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ABSTRACT In this article, we consider the finite-time mixed Hoo/passivity, finite-time stability, and
finite-time boundedness for generalized neural networks with interval distributed and discrete time-varying
delays. It is noted that this is the first time for studying in the combination of Hy,, passivity, and finite-time
boundedness. To obtain several sufficient criteria achieved in the form of linear matrix inequalities (LMIs),
we introduce an appropriate Lyapunov-Krasovskii function (LKF) including single, double, triple, and
quadruple integral terms, and estimating the bound of time derivative in LKF with the use of Jensen’s
integral inequality, an extended single and double Wirtinger’s integral inequality, and a new triple integral
inequality. These LMISs can be solved by using MATLAB’s LMI toolbox. Finally, five numerical simulations
are shown to illustrate the effectiveness of the obtained results. The received criteria and published literature
are compared.

INDEX TERMS Neural networks, Lyapunov-Krasovskii function, Hy, and passivity, time-varying delays,

finite-time bounded.

I. INTRODUCTION

For a number of years, neural networks have been widely
attended in many fields, for instance, model identification,
optimization, parallel computation, associative memories
design, image processing, and other engineering fields
[1]-[4], [6]-[21], [23], [24], [28]. The difficult problems
and the increase of system performance have been handled
by the powerful efficacy neural networks. At present, due
to the fact that there exist communication delays and
integration in biological and artificial neural systems, they
cause instability, oscillation, or poor performance. In a
real system, the occurrences of time-delay phenomena are
unavoidable. The existence of time-delay causes networks
are unstable and worse dynamic system performance. So,
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the research of time-delay has attracted much attention in
linear systems and neural networks. The sufficient criteria of
the neural networks have been presented as delay-dependent
and delay-independent. The former is less conservatism than
the latter when the size of delay is tiny. A huge number of
stability conditions have been presented in the works [1]-[4],
[6]-(8], [25].

The stability analysis in neural networks is studied with
several inequality techniques and Lyapunov approaches,
which are important to less conservatism. So, many inequality
techniques have been applied for estimating the upper bound
of the time derivative of introduced LKF in the published
literature. For Jensen’s integral inequality, it was applied to
determine the new stability conditions for the neural network
in [6]. The free-weighting-based inequality was employed to
achieve the conditions with the decline of conservatism [10].
The Wirtinger’s integral inequality and reciprocally convex
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optimization are combined in [29]. In addition, to obtain
better results, various types of LKF have been presented,
for example, activation function based LKF [27], multiple
integrals based LKF [26], and so on.

At present, the Hy, has been played a major key in neural
network control, industrial plant, energy management, and
other fields. It has been increasing attention to the problem
of dynamical systems with Hs, control such as robust
control, associative memories image, processing [30]-[33],
and so on. In [34], the authors presented Hy, control
of neural networks with the delay-dependent problem.
The problem of Hy control for neural networks with
interval delay was considered in [35]. However, in recent
years, the combination of Hy, and passivity have been
more attraction of attention in the investigation, and the
researchers are interested in this problem with the various
system presented in [36]. Especially, the authors investigated
complex networks with H,, and passive synchronization
problems in [39].

On the other hand, in the past few decades, there is
an indispensable property related to exponential stability:
finite-time stability, i.e., the solution of a system reach
the equilibrium point in finite-time and more precisely,
the time required for solutions to reach the equilibrium
concerns engineers. The concepts of finite-time stability
were presented by Peter Dorato [47] in 1961. At present,
Amato et al. [48] extend the finite-time stability to finite-time
stability with the external disturbances, which is called the
finite-time boundedness. In addition, many types of research
have been widely developed in the field of finite-time stability
for time-varying delay with neural networks as in [40]-[44].
Also, finite-time boundedness has been extensively studied
in [1], [4], [45], [46]. Furthermore, the finite-time passivity
and the finite-time H, have been studied for the time-delays
system; for example, stochastic systems with finite-time
have been discussed in [37]. The authors considered the
robust finite-time Hy in singular stochastic systems problem
in [38]. Finite-time passivity in neural networks has been
considered in [3]. However, unfortunately, the finite-time
with Hyo/passivity for generalized neural networks has not
yet been studied.

With motivation mentioned above, we shall address
the above question and study the finite-time stability for
mixed Hyo/passivity, finite-time stability, and finite-time
boundedness for generalized neural networks with mixed
interval time-varying delays problems based on an extended
Wirtinger integral inequality, a new triple integral inequality,
and Jensen’s integral inequality. In the numerical part, we give
some examples to present the efficiency of the theorems. The
major contributions and highlights of this paper are concluded
in the following key points.

e We consider the finite-time mixed Hyo/passivity,
finite-time stability, and finite-time boundedness for
the generalized neural networks problems with both
interval distributed and discrete time-varying delays.
It is noted that this work is the first time for studying
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the combination of Hy, passivity, and finite-time
boundedness.

e We construct the Lyapunov-Krasovskii functionals
including single, double, triple, and quadruple integral
terms in which more information on the delays ¢,
t, ¥1, ¥2, and a state variable is used. In addi-
tion, the LKF consisting of two new triple inte-
gral terms L% ft[—q f; fut 1T ()81 2(v)dvduds and
t% ftitz f; fut 2T () S5 7(v)dvduds, that have not
been used in [6], [10]-[13], [15]-[18], [21]. Moreover,
we also introduced two new quadruple integral
terms ¢} ftt—q f; fu' fvt =Rz (WU 2(1)d dvduds and
g Y JE L8[ @R (W) Usz(\)d Advduds — which
have not appeared in [6], [9]-[21].

« We apply tighter inequalities, such as Jensen’s integral
inequality (Lemma 1), an extended single and double
Wirtinger’s integral inequalities (Lemma 2, 3), a new
triple integral inequality (Lemma 4). Using the above
new LKFs and the lemmas leads to less conservatism
of obtained results than literature, as demonstrated in
numerical examples.

« We obtain finite-time boundedness criterion
(Theorem 1), the finite-time stability conditions
(Corollary 1) and the finite-time mixed Ho/passivity
criterion (Theorem 2). The proposed conditions are
less conservative than the other references as shown in
Corollary 2.

o We present the numerical simulations to demonstrate
the efficiency and feasibility of the theorems and the
corollaries.

The outline of this work is organized in the following
form. In section 2, we describe the system model and some
preliminary results. In section 3, we discuss some results for
neural networks and their proofs. In section 4, we give five
numerical examples to present the efficiency of the obtained
criteria. Finally, in section 5, we present the conclusions and
some suggestions for future directions.

