 mm/s and 67.8 mm/s (triangles in
the Fig. 2(c)) along the corresponding base direction. Sim-
ilarly, for θ1 = 190◦ and 20◦, the maximum values of
conventional force ellipsoid are 32.1 N and 18.2 N (stars
in the Fig. 2(e)) along the major axes of 71.0◦ and 117.4◦,
respectively. However, the maximum values determined by
the proposed allowable force are 47.8 N and 45.5 N (triangles
in the Fig. 2(e)) along the corresponding base directions.
It should be emphasized that conventional manipulability
ellipsoids cannot provide the exact maximum performance
for redundant manipulators. Moreover, conventional manip-
ulability ellipsoid cannot effectively visualize manipulation
performance with a single diagram due to redundant PPs,
as shown in Fig. 2.

III. EXAMPLES
To show the effectiveness and potential of the proposed
method, the concept of allowable velocity and force
was applied to three different types of manipulators: the
DAM-implemented three-link planar manipulator (Fig. 4),
3RRR PPM (Fig. 10), and the UR5 which is a well-known
6-DOF spatial manipulator (Fig. 13). Those manipulators

FIGURE 4. Three-link planar manipulator that equips distributed
actuation mechanism.

investigated in this study can be kinematically redundant.
DAM-based three-link planar manipulator becomes kinemat-
ically redundant when it is actuated by using three front slid-
ers with no constraint on the orientation of the end-effector.
Although UR5 is a non-redundant manipulator (six DOFs
in both the joint and task space), it can be kinematically
redundant for specific tasks such as simple end-effector posi-
tioning without any constraint on the orientation [15]. 3RRR
PPM is also a non-redundant manipulator because three joints
are actuated and the end-effector has three DOFs (xe, ye, φ
in Fig. 10). However, if there exists no rotation restriction
at the end-effector, it also becomes a kinematically redun-
dant mechanism. Note that, in these redundant manipulators,
end-effector performance is significantly affected by the PPs
(e.g., position and angle) as well as the TPs (e.g., joint speed
and force).

A. DAM-IMPLEMENTED THREE-LINK PLANAR
MANIPULATOR
1) OPTIMIZATION RESULTS
The distributed actuation mechanism (DAM) is designed
to generate a joint torque by thrusting a slider along a
link instead of directly rotating a joint [13]. Consequently,
the joint torque varies depending on the position of the slider,
which is termed as the PP in this study. Controlling such
redundant DOFs provide an additional design margin that
can be used to enhance the end-effector performance at a
target point [13], but makes it more difficult to precisely
evaluate the maximum capability of the DAM. Fig. 4 shows a
DAM-implemented three-link planar manipulator to be con-
sidered in this study. This manipulator has three joints, each
of which consists of two sliders and one connecting rod. The
end-effector velocity and force can bemathematically derived
based on the following assumptions:

1) The end-effector position is given at (xe, ye);
2) Only front sliders are activated for manipulation.

Therefore, the DAM has the same number of actuators
as a typical three-link planar manipulator; and
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3) Friction force can be expressed by the Coulomb friction
model.

Considering the offset between a hinge joint and a slider
(h in Fig. 4), the relation between the joint angle (θj) and the
slider positions (sj) can be expressed as follows:

c2j =
(
ŝj
)2
+

(
ŝbj
)2
+2

(
ŝj
) (
ŝbj
)
cos θj for j = 1, 2, 3 (11)

where ŝj = sj − h tan
(
θj/2

)
; ŝbj = sbj − h tan

(
θj/2

)
;

sbj =
√
c2j −

{(
ŝj
)
sin θj

}2
−
(
ŝj
)
cos θj + h tan

(
θj/2

)
; cj is

the length of a connecting rod; h is the hinge offset; and sj
and sbj are the positions of the front and back sliders at the
jth joint, respectively. Differentiating Eq. (11) with respect to
time, the angular velocity of the jth joint can be obtained as
follows:

θ̇j =
1
Dj

{
ṡj cos θj

(
ŝbj
)
+ ṡj

(
ŝj
)}

for j = 1, 2, 3 (12)

where ṡj is the moving speed of the front sliders and
Dj = h cos θj(sj + sbj ) + sin θj(sjsbj − h2). Therefore, from
Eq. (1), the end-effector velocity can be derived by combining
Eq. (12) and 2 × 3 Jacobian matrix J for a general three-link
planar manipulator [2]. In the previous study [13], the joint
torque generated at the jth joint was derived as follows:

