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ABSTRACT Robust composite adaptive control designs for linearisable systems with known/unknown input
gain functions are presented. They mainly consist of a standard adaptive linearizing controller and an immer-
sion and invariance (I&I) based composite update algorithm, with the inclusion of a Lyapunov-based can-
celing term and a o -modification term for ensuring the practical stability and preventing the parameter-drift
phenomenon at the same time. Next, the adding an integrator and the dynamic surface control (DSC)
techniques are incorporated for preventing the algebraic-loop problem in the latter case. In particular,
the proposed designs ensure the convergence of prediction errors to an order of the exogenous disturbance
without relying on persistent excitation (PE), which in turn improves the tracking performance significantly.

INDEX TERMS Adding an integrator, composite adaptive control, dynamic surface control, immersion and

invariance, smooth switching.

I. INTRODUCTION

Adaptive control incorporating a Lyapunov-based update
algorithm (LBUA) is now a standard tool for ensuring
the asymptotic tracking stability of a dynamical system
with parametric uncertainty [1], [2]. In the presence of
bounded disturbances, various modification terms, such as
the o -modification, dead-zone, etc, can be included to ensure
the practical tracking stability and to prevent the occurrence
of the parameter-drift phenomenon simultaneously [2]. How-
ever, the online identification results are generally unsat-
isfactory due to the lack of prediction error terms in the
LBUA. Intuitively, more accurate identification implies better
tracking performance in practice.

Via either the filtering technique or a moving time
window of online integration of the regressor vector for
obtaining the prediction-error terms, versatile composite
adaptive control (CAC) schemes are now available in
the literature [1]-[9]. However, the former introduces extra
dynamics which may deteriorate the transient performance,
while the latter requires excessive computational burden.
Alternatively, the I&I method is a non-uncertainty equivalent
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approach which results in a filter-free, gradient-type param-
eter estimator [10]-[12]. By incorporating the so-called
dynamic regressor extension and mixing method [13], robust
stability of the parameter error dynamics with finite-time
convergence was achieved in [14], [15]. Noticeably, per-
formance improvement in the aforementioned works relies
on the parameter convergence, which in turn imposes var-
ious excitation criteria on the regressor vectors, such as
PE [3]-[7], internal excitation (IE) [9], relaxed PE [13],
[14], etc. Unfortunately, they are generally hard to ver-
ify beforehand [2], [11]. Accordingly, alternative approaches
for performance improvement relaxing such criteria are in
demand. In particular, issues regarding the convergence of
the prediction errors (not parametric errors) in the presence
of bounded disturbances and their influences on the tracking
performance remain open so far.

In this regard, CAC designs for linearisable systems
with known/unknown input-gain functions are presented
in this article. The update algorithm is constructed via
the 1&I method with the inclusion of the LBUA and the
o -modification terms for ensuring the practical stability and
the prevention of parameter-drift phenomenon at the same
time. Meanwhile, the adding an integrator technique [16]
and the DSC scheme are adopted for avoiding the possible
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algebraic-loop problems in cases when the input-gain func-
tions are unknown. More significantly, by exploring the fea-
tures of an invariant set with time-varying boundaries, it is
shown that the prediction errors can be managed to an order of
the exogenous disturbance without resorting to the aforemen-
tioned excitation criteria, which in turn improves the tracking
performance in a systematic way. The contributions of the
paper are summarized as follows

o Adaptive 1&I control of a general linearisable system
with known/unknown input gain functions under exoge-
nous disturbances, to the best of our knowledge, is pre-
sented in the literature for the first time.

« Convergence of prediction errors and the corresponding
performance improvement are quantitatively character-
ized. In particular, it is shown that such an achievement
does not rely on PE or its variants, which facilitates its
practical applicability.

The rest of the paper is organized as follows. The
problem formulation is introduced in Section II. The pro-
posed control and parametric estimator designs for cases
with known/unknown input gain functions are detailed in
Section III/IV, respectively. Simulation works for demon-
strating the validity of the proposed designs follow up in
Section V. Conclusion is drawn in Section VI.

Il. PROBLEM FORMULATION
Consider the following n’th-order linearisable system

X1 = x2,
Xn—1 = Xn,
K = g0u+ 6/ ¢r(x) + d(0), (1)
where x = [x1,x2, -+, Xy—1, x,,]T € R" is the state vector;

u € R is the control input; g(x) : R* — R is the input-gain
function; 6y € R” is the unknown constant parameter vector;
¢r(x) : R" — R” is the known regressor; and d(¢) is the
exogenous disturbance input satisfying |d(z)] < €, with €
being an unknown positive constant.

