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ABSTRACT The magnetic field of end windings affects the leakage reactance of end windings and the eddy
current losses of end structures in the large electrical machine. With the rising of single-machine capacity,
such effect becomes more obvious. However, due to the complexity of end structures of large electrical
machine, it will cause difficulty in meshing and long calculation time to calculate the magnetic field of
end windings by using 3-D finite element method (FEM). In order to calculate the magnetic field of end
windings quickly and accurately, an improved analytical algorithm (IAA) is proposed based on the mirror
image principle, which takes into account the influence of stator back core and air-gap on the magnetic
field of end windings by adding the fictitious boundary current and air-gap current, respectively. Taking a
300Mvar synchronous condenser (SC) as an example, the boundary current, air-gap current and magnetic
field of end windings are calculated. Then, the influence of stator back core and stator involute segment
current on the magnetic field of end windings are analyzed, which provides a theoretical support for the
design and optimization of SC. To validate the accuracy of IAA, the calculation result is compared with
3-D FEM.

INDEX TERMS Synchronous condenser, magnetic field, analytical algorithm, mirror image, stator back
core.

I. INTRODUCTION
With the strong instantaneous reactive power support and
short-time overload capability, the SC has been used as
an indispensable reactive power compensation device for
today’s power grid [1], [2]. Fig.1 shows the new 300Mvar SC,
which works alternately under multi-operating conditions.
When the SC works under deep leading phase operation,
sharply increased stator current will threaten the stable oper-
ation of SC and power grid seriously. Therefore, the design of
SC is facing new challenges. In view of the mentioned char-
acteristics of SC, a fast and accurate method for calculating
the leakage reactance of end windings and the eddy current
losses of end structures of SC are of great necessity.

3-D FEM and analytical method are two main methods
for calculating the above problems. Based on 3-D transient
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FIGURE 1. New 300Mvar SC.

FEM, the magnetic field and eddy current losses in the end
region of large electrical machine were calculated in [3], [4],
and the temperature distribution in the end region of the
water–hydrogen cooled turbine generator was calculated
in [5]–[8]. The 3-D electromagnetic force distribution in end
region of turbine generator was calculated by a 3-D FEM
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in [9], [10]. Although 3-D FEM is with high calculation pre-
cision, there are still many shortcomings in the construction
of 3-D model, calculation time and meshing. A complete set
of analytical method for calculating the magnetic field and
eddy current losses in the end structures of turbine generator
was first proposed by P. Hammond in [11]–[15]. The formula
for end-winding current distribution replaced by equivalent
current sheets of the sinusoidal type was derived in [16], [17].
On this basis, the analytical method was employed to cal-
culate the eddy current losses in the clamping ring of tur-
bine generator in [18]. Based on the mirror image principle,
the leakage inductance of end windings of motor was calcu-
lated by a 3-D analytic method in [19]–[22], which assume
that the permeability of end core was infinite. Compared with
the 3-D FEM, the analytical method requires only a short
calculation time for calculating the magnetic field of end
windings of large electrical machine. However, due to the
low calculation accuracy, the analytical method is still rarely
used to calculate the magnetic field of end windings of large
electrical machine.

The magnetic field of end winding is very important in
the simulation calculation of large electrical machine. It is
the basis for calculating the eddy current losses, which can
provide a theoretical support for the estimation of stray loss.
It is also useful in calculating the leakage reactance and
electromagnetic force of end windings. In [16], the magnetic
field of end windings in turbine generator was calculated,
and it was verified that the eddy current in clamping ring has
little effect on its surface magnetic field. In [17], the eddy
current losses in clamping ring of turbine generator were
calculated by the magnetic field of end windings and the eddy
current feedback coefficient. In [12], themagnetic field of end
windings is calculated and the influence factors of stray loss
are analyzed in rotating electrical machine. As the capacity
of a single machine increases, it is necessary to analyze the
magnetic field of end windings.

