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ABSTRACT This paper presents a fault-tolerant control (FTC) based on impedance control and full state
feedback backstepping sliding mode control (FBSMC) algorithm for an n degree of freedoms (n-DOF) serial
hydraulic manipulator under the presence of matched and mismatched uncertainties and sensor faults in the
constrained framework. These faulty signals, generated from unknown constant or time-variant offset values,
happen on both manipulator joint angles and force sensors; thereby degrading the system performance.
Therefore, to address both matched and mismatched uncertainties and signal faults, the system dynamics
subjects to the sensor faults is mathematically modeled. Then, the robust fault estimation algorithm based on
extended state observer (ESO) is proposed to estimate the system state and faulty signals for the FTC design
to achieve the force and position tracking performance. System stability of the proposed control scheme is
theoretically proven by performing Lyapunov theorems. Finally, comparative simulation results are given on
a 3-DOF serial hydraulic manipulator to evaluate the effectiveness of the proposed fault estimation and FTC
methodology.

INDEX TERMS Sensor fault estimation, extended state observer (ESO), fault-tolerant control (FTC), force
control, impedance control.

I. INTRODUCTION
As the rapid development in the field of automation, sys-
tem analysis and control strategy design have become
topics of interest in control research area in recent
years. Several methodologies were proposed to exhibit
the tracking performance for multi-input-multi-output non-
linear systems [1]–[4] such as advanced control algo-
rithms [5]–[7], fractional-order control [8]–[10], intelligent
techniques [11]–[15], or even optimization [16], [17] for
robotic manipulators.

Although the tracking performance could be achieved, all
automatically controlled systemsmay be inevitably subjected
to faults caused by system elements, actuator, or sensor in
practice. The actuator and sensor faults are more popular
due to the coupled association with the design of control
algorithms. As the highly coupled nonlinear characteris-
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tics, the actuator fault causes obvious effects on the system
dynamics; therefore, they can be easily detected through
monitoring abnormal system performances. Following the
literature of actuator fault detection and isolation, and esti-
mation, such fault can be considered as matched or mis-
matched disturbances and observed by using observers such
as extended state observers (ESO) [15], [18], [19], distur-
bance observers (DO) [12], [20]–[22], uncertainty and dis-
turbance estimator (UDE) [23], [24], time-delayed estimation
(TDE) [25]–[27], super-twisting algorithm [28], Kalman esti-
mators [29], unknown input observer [30], [31], etc. Then,
Fault-tolerant control (FTC) that combines these observers
compensation with advanced control algorithms such as
active disturbance rejection control (ADRC) [32], [33],
adaptive algorithms [34]–[36], or high robust gains can be
employed to address the influence of the actuator fault.

Meanwhile, the sensor fault is generated from unknown
constant or time-variant offset added to the measured sig-
nal and does not cause obvious influences. Due to the
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additive measurements, the system behavior is the same as
the fault-free condition, but the measured feedback signal
cannot present the true value of the system states. How-
ever, wrong feedback signal results in an unsuitable execu-
tion in terms of physical interactions; thus, being able to
cause severe problems such as system performance deteri-
oration and instability, loss of information fidelity unless
promptly addressing [37]. Therefore, the main objective is
to critically achieve a fast and reliable sensor fault detec-
tion and estimation. Various methodologies for this topic
were proposed. Nguyen et al. [38], [39] employed a nonlin-
ear UIO to detect the sensor fault on the mini motion pack-
age EHS. Nahian et al. [40] used an extended Kalman-Bucy
unknown input observer to detect the sensor fault and esti-
mate the system state and developed an FTC for the EHS.
Brambilla et al. [41] and Capisani et al. [42] conducted a
bank of observers based on the SMO for sensor fault
detection and isolation on serial manipulators. Pang et al.
constructed an active FTC with the SMO to address the
influence of sensor fault on automobile active suspension
systems. Paviglianiti et al. [43] proposed a robust fault detec-
tion based on traditional Luenberger observer to detect and
isolate the sensor faults on the multi-output system. Various
approaches can be referred from [44]–[46]. The UIO and
SMO are usually employed for fault detection and isola-
tion; however, the complicated calculation using LMI and
requirement of coordinate transformation increase the dif-
ficulty for high-order nonlinear systems. The sensor faults,
in another aspect, can be considered as extended states of
the controlled system. Therefore, other methods, such as
using observers or adaptive laws, can be constructed to effec-
tively estimate the magnitude of the faulty signals. The DO
and UDE, or TDE have shown their effectiveness in dis-
turbance estimation and rejection; however, the involvement
of nominal system dynamics in constructing the adaptive
laws complicates the estimation design and results in more
computation. Conversely, the ESO only considers the system
state and estimated state for adaptive laws construction. This
method is easier to implement rather than the other one but
shows its effectiveness in estimating unmeasurable variables.
Sun et al. [47] proposed an adaptive observer to estimate the
sensor fault for the active FTC design of linear multi-agent
systems. By transferring to another form [48], the sensor
fault was rearranged with the same channel as the actuator
fault. Khebbache et al. [49] derived an FTC-based back-
stepping technique for a class of multi-input-multi-output
nonlinear systems, in which adaptive laws for fault estimation
were involved in each step of the recursive design. However,
the approach supposed that all first measured outputs were
fault-free. Moreover, by following the previous literature,
most approaches just concerned the system sensor faults sub-
jected to free motion. In other words, there is no achievement
of sensor fault estimation algorithm in terms of constrained
motion, in which force sensor used for interaction monitoring
may be faulty when the manipulator is in contact with the
environment such as polishing, welding, cutting, or so on.