This article aims to track a reference trajectory
xq(t) = [xg, %q, - ,x‘(lnfl)]r for x(t) via the adaptive 1&I
approach. The following assumptions are first made herein.

o Assumption I1: The whole state x is measurable.

o Assumption 2: The reference trajectory xg(f) is

bounded and sufficiently smooth such that the signals
x;'), i=0,---,nare available.

o Assumption 3: The regressor ¢y(x) is differentiable with

respect to its arguments.

o Assumption 4: g(x)is a C' function bounded away from

zero for all x € R".

As mentioned, despite that various CAC schemes are
now available in the literature, performance improvement of
these works generally relies on the convergence of parameter
errors, which in turn imposes certain excitation criteria on the
regressor vectors that are hard to verify beforehand. To relax
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such restrictions, two I&I-based CAC designs are synthesized
in the sequel.

Ill. CASES WITH KNOWN g(x)

We first consider the case where g(x) is known exactly in
this section. It starts with a standard adaptive linearizing
control. An I&I-based update algorithm, modified from [11]
and [12], is developed next. Stability analysis for the overall
closed-loop system then follows up.

A. CONTROL LAW

To begin with, define the following auxiliary error
variable [1]

S = (s+r0)" ey, )

where s = d/dt, Ao > O is aconstant, and ¢ = x — x4 =

[ela T, en]T'
Differentiating S in (2) with time, it results in

$ = g+ 6f ¢(x) +d (1) + p(1), 3)
where p(t) = —xfi”) + Z?;ll(n 7 ! )Ahs" ey, with " 7 ! )
standing for the binomial coefficient.

By virtue of the exponential stability of the e; dynamics on
the sub-manifold S = 0, control of the original n-dimensional
system (1) has been reduced to the stabilization problem of
the one dimensional S-dynamics in (3). To that end, the fol-
lowing adaptive linearizing control is adopted

1 ~
u= kS =P = 6f g @)

where k; > 0 is a gain constant and éf is the estimated
parameter vector for 6.
The resulting closed-loop system becomes

§ = —ksS + 6/ ¢r(x) +d(1) 5)
where 9} =0 — éf.
For updating 6y, the following LBUA is widely utilized
0 = v0S¢r(x) — o6 (6)

where yp > 0 is the update gain and —O’éf is the so-called o -
modification for preventing the parameter-drift phenomenon.

Next, by calculating the time derivative of the following
Lyapunov function

SN PP (o
Vi(8. 0p) = 5(8 +y09f 6r) (N

along the closed-loop system (5) and (6), after some straight-
forward manipulations, it yields

. I, o 5
Vi < —kVi+ 5(6 + — 6 117) 3
Y0

where k, = min(2k; — 1, o).

It can be easily seen from (8) that S(z), éf(t) € Ly, and
for any 0 < ¢o < 1, there exists a Tp > 0, such that |§| <
(1 + co)8o/ke)'/?, Vit = Ty, where 8o = €* + (o/ )16 |I*.
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The ultimate boundedness of ¢;(t),i = 1,---, n follows
immediately [1]

2111 + ¢)do
lei(t)] < F 7 vVt > Ty ©)]
0 e

Strictly speaking, an exponentially decaying transient term
should be added to the right-hand side of (9) when e(0) # 0
[1]. However, since it decays rapidly to zero and is therefore
neglected herein for simplicity and without loss of generality.

Despite its popularity, such an approach suffers from the
following two drawbacks.

D1): The bound for |9~fT¢f(x)| and its influences on the
tracking performance are not quantitatively character-
ized.

D2): To decrease the error bound in (9), the criteria of
ke = min(2k; — 1,0) > 1 and y9 > o have to
be fulfilled simultaneously, which may lead to poor
transients or even high-adaptation instability when
Yo > o > 1[2], [17].

In this regard, an I&I-based composite update algo-
rithm (CUA) lifting these two restrictions is developed in the
sequel.

Remark 1: Clearly, the more demanded asymptotic track-
ing stability can be attained via including a discontinuous
control term, such as sign(S), for counteracting the distur-
bance d(¢) in (1). However, the unwanted chattering behavior
may be ignited at the same time. To prevent its occurrence,
a continuous approximation of sign(S), such as tanh(S),
is generally adopted. However, only practical stability can be
achieved instead [1], [21]. Besides, approximation errors are
inevitable and therefore issues of performance improvement
for a general robust adaptive control arise again. Conse-
quently, the proposed design covers a wide variety of appli-
cations.