Notations: R" denotes the n— dimensional Euclidean
space, and R™*" is the set of all m x n real matrices. For
a matrix A, A > 0 means that A is a symmetric positive
definite matrix, Amin(P) and Amax(P) denote the minimum
and maximum eigenvalues of A, respectively. The superscript
“T” denotes matrix transposition. diag{...} denotes the
block diagonal matrix. Sym{A} = A + AT .

Il. PRELIMINARIES
Consider the following both interval distributed and discrete
time-varying delayed neural networks:

2(t) = —Az(t) + Bof (Wz(t)) + B1g(Wz(t — u(1)))

t=y1(t)
+B; / h(Wz(s))ds + Cw(t), (1)
t=y2(t)
() = Diz(t) + Drz(t — 1(1))
t=y1(t)
+Ds3 / h(Wz(s))ds + Dyw(t), )
t=y2(t)
z2(t) = ¢(1), 1t e€[—n,0l, (3
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where z(t) = [z21(0), 22(2), . .., zo()]T € R” is the neuron
state vector; y(r) is the output vector; w(r) € R”" is the
external disturbance that belongs to the class L£>[0, 00);
f @), gz(t)), h(z(t)) € R" are the neuron activation
functions; A € diag{a;} € R™" is a positive diagonal
matrix; Bg, B, and B, are the connection weight matrices;
C is the connection disturbance; D1,D,, D3, D4 are known
real constant matrices of suitable dimension; ¢(¢) is the
initial function defined over [—t;, 0]. The variable y;(¢)(i =
1,2) and «(¢) represent the interval distributed and discrete
time-varying delays satisfying

0<u=ut)<un, i<t 4)
0 <y =vi(®) @) < ». (5)

Before moving on, we suggest the following necessary
lemmas, assumptions, and definitions for the proofs of our
results, and we let

L1 =1 —=1t, Y21=y2—Y1-

Assumption 1 [8]:
(A1) The activation function fi(-)(i = 1,2, ..., n) is contin-
uous and bounded satisfying the following inequality

Fo< Ji(Wu) — fi(Wv) <F*, ©)
Wu — Wy

u,v € R, u #vwherefi(0) =0, F; and Fl.+ are known
real scalars.
(A2) The activation function g;(-)(i = 1,2, ..., n) is contin-
uous and bounded satisfying the following inequality
— _ &i(Wu) — gi(Wv) -G+ o
Wiy — Wy !
u,v € R,u # v where gi(0) = 0, G; and Gi+ are
known real scalars.
(A3) The activation function hi(-)(i =1, 2, ..., n) is contin-
uous and bounded satisfying the following inequality
- hi(Wu) — hy(Wv) < H~+, ®)
Wu — Wy !
u,v € R,u # vwhere hj(0) = 0, H; and Hl.+ are
known real scalars.

Remark 1: The assumption of the neuron activation func-
tions satisfy the condition (6)-(8) may be non-differentiable,
non-monotonic, and unbounded of the time-varying delay.
The constant F, Fl.+, G/, Gl.+, H, and Hl.+ be able to
zero, positive, or negative. More especially, in this paper,
the assumption are weaker and more general than usual
Lipschitz condition |f (u) — f(v) < F|u — v|. Therefore, Our
stability criteria with condition (6)-(8) are less conservative
than the usual Lipschitz condition.

For the convenience of presentation, we denote

G

—

H~

i =

Fp, = diag{F[ F,", F, FS,...,F, F}},
Fy +F' F; +Ff F+Ff
T Ty e T ,

F,, = diag {
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G, = diag{G,G{,G,GJ,...,G, G},
Gy +G G, +G} G;+G,,+}

G, = diag > , 5 e, >

H, = diag{H; H,",H; H,,...,H;, H/},
H; +H' H, +Hf Hy +H/
Ty .

H,, = diag

Assumption 2: For any given positive constant p and time

constant T, the external disturbance satisfies
T
ol (Hw)dt < p.
0

Definition 1 (Finite-Time Bounded [7]): The system (1) is
finite-time bounded with reference to (c1,c2, T, V, p) with
time constant T > 0, a matrix V. > 0, and numbers
cy > c1 > 0, if the following inequality holds:

sup {27 (5)Vz(s), 2T (5)V(s)} < e1
—1p<s<0
= L ()Vzt) < ca, Vi e[0,T].
Definition 2 (Finite-Time Stable [7]): For a given time
T > 0, numbers c; > c¢; > 0, and a matrix V. > 0,
the system (1) with w(t) = 0 is finite-time stable with respect
to (c1,c2, T, V), if the following inequality holds:

sup {zI (5)Vz(s), 2T (5)V(s)} < ¢
—12=5=0
= 7L ()Vz(t) < ca, V1 € [0, T].
Definition 3 (Finite-Time Hoo/Passivity Performance [39]):
For given o € [0, 1], the system (1) is finite-time bounded
with a mixed Hy and passivity performance §, if the
following two conditions are satisfied:
(1) the system (1) is finite-time bounded in the sens of
Definition 2.
(2) under zero initial condition, there exists § > 0 such that
the output y(t) satisfies

T
/ [~y (1) + 2(1 — 0)8y” ()oo(1)]dt
0

T
> -4 f o (Do(n)dt, (9)
0

forany T > 0 and any non-zero w(t) € L3[0, 00).

Remark 2: The performance index in (9) is mixed Hy, and
passivity index. By substitute the weighting parameter o, the
expression in (9) become to the passivity performance or Hx,
performance index. Furthermore, if 0 = 0O, the expression in
(9) reduce to the passivity performance index §, if o = 1,
the expression in (9) degenerates into the Hy performance
index 8, and if o take the value in (0, 1), the expression in (9)
represent the mixed H~, and passivity performance index §.

Lemma 1 [6]: For a given matrix R > 0 scalar a1 <
ap and vector 7 : [ay, 2] — R" such that the following
integrals are well defined, then the inequality holds:

(@ — o) / " T (R(s)ds > / T (9)dsR / " (s,
ay a

1 o]
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Lemma 2 [5]: For a positive definite matrix R € R"*", for
any continuously differentiable function 7 : [a1, a2] — R",
the following inequality holds:

where

o)
/ 2T ()Rz(s)ds
o]
> X1 Rx1 + XzTRX2
) — o] a) — o
X3 Rx3 + X4TRX4,
o) — ] o) — ]

where

X1 = z(az) — z(a),

x2 = z(az) + z(ay) —

2 o2
/ z(s)ds,
o) — o] al
6 o2
/ z(s)ds

x3 = z(az) — z(ay) +

_ 2 ay pop
X1 = Mz(ozz) / / (w)duds,
ay Js

X2 = @z(u ) / - / ” z(u)duds

/ / / 062 z(v)dvduds.
Ol2 — ]