τj = F thj
sj tanψj + h
1+ µj tanψj

(13)

where ψj = cos−1
(
c2j +

(
ŝj
)2
−

(
ŝbj
)2
/2cj

(
ŝj
))

; and F thj
and µj are the thrusting force and the Coulomb friction coef-
ficient at joint j, respectively. In this study, using the pseudo
inverse method, the end-effector force is derived as follows:

Fe =
{(

JJT
)−1

J
}
τ (14)

where τ =
[
τ1 τ2 τ3

]T .
Based on the above mathematical derivation, optimization

of the DAM-implemented three-link planar manipulator can
be formulated as follows:

i) Allowable velocity

Find θ1, s, and ṡ

To maximize f1(θ1, s, ṡ) = ve · di i = 1, · · · ,M

Subject to g(θ1, s, ṡ) = Fe · ve ≥ 0

θ
(l)
1 ≤ θ1 ≤ θ

(u)
1

s(l)j ≤ sj ≤ s
(u)
j j = 1, 2, 3

−ṡ(u)j ≤ ṡj ≤ ṡ
(u)
j j = 1, 2, 3 (15)

ii) Allowable force

Find θ1, s, and Fth

To max imize f2(θ1, s,Fth) = Fe · di i = 1, · · · ,M

Subject to g(θ1, s,Fth) = Fe · ve ≥ 0

θ
(l)
1 ≤ θ1 ≤ θ

(u)
1

TABLE 1. Design parameters used for the DAM-implemented three-link
planar manipulator.

s(l)j ≤ sj ≤ s
(u)
j j = 1, 2, 3

−F (u)
j ≤ F

th
j ≤ F

(u)
j j = 1, 2, 3. (16)

Design variables for allowable velocity are the first joint
angle (θ1), the positions of the front slider (s1, s2, s3), and
the thrusting speeds of the front slider (ṡ1, ṡ2, ṡ3); design
variables for allowable force are the first joint angle (θ1),
the positions of the front slider (s1, s2, s3), and the thrusting
forces of the front slider (F th1 ,F

th
2 ,F

th
3 ). Note that the opti-

mized design variables obtained from Eqs. (15) and (16) can
be directly used as the CPs for the optimal operation of the
manipulator. The superscripts (l) and (u) denote the lower and
upper bounds of design variables to avoid singularity during
operation. Then, the objective functions (f1 and f2) represent
the end-effector velocity (ve) and the end-effector force (Fe),
respectively, projected along the unit base direction (di).
In Eq. (15), the end-effector velocity (ve) is composed of the
joint thrusting velocity (θ̇i) expressed in Eq. (12). Similarly,
in Eq. (16), the end-effector force (Fe) is composed of the
joint thrusting torques (τi), which can be obtained using
Eq. (13). The constraint function (g) imposes non-negative
power consumption at the end effector for practical use.
Design parameters used in the optimization are summarized
in Table 1. In this study, a total of 16 base directions (i.e.,
M = 16 in Eq. (15) and (16)) were used to visualize allowable
velocity and force for the planar mechanism, because it can
precisely represent the manipulation performance. Sequen-
tial quadratic programming in MATLAB optimization tool-
box [28] was used to solve Eqs. (15) and (16) as a well-proven
gradient-based optimization algorithm.

The optimization results for allowable velocity and force
at the end-effector position (x, y) = (0 mm, 250 mm) are
shown in Fig. 5. It is interesting to note that conventional
manipulability ellipsoid represents a simple elliptical shape
(Fig. 2(c) and 1(e)), whereas the proposed method represents
the polygons of a number-eight shape (Fig. 5(b) and 4(d)).
As described in Section II.B, allowable velocity and force are
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FIGURE 5. Optimization results for the DAM-implemented three-link
planar manipulator at the end-effector position (x, y) = (0 mm, 250 mm)
along a total of 16 base directions: (a) control parameters for allowable
velocity, (b) allowable velocity polygons, (c) control parameters for
allowable force, and (d) allowable force polygons.