B. COMPOSITE UPDATE ALGORITHM

The adaptive I&I is a non-certainty equivalent approach
which expresses the éf in (4) as the sum of a deliberately
selected design function /¢ (x) € R" and the estimated param-
eter vector ¥y(f) € R, i.e. [10], [11]

Bp(t) 2 hy () + 07 (1), (10)

where
he(x) = y/o Bt e, E)dE, (11)

with y > 0 being the gain constant, while ¥ (¢) is updated by

n—1

. oh "

(1) = =) 8];(](X)Xk+1 — yolyilgu + 6/ ¢f1¢r
k=1

—S¢r)—oby  (12)
where y1 = y /0.
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By a direct differentiation of (10) and taking (11)-(12) into
account, it yields

Op(t) = hy(x) + 9y (0)
~. dh .
-y Oy (0 ¢+ Br(t)
P 0xX
= 10{Sdy + n@ ¢y +d)gr} — by (13)

As can be seen, the first term of (12) cancels out the
time derivative dhy(x)/dt to yield the desired remaining term
(dhy(x)/0x,)x,. On the other hand, it is reminded that (13) is
non-implementable and for the stability analysis only.

C. STABILITY ANALYSIS
Define

1 o
p1 = \/(1 + el + —)e? + — 1167117
Y1 14

2 2
N :\/(1+62)(,01 +e2) 14

2ks — 1)

where 0 < ¢, ¢ < 1 are tunable constants.
The main results are summarized in the following.
Theorem 1: Consider the system (1), the controller (4),
and the parametric estimator (10)-(12). For any bounded
initial (x(0), 9}(0)), the following properties are ensured if
kg > 1.
Pl: x(1), (1), u(t) € Loo, ¥t > 0;
P2: There exist a finite positive number 77 and a 7> > T,

such that
6/ ¢ < p1, V& =T, (15)
and
i—1
lei(D)] < sz, vVt > T, (16)
0
wherei=1,---,n.
Proof:

The time derivative of V (S, 9}) in (7), along the trajectories
of the closed-loop system (5) and (13), can be calculated as
follows

V= 55— LaTé
1 = —_—— 3
Yo U
= S(=ksS + 6/ ¢y +d(1) — S@ ¢r)
~ ~ O ~p A
16/ ¢r)6f ¢ +d ) + %efef (17)
By completing the squares, Sd < O.S(S2 + 62), (équbf)d <

0.5((6] ¢r)* + €%, éfTéf < 0.5(=07 67 + 116711), and then
substituting them into (17), it yields

. 1, ~ 51
= —kVi— D0 4P+ 5 (1)
where 81 = (1 + y1)e? + (0/V0)||9f||2-
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Define
(1+cdi — 716f o)’
2k,

Cpnsider the case when b(r) = 0, or equivalently,
Y1 (GfT¢f)2 > (1 4 ¢1)61. Then (18) becomes

b(t) = max[0,

] 19)

. )
Vi < =k, V1 — CIT]
)
g—mw—mm—Qf (20)

Next consider the case when b(r) > 0, i.e. y; (équﬁf)z <
(1 + ¢1)81. By adding and subtracting k.b(¢) to the righthand
side of (18), it becomes

. C131
Vi < —ke(Vy = b(0) = 1)

Clearly, (20) and (21) together imply that Vi(t) <
—161/2, VVi(t) = b(t),t > 0. Since V|(¢) decays with a
speed no less than ¢181 /2 when Vi (¢) > b(t), there then exists
a positive number 77 (depending on the initials) such that
(S, 9}) e Q(r) = {(S, 9}~)|V1(t) < b(t)}, Vt > Ty. Conceptu-
ally, €21 can be regarded as an invariant set with time-varying
boundaries. Since 0 < b(¢) < (1 4 ¢1)81/2k,, it follows that
S(), éf(t) € Lo and consequently x(¢), u(t) € Loo. P1 is thus
proven.

To prove (15), we only need to consider the case when
b(t) > 0,t > Tp since b(t) = 0,t > T; implies
that V() <0 and therefore équbf(x) = 0. Under such
circumstances,

OF ¢r)* < 11671111117

< 2y0lldr11*Vi
2 1 81 — éT 2
- voller (111 + e — y1(67 ¢r)°7] o2
ke
and hence
w1+ cndilldrl* = ke + voyiller 1)@ ¢r)?
> yoyillgr 1267 ¢r)? (23)

The ultimate bound in (15) then follows immediately.

To see how the proposed estimation design affects
the tracking performance, consider the Lyapunov function
Va(S) = 0.552. Its time derivative along (5) can be calculated
as

Va(S) = SS
= S{—ksS + 0/ ¢y + d(1)}
@) aay?
< (ke — 1§24 L7 B
< —(ks— 1S"+ 3 3
2 2
< 2k — DYy 4+ A ;E . Vi>Ty. (24)

Therefore, given a positive number 0 < ¢» < 1, there

exists a T, > T1, such that
S| < p2, VYt =>T». (25)
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Similar to (9), the results in (16) can be attained
immediately.

Remark 2: The proposed design possesses the following
advantages.

(i) The ultimate bound in (15) can be decreased to an
order O(¢) sustained that (o/y)|6¢|*> < 1. Note that
such a criterion does not necessarily imply a large y,
just a sufficiently small o/y ratio, e.g., o = 0.01
and y = 1.0. Under such circumstances, (15) can be
approximated as

87071 <~ A +end +y7he  @26)

Accordingly, the drawback stated in D1 is conquered.