Motivated from the above analyses of the favorable con-
trol methods, this paper proposes an FTC for an n-degree-
of-freedom (n-DOF) serial hydraulic manipulator under the
presence of sensor faults in the constrained framework for the
first time. To address the sensor faults effect, and furthermore
for matched uncertainty, a robust fault estimation based on
ESO is proposed to estimate the system state and faulty
signal residual. Based on the estimated parameters, the FTC
is constructed so as to achieve the system output performance.
The main contributions of this current work can be listed as

1) To the best of our knowledge, this is the first time the
proposed FTC is examined on the hydraulic robotic
manipulator subject to constrained framework motion
in which both joint angle sensors fault, and force sensor
fault are considered.

2) The robust sensor faults estimation based on ESO is
constructed, which concerns the residual signal faults
as extended state variables to be estimated. Based on
the estimated residuals, the actual system state can be
obtained for the FTC design. Besides, the matched
uncertainty is also involved in the fault estimation
design process.

3) The stability of the robust fault estimation and the
closed-loop system are theoretically proven by per-
forming Lyapunov theorems. Additionally, numerical
simulations are provided to evidently demonstrate the
effectiveness of the proposed FTC scheme.

The rest of the paper is organized as the following:
Section II describes the impedance dynamics and whole
system behavior of the n-DOF serial hydraulic manipulator
with the presence of sensor faults through a mathematical
model. Based on the system modeling, the robust fault esti-
mation and FTC are derived in Section III. The stability
proof of the closed-loop system is discussed in Section IV.
Numerical simulations and discussions are explained in
Section V. Finally, Section VI gives some conclusions and
future works.

II. PROBLEM FORMULATION
A. IMPEDANCE CONTROL
During the interaction, the environment sets constraints on the
geometric paths that can be followed by the end effector. This
situation is generally referred to as constrained motion [50].
There are two paradigms named direct force control and indi-
rect force control. The direct force control mainly refers to
hybrid position/force. This technique is employed in the point
of industrial applications in which a task space is partitioned
into force sub-space and position sub-space determined by a
switch matrix. However, low robustness and instability when
operating in changeable or wavy surfaces are drawbacks
of this strategy. Besides, information of constraint that is
not always available is required to achieve good accuracy.
In this sense, the indirect force control, normally known
as impedance control, is more preferable to construct the
outer/inner force/position-based cascade control. The detail
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FIGURE 1. Illustration of physical interaction between the end-effector
with the environment.

of constraint is not necessary since the methodology does
not require the switch matrix to partition workspace like the
direct force method. Therefore, in this study, position-based
impedance control (PB-IC) is preferred to deal with a tradeoff
between force tracking and position tracking in a constrained
framework. The physical interaction between themanipulator
end-effector and environment based on the PB-IC is illus-
trated in FIGURE 1.
Assumption 1: The environment is assumed to be rigid,

with no damping during the interaction, and is presented by
a stiff spring.

From the deformation of the environment spring, the inter-
active force between the end-effector and environment is
expressed by:

Fext = −Ke (Xa − Xe) (1)

where Xa ∈ R3 and Xe ∈ R3 denote the end-effector position
and environment location, respectively;Ke is the environment
stiffness.