Ill. MAIN RESULTS

In this section, we will present sufficient conditions of
finite-time boundedness, finite-time stability, and finite-time
mixed Hyo/passivity for generalized neural networks (1),
and we will demonstrate new stability criteria. To simplify
the illustration, some notations for vectors and matrices are
presented in the form:

e = [Onx(i—l)n Liscn Onx(ZS—i)n] € R

(l =1,2,...,25),
( )2f / z(u)duds, t—u  pi—y
@2~ 01 / / z (v)dvduds
l t—t s
Xs = 2e) + o) — = / 2(s)ds 21 i
—o 02 = —2/ / ZT(u)duds,
Ly Ji—ip Js

( _ )2 f / Z(u)duds h ; . .
Cae e 03 = 3 2 (v)dvduds,
120 3/
/ / / z(v)dvduds. 1 uds Ju
(Olz — )} ap Js u

1 t t t T
Lemma 3 [5]: Foraposmve definite matrix R € R™", for 04 = 3 /t. L [ / 7" (V)dvduds,
—nds Ju

any continuously differentiable function 7 : [a1, a2] — R”, 2 2 -
the following inequality holds: o (t) = |:ZT(I), / o (s)ds.

o) %) T r - r t ,

' WRz(w)du > 21 Rx1 4+ 4xy Rx2 + 65 Rx3, 1=y pt—u
/0,1 /Y ! 2 6 zT(u)duds, L%1Q1 ,
N

where

E(t) = [z%), @t —u), 't —w), ),

t 1 —U
(), f I (s)ds, — / 7l (s)ds,

_/ T(s)ds / / T(l/t)dlztds
1—

T / z (u)duds 02, 03, 01,
— N

/ z(s)ds 1

27 Ja o4, FTOWz(0)), fT(We(t — 1),

(az_al)z f / 2w)duds T Wz — 0y, f1(Wet — ),
oq s

g (Wz(t)), g" (Wz(t — u(1))),
/ / dvydvduds. g7 Wt — 1), g7 (Wa(t — 1)),

1 *2
x1 = z(az) — / 2(s)ds,
— U1 Joy

%)
/ z(s)ds
(Otz — 0(1)2 /al / z(u)duds,

x3 = z(az) —

x2 = z(o2) +

() 0!1)

_ T

Lemma 4 [2]: Foraposztzve definite matrix R € R™", for T =n@ T
any continuously differentiable function z : [o1, 2] — R”, ™ (WD), P - (Wels)ds, o™ (1) |
the following inequality holds: U, = &) + Dy + O3 + Dy + D5 + Dg + vy + 1o

+v3 + v4 + vs5 + vg,
/ f / (v)Rz(v)dvduds : ; : T 62 T 3T
1= Sym{[elv wiey, Giejp, H1e13lP
10 T
= ﬁxl RX1+WX2 Rx2, x[eST, eg—eg, L21eg+tle6T—Lzeg,
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ST
262 Liew| |-

e el Oer — (1 —1)e"2e; Qe + €] Orey
el TQzez + el Qze1 — e*2e] Qse3,

LleSTRle5 + L2165 R2e5

Ll es Rle5 + L21 es Rzes

—[el — el IR [l — E1T

—3[elT + eg — 2e£]R1[e]T + eg — 2eg]T
—S[elT — eg + 666T — 126‘9T]R1

x[el —eb + 6eg — IZeg]T

~Tlel + el —12¢f + 60ed — 120e1,1R,
x[el +eb —12¢L +60el — 120e1,1"
—le; —ej1Rale) —e31"

—3[el + el —2eTIRy[e] + f — 26777
—5le) — e} +6¢] — 12¢]yIR)

x[ed —ef +6eF — 12¢]1"

~T[ed + eb — 12¢7 4 60l — 120e151R,

x[eg +eb — 12e7T + 60el, — 120e]517,

85 5165 —|— 5 6‘5 526‘5

2
—2[1[6’1 — 66]51[6’1 — eg]
—4L%[e1T + Zeg - 6eg]Sl
x[elT + 2@6T — 6egT,]T

— 3¢l + 24el — 60e!,18,
x[el —3el + 2469T — 60el,17
—20[el — el1Sa[el — eIT
—43[el +2¢8 — 6el |18l + 2¢F —
— 3el + 24el| — 60e1,15,
—60e!,17,

T

—6u3[el

T 4T
6eq]
—6L%[elT
x[el —3el +24el,

6 6

geS U1€5 + 5

2 2 r
—6 1T L1€9 Uy 21T—L%99T

2
—10[ 61 { Lleg +4L1€12} U
) T
t
x |:—€1€1T L169 +4L1612:|

2 2 r
2T L of — 20T
—6 —61 ‘2611 U> 2 1 — e

2
—10 |:—gzelT — el + 4L2614:| U

t2
x| -2e -4

2 T

65 Ujes

T
T 2T
611"‘4[2314} ,

T
624Y€24,

v = [(F,W(el

Vy =

V3

V4

= Sym{[e] X; + el Xs][—es — Aey + Boers

—e3)) —els +ef;lLs
x[e15 —e17 — (FpW(er — e2))]

+H(F,W (el —e})) — efs + efgllya
x[e15 — e — (FuW(er — e3))]
+H(F,W(e] —el)) —els +elc1Lss

x[e15 — e16 — (FuW(er — e4))]

T T T T
H(FpW(ey —e3)) — €16+ e17lLsa
x[e16 — e17 — (FmW(e4 — e2))]

T T T T
+H(FpWley —e3)) —ej6 +eigllys
x[e16 — e18 — (FuW(eq — €3))]

T T T T
+[(FpW(62 — €3 ) — e+ elg]Lf6
x[e17 — e18 — (FmW(ez — e3))],
[F,Wel — el 1Vrilers — FruWei]
+[F,Wel — 81T6]Vf2[€16 — FyWey]
+[FpW€g - 61T7]Vf3[617 — F,Wej]
+[FpWel — efg]Vyalers — FyWes),
[(GpW (el — e3)) — efo + €3 1Lg1
x[e19 — e21 — (G W(e1 — e2))]
[(GyW (e —e})) — ely + ely1Lg
x[e19 — e — (GuW(er — e3))]
[(GyW(e] —e3)) — efg + e39]Lg3
x[e19 — ex0 — (G W (e1 — e4))]
[(GpW(ei —€3)) — €3y + €3 1Lgs
x[e20 — e21 — (GuW(eq — e2))]

T T T T
[(GpW(ey —e3)) — ey + eplles
x[ez1 — e — (G W(ez — e3))]

T T T T
[(GpW(ey —ey)) — e + e311Lgs
x[e20 — €21 — (GW(eq — e2))],

[G,Wel — elg1V,ile19 — G Wei]
+[GyWel — by 1Vealeao — GuWes]
+[GpWeg - 851]Vg3[€21 — Gy Wes]
+[G,Wel — e2,1Valens — G Wes),
= [H,We| — e331Vii[e2s — HpWeil,

+B1ex0 + Brexs + Censl},

3

ex2 _ ot e — ] o
o = a 2 =
e — oy — 1 O — e — e — qin
o? VBT o?