(i) The ultimate tracking error bound in (16) can be arbi-
trarily decreased via using sufficiently large control
gain k; alone, which is apparently less restrictive than
the criteria stated in D2.

(iii)) The design in [11] was a disturbance-free modular
design, which required the prior boundedness of x(z).
Via including the LBUA and the o -modification terms
herein, not only the aforementioned prerequisite is
relaxed, but also the parameter-drift phenomenon is
prevented at the same time.

(iv) The prediction errors in most of the existing CAC
schemes are obtained via either the filtering tech-
nique [1], [3], [5]-[8] or a moving time window of
online integration of the regressor vector, i.e. Q(f) =
ff_rd O (x(1))®7 (x(1))d7, where t; > 0 is the width
of the time window and ®(x(¢)) is the regressor vector
[4], [9]. As mentioned previously, the former intro-
duces extra filter dynamics while the latter requires
excessive computational burden. In contrast, the pro-
posed CUA in (10)-(12) is a filter-free approach and
hence conquers the drawback of the former. On the
other hand, it is reminded that the term Q(¢) above can
only be attained via a real-time integration. In contrast,
the integration in (11) can be carried out off-line when
¢r(x) is integrable with respect to x,. The computa-
tional burden of the former is alleviated under such
circumstances. Most of all, the ultimate boundedness
of éfT¢f and its influence on the tracking performance
can be quantitatively characterized with relative ease
in the design herein.

IV. CASES WITH UNKNOWN g(x)

In this section, we consider the case where g(x) is with
linear parametric uncertainty in a form of g(x) = OgT Pg(x),
Oy, Po(x) € R™ and ¢y(x) is differentiable in x. Moreover,
we assume that

o Assumption 5: g(x) fulfills

gm = 8(x) = gu(x) 27)

where g, > O and g,(x) : R" — Ry € C! are known
a priori. Note that (27) covers the typical assumption
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in [19] where g, (x) is a positive number or the one in [6]
with g(x) being an unknown positive number.

A. EXISTING CAC ALGORITHM

With 6, being unknown, the adaptive linearizing control
in (28) becomes

1
G

where ¢(6f, x) = =07 ¢y (x) — p(1), §(1) = 6] (1)¢pg(x), and
ég(t) is the estimation of 6.

Note that the so-called control singularity may occur when
the denominator in (28) approaches zero. The smooth switch-
ing methodology in [18] can be invoked to bypass such a risk.
The control law is now in a form of

u (—ksS + 9(6f, 1)), (28)

k . .
u=——8+B®@ua + (1 — B@))ur, (29)
8m
where |
Uy = (O, x),
“= a0
oy, SoOr,
up = ~ 2L 2L, (30)
8m wo
and B(-) is a switching function given by [18]
B() 21— exp(—(¢ /wy)?), 31)

with wg, wy > 0 and ¢ € R.

By decreasing B(g) continuously to zero, the control
authority switches smoothly from the adaptive linearizing
control u, to the robust control u,- and vice versa. Note that the
popular logic-based switching mechanism cannot be adopted
herein for its non-differentiability at the switching point.
Besides smoothness, B(¢) possesses the following desired
feature for annihilating the control singularity problem,

B(¢)

—— =cs/ws, VEER (32)

where ¢; ~ 0.64.

By substituting (28)-(30) into (3), it yields the following
closed-loop system
§= -2 kS 16Ty, +dw)

8m

—(1 = B@)e(l + £ tallh(S—(p)) (33)
8m wo

where 6 = col[6y, qg] and ¥ = col[¢y, (B(g)¢/8)d,].
For updating 6(¢), the following CUA is widely
adopted [6], [7]

A(t) = Yo(SYs + y1n) — 0f (34)

where X, = x, — X, is the prediction error, with x, being
the output of the following serial-parallel identification model
(SPIM) [2], [8]

i = —Wpkn + wpxy + 0] g+ 6] gr(x) (35
where w;, > 0 is a gain constant.
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By subtracting the x, dynamics in (1) from (35), x, can
actually be expressed as

~ 1 ;T 5T
%= 0 e+ i @+ (6
As mentioned in (iv) of Remark 2, the extra filter dynamics
in (35) may cause extra computation and discount the perfor-
mance improvement. We are thus motivated to synthesize the
1&I-based CAC design in the following.