The conventional PB-IC, presenting the coupled inter-
action of the robot manipulator with the environment,
is redesigned from [51] by the second-order mass-
spring-damper mechanisms as

Dm1Ẍ+ Bm1Ẋ+Km1X = uimp (2)

where1X = Xd −Xref ; Xd and Xref denote the desired and
reference trajectories, respectively. Dm,Bm,Km are matrices
representing impedance behavior. uimp is generated signal
from force regulation and is defined as

uimp = KPf (Fext − Fd )+KIf

∫
(Fext − Fd ) (3)

where Fd ∈ R3 denotes vectors of desired force to be tracked;
KPf andKIf are 3-by-3 diagonal matrices of proportional and
integrated controller gains, respectively.

B. SYSTEM MODELING
The dynamics of the n-DOF serial manipulator is expressed
by [52]:

M (q) q̈+ C (q, q̇) q̇+G (q)+1+ JT (q)Fext = τ (4)

where q, q̇, q̈ ∈ Rn are vectors of joint angle, joint angu-
lar velocity, and joint angular acceleration, respectively;

M (q) ∈ Rn×n is the symmetric and positive definite matrix
of nominal inertia; C (q, q̇) ∈ Rn×n denotes the nominal
Coriolis and Centrifugal term matrix; G (q) ∈ Rn is the
nominal gravity term. τ ∈ Rn is torque vector acting on the
manipulator’s joints; 1 denotes lumped external noise and
system modeling error; and J (q) ∈ Rn×3 is Jacobian matrix
from Cartesian space to joint space [12].
Property 1: Ṁ(q)− 2C(q, q̇) ∈ Rn×n is a skew matrix that

satisfies the condition XT [Ṁ(q) − 2C(q, q̇)]X = 0 for any
non-zero vector X ∈ Rn.
Property 2: The inertia matrix M (q) ∈ Rn×n is bounded

by ml ‖X‖2 ≤ XTM (q)X ≤ mu ‖X‖2, in which ml and mu

are lower and upper bound positive constants, respectively.
Without losing the generality, let us consider one joint

element. Then, the torque acting on one actuator τi is calcu-
lated by:

τi=

{
Ari(Pai1−Pai2) (for rotary actuator)
JTai (q) (Aai1Pai1−Aai2Pai2) (for cylinder)

(5)

where Ari, Aai1, and Aai2 are the volumetric area of rotary
actuator and areas of piston head part and rod part of the cylin-
der, respectively; Pai1 and Pai2 (i = 1,2,. . . , n) are pressures
of two chambers of each actuator; Jai denotes a transform
calculation from joint space to actuator space and can be
calculated by [12] (Jai = 1 in case of the rotary actuator).

It is noteworthy that in case of rotary actuator, Aai1 =
Aai2 = Ari. Therefore, Aai1 and Aai2 are used for calculation
in general. The pressures Pai1 and Pai2 are obtained from the
hydraulic continuity equation by:

Ṗai1=
β

Vi10 + Aai1xai

×

[
Qai1 − Aai1

∂xai
∂qi

q̇i − Cleak,i (Pai1 − Pai2)
]

Ṗai2=
β

Vi20 − Aai2xai

×

[
−Qai2 + Aai2

∂xai
∂qi

q̇i + Cleak,i (Pai1 − Pai2)
]
(6)

where β is the effective Bulk modulus; Vij0(j=1,2) are initial
volumes of the two chambers; Cleak,i is internal leakage coef-
ficient, andQaij (t) represents for two flows into and out of the
two chambers; xai is the movement of an actuator, obtained
through geometric calculation [12].
Assume that the servo valve dynamics is neglected; then,

these supplied flow rates are expressed as

Qai1 = Cdωxvi

(
s(xvi)

√
2
ρ
(Ps − Pai1)

+s(−xvi)

√
2
ρ
(Pai1 − Pt)

)

Qai2 = Cdωxvi

(
s(xvi)

√
2
ρ
(Pai2 − Pt)

+s(−xvi)

√
2
ρ
(Ps − Pai2)

)
(7)
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where PS and Pt are the supply pressure and the returned-
to-tank pressure, respectively;Cd is the discharge coefficient,
ω is the valve orifice area gradient, ρ is the density of oil,
and xvi is the motion of the ith spool of the valve. s (xvi) = 1
if xvi > 0 and s (xvi) = 0 when xvi ≤ 0 is a function to
determine the direction of the spool valve for obtaining flow
rate through the proportional servo valve.

C. TOTAL SYSTEM
Define the system state variable as

x=
(
x1 x2 x3

)T
=
(
q q̇ (Aa1Pa1 − Aa2Pa2)

)T
∈ R3n

(8)

where Aa1 = diag
(
Aa11 Aa21 ... Aai1 ... Aan1

)
∈ Rn×n

and Aa2 = diag
(
Aa12 Aa22 ... Aai2 ... Aan2

)
∈ Rn×n;

Pa1 =
(
Pa11 Pa21 ... Pai1 ... Pan1

)T
∈ Rn; Pa2 =(

Pa12 Pa22 ... Pai2 ... Pan2
)T
∈ Rn.