obtained by maximizing the directional velocity and force
projected onto each base direction and thereby determin-
ing the maximum directional performance. In principle, for
maximization of the dot product between two vectors, it is
necessary to increase the magnitude of vectors and/or to
decrease a projection angle. Due to the above characteristic,
several optimized design variables were not bounded (i.e.,
located at neither a lower nor upper bound), as shown in
the Fig. 5(a) and 4(c). Thus, the optimal manipulator perfor-
mance can be achieved although the CPs are not fully utilized.
This is why conventional manipulability ellipsoid cannot pre-
cisely evaluate the maximum directional performance.

Figure 6 shows the allowable velocity and force of the
DAM-implemented three-link planar manipulator at a total
of 27 target positions, which are equidistantly distributed
in the workspace. It is interesting to note that the major
axes of the allowable velocity polygons (Fig. 6 (a)) tend
to head in the tangential direction, whereas those of allow-
able force polygons (Fig. 6 (b)) are in the radial direction.
In addition, the area of allowable velocity polygons tends to
increase toward the right upper side, whereas that of allow-
able force polygons tends to increase toward the left lower
side. These results originate from the kineto-statics duality

FIGURE 6. (a) Allowable velocity and (b) allowable force polygons in the
workspace for the DAM-implemented three-link planar manipulator.

TABLE 2. Optimization results at the end-effector position (0 mm,
250 mm) along the base direction d5 = (0, 1).

between velocity and force, because they are obtained based
on Eqs. (1) and (4), respectively [2]. Table 2 provides the
detailed optimization results for allowable velocity and force
at the end-effector position (x, y) = (0mm, 250mm) along the
base direction d5. It should be noted that, ṡ1 in the velocity
mode is not bounded, but provides the maximum directional
velocity.

To investigate the effectiveness of the proposed allow-
able (i.e., maximum directional) velocity and force, the
‘‘minimum’’ directional velocity and force were determined
through the same optimization procedure except the mini-
mization of the objective functions in Eqs. (15) and (16). For
fair comparison, the same TPs that were determined in the
maximum case were inputted to those in the minimum case,
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FIGURE 7. Comparison between the maximum and minimum directional
performance with the same thrusting parameters for the
DAM-implemented three-link planar manipulator (red: the
maximum-to-minimum ratio for directional velocity, blue: the
maximum-to-minimum ratio for directional force).

and then were set to be fixed during optimization. Therefore,
only the PPs were used as design variables to investigate the
variation of the manipulation performance.

Figure 7 shows the comparison between the maximum
and minimum directional performances. Red and blue digits
indicate the maximum-to-minimum area ratio of allowable
velocity and force polygons, respectively, at a target posi-
tion. The maximum area ratios of allowable velocity and
force reach up to 2.6 and 3.9, respectively. It implies that,
although the TPs were set to be the same, the manipulation
performance in the maximum case is noticeably higher than
that in the minimum case by simply allocating the slider
positions and a joint angle at the corresponding optimal
PPs.

2) EXPERIMENTAL VALIDATION
To validate the optimization results obtained in Section
III.A.(1), a DAM-implemented three-link planar manipulator
was manufactured, as presented in Fig. 8. For the sliding
mechanism, three rotary geared motors (PGM, φ12) with a
1:16 gear reduction ratio were combined with lead screws and
sliders. The total weight of the manipulator was 573.03 g;
its size was 34 mm (H) × 43 mm (W) × 448 mm (L).
To control the position of the slider, the Hall effect encoder
embedded in each motor was utilized. The range of motion
of the joint angles was from 0◦ to 90◦. Specifications of
the DAM-implemented three-link planar manipulator are
described in Table 3. For validation, the end-effector velocity
and force were measured at three target positions (-50 mm,
250 mm), (100 mm, 250 mm), and (-150 mm, 100 mm).
The reference path of the sliders was generated using the
optimization results determined in Section III.A.(1). The end-
effector force was measured using a two-axis load cell at a
100 Hz sampling rate.

Comparison between the simulation and experimental
results is shown in Fig. 9. The red and blue solid lines

FIGURE 8. CAD model and the corresponding prototype of the
DAM-implemented three-link planar manipulator.