B. CONTROL DESIGN

Before the start, the algebraic-loop problem, arising from the
dependence of the design function A(x, u) on u(S, é), has
to be resolved first. Among others, the adding an integrator
technique in [16] is invoked herein. By inserting an integrator
between the control input u# and the system, the resulting
extended system becomes

X1 = x2,

Ky = (0] pe)xnt1 + 6/ ¢ +d(0),
FRp— (37)

with the corresponding S dynamics

S = (O $e)xns1 + 6/ ¢r +p(t) +d(1), (38)

It is noted that the uncertainty in (37) now becomes the
extended-matching type as a price. The backstepping tool
emerges as the best candidate for the control design [19], [20].
Define the state variable

Z=Xn+1—4 (39)
where ¢(#) is the output of the following first-order filter
9(0) = «(0), (40)

with 79 > 0 and «(?) being the virtual controller at disposal.

The DSC technique above is mainly for preventing the
algebraic-loop problem arising from the differentiation of
o during the backstepping design procedure, which will be
further clarified later on.

By replacing x,,4+1 in (38) with (« + z), followed by a direct
differentiation of (39), the extended tracking error system can
be rewritten as

T0g(t) + q(t) = a(t),

S = (6] po)e +2) + 6f ¢ + d(t) + p(t) + g(x)v(1)
i=u—gq (41)
where v(t) = g(t) — a(t).

For stabilizing (41), the virtual/actual controllers are spec-
ified as follows

05
o= —i[ks + a18u(x)* + b1 (B(Ze) “ ; X))Z]S
b, .0y,
RA f; D (1 - By LY
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Se6f,
tanh(C29 0, 42)
wo
. z8g,(x
u = —k;z+ g — Sgu(x) tanh( fvu( )) (43)
0
where ai, by > 0 are tunable constants and

8e = Xn+19gT¢g(X)-

Instead of B(g) in (29), the switching function B(g,) is
adopted in (42) for forming a prediction error term consistent
with the upcoming CUA and hence enhancing the perfor-
mance improvement.

By substituting (42)-(43) into (41), it yields the following
closed-loop system

§ = =L lky + a18u(x)? + b1(BEo) L 1S
AT B(ge) ~
0] by +dO + g +v0) + =k
S
— (1 - B@(1 + 2 tanh(w—‘(f))
7z = —k,z— Sgu(x) tanh(zsg"(x)) (44)
wo

It is reminded that the term (B(g.)/2)8¢ in (44) is actually
equivalent to (B(g.)/g¢)&.¢, which will be used in the later
stability analysis.

Remark 3: By picking up a sufficiently small 7 in (40),
v(¢) can be made sufficiently small. Under such circum-
stances, the filter dynamics acts as the fast dynamics while
the tracking error system (44) plus the upcoming parameter
update algorithm are the slow dynamics. The v(t) converges
exponentially to the set [—e¢, ¢] within the time interval
[0, T1], where ¢, T1 > 0 can be made arbitrarily small via
using sufficiently small 7g. However, too small to nay ignite
the peaking phenomenon in ¢(¢) and hence initial spikes in
u(t) [21], [22]. On the other hand, larger tp implies narrower
filter’s bandwidth. Larger v(¢) and hence spikes in g(¢) may
appear whenever faster variation of «(¢) occurs. Those spikes
then enter u(z) for the inclusion of the cancelling term ¢
in (43). Systematic guidelines for selecting the optimal 7¢
are unfortunately lacked so far. Consequently, some trial and
error procedures should be taken in practice.

Remark 4: By a direct differentiation of v(¢).
1
V=——v—« (45)
70

The solution v(¢) of (45) with v(0) = 0 is
t
v(r) = — / ¢ o Dae)de (46)
0

Therefore, given positive numbers u, T, and a bounded c!
function ae(¢) with |a(#)| < u, Vt € [0, T,], the bound for v(¢)
can be estimated as

(1) < tou(l — e~ Ta/™0), (47)

As a consequence, given ¢ > 0, picking up a 7p within

(0, 8], § = &/, one has (see Lemma 2 of [19])
() <e, Vtel0,T,] (48)
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Note that only the existence of § can be ensured when the
upper bound p is unavailable. Such a property plays a key
role in the subsequent stability analysis.

C. COMPOSITE UPDATE ALGORITHM

First, the x,-subsystem in (1) is rewritten in a compact form
of

iy = 0T p(x) +d (1), (49)

where 6 = col[6f, 0,1, ¢ = col[¢f, Xny1¢,] € R
Again, let

6(t) = h(x1, -+, Xp, Xup1) + 0(0), (50)
where
Xn
h=)//(‘) ¢(X1,"' 7xn71’$’xn+l)d§7 (51)
and
n+1
==Y —i S, — 1 (OT —ah (52
;axkkao[ Vs — @7 p)pl — ol (52)
k;_én

where Y = colldy, (B(&e)9/8)dg]-
By substituting (51)-(52) into (50), it yields

8(1) = oISTs + 11E ¢ + d1)p] — 0b (53)

Remark 5: The state z in (39) is alternatively defined as
Z = Xy41 — « in a conventional backstepping design, with
the corresponding error dynamics z = u — & [10], [20].
However, due to the dependence on x,,41 of 2 (t) in (50) and
hence «(t) in (42), the term (dcr/dxy41)u(t) included in (¢)
will render the system uncontrollable when 1 — da/dx,11 =
0. In contrast, the introduced DSC scheme alleviates such
drawbacks via filtering instead of differentiating «(z).