—2!% — 20u1 —o? L1 + 2L2 ot

203 ’
—2[% — 2ou2 —o? L2 + 2L e*2

203 ’
—6[? — 6ou‘1‘ — 3023 3[? + 6%

6ot ’
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Qo — —6@ — 6ou‘21 - 30[2Lg - (X3Lg + 6e*12
6a4 ’

€12 — eV — oy
Qo = 2 ,
o
1 = )\min(P)9 o= Amax(P)a {3 = )‘max(Ql)’

G4 = kmax(QAZ)s g5 = )\max(QAS)’ $6 = )\max(RAl),
&7 = )Lmax(R2)v i = )‘«max(Sl) NOES )\max(SZ)v
610 = Amax(U1), ¢11 = Amax(U2), §12 = Amax(¥),

f13 = )\max(M)~

A. FINITE-TIME BOUNDEDNESS
In this subsection, we study finite-time boundedness for the
generalized neural networks in the following form:

z2(t) = —Az(t) + Bof (Wz(2)) + B1g(Wz(t — u(2)))

t=y1(t)
+B> / h(Wz(s))ds + Cw(t), (10)
t=ya(t)
z2(t) = ¢(1), t €[—w,0] (1)

Theorem 1: For given positive scalars 1, T and «,
the system (10) is finite-time bounded if there exist symmetric
positive definition matrices P, Q;(i = 1,2,3), R;, §;,
UG = 1,2), Y, M, any matrices X1, Xp such that the
following LMIs hold:

W, — aebsMers < 0, (12)
al <P <ol 0<0 <6l
0<Or<tl, 0<03<¢sl,
0 <Ri<¢l, 0<Ry <7l

T [Hcl + w31 — eiO‘T)] < {0, (14)
Proof: We construct the LKF as follows:

6
Vi, x) =Y Vilt, x) (15)

Jj=1
where

Vilt,x) = @ (P (1),
-
Valt, xp) = f 49T (90, 2(s)ds
t—u(t)
t
+ / 97T (5)0r2(s)ds
r—t
t
+ / 797 (5)032(5)ds,
t_
tlz t
Vi(t,x) = 1 / / 2T R 2(u)duds
t—ti1 Js

r— t
+121 / / 0T () Ry 2(u)duds,
—1 s

89466

t 1 t
Valt,x) = 23 / / / U (1)S 2(v)dvduds
t—t1 Js u

t t t
+43 / / / T (1) SHz(v)dvduds,
t—in Js Ju

t t t t
Vs(t,x) = 3 / / / f T O)U z()d rdvduds
t—t1 Js u v

t t t t
+43 / f / / Mz (h)
t—ir Js Ju Jv

x Upz(A)d Advduds,

t—y1 t
Ve(t, x:) = 21 / / CORT (W (u)) YR(Wz(u))duds.
t—y» N

Then, the time derivative of (15) are computed as follows:

Vi(t, x) = 2o (1)Po(t) — aw | ()Pw (1) + o V)
TP 1ED) + aVy,
Valt, x) = 127 (t — 11)Q12(t — 11) (16)
—(1 = i) (t — u1)Q12(t — u(1))
+2" (1)Q2(t) — €127 (t — 1)) Qaz(t — 11)
+27 ()032(t) — €227 (t — 12)O32(t — 1)
+aV>
7t —u)Qha(t — 1)
—(1 = D" (t — u1)Q12(t — (1))
+2' (1)Qpz(t) — €127 (t — 1) Qaz(t — 11)
+2L (1)Q32(1) — €277 (1 — 12)Q32(t — 1)
+aV)

= T (D& (1) + a Vs, (17)
Va(t, x) = (12T (OR12(1) + 13,2 (OR2:(t)

t
- / L ()R e 93 (s)ds
t—u

IA

=t
—121 / U9 (R z(s)ds + a V3
t

.
2 (OR12(0) + 5,27 (0)R22(0)

t
— / T (R (s)ds
t

—1

IA

r—t
—121 / 2T (9)Raz(s)ds + a V3
t

—i

= T (1)D3E(1) + aVs. (18)

Using Lemma?, it gives

t
- / 2T (5)Roz(s)ds
t

—11

< —[z(t) — z(t — )" Ry[2(t) — z(t — 11)]

¢ o !
32— ) - = / z(s)ds} R,
t

L1 —

2 t
X [Z(l) +z(t — 1) — E / z(s)ds:|
11—t

6 t
=50z(t) —z(t — 1)+ — / z(s)ds
L 31 t—u
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12 t t r
- f / zZ(w)duds | R,
1 ) Js

6 t
X |:z(t) —z(t — 1)+ Z / z(s)ds
11—

12 t t
- / / z(u)duds
Ll 1y Js

12 !
7 [Z(I)Jrz(t—tl)— X / «(s)ds
t—t

a7

60 t t
+—2/ / zZ(w)duds — 12003 | R
Ll ) Js i

12 [
X |:Z(t) +z(t — 1) — :/ z(s)ds
1—u

60 t t T
+—2 / z(u)duds — 120@3
Ll Ky
11— -

o / T ()Ry2(s)ds
1—ty

—[z(t — 1) — 2t — ) Rolz(t — 1) —2(t—12)]

IA

2 t—u T
—3|:z(t — )4zt — ) — —/ z(s)ds] Ry
t

21 —2

2 t—11
X [z(t —)+z(t =) — — f z(s)ds]
21 t—tp
—t]

—5[[z(t —u) =zt —w)+ %f (s)ds

11—
/ / (u)duds]
‘21

11—t
XRz[[Z(I —t1)—z(t — )+ L£ / z(s)ds
t

21 Jt—up
/ / z(u)duds]
‘21
1—

12

—7|:z(t —)+z(t — ) — — / z(s)ds
21 Jr—1p

T

/ / z(u)duds — 120Q1 Ry
‘21 1=

12
[Z(t —1)+zt — ) — — / z(s)ds

/ / z(u)duds — 120@1 .
‘21

Vat, %) = —zTu)Slz(t) + —ZT(t)Szz(t)

—i / / 02T () S 2(u)duds

—LZ/ 0T () So 2 (w)duds + aVa
t—ip Js

—ZT(l)Slz(t) + —zTa)Szz(t)

IA
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1 t
- / / 1 (u)S12(u)duds
t—t1 Js

t t
-3 / f I w)S>z(u)duds + Vs
I—ip Js

= ET(1)D4E(1) + aVa. (19)