In this paper, an IAA for calculating the magnetic field of
endwindings in large electrical machine is proposed, which is
based on themirror image principle. This algorithm takes into
account the influence of stator back core and air-gap on the
magnetic of end windings by adding the fictitious boundary
current and air-gap current, respectively. The boundary cur-
rent, air-gap current and the magnetic field of end windings
in 300Mvar SC are calculated. Then, the influence of stator
back core and the stator involute segment current on the end
magnetic field is analyzed in detail. In order to verify the cor-
rectness of the proposed analytical algorithm, the calculation
results are compared with that of 3-D FEM.

II. ANALYSIS METHOD OF THE MAGNETIC FIELD
A. BASIC ASSUMPTION
In order to verify the accuracy of the IAA more easily,
the following some assumptions are necessary:

1) The stator winding is replaced by serial filaments
whose path is located in the center of stator winding.

FIGURE 2. Schematic diagram of stator end winding. (a) xy plane, (b) yz
plane.

The section of stator winding is small. This approxi-
mation is good results at points relatively far away from
the stator windings, which are what we need.

2) The permeability of stator and rotor core is infinite.
With the rising of stator and rotor core saturation,
the permeability of stator and rotor core gradually
decreases. However, the permeability of stator and rotor
core is still much greater than the vacuum permeabil-
ity when the SC works under loss of field operation.
According to themirror image principle, themirror cur-
rent can be approximately equal to the source current.
Such assumption can simplify the calculation of the
magnetic field of end windings.

3) The influences of slots and end structures are neglected.
The end structures are non-magnetic, and the eddy
currents in end structures have little effect on its surface
magnetic field [17]. From a field point of view, slots
have little effect on the magnetic field of end windings.

4) The SC works under loss of field operation.
5) The stator current is varying sinusoidally over time.

B. STATOR WINDING
The coordinate of stator end winding involute is difficult to
obtain, the stator end winding, therefore, was replaced by one
or more cylindrical surfaces in the previous calculation of end
magnetic field. It is analyzed as a focus in this section. The
schematic diagram of stator end winding is shown in Fig. 2.
The involute equations of upper layer stator end winding are
as follows: 

x(t) = (a+ (b− a)t) · cos(ξ t)
y(t) = (a+ (b− a)t) · sin(ξ t)
z(t) = c+ dt

(1)

where a is the distance from the line segment to the z axis, b
is the distance from the nose segment to the z axis, c is the
distance of the line segment, d is the projection distance of
the involute segment on the z axis, ξ is the rotation angle of
the starting point and ending point of the involute segment
in the xy plane, and t ∈ [0, 1]. In the analytical calculation,
3-D stator end windings are modeled by serial connected
filaments, which are shown in Fig 3.

85886 VOLUME 9, 2021



E. Zhu et al.: IAA for Magnetic Field of End Windings

FIGURE 3. 3-D stator end windings modeled by serial connected
filaments.

C. BOUNDARY CURRENT
Before introducing the IAA, it is helpful to consider a simpler
model. Fig. 4 shows the magnetic field distribution of a
current-carrying coil near semi-infinite iron core. In Fig. 4,
µ0 is the permeability of vacuum and µFe is the permeability
of core. Point P is on boundary surface S1, α is the angle of
magnetic lines passing through point P. The magnetic lines
pass almost perpendicularly through the boundary surfaces
S1 and S2. The magnetic field distribution obtained by cal-
culating such a structure based on the mirror image principle
is shown in Fig. 5. The boundary surface S2 is taken as the
mirror surface, and the mirror current I ′ is equal to original
current I . Comparing Fig. 4 and Fig. 5, the angles of magnetic
lines passing through the boundary surface S2 are the same
substantially, but the closed path of magnetic lines through
the boundary surface S1 is prolonged in Fig. 5. According to
the Ampere’ law, the magnetic flux density calculated by the
mirror image principle is smaller than the actual value.

FIGURE 4. Magnetic field distribution of a carrying-current coil near
semi-infinite iron core.