Then the system behavior under the influence of sensor
faults can be obtained. The dynamics of the n-DOF serial
hydraulic manipulator including actuators in the constrained
framework is finally rewritten as

ẋ1 = x2
ẋ2 =M−1 (x1) (τ − C (x1, x2) x2 −G (x1)−1)
−M−1 (x1) JT (q)Fext
ẋ3 = f (x1, x2)+ gu−ψCleak (Pa1 − Pa2)
y = x1 + fss1
Fext,m = Fext + fss2

(9)

where fss1 ∈ Rn and fss2 ∈ R3 denote the vectors of sensor
faults on encoders and force sensor, respectively; Fext,m ∈ R3

is a vector of measured interactive force.
The terms f, g,ψ are defined as (10), shown at the bottom

of the page.

Assumption 2 ([55]): The system outputs x1, Pai1, and
Pai2(i = 1, . . . , n) are measurable by sensors. Besides, all
system states, their first derivative and all system dynamics
are continuous and bounded.
Assumption 3: In this scope, to facilitate the proposed

control algorithm, the encoder and force sensors are supposed
to be faulty. All pressure sensors are fault-free.
Assumption 4 ([55]): All matched uncertainty, (internal

leakage), and mismatched uncertainty, (lumped disturbance
and external force), and their first derivative are continuous
and bounded by pre-determined constants.
Assumption 5: The sensor faults fss1 and fss2 are assumed to

be slow time-varying in comparison to the system dynamics
and bounded, and their time derivative are also assumed to be
bounded by positive constants, i.e., 0 ≤ ‖fssi‖∞ ≤ f̄ssi and
0 ≤

∣∣ḟssi∣∣ ≤ f̄ ∗ssi, with i = 1,2.
Remark 1: Regarding assumptions 2 and 4, the derivative

of the joint angle x1, i.e., x2 and the joint angular acceleration,
ẋ2, are obtained based on the Levant’s differentiator [53]. The
estimation of x2 and ẋ2 can reach the real value with a small
estimation error in finite time by choosing suitable values of
the estimation gains [54].
Remark 2: Referred to [20], the state observer for

x2 and ẋ2, and the proposed robust FTC scheme can
be designed separately. Thereby, the proposed FTC
scheme can be constructed with full state feedback being
available.

III. FAULT ESTIMATION AND FAULT-TOLERANT CONTROL
In this section, a robust FTC is proposed subject to encoder
and force sensors fault. The proposed FTC scheme includes
matched/mismatched ESO, PB-IC to regulate the interactive
force, a reconfigurable action block, and the main control
operator, as shown in FIGURE 2. The ESO is employed to
estimate the magnitudes of the sensor faults and the true
actual system state for the FTC design. The reconfigurable

f (x1, x2) , (f1 (x11, x21) , . . . , fi (x1i, x2i) , . . . , fn (x1n, x2n))T ∈ Rn

fi (x1i, x2i) =
(
−Aai1

∂xai
∂qi

q̇iψi1 − Aai2
∂xai
∂qi

q̇iψi2

)
ψi1 =

βAai1
Vi10 + Aai1xai

, ψi2 =
βAai2

Vi20 − Aai2xai
g , diag

(
g1 g2 ... gi ... gn

)
∈ Rn×n

gi = ψ1i

(
s (xvi)

√
2
ρ
(Ps − Pai1)+ s (−xvi)

√
2
ρ
(Pai1 − Pt)

)
CdωKvi

+ψ2i

(
s (xvi)

√
2
ρ
(Pai2 − Pt)+ s (−xvi)

√
2
ρ
(Ps − Pai2)

)
CdωKvi

Cleak , diag
(
Cleak,1 Cleak,2 ... Cleak,i ... Cleak,n

)
∈ Rn×n

ψ , diag
(
ψ11 + ψ12 ... ψi1 + ψi2 ... ψn1 + ψn2

)
∈ Rn×n (10)
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FIGURE 2. Proposed PB-IC-based FTC subject to encoder and force sensor
faults.

action block assigns the measured signals from sensors and
estimated signals from the ESO as inputs and returns the true
value of the system behavior by using a switch. The Levant’s
differentiator is aimed to obtain unmeasured signal of joint
angular velocity for the main controller that is constructed
based on full state feedback backstepping sliding mode con-
trol (FBSMC) to guarantee the inner