TABLE 3. Specifications of the DAM-implemented three-link planar
manipulator.

represent the allowable velocity and force polygons, respec-
tively. The pink and light blue circles represent the velocity
and force, respectively, experimentally measured at the tar-
get positions. The average errors between the simulated and
measured data were 1.25% and 6.24% for the end-effector
velocity and force, respectively.

B. 3RRR PLANAR PARALLEL MANIPULATOR
1) NUMERICAL RESULTS
A 3RRR PPM is a representative parallel robot with closed
chains. Figure 10 shows a basic structure of the 3RRR
PPM, in which the revolute joints are implemented and
the three motors are equipped at A1, A2, and A3. This
manipulator consists of a kinematic chain with three closed
loops (A1B1C1C2B2A2,A2B2C2C3B3A3, andA3B3C3C1B1A1
in Fig. 10), the end-effector (E) being rigidly attached to
triangle C1C2C3. It is assumed that the manipulator is sym-
metric with the same link length and the motors are located at
the vertices (A1, A2, and A3) which composes an equilateral
triangle.

In [29], the velocity of the 3RRR PPM is expressed,
as follows:

Ave + Bθ̇ = 0 (17)

where ve = [ẋe, ẏe, φ̇]T and θ̇ = [θ̇1, θ̇2, θ̇3]T.
In Eq. (17), A and B are expressed as

A =

A11 A12 A13
A21 A22 A23
A31 A32 A33

 , B =

B11 0 0
0 B22 0
0 0 B33


(18)
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FIGURE 9. Comparison between the numerical and experimental results
of allowable velocity and force for the DAM-implemented three-link
planar manipulator: (a) at the position (−50 mm, 250 mm), (b) at the
position (100 mm, 250 mm), and (c) at the position (−150 mm, 100 mm).

where the components Aij and Bij are given
in [30].

For the 3RRR PPM, three distinct singularities occur in
the configuration where either matrix A or B in Eq. (18)
becomes singular. The first kind of singularity corresponds
to the boundary of its workspace and occurs when the deter-
minant ofB vanishes. This is satisfied whenever link AiBi and
link BiCi become aligned in a straight line. The second kind
of singularity occurs when the determinant of A vanishes.
This condition is satisfied when the extended lines along
each of the three links, BiCi, intersect or when the three
links, BiCi, are parallel. Third kind of singularity occurs
when the determinants of both A and B vanish so that the
first and second kind of singularities occur at the same
time.

Considering the aforementioned singularities, the opti-
mization for the 3RRR PPM can be formulated, as follows:

FIGURE 10. The 3RRR planar parallel manipulator.

i) Allowable velocity

Find θ̇1, θ̇2, θ̇3, φ

To maximize f1(θ̇1, θ̇2, θ̇3, φ) = vTe · di i = 1, · · · ,N

Subject to g1 = | det(A)| ≥ ε

g2 = | det(B)| ≥ ε

θ̇
(l)
j ≤ θ̇j ≤ θ̇

(u)
j j = 1, · · · , 3

φ(l) ≤ φ ≤ φ(u) (19)

ii) Allowable force

Find τ1, τ2, τ3, φ

To maximize f1(τ1, τ2, τ3, φ) = vTe · di i = 1, · · · ,N

Subject to g1 = | det(A)| ≥ ε

g2 = | det(B)| ≥ ε

τ
(l)
j ≤ τj ≤ τ

(u)
j j = 1, · · · , 3

φ(l) ≤ φ ≤ φ(u) (20)

where the subscript i denotes the ith base direction, and the
superscripts (l) and (u) denote the lower and upper bounds,
respectively, of design variables. In Eq. (19), design vari-
ables are the joint thrusting velocities (θ̇1, θ̇2, θ̇3) and the
orientation of the end-effector (φ) for the allowable velocity.
Similarly, in Eq. (20), design variables are the joint thrusting
torques (τ1, · · · , τ6) and the orientation of the end-effector
(φ) for the allowable force. The objective functions (f1 and
f2) represent the end-effector velocity (ve = [ẋe, ẏe, φ̇]T)
and the end-effector force (Fe = [Fx , Fy, τz]), respectively,
projected along the unit base direction (di). The constraint
functions (g1 and g2) were imposed to avoid the first, second,
and third kind of singularities. Design parameters for the
simulation were selected from [31].