In order to reduce the error caused by the boundary surface
S1, an improved mirror image method is proposed on the
basis of the mirror principle. A set of fictitious boundary coils
whose current-carrying direction is opposite to the original
current’s is added in the periphery of boundary surface S1,
so that the angle of magnetic lines passing through boundary
surface S1 is perpendicular asmuch as possible. Themagnetic
field distribution calculated by the improved mirror image
method is shown in Fig. 6, where b0 is the distance from the

FIGURE 5. Magnetic field distribution of a current-carrying coil near
semi-infinite iron core calculated by the mirror image principle.

FIGURE 6. Magnetic field distribution of a current-carrying coil near
semi-infinite iron core calculated by the improved mirror method.

point P to the boundary surface S2, h is the distance between
two adjacent boundary coils, k · h is the distance from the kth
fictitious boundary coil to the boundary surface S1, h0 is the
distance from the fictitious mirror image coil to the boundary
surface S1, and I0k is boundary current of the kth layer. The
calculation result is more accurate when k · h ≈ 0.2h0,
b0 ≈ 0.01h0.

D. EQUIVALENT AIR-GAP CURRENT
The air-gap magnetomotive force has a great effect on mag-
netic field of end windings in large electrical machine.
The electrical machine model with a full-pitched coil is
shown in Fig 7(a). In Fig 7(a), g is the air-gap length and
c1c2c3c4c5c6 is the magnetic line induced by the coil. The
magnetic field strength is:{

Hc1c2 = Hc3c4 = Hc5c6 = Hc6c1 = 0
Hc2c3 = Hc4c5 = Iui/2g.

(2)

The air-gap effect can be considered by filling the air-gap
and slot with ferromagnetic material and adding a fictitious
coil carrying equivalent air-gap current in the air-gap center,
as shown in Fig 7(b). In Fig 7(b), Rg is the radius of fictitious
equivalent air-gap coil. Iui and Idi are the current of upper
layer winding and bottom layer winding in the ith slot. The
value of equivalent air-gap current on both sides of the slot is
the same, but the direction is opposite.
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FIGURE 7. Electrical machine model. (a) Full-pitched coil. (b) Equivalent
air-gap current.

III. IMPROVED ANALYTICAL ALGORITHM FOR THE
MAGNETIC FIELD OF END WINDINGS IN 300Mvar SC
2-pole 300Mvar SC is taken as an example. The main param-
eters are shown in Table 1.

TABLE 1. Main parameters.

A. CALCULATION OF BOUNDARY CURRENT
The schematic diagram of IAA at the end of SC in yz plane
is shown in Fig. 8. In Fig. 8, q2q3 and q4q5 are the involute
segments of upper layer winding and the bottom layer wind-
ing, respectively. q1q8 and q6q7 are mirror images of q2q3 and
q4q5. I ′uj and I

′

dj are the mirror images of upper layer current
Iuj and bottom layer current Idj, respectively. The fictitious
coils carrying boundary current are added to the periphery of
stator core. The region V contains the positions where all end
structures of SC are located. The schematic diagram of IAA
at the end of SC in xy plane is shown in Fig. 9, where I0k,n
is the boundary current of the nth segment of the kth layer.
The boundary current of each layer is equally divided into n
segments.

According to Biot-savart law, the equation for calculating
magnetic flux density is expressed as follows:(

Bx ,By,Bz
)
=
µ0I
4π

∫
l

(
dlx , dly, dlz

)
×
(
ρx , ρy, ρz

)
|ρ|3

(3)

where Bx , By and Bz are the magnetic flux densities in x,
y and z directions, respectively. |ρ| is the distance between

FIGURE 8. Schematic diagram of IAA at the end of SC in yz plane.

FIGURE 9. Schematic diagram of IAA at the end of SC in xy plane.

infinitesimal d l and any point Q in region A. dlx , dly and dlz
are the projections of infinitesimal d l in x, y and z directions,
respectively. ρx , ρy and ρz are the projections of ρ in x, y and z
directions, respectively.