By applying Lemma3, we can deduce

t t
—L% f / 2T (u)S1 2(u)duds
r—t s
1 1 ) r
< —2L%[Z<r)— — f Z(S)dS} Si
l Ji—y
1 1
x[z(t)— — / z(S)dS}
1 Ji—y
2 t
—4L1[z(l)+ / 2(s)ds
/ f z(u)dudsi| S1
[z(t)+ / 2(s)ds — — f / z(u)duds]
t
—6L1|: (1) — —/ z(s)ds
/ / z(u)duds — 6OQ{| M
|: (t)— — / z(s)ds
/ / z(u)duds — 60Q{|
t—u
t—t
— f l / 21 (w)S>2(u)duds
' s
1 r
—2L% |:z(t) — —/ z(s)ds:| S>
0 Ji—i,
1
[z(t) - — / z(S)dS} — 443 [z(t)
—f z(s)ds — —/ f z(u)duds] SH
) ) t—ip Js
x|:z(t)+— / Z(s)ds — / / z(u)duds}
2 Jt—i, 5 Jt—ip Js

3 t
_6L§[z(t)— - / 2(s)ds

2 Ji—1
/ / Z(u)duds—6094 S
—1t

[Z(t) - — f 7(s)ds
/ / zZ(uw)duds — 60Q4 .
t—1ip

IA
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6 6
Vs(t, x;) = %‘Z%)U@(r) + L—ZZT(t)Uzi(t)

t t

—L?/ / f «U=:T W)U 2(v)dvduds
t—t1 Js u
t t t

-3 / f / U ) Usz(v)dvduds
t—ip Js Ju

+aVs
6

6
%ZT(I)Uli(I) n %ZT(I)Uzi(t)

t t pt
_‘? / / f T (WU z(v)dvduds
t—ti1 Js u

t t t
-3 / f / 2L W Urz(v)dvduds + a Vs
t—ip Js u
= £71(PsE(1) + aVs. (20)

By utilizing Lemma4, we have

t t t
—L? / / / 2T W)U z(v)dvduds
t—t1 Js
< - [—z(t)—/ z(u)duds] U,
t—t) Js
|:[—1Z(l)— / / Z(u)duds]
2 =t Js
L2 t t
—10[—120)— / / 2(u)duds
6 t—t1 Js
4 [t t ps 1T
—}—L— / [ / z(W)dvduds | Uj
1 Jt—uy Js Ju J
L2 t t
x[—‘z(r)— / f Z(u)duds
6 t—t1 Js
4 t t N T
+— / / / z(W)dvduds |,
U Jr—y Js Ju J
t t t
—L%/ //ZT(V)Uzi(v)dvduds
t—1ip
—6[—z(t)—/ /z(u)duds] U,
t—ty
x|:—z(t)—/ / z(u)duds:|
2 t—ip Js
l2 t t
—10[—%@)— f f z(u)duds
6 t—ip Js
4 [t t ps T
+— / / / z(v)dvdudsj| U,
0 Ji—, Js Ju
L2 t t
x|:—2z(t)— / f Z(u)duds
6 t—ip Js
4 t t s
+— / / / z(v)dvduds:|.
L Ji—, Js Ju

Vo(t, x1) = o2 hT (Wz (1)) YR(Wz(1))

=y
—021 /
=y2

< o hT (Wz(t))YR(Wz(1)) — (12(t) — y1(1))

IA

IA

TR (Wa(s) YR(Wz(s))ds

89468

t—yi (1)
x %2 / " hT (Wz(s)) YR(Wz(s))ds
t—ya(t

= T ()D& (1) + aVe. (21)

By Lemmal, we obtain

t=y1(1)

—(2(t) — (@) BT (Wz(s)) YR(Wz(s))ds
t—y2(1)
t—y1(t) t—y(t)
< — / T (Wz(s))dsY / h(Wz(s))ds.
t—yp(1) t=y2(t)

By utilizing Assumption 1, we get that

ls(vi, v2) == 2[f (z(v1)) — f(z(v2))
—FuW(z(r1) — 200o)1” Ly
x[FpW(z(v1) — z(v2))
—f @) + £ ()] = 0,
Vi) 1= 2[f (V) — FuWz)]" Vi
[F,Wz(v) — f(z(v))] = 0
2[g(z(v1)) — g(z(12))
—GnW (1) — 221" Lg
x[GpW (z(v1) — 2(12))
—g(z(v1)) + g(z(»2))] = 0,
2[g(z(v)) — GuWz(W)]" Vy
x[GpWz(v) — g(z(v))] = 0
va(v) = 2[h(z()) — Huy Wz V),
x[H,Wz(v) — h(z(v))] = 0

lgi(v,v2) =

Vei(Vv) =

where

Ly = diag{lyp, by, . . ., Lt
Vi = diag{vig, v, . - ., Vafits

Lgi = diag{lg, bogi, ..., Lngi},
Vyj = diag{vigj, vagj, - - -, Vngj}s
Ly = diag{li, bapis - - -, Luni},
Vi, = diag{vip, von, - - -, Vah}-
i=1,2,...,6,j=1,2,3,

Therefore, we have
It t — ) + lpa(t, t — ) + I3t £ — u(2))

Flpat — 1(0), t — 1) + lps(t — (1), t — 12)

Hre(t — 11,1 — 1) = EDVIER) = 0, (22)
vr1(t) + ve2(t — 1(t))

3t — 1)+ vpalt — ) = EDE@) = 0, (23)
Ly, t — ) +la(t, t —12) + Le3(2, t — 1(2)))

Flga(t — 1(t), t —11) + lg5(t — 1(2), t — 12)

oot — 11,1 — 12) = EDWIER) = ED3E@) = 0,

(24)

Vgl (t) + vga(t — 1(t)) + vg3(t — t1)
+vealt — 1) = EDwER) > 0, (25)
va(t) = Et)vs&(t) > 0. (26)
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Moreover, the following equality holds for any n x n
matrices X, Xp:

0=2 [ZT(t)Xl + zT(t)Xz]
x [—2(t) — Az(t) + Bof (Wz(t))

t—oq(t)
+B1g(Wz(t — (1)) + B> / 1 h(Wz(s))ds]
t—o2(1)

= &1 (t)ve& (1) 27)
Combining (16)-(27), it can be inferred that

V(t, x) —aV(t,x;) — awT(t)Ma)(t)
< T ()W, — wessMers)&(t). (28)

It follows from (12) and (28), we have

V(t,x) —aV(t,x) —aol (OMo(t) < 0. (29)
By multiplying of (29) with =%, then (29) becomes
d
- (e V(t, x)) < ae™ ™o’ (HMa(t). (30)