Figure 11 shows the optimization results for allowable
velocity and force at a total of 15 target positions which are
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FIGURE 11. (a) Allowable velocity polygons and (b) allowable force
polygons in the workspace for the 3RRR planar parallel manipulator.

equidistantly distributed in the workspace. The right side of
Fig. 11(a) shows two allowable velocity polygons of different
shapes at p1 = (108.4 mm, 89.6mm) and p2 = (204.2 mm,
55.3 mm). Note that these shapes cannot be determined by
using conventional methods. The areas of allowable velocity
polygons also have different values: 4.34E + 04 at p1 and
9.24E + 03 at p2. This indicates that the overall capability
of end-effector velocity is greater at p1 than at p2. Simi-
larly, the right side of Fig. 11(b) shows two allowable force
polygons at p1 and p2, which shapes are not typical ellipses.
The areas of allowable force polygons are 6.94E + 2 and
6.77E + 2 at p1 and p2, respectively. This implies that the
overall capability of end-effector force is greater at p1 than
at p2.

It is interesting to note that the major axes of the allowable
velocity polygons for the 3RRR PPM tend to be in the tan-
gential direction, whereas those of allowable force polygons
are in the radial direction (Fig. 11). In addition, the color map
for the polygon areas in Fig. 11(b) shows another tendency
that the overall capability of end-effector velocity increases
as the target point move away from the origin, whereas that
of end-effector force generally increases as the target point
move closer to the origin. These tendencies stem from the
kineto-statics duality.

FIGURE 12. Comparison between the maximum and minimum achievable
performances with the same thrusting parameters for the 3RRR planar
parallel manipulator (red: the maximum-to-minimum ratio for directional
velocity, blue: the maximum-to-minimum ratio for directional force).

Figure 12 shows a maximum-to-minimum area ratio of
allowable velocity and force polygons for the 3RRR PPM.
Although the TPs were set to be the same for fair comparison,
overall performances can significantly vary depending on
the PPs (e.g., orientation of the end effector). It shows that,
although the TPs were set to be the same, the manipulation
performance in the maximum case is noticeably higher than
that in the minimum case due to the use of the optimal
PPs.

2) VERIFICATION WITH COMMERCIAL MULTI-BODY
DYNAMICS SOFTWARE
To check the validity of the allowable velocity and force of
the 3RRR PPM, commercial multi-body dynamics software,
RecurDyn, was used with an imported CAD model for the
3RRR PPM (Fig. 10). Using the same optimized TPs and
PPs determined in the optimization, RecurDyn evaluated the
end-effector velocity and force at a total of 15 target posi-
tions. The average errors of directional performance between
the proposed method and RecurDyn were 7.96E-11% for
allowable velocity and 2.15E-10% for allowable force. These
errors can be considered negligible.

C. UR5 ROBOT
1) NUMERICAL RESULTS
The UR5 is a well-known 6-DOF spatial manipulator man-
ufactured by Universal Robots [32]. In this study, the
end-effector orientation angles (R, P, and Y ) were selected as
design variables, because the orientation of the end-effector
was set to freely move at the given position. The joint angles
(θ = [θ1, · · · , θ6]T) of UR5 were determined using the
inverse kinematics in [33]. A 6 × 6 Jacobian matrix J was
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taken from [34]. Then, the end-effector velocity and force can
be obtained using Eqs. (1) and (4), respectively.

Based on the aforementioned information, the optimization
formulation for UR5 (Fig. 13) can be expressed, as follows:

i) Allowable velocity

Find θ̇ ,R,P, and Y

To maximize f1(θ̇ ,R,P,Y ) = vTe · di i = 1, · · · ,M

Subject to g1(θ3) = sin2 θ3 − sin2(20◦) ≥ 0

g2(θ5) = sin2 θ5 − sin2(20◦) ≥ 0

g3(θ2, θ3, θ4) = |G| > 0

θ̇
(l)
j ≤ θ̇j ≤ θ̇

(u)
j j = 1, · · · , 6

0 ≤ R ≤ 360◦

−90◦ ≤ P ≤ 90◦

0 ≤ Y ≤ 360◦ (21)