D. STABILITY ANALYSIS

Define two compact sets 2, = {X|||X|| < r,} and Q, =
X|1X|| < rp}, with X = col[x, Xp11, ¢, 0] € R™H7m+2,
ra > 0,x4(t) € Qq, rq < rp, and

[(1+ c3)83
P3 =
Y1

e \/(1 + ca)(€2 + dcawo + a; €2 + 267 p2)
kv,4

(54)

where 83 = (1 + y1)e? + (o/00)01* + 4cawo + (2/ar)e?,
¢y = 0.2785, a; > 01is a tunable constant, 0 < ¢3,¢c4 < 1,
and k, 4 = min[2k, — 2D — 1, 2k;].

The main results are summarized in the following.

Theorem 2: Consider the extended system (41), the con-
troller (43), the parametric estimator (50)-(52), and the filter
dynamics in (40). For all X (0) € 2, the following properties
are ensured sustained Assumption 1-5 and &, 4 > 0, 790 < 1.

P3: x(1), Xp11(1), q(2), (1), u(t) € Loo, ¥t > 0;
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P4: There exist a finite positive number 73 and a Ty > T3,

such that
16T p(x)| < p3, V¥t > T, (55)
and
2i—1
e < Spa, VI Ty, (56)
A
0
where 1 <i <n.
Proof:
Select the Lyapunov function
1 1 -7~
=+ +—070) (57)
2 70

Its time derivative along the closed-loop system (44)
and (53) can be calculated as follows

. . X I ~r4
Vi=8S+zz——06"6
Yo
~ ¢)
= S{—gi[ks + a18u()? + bi(B@e) )18

m e

(ge)éw +d(t) + gx)(z + v(1))

— (1 = B(g)e(1 + ? tan h(—))}

m

- ZZ — zSg,(x) tan h(Z gu(x))
wo

— 0[Sy + 11T ¢ + d)p — —é] (58)

First, it is noted that the term S67 ¥, cancels out S (9T¢f +
B(2.)(g/8)¢). Next, by completing the squares Sd <
0.5(5% + €2), (9T¢>)d < 0.5[(07T¢)* + €, Sg(x)v(l) <
(@8%u(x? + a; V(). 876 < L(=674 + [16]]%), and
recalling Lemma 1 of [23], —S¢e(1 + (g/gm) tanh(Se/wp)) <
cawo, Szg — zSg, tanh(zSg,/wo) < c,wo. Then substituting
them into (58), one has
||e||2 + 1+ )€

Vs < —ky3V3 — 2 (e ¢)2+ {

2
+4cqwo + v 1), (59)
1

where k, 3 = min[2k; — 1, 2k;, o ].

Now, since the righthand sides of (44) and (53) are bounded
for bounded X, there exists a 7, > 0, such that X(t) €
Qp, VX(0) € Q4,t € [0, Tp]. Meanwhile, a(r) in (42) is
apparently bounded V¢ € [0, T;]. Based on Remark 4, given
e > 0, there exists a § > 0, such that |v(?)|] < ¢&,Vr €
[0, Tp], t9 € (0, 8]. As a result,

V3 < —ky3V3 —

~ )
%(e%)%;, Vi€ [0,Tp] (60)

It implies that

)
_3(1 — e Haty

Vi(t) < V3(0)e k3t
3(t) < V3(0)e + T

53
V 0 s A7 b
max[V3(0) 2kv,3]

IA

vt € [0, Tp] (61)
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Denote ¢, = min V3(X),VX € 0%p, where 02 is the
set of boundary points of €2;,. By selecting a r, such that
¢y > maxx0ye,[V3(0), 63/(2k, 3)], then T}, can be extended
to co. The boundedness of X (¢) and hence u(¢) follows imme-
diately and therefore P3 is thus proven.

Next, since V3 in (60) is in the same form of (18), by sim-
ilar reasoning, it can be easily concluded that there exists a
T3 > 0, such that |97 ¢| ultimately converges to p3 for all
t > T3. (55) is thus proven.

To prove (56), consider the Lyapunov function V4(S, z) =
0.5(5% + z2). Its time derivative along (44) can be calculated
as

V4 =SS+
1 )
< -l -5+ b1(B(ze) L )]5>
8e

+S@ ¢ +B@)E ) -
8
1 2 2 2
+ 5((1 + y1)e” 4+ 4cgwo + a—s ) (62)
1

Again, by completing the squares, S(équbf) < b1S* +
by'6f 4 SB@IGE/De = SBRIGE/RIe <
b1(B(ge)p/80)*S? + by'g2 and then substituting them
into (62), it yields

. 1 -
Vy < —kyaVa+ b—l((ef%ff +22)
1, 2,
+ 5 (e” +4cawo + —¢7)
2 aq

8
< —kvaVa + 34 Vi > Tj (63)
where 84 = €2 + dcqwo + (2/ay)e? + (2/by)p3.
Therefore, there exists a T4 > T3, such that

1 )
1S()] < ‘/%, Vi > Ty (64)

The results in (56) follows immediately [1].