By integrating (30) on [0, ¢] where ¢t €
Assumption 2, we obtain

[0, T] and

- T
Vt,x) < T | V(0, x0) + « / e “w s)Ma)(s)ds:|
L 0
- T
< T v(0, x0) + akmax(M)w/ e‘”ds:|
L 0

< T [V(0, x0) + wt13(1 — e—“T)] . 31)

Next, we consider V (0, xp) by Assumption 1, we get
V(0, xo)
= w ! (0)Pw(0) + /

—1(0)
0
“f
-

e~ 77 (5)0a2(s)ds
0
+f
Y

0 0
+11 / / ezl (WR, z(u)duds
S

—11

e~ 7T (5)012(s)ds
e (9)032(s)ds

—l] 0
+L21/ ezl (R z(u)duds
—2
/ / f e~ 2T (1S 12(v)dvduds
0 50 uO
/ / / e 2T (1) S2z2(v)dvduds
2
/ / f / e 7T (WU z(0)d hdvduds
0 0
/ / / / e~ 2T (W) Urz(M)d hdvduds

0
+o21 / e~ T (Wz(u)) Yh(Wz(w))duds
) N
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—11

< o (OPw(0) + / T (5)012(s)ds

—1(0)

0
+ / e~ 71 (5)0a2(s)ds

-1

0
+ / e~ 71 (5)032(s)ds
Y

0 0
++L1[ f e~ 2T (WR, z(u)duds
—y

N

L
+1 / e~z ()R (u)duds
-2 S
0 0 0
‘H%/ / f e~z (VS 2(v)dvduds
—l1 N u
0

0 0
—H% / / f e~z (WS2z2(v)dvduds
—ip Js u

whereI:I_diag{HJ“,.. H+}

Furthermore, WeletP v PV T Q, =V 7 Q,V 3 ,'l=
1, 23R —V2RV2 S —V2S]V2, '—V2UV2,
ji=1,2,Y=v7 HTYHV 7, we can derive that

V (0, xg)

< wTOVIPVIw(0)

i
—i—/ e T(S)VZQ]VZZ(s)ds
—1(0)

0
o

0
+ / 0T (V2 03V 2 7(s)ds

wf [
[l

e~ " (s)V% sz 3 2(8)ds

—esT (V3 R,V 2 2wy duds

0

+1 5T W)V 2 Ry V 2 3(uw)duds

0 0 |- |
+ f f e~ WV 28,V 23(v)dvduds
0 Js

L
—H%[

I

!,

=T WV 5V 3 v\ dvduds

A

0 0 0 0

/ / / 5T )V 20,V 250.)dAdvduds
0 T 1 A 1

/ / / e~ T V2 ULV 2z(0)d Advduds

u

0
+o1 f e (V2 YV 2 7(u)duds
) N
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< {Amax(P) + Q1 Amax(01) + 22 Amax(02)
+Q3Amax(03) + Qurmax(R1) + QsAmax(R2)
+Q6Amax(81) + 27Amax($2) + L8Amax(U1)
+Q0Amax(02) + Q210Amax(V))
x sup {z' ()Vz(s), 2 (s)V(s)} < Tey

1p<s<0

where

[ =8 + Q183 + Q2284 + Q385 + Qule + Q2587
+Qels + Q2789 + Q810 + Qo811 + 210812 (32)

In addition, it follows from (15) that

ZL(H)Pz(t)
Amin(P)ZT (Vz(1) = L2l (1)) (33)

V(t’xl‘) >
=

Then, from the inequalities (31)-(33) and the condi-
tion (14), we obtain

eotT
L OVet) = < [Ter + peial = 1))
9!

< 3.

By definition (2), the system (10) is finite-time bounded.
The proof is complete. U

Remark 3: Choosing (vi,v2)as (t,t—uy), (t,t—12), (t,t —
(@), t —ut),t —uy), ¢ —ut),t — ), and (t — 11, t —1p) in
(6) — (8). Therefore, we used more information on cross terms
among the terms t, t — (1, t — 13, and 1(t). So, our method lead
to less conservative stability criteria.

Remark 4: In this paper, the LKFs including single,
double, triple, and quadruple integral terms in which more
information on the delays (1, t2, y1, y2, and a state variable
are used. In addition, the LKFs consisting of two new
triple integral terms i} ftt_“ f; fut 7T ()81 2(v)dvduds
and 13 -[tl—lz f; fut T (WSy2(v)dvduds are applied, that
have not been used in [6], [10]-[13], [15]-[18], [21].
Moreover, we also introduce two new quadruple inte-
gral terms L? frtﬂl f; fut fvt =M OO U 2()d Advduds and
t% ftilz f; f; fvt =0T ONUz(\)d Advduds which have not
appeared in [6], [9]-[21]. Furthermore, the stability and
performance analysis have applied more information on

activation functions, that is, in the proof we have F; <
ﬁ(V_VWML)l_j‘E‘g‘YZT)()Wu)éh'(Vf/‘\l:’ Gi -i-S gl(WWMu)_%]E}WV) = . G;F, and
H; =< o = H.". Therefore, the major keys to
improving the results of our work are constructing new LKFs
and using new techniques for estimating the time derivatives,
which lead to less conservatism. The bound of the time
derivative of LKFs is tighter bound than the inequalities [49],
[50] when we use the Jensen’s integral inequality [6],
the new triple integral inequality [2], and extended single
and double Wirtinger’s integral inequality [ 5] in the proof. All
of these lead to a reduction of the conservatism of obtained
results compared with previous works as shown in numerical
examples.

89470

B. FINITE-TIME STABLE
We define

e = [OnX(i—l)n]nxnonx(24_i)n] c R"x24n

(i=1,2,...,24),
E(t) = [sz, @t —u), 't —w), ),

t r—t
@), / 7l (s)ds, — / T (s)ds,
_/ T(s)ds / / T(u)duds
l‘ 51

7 / ' (wyduds, 0. 03. o1
by Ji—n s

o4, fT(Wz(®), fT(Wz(t — 1)),
FrWa(t =), fT(Wa(t — 12)),
gT(Wz(1)), " (Wz(t — u(1))),

g Wzt — 1)), g7 (Wz(t — ),
t—y1(t)

T
W (Wz(1)), hT(Wz(s))ds] ;

t=ya(t)
Wiy = @)+ Oy + D3+ Oy + O5 + P+ vy + 12 + 13

+v4 + V5 + Ve,
ves = Sym{[el X1 + X Xa][—es — Aet + Boers
+Biex + Baenl}.
Remark 5: The generalized neural networks (1)-(2) with-

out output vector and external disturbance (y(t) = 0 and
w = 0) satisfying (4)-(5) becomes

(1) = —Az(t) + Bof (Wz(1)) + B1g(Wz(t — u(1)))

t=y1(1)
+B; / h(Wz(s))ds, (34)
1=y2(t)