ii) Allowable force

Find τ ,R,P, and Y

To maximize f2(τ ,R,P,Y ) = FT
e · di i = 1, · · · ,M

Subject to g1(θ3) = sin2 θ3 − sin2(20◦) ≥ 0

g2(θ5) = sin2 θ5 − sin2(20◦) ≥ 0

g3(θ2, θ3, θ4) = |G| > 0

τ
(l)
j ≤ τj ≤ τ

(u)
j j = 1, · · · , 6

0 ≤ R ≤ 360◦

−90◦ ≤ P ≤ 90◦

0 ≤ Y ≤ 360◦ (22)

where the subscript i denotes the i-th base direction; and the
superscripts (l) and (u) denote the lower and upper bounds,
respectively. In Eqs. (21) and (22), design variables are the
joint thrusting velocities (θ̇1, · · · , θ̇6) and the RPY angles
of the end-effector (R, P, Y ) for the allowable velocity; the
joint thrusting torques (τ1, · · · , τ3) and the RPY angles of
the end-effector (R, P, Y ) for the allowable force. The objec-
tive functions (f1 and f2) represent the end-effector velocity
(ve = [vx , vy, vz, ωx , ωy, ωz]T) and the end-effector force
(Fe = [Fx , Fy, Fz, τx , τy, τz]T), respectively, projected
along the unit base direction (di). Because the UR5 oper-
ates in three-dimensional space, di can be expressed, as
follows:

di = [sinα cosβ, sinα cosβ, cosα]T (23)

where α and β are polar and azimuth angles which ranges
are (0, π) and (0, 2π ), respectively (Fig. 13). By divid-
ing these ranges into 45 degrees (not 22.5 degrees), a total
of 26 base directions (M = 26 in Eqs. (21) and (22)) were
selected to construct allowable velocity and force polyhe-
drons, efficiently. The singularity of the UR5 manipulator
occurs when the determinant of the Jacobian matrix is 0, as
follows:

det(J) = a2a3 sin θ3 sin θ5G = 0 (24)

FIGURE 13. Coordinate systems and DH-parameters for the UR5 at a zero
position.

where G = a2 cos θ2 + a3 cos(θ2 + θ3) + d5 sin(θ2 +
θ3 + θ4). Therefore, the constraint functions (g1, g2, and g3)
were imposed to avoid this singularity. Design parameters
(DH-parameters, joint speed, and torque limits) for the simu-
lation were used from [32], [33].

Figure 14 shows the optimization results for allowable
velocity and force for a total of 80 target positions equidis-
tantly distributed in the workspace. The top of Fig. 14(a)
shows two allowable velocity polyhedrons of different shapes
at p1 = (200 mm, −200 mm, 289. 2 mm) and p2 =
(−200 mm,−600 mm, 289.2 mm). Note that these shapes are
not in a form of conventional manipulability ellipsoids. The
volumes of allowable velocity polyhedrons (Vol in Fig. 14)
also have different values: 44.3 and 136.4 for p1 and p2,
respectively. This indicates that the overall capability of
end-effector velocity is greater at p2 than at p1. The aspect
ratios (AR in Fig. 14), which are defined as the ratio of the
major axis to the minor axis, are 1.59 and 1.90 for p1 and p2,
respectively. Because these polyhedrons are elongated in the
direction of the major axis (0, 0, 1), the end-effector motion
in this direction is faster than in other directions. Similarly,
the top of Fig. 14(b) are allowable force polyhedrons at p1 and
p2, which shapes are closer to a gourd bottle. The volumes
of allowable force polyhedrons are 22.1 and 18.5 for p1
and p2, respectively. Contrary to the allowable velocity case,
the overall capability of end-effector force is greater at p1
than p2. The aspect ratios are 2.34 and 3.21 for at p1 and p2,
respectively, and two major axes are perpendicular to each
other ((1, 0, 0) and (0, 1, 0) for p1 and p2, respectively).
Figure 14 clearly shows that themajor axes of the allowable

velocity polyhedrons for the UR5 tend to be in the tangen-
tial direction, whereas those of allowable force polyhedrons
are in the radial direction (i.e., perpendicular to allowable
velocity polyhedrons). The bottom of Fig. 14(a) and 10(b)
shows the allowable velocity and force polygons, respec-
tively, on planes 51, 52, and 53 at the position (200 mm,
200 mm, 289.2 mm). In addition, the color map for the
polyhedron volume shows another tendency that the overall
capability of end-effector velocity increases as the target
point move away from the origin, whereas that of end-effector
force increases as the target point move closer to the origin.
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FIGURE 14. (a) Allowable velocity polyhedrons and (b) allowable force
polyhedrons in the workspace for the UR5.