In the IAA, the integral path is considered to be composed
of discrete points. The integral is obtained on each small
discrete path, and the magnetic field induced by a conductor
is obtained by summing the magnetic field induced by each
small discrete path on the conductor. The expression for
solving the magnetic flux density by the discrete integration
method is:

(
Bx ,By,Bz

)
=
µ0I
4π

∑ (1lx ,1ly,1lz)× (ρx , ρy, ρz)
|ρ|3

(4)

where 1lx , 1ly and 1lz are the projections of infinitesimal
1l in x, y and z directions. The space angle α at point Pn can
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be expressed as follows:

m∑
i=1

(
B(n)

uzi
+ B(n)

dzi

)
+

k1∑
k=1

n1∑
n=1

B(n)
0zk,n√√√√√√√√√

(
m∑
i=1

(
B(n)

uxi
+ B(n)

dxi

)
+

k1∑
k=1

n1∑
n=1

B(n)
0xk,n

)2

+

(
m∑
i=1

(
B(n)

uyi
+ B(n)

dyi

)
+

k1∑
k=1

n1∑
n=1

B(n)
0yk,n

)2

= tan (α) ,

m∑
i=1

(
B(n)

uzi
+ B(n)

dzi

)
≥ 0

m∑
i=1

(
B(n)

uzi
+ B(n)

dzi

)
+

k1∑
k=1

n1∑
n=1

B(n)
0zk,n√√√√√√√√√

(
m∑
i=1

(
B(n)

uxi
+ B(n)

dxi

)
+

k1∑
k=1

n1∑
n=1

B(n)
0xk,n

)2

+

(
m∑
i=1

(
B(n)

uyi
+ B(n)

dyi

)
+

k1∑
k=1

n1∑
n=1

B(n)
0yk,n

)2

= − tan (α) ,

m∑
i=1

(
B(n)

uzi
+ B(n)

dzi

)
< 0

(5)

where B(n)uxi, B
(n)
uyi and B(n)uzi are the magnetic flux densities

induced by the ith upper layer winding current and its mirror
image at point Pn, B

(n)
dxi, B

(n)
dyi, B

(n)
dzi are the magnetic flux

densities induced by the ith bottom layer winding and its
mirror image at point Pn, B

(n)
0xk,n, B

(n)
0yk,n and B(n)0zk,n are the

magnetic flux densities induced by the boundary current of
the nth segment of the kth layer at point Pn. m is the number
of stator slots. k1 and n1 is the number of layers and segments
of the boundary current. In order to simplify the calculation,
it is assumed that the boundary current of the nth segment
of each layer is equal. Taking k = 7 and α = π/180 rad,
the boundary current can be calculated by (4) and (5).

B. CALCULATION OF EQUIVALENT AIR-GAP CURRENT
The equivalent air-gap current can be determined according
to the stator current and its spatial position. Assuming the
equivalent air-gap current is positive in the counterclockwise
direction, the equation of equivalent air-gap current derived
from the winding current in the ith stator slot in the SC is:

Igi (β) =


Iui + Idi

2
,

2π × i
m
≤ β <

2π × i
m
+ π

−
Iui + Idi

2
, 0 ≤ β <

2π × i
m

,

2π × i
m
+ π ≤ β < 2π

(6)

where 1 ≤ i ≤ m/2. The initial position of rotation angle β is
shown in Fig. 9. Igi is the equivalent air-gap current derived
from thewinding current in the ith slot. The equivalent air-gap
current Ig of SC can be obtained by summing Igi:

Ig (β) =
m/2∑
i=1

Igi (β). (7)

FIGURE 10. Equivalent air-gap current at a certain time.

The fictitious equivalent air-gap coil and its mirror image
are in the same spatial position, and the mirror of equivalent
air-gap current is as follows:

Igmir(β) = Ig(β) (8)

The equivalent air-gap current at a certain time under
loss of field operation is shown in Fig. 10, which changes
stepwise.

C. CALCULATION OF MAGNETIC FLUX DENSITY OF END
WINDINGS
After the boundary current and the equivalent air-gap current
are calculated, themagnetic field distribution of endwindings
in the SC can be easily obtained by using Biot-savart law
and the principle of superposition. The calculation equation
of end magnetic field is as follows:

Bex = Bwx + Bgx + Bgmirx + Bbx
Bey = Bwy + Bgy + Bgmiry + Bby
Bez = Bwz + Bgz + Bgmirz + Bbz.