2(t) = ¢(1),t € [—12,0]. (35

Corollary 1: For given positive scalars 1, T and «,

the system (34) is finite-time stable, P, Qi(i = 1,2, 3), R;,

S, UG = 1,2), Y, M, any matrices X1, X, such that the
following LMIs hold:

W < 0, (36)
al <P <ol 0<01<6l,0<0) <l
0<0s<tsl, 0<Ri <6l 0<Ry <49l
0<S1<¢l, 0<S <l 0<U <o,
0<Ur<¢tnl, 0<Y <, (37)
TTe < ¢ien. (38)
Proof: Similarly to the proof of Theorem 1, therefore,
it is omitted here. 0
Remark 6: The generalized neural networks (34)-(35)

without distributed delay and W is identity matrix (B = 0
and W = I) can be written as follows:

2(t) = —Az(t) + Bof (2(1)) + B1g(z(t — u(1)))  (39)
2t) = @), t € [—12,0]. (40)
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satisfying 0 < «(t) < 1 and i(t) < t, which mean
that the system (39)-(40) becomes a special case of the
system (34)-(35)

Corollary 2: For given positive scalars 13, T and «,
the system (39) is asymptotically stable, if there exist
symmetric positive definition matrices Q;(i = 1,2, 3), R;, S},
Ui(j = 1, 2), any matrices P, X1, Xo such that the following
LMI holds:

v, < 0. 41

Proof: The proof of Corollary 2 is similar to the proof

of Theorem 1, hence it is omitted here. U

Remark 7: As shown in the above, from Corollary 2,

we can give stability criterion for a neural network with

time-varying delay, even any delay rate t. Our results are

more effective, which is illustrated in the numerical example
part.

C. FINITE-TIME MIXED H../PASSIVITY ANALYSIS
In this subsection, we consider the finite-time mixed
Ho/passivity for the generalized neural networks as follows:

2(t) = —Az(t) + Bof (Wz(t)) + B1g(Wz(t — (1))

t=y1(t)
+B; / h(Wz(s))ds + Cw(t), 42)
=y (t)
() = D1z2(t) + Drz(t — (1))
t=y1(t)
+Ds3 / h(Wz(s))ds + Dyw(t), 43)
t=y2(t)
72(t) = ¢(t),t € [—12,0]. (44)
We define

v7 = —yiler + Daes + D3exs + Daers]”
x[e1 + Dyes + D3ezq + Dyers)
+2(1 — o)dle1 + Daes + D3eps + Dyerslers
+82655€25,
"I’mp =Y, 4+ v7.

Theorem 2: For given positive scalars 1, T and «,
the system (42)-(43) is finite-time bounded with a mixed
Hyo /passivity performance index § if there exist symmetric
positive definition matrices P, Qi(i = 1,2,3), R;, S},
UG = 1,2), Y, M, any matrices X1, Xp such that the
following LMIs hold:

W,y — aedsMeys < 0, (45)
al <P<ql, 0<0) <l
0<0r<&l, 0<Q3<sl,
0<R <&l 0<Ry, <7l

~ ~

S1 <¢ggl, 0<8 <&,

o
A

0< U <aol, 0<Us < tul,
0<YV<tpl, 0<M <5l
(46)
o7 [Hq + w1 — e*“T)] < o (47)
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Proof of Theorem 2: By using LKF and the proof of
Theorem 1, we have
Vi, x) —aV(t,x) = J (1)
T T
= £7(0) (W — aelsMers) (1) (48)
where
J(0) = —oyT ()y(0) 4+ 2(1 — 0)8y" (w(t) 4+ o0’ (Hw(1).
From (45), we obtain

V(t,x) —aV(t,x) —J(@) <O0. (49)

o

Multiplying inequality (49) by e~*' and integration from 0

to T, we obtain
T
Vx, 1) < e*TVixg, 0)+ T / e~ “J(s)ds.
0

Then, under the zero original condition V(xp,0) = 0,
we get

T
/ J(s)ds > e“TV(x,, 1).
0

Meanwhile, V(x;, t) > 0. Thus,

T
/ [—oyT(t)y(t)+2(l —a)8yT(t)w(t)+Uza)T(t)w(t)] ds>0.
0
which indicates that

T
fo ay! (t)y(r) — 2(1 — )8y D)(t)

T
<4 f ol (Da(t)dt.
0

By definition (3), the system (42) is finite-time bounded
with a mixed Hso/passivity. This completes the proof.

IV. NUMERICAL EXAMPLES
Next, we show numerical examples to demonstrate the
efficiency of the present results.

Example 1: Consider the generalized neural networks
described in (10) with the following matrix parameters:

A = diag{l1, 1}, F,, = G, = H,, = diag{0, 0}
F, = diag{—0.04,0.04}, Gp = diag{—0.16, 0.16},
Hp = diag{—1, —1}, W = diag{1, 1},

g _ [1188 0097 . _[0.09 ¢0.14
"= 1009 1188 “'T10.05 0.09]

044 —0.21 02 -0.6
B2 = [0.29 0.41 } €= [0.3 0.2 }

Let the interval discrete time-varying is u(t) =
0.8 + 0.5sin(?), the interval distributed time-varying delays
are y1(t) = 0.3 4+ 0.2sin(¢) and y»(t) = 0.5 + 0.3 sin(z),
the neuron activation functions are taken as f(z(t)) =
[0.2tanh(z) (), 0.2tanh(z2())]7, g(z(t)) = [0.2(]z1(¢) +
1] = lz1(®) = 1D, 0.2(1z2(1) + 1] = |z2(t) — 1DI" and

h(z(t)) = [tanh(z;()), tanh(za()]¥. For given scalars
Tt =05p=01c¢ =112, T = 30,0 = 0.1 and V
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FIGURE 1. The trajectories of z, (t) and z,(t) of system (10) in Example 1.
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FIGURE 2. Time history of x7 (t)x(t) for closed-loop system in Example 1.

is identity matrix. Solving LMIs (12) in Theorem 1, we obtain
c» =4.75.

For an initial condition ¢(t) = [—0.40.4]7, figure I
demonstrates the trajectories of solution zi(t) and 72(t) of
generalized neural networks (10) with various activation
functions and mixed time-varying. Figure 2 illustrates the
time history of 7% (t)z(t) for the delay generalized neural
network system (10). In conclusion, system (10) is finite-time
boundedness with respect to (0.5, 4.75, 30, I, 0.1). Thus, this
proves the effectiveness of our obtained results in Theorem 1.