This tendency is similar with that of the DAM, also stemming
from the kineto-statics duality.

Table 4 shows the allowable (i.e., maximum directional)
velocity and the ‘‘minimum’’ directional velocity at p1 and p2

TABLE 4. Comparison between the maximum and minimum achievable
velocity and force at the end-effector positions p1 = (200 mm, −200 mm,
289.2 mm) and p2 = (−200 mm, −600 mm, 289.2 mm) along the base
direction with α = 45◦ and β = 0◦ for the UR5.

along the unit base direction with α = 45◦ and β = 0◦. The
minimum directional velocity was obtained to minimize the
projected end-effector velocity with the same TPs determined
in the maximum case. Although the TPs (i.e., joint speeds)
were set to be the same in the maximum and minimum cases,
the PPs (i.e., RPY angles) significantly affect the directional
end-effector velocity of UR5. Such a wide variation in the
directional performance (max/min ratios in Table 4) shows
the importance of precisely evaluating the allowable perfor-
mance by using the proposed method. Similarly, although the
TPs (i.e., the joint torques) were set to be the same in the
maximum and minimum cases, the PPs (i.e., RPY angles)
significantly affect the directional end-effector force of the
UR5.

Figure 15(a) and (b) show a maximum-to-minimum vol-
ume ratio of allowable velocity and force polyhedrons,
respectively, for the UR5. Although the TPs were set to be
the same for fair comparison, overall performances can sig-
nificantly vary depending on the PPs (e.g., orientation of the
end effector). As described in Section II.B, if the allowable
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FIGURE 15. Comparison between the maximum and minimum achievable
performances with the same thrusting parameters: (a) the
maximum-to-minimum ratio for directional velocity and (b) the
maximum-to-minimum ratio for directional force.

velocity and force polyhedrons are determined for a given
manipulator, it is easy to estimate the maximum directional
performance of the manipulator at a target position. There-
fore, the proposed method can contribute to planning the
optimal operation of a manipulator for a given task.

2) VERIFICATION WITH COMMERCIAL MULTI-BODY
DYNAMICS SOFTWARE
To check the validity of the allowable velocity and force
of the UR5 manipulator, commercial multi-body dynamics
software, RecurDyn, was used with an imported CAD model
for the UR5 (Fig. 13). Using the same optimized TPs and
PPs determined in Section III.C.(1), RecurDyn evaluated the
end-effector velocity and force at p3 = (200 mm, 400 mm,
89.2 mm) and p4 = (400 mm, 400 mm, 289.2 mm). The
average errors of directional performance between the pro-
posed method and RecurDyn were 0.27% and 0.46% at p3
and p4, respectively, for allowable velocity; 1.13% and 1.55%
at p3 and p4, respectively, for allowable force. These errors,
albeit negligible, mainly stem from numerical errors such as
truncation and manipulation errors.

IV. CONCLUSION
Based on a new concept of allowable velocity and force,
this study proposed a novel optimization-based method that
can precisely determine the maximum directional kinematic
capability of a redundant manipulator projected along a
specific direction. Unlike conventional manipulability ellip-
soid, the proposed method can provide reliable information
on the maximum directional velocity and force with more
effective visualization. The optimized CPs (i.e., PPs and
TPs), which are also obtained by the proposed method, can

be directly embedded in the manipulator for the optimal
operation. The numerical and experimental results for the
DAM-implemented three-link planar manipulator and the
UR5 manipulator demonstrate the advantages and potential
of the proposed method. Thus, the proposed method would
contribute to planning the optimal operation for an assigned
complicated task by fully utilizing the limited resources of a
redundant manipulator.
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