(9)

where Bex , Bey and Bez are the magnetic flux densities of
end wingdings. Bwx , Bwy and Bwz are the magnetic flux
densities induced by the stator current and its mirror image.
Bgx , Bgy and Bgz are the magnetic flux densities induced
by the equivalent air-gap current. Bgmirx , Bgmiry and Bgmirz
are the magnetic flux densities induced by the mirror of the
equivalent air-gap current. Bbx , Bby and Bbz are the magnetic
flux densities induced by the boundary current.

IV. FINITE ELEMENT VERIFICATION AND ANALYSIS OF
MAGNETIC FIELD OF END WINDINGS
A. FINITE ELEMENT VERIFICATION
Convert the x, y and z direction components of the magnetic
flux density of end windings in the Cartesian coordinate
system to the cylindrical coordinate system. The conversion
equation is as follows:

Ber = Bex cos(β)+ Bey sin(β)
Beθ = −Bex sin(β)+ Bey cos(β)
Bez = Bez

(10)
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where Ber , Beθ and Bez are the magnetic flux densities of end
windings in the cylindrical coordinate system.

In 3-D FEM, the finite-element calculation model of end
region in 300Mvar SC is shown in Fig. 11. The 3-D solution
mesh of end region is shown in Fig. 12(a). The first-order
tetrahedral elements are used to solve the end region. The
solution mesh of local region of the stator winding is shown
in Fig. 12(b). In Fig. 12(b), Sa, Sb, Sc are the outer surfaces of
end solved region. The total number of meshes divided in the
end region of SC is 2819844, the Newton iteration accuracy
is 0.1%, and the conjugate gradient iteration accuracy is
0.0001%.

The magnetic flux density of end windings on space curves
in Table 2 calculated by the IAA and 3-D FEM are shown
in Fig. 13. In Table 2, r = 920 mm is the radial distance
from the bottom of stator slot to the origin of coordinates,
and r = 1475 mm is the outer radius of the stator core.

FIGURE 11. Finite-element calculation model of end region.

FIGURE 12. 3-D solution mesh of end region. (a) Solved region, (b) Local
region of stator winding.

In Fig. 13, the results calculated by the IAA are very close
to those calculated by the 3-D FEM. The radial and circumfer-
ential components of magnetic flux density of end windings
from curve l1 to curve l5 are shown in Fig. 13(a) and 13(b),
respectively. Comparing with curves l1, l2 and l3, the radial
and circumferential components of magnetic flux density
decrease gradually with the increase of r . Comparing with

TABLE 2. Space curves in the end region of SC.

curves l2, l4 and l5, the radial and circumferential components
of magnetic flux density increase gradually with the increase
of z, because the spatial curve gradually approaches the invo-
lute segment. The radial and circumferential components of
magnetic flux density of end windings are mainly induced
by the involute segment current. Fig. 13(c) shows the axial
component of magnetic flux density of end windings from
curve l1 to curve l5. As r or z increases, the axial component
of magnetic flux density of end windings decreases gradually.
The axial component of magnetic flux density of end wind-
ings is very large near the stator slot.

The total calculation time of 3-D FEM is over 400 minutes.
The maximum usage rate of 56-core CPU is 30% and the
maximum memory usage is 31 GB. The calculation time of
the IAA is about 15 minutes, which is more time-saving and
convenient than the FEM.

B. ANALYSIS OF MAGNETIC FLUX DENSITY OF END
WINDINGS
The radial, circumferential and axial components of magnetic
flux density of end windings in the sampling surface S shown
in Fig. 11 are shown in Figs. 14(a), 14(b), and 14(c). The
inner radius of sampling surface S is 920mm, the outer radius
is 1475mm, and the distance from the stator end surface is
50mm. The magnetic flux density of end windings is dis-
tributed sinusoidally, and the axial component of magnetic
flux density of end windings is very larger than its radial and
circumferential components. The circumferential component
of magnetic flux density of end windings is the smallest.
When z is constant, the three components of magnetic flux
density of end windings gradually decrease with the increase
of r , which is caused by the sampling curve gradually moving
away from the air-gap and stator winding.