Example 2: Consider the generalized neural networks
described in (34) with the following matrix parameters:

A = diag{l, 1}, W = diag{1, 1},

Fpy = Gy, = H,, = diag(0, 0},

F, = diag{—0.04,0.04}, Gp = diag{—0.16, 0.16},
. 1188 0.09

Hp = diag{—1, =1}, Bo = [0.09 1.188] ’

0.09
B = [0.05

0.14] , _[044 —021
009 727 029 041 |
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FIGURE 3. The trajectories of z; () and z, () of system (34) in Example 2.
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Let the interval discrete time-varying is ((t) = 0.8 +
0.5sin(¢), the interval distributed time-varying delays are
yi(t) = 0.3 + 0.2sin(t) and y»(t) = 0.5 + 0.3sin(?),
the neuron activation functions are taken as f(z(t)) =
[0.2 tanh(z; (1)), 0.2 tanh(z2(t)]7, g(z(1)) = [0.2(|z1(1)+1|—
z1(6) = 1), 0.2(|z2(1) + 1] — |22() — 1] and h(z(t)) =
[tanh(z{ (7)), tanh(zo(t))Y. For given scalars T = 0.5, ¢ =
1.12, p = 0.1, T = 30, « = 0.1 and V is identity matrix.
Solving LMIs (36) in Corollary 1, we obtain ¢y = 5.37.

For an initial condition ¢(t) = [—0.20.2]7, figure 3
demonstrates the trajectories of solution z1(t) and 72(t) of
generalized neural networks (34) with various activation
functions and mixed time-varying. Figure 4 illustrates the
time history of z! (t)z(t) for the delay generalized neural
network system (34). In conclusion, system (34) is finite-time
stable with respect to (0.5, 5.37, 30, I, 0.1). Thus, this proves
the effectiveness of our obtained results in Corollary 1.

Example 3: Consider the neural networks described
in (39) with the matrix parameters as follows:

A = diag{2, 2}, W = diag{l, 1},
F), = diag{0.4, 0.8}, F,, = diag{0, 0},

o1 0.88 1
=5 A w=[ )
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TABLE 1. Delay bounds (, with different .

T 0.80 0.90
[9] 4.5940  3.4671
[10] 4.8167  3.4245
[11] 5.4428  3.6482
[12] 5.6384  3.7718
[6] 6.7186  3.9623
Corollary 2 8.5200  4.0979

TABLE 2. Delay bounds ¢, with different .

T 0.40 0.45 0.50 0.55
[13] 4.6569 3.7268 3.4076 3.2841
[14] 4.5543 3.8364 3.5583 3.4110
[15] 7.6697 6.7287 6.4126 3.2569
[16] 8.3498 7.3817 7.0219 6.8156
[17] 10.1095 8.6732 8.1733 7.8993
[12] 10.5730  9.3566 8.8467 8.5176
[18] 16.8020 11.6745  9.9098 9.0062
[6] 17.2697 12.0698  10.2903  9.3879
Corollary 2 19.5194  12.2110  12.4201  10.3990

Let the time-varying u(t) = 0.8sin(t) + 4.8384,
the neuron activation function is taken as f(z(t)) =
[0.4tanh(z;(¢)), 0.8 tanh(z2(1))]". The proposed criteria,
the maximum delay bounds with t estimated by the Corol-
lary 2 are shown in Table 1. In addition, we compare
the obtained results with the published work. The results
guarantee that the stability conditions demonstrated in this
article are more efficient than the existing literature.

Example 4: Consider the neural networks described
in (39) with the matrix parameters in the following:

A = diag{1.5,0.7}, W = diag{l1, 1},
F, = diag{0.3, 0.8}, F,, = diag{0, 0},
Wo — 0.0503  0.0454 Wi — 0.2381 0.9320

0= 10.0987 0.2075]" "' T [0.0388 0.5062]"

Let the time-varying «(t) = 0.4sin(r) + 10.173,
the neuron activation function is taken as f(z(t)) =
[0.3 tanh(z;(¢)), 0.8 tanh(z2(1))]”.The proposed conditions,
the maximum delay bounds with t computed by the
Corollary 2 are shown in Table 2. In addition, we compare
the obtained results with the published work. The results
guarantee that the stability conditions demonstrated in this
article are more efficient than the existing literature.

Example 5: Consider the neural networks described
in (39) with the following matrix parameters:

A = diag{7.3458, 6.9987, 5.5949}, W, = diag{0, 0, 0},
Wy = diag{l, 1, 1}, F,, = diag{0, 0, 0}
F, = diag{0.3680, 0.1795, 0.2876},

13.6014 —2.9616 —0.6936
W = 74736  21.6810 3.2100
0.7290  —2.6334 —20.1300
Let f(z(t)) = [0.3680tanh(z;()), 0.1795 tanh(z2(?)),

0.2876 tanh(zz(t)))Y. The proposed criteria, the maximum
delay bounds with t estimated by the Corollary 2 are listed

VOLUME 9, 2021

TABLE 3. Delay bounds ¢, with different z.

T 0.00 0.10 0.50
[19] 1.5575 0.9430 0.4417
[20] 1.6409  0.9962  0.4470
[10] 1.7250  1.0408  0.4480
[16] 1.7302  1.0453  0.4486
[21] 1.8898 1.1114 0.4514
[18] 1.8899  1.1194  0.4599
[6] 1.9349  1.1365 0.4678
Corollary 2 3.1150  1.4410  1.0299

in Table 3. Additionally, we compare the obtained results with
the published work. The results guarantee that the stability
conditions demonstrated in this article are more efficient than
the existing literature.

Remark 8: From table 1-3, it is noticed that our results
presented larger bounds of time-delay than the existing litera-
ture by using the multiple integral terms Lyapunov-Krasovskii
Sfunction combined with inequalities.

Remark 9: The main advantage of this paper is to apply
Jensen’s integral inequality (Lemma 1), an extended single
and double Wirtinger’s integral inequalities (Lemma 2, 3),
a new triple integral inequality (Lemma 4) with new LKFs to
the proof. As a result, our maximum delay is greater than that

of [9]-[21].

V. CONCLUSION

In this article, the problem of finite-time mixed H./passivity,
finite-time stability, and finite-time boundedness for gener-
alized neural networks with interval distributed and discrete
time-varying delays has been studied. It is the first time for
the combination of Hy,, passivity, and finite-time bound-
edness. By constructing a new multiple integral LKF and
applying an extended single and double Wirtinger integral
inequality, Jensen’s integral inequality, and a new triple
integral inequality, new stability conditions are established
to derive the finite-time boundedness, finite-time stabil-
ity, and finite-time mixed Hoo/passivity neural networks.
Numerical examples are presented to verify the efficiency
of presented results and are better than the existing results.
We can see that the presented technique can be extended
to Takagi—Sugeno fuzzy non-homogeneous Markovian jump
systems [22]; in neural networks system, synchronization
of coupled reaction-diffusion [23] and synchronization of
coupled memristive [24].
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