V. SIMULATION
In this section, two case studies are presented for demonstrat-
ing the validity of the proposed designs.

Case 1 (Known g): The proposed 1&I-based CAC design
in (4) and (10)-(12) is compared with the LBUA-based design
in (4) and (6) herein. Consider the following linearisable
system

x| = X2,
Ky = g0 + 6/ ¢r (x) +d (), (65)
where x = [x,xl’, 6 = [543, ¢ =

[x1x3 sin(3x3), x; exp(2x2), x1x217, g(x) = 3(1 + x7e™2) +
cos(x; + 1) + 0.5sin(2x; + x3), and d(¢) = 0.2 sin(10z).

Since ¢y (x) is integrable with respect to x3, the integration
in (11) can be carried out to yield

3
COS(3X2) L2 —lxg]T (66)

he(x) = y[— >

3
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FIGURE 1. Comparison of tracking error e; (f) in Case 1.
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FIGURE 2. Comparison of tracking error e, (t) in Case 1.
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FIGURE 3. Comparison of parametric error |6¢ ()| in Case 1.

The reference trajectory is y; = sin(¢). The adopted
numerical values are .o = 2.0, k; = 2.0. yp =y = 1.0,0 =
0.01, and x(0) = ¥¢(0) = 0. By choosing ¢ = ¢ = 0.1,
the upper bounds for IéfT¢f(x)| in (15) and |e;(¢)| in (16) are
p1 = 0.7987 and pp = 0.6107 % 2%73 i = 1, 2, respectively.

The simulation results are shown in Figures 1-5. The
tracking errors ej(¢) and ex(¢) of the proposed CAC design
are well bounded respectively by 0.3053 and 1.2214 (the
red-dashed lines) in Figure 1 and Figure 2, respectively.
In contrast, the standard LUBA not only takes longer time
to converge into the respective zones, but also with larger
tracking errors along the way. Next, the estimated param-
eters |9Af| in Figure 3 and the prediction errors éfT¢f(x)
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FIGURE 4. Comparison of prediction error 5}' ¢ (t) in Case 1.
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FIGURE 5. Comparison of control input u(t) in Case 1.

in Figure 4 demonstrate the same discrepancy between the
two schemes. Noticeably, although both |éf(t)| do not con-
verge to |0¢|, nevertheless, §T¢f(x) of the proposed method
are ultimately bounded by +0.7987, the red-dashed lines
in Figure 4, while the latter fails to fulfill such a crite-
rion. Finally, the poor transient peaks in u(t) of the LBUA
in Figure 5 demonstrated again the superiority of the pro-
posed CAC design.

Case 2 (Unknown g): Next, simulation on a practical
brushless DC motor with unknown input gain functions
will be conducted herein. Neglecting the dynamics of the
electrical subsystem, the system dynamics can be modeled
by [24]

)'Cl = X2
1
%2 = - [(Kro + Kps(e1)) g = B
"l‘.f]“ric(XZ) +fcog(xl) + fais(®)] (67)

where x; is the displacement, x, is the velocity, u is the
control input voltage, M is the mass of the inertia, R is the
resistance, B is the combined coefficient of the damping
and viscous friction on the load, Krg > 0 is an unknown
constant, ffc(x2) is the friction force modeled by ffic(x2) =
—f. tanh(acx;), with f,, a. > 0, fais(¢) is the bounded distur-
bance, while Kry(x1) and f;,4(x1) are periodic functions in a
form of

feog(x1) = ALSc(x1)
Kpe(x1) = AL Sk (x1)
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FIGURE 6. Comparison of position error e (t) in Case 2.

0.2

o
.

Velocity error, e,

03 o 05 ! e SPIM
—I&I

-0.4 : :
0 10 20 30 40

Time (sec)

FIGURE 7. Comparison of velocity error e, (t) in Case 2.