The influence of stator back core on the magnetic field of
endwindings is neglected in the traditional analysis algorithm
(TAA). Take a straight line lc at β = 0 rad on the surface of
stator core as the sampling line, which show in Fig. 9. The
magnetic flux densities on the lc calculated by the TAA, IAA
and FEM are compared, as shown in Fig. 15. In Fig. 15, when
r < 1325mm, the calculation results of the three methods are
basically consistent. When r > 1325 mm, the magnetic flux
density calculated by the TAA have a large calculation error.
However, the magnetic flux density calculated by the IAA is
very close to that calculated by the FEM in this region. The
end structures are relatively large in large electrical machine.
According to the calculation principle of eddy current losses,
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FIGURE 13. Magnetic flux density of end windings calculated by IAA and
3-D FEM. (a) Radial component, (b) Circumferential component, (c) Axial
component.

if the magnetic flux density calculated by the IAA is used to
calculate the eddy current losses in the structure, the calcula-
tion accuracy will be significantly improved.

The axial component of magnetic flux density of end wind-
ings is the main influencing factor for the eddy current losses
in the end structure of large electrical machine. In order to
better analyze the influence of the involute segment current
on the axial component of magnetic flux density of end

FIGURE 14. The magnetic flux density of end windings on the sampling
surface S. (a) Radial component, (b) Circumferential component, (c) Axial
component.

FIGURE 15. The magnetic flux density of lc.

windings, it is divided into two parts. The first part (called
A1) is the axial component of magnetic flux density induced
by the involute segment current and its mirror image. The
second part (called A2) is the axial component of magnetic
flux density induced by the air-gap current and its mirror
image and boundary current. Assume that A (the vector sum
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FIGURE 16. The distribution of A1, A2 and A on the curve la.

FIGURE 17. The ratio of peak values of A1 and A2 on circular curves.

of A1 and A2) is the axial component of magnetic flux density
in the SC. The distribution of A1, A2 and A on the curve
la (r = 1200, z = 50) are shown in Fig.16. It is almost at
any point on the curve la that the directions of A1 and A2
are opposite, and the absolute value of A2 is greater than A1.
A1 has a demagnetization effect on the axial component of
magnetic flux density. The ratio of peak values of A1 and A2
on different circular curves is shown in Fig. 17. As r or z
increases, the influence of A1 on the magnetic flux density of
end windings increases.

V. CONCLUSION
In this paper, an IAA is proposed for calculating the magnetic
field of end windings in the large electrical machine, which
is based on mirror image principle. The influence of stator
back core on the magnetic field of end windings is considered
by adding a set of fictitious coils carrying boundary currents
on the periphery of stator core, which reduces the calculation
error of magnetic flux density of end windings around the
outer diameter of stator core.

The magnetic field of end windings of 300Mvar SC is cal-
culated and analyzed, which is a key step to calculate the eddy
current losses of end structures. When the sampling curve is
close to the ferromagnetic surface, the axial component of
magnetic flux density of end windings is much larger than

the radial and circumferential components of magnetic flux
density of end windings. When z is constant, the three com-
ponents of magnetic flux density of end windings decrease
with the increase of r . When r is constant, the farther the
sampling curve is from the ferromagnetic surface, the larger
the radial and circumferential components of magnetic flux
density of end windings are, at the same time the smaller the
axial component of magnetic flux density of end windings is.
A1 has a demagnetization effect on the axial component of
magnetic flux density of end windings. As r or z increases,
the effort of A1 on the end magnetic flux density of end
windings increases gradually.

The presented analytical algorithm is suitable for calculat-
ing the magnetic field of end windings of all large electrical
machines, and it is verified by the 3-D FEM. Moreover,
the IAA has a shorter calculation time, which can provide
a good theoretical support for optimization design of large
electrical machines, and is more suitable for engineering
applications.
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