Ak 1T

where Ac = [Ac,1, -+, Acp Ty Ak = [Ak.1, -
27'rx1) ..

are the unknown weights, S = [sin(=5 7y ), cos(
sin( 2”%’” ), cos( 2”%”‘ )T and Sx = [sm( 2’;:” ), cos(ZJ};“1 ),
,sin(h;;fx‘), cos(znﬁ—fx‘)]T are the known basis vector
functions, with T, > 0 being the known period.
The proposed 1&I-based CAC design in (43) and (50)-(52)
is now compared with the standard SPIM-based CAC in (29)
and (34)-(35). Rewrite g(x) in a linearly parameterized form
of g(x) = 6] ¢g, 6, = collKro, Ak 1, , Ak p,1/(MR)

with ¢, = col[l, Sin(zi;xl) . Sin(h;_‘bxl), Cos(Z";’f"' 0.
A¢ pa)/M and

f@) = 6]¢, 0 = coll=B, —fe, Aci, -+
¢ = collx, tanh(acxy), sin(Z1), - - cos(znp"xl )]. The
lumped parameter vector and the basis vector function are
0 = collbf,0,] and ¢ = col[gy, x3¢], respectively. The
integration in (47) can be explicitly calculated to yield

1
h(x) = y[0. 5x2, ln cosh(acxp), sm( T )xz, cee

X

. 2mpax . 27X
sin( )xz, x2x3, sin(
X X

2
- sin( Ly x ) (68)

X

)x2x3,

The reference trajectory is changed to y; = 0.3 sin(¢)(1 +
0.2 cos(0.5¢)), while the extra numerical values are: M =
10kg. B=0.5N/m/s, Kpg = 55.5N/A,R =3.9Q,and T, =

1.0m. For simplicity, we choose f.o, = 25 sin( 27;:1 + 3N,
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FIGURE 8. Comparison of prediction error 67 ¢(t) in Case 2.
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FIGURE 9. Comparison of parametric error |6(t)| in Case 2.
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FIGURE 10. Filter input «(t) and output g(t) in Case 2.

Kpy = L1lsinFL + 5, fo = 6,a. = 5, fus(t) =
0.5sin(5¢), Lo = kg = k; = 5.0, and 79 = 0.05. By choosing
c3 = ca4 = 0.5, the upper bounds for |9T¢(x)| in (55) and
lei(t)] in (56) are p3 = 0.8466 and py = 1.3567 % 243 i =
1, 2, respectively.

The simulation results are shown in Figures 6-12. The
proposed design exhibits better tracking performance in e
of Figure 6 and e, of Figure 7 than the SPIM-based scheme.
Next, in contrast to the latter, the prediction errors §T¢ of the
proposed design converge quickly to fulfill [§7 ¢| < 0.8466
marked by the two red-dashed lines in Figure 8. On the
other hand, the estimated parameters in Figure 9 did not
reflect such a trend. It verifies that the tracking performance
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FIGURE 11. Trajectories of u(t) and g(t) in Case 2.
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FIGURE 12. Comparison of u(t) of SPIM-based and x5 () of 1& based
schemes in Case 2.

improvement of the proposed design does not rely on the
parameter convergence.

By using 79 = 0.05 < 1, the filter output g(¢) and the vir-
tual control «(¢) in Figure 10 almost coincide, meaning that
& < 1. As mentioned in Remark 3, large ¢ = (¢ — ¢)/79 and
consequently large u(¢) occurs when rapid variation in a(r)
appears in Figure 11. In view of the extended system (37),
it should be cautious that the actual input force to the xp
dynamics is the extended state x3, i.e. fot u(t)dt, instead of
u(t) itself. A comparison of control efforts between u(t) of
the SPIM-based scheme and x3(¢) of the proposed design
is depicted in Figure 12. They are about the same magni-
tudes, implying that the proposed design does not consume
excessive control efforts in this application. On the other
hand, the oscillatory portion of the input force x3(¢) around
t = 1 sec in Figure 12 will produce corresponding oscillatory
acceleration signal x» for the system (67) and hence similar
velocity response in Figure 7. It in turn leads to oscillatory
behaviors in 6 T ¢(x) for the dependence on x3 of ¢(x).

VI. CONCLUSION

Adaptive control designs for linearisable systems with known
or unknown input-gain functions are not new at all. However,
they generally suffered from the previously mentioned two
drawbacks D1 and D2, which remains open so far. The pro-
posed designs conquer such drawbacks and hence improve
the identification and the tracking performance simultane-
ously. For the cases with unknown input-gain functions,

88046

the adding an integrator technique, the DSC scheme, and
the smooth switching algorithm are incorporated together
for solving the algebraic-loop and control-singularity prob-
lems simultaneously. Simulation works have demonstrated its
effectiveness and superiority over the existing designs. Most
of all, the achievement does not rely on the parameter con-
vergence and hence the corresponding excitation criteria on
the regressor vector. It is appealing to practical applications
in this respect.

Despite these achievements, there are some topics worth
of further investigations, such as prevention of high-gain
effects in the filter dynamics, systematic guidelines for the
gain selections, and output-feedback control, etc. Moreover,
extension of such an approach to more general nonlinear
systems is also quite challenging. To start with, some existing
works are noticeable, such as [10], [19], [21], [22], [25].
We are encouraged to tackle the aforementioned tasks in the
near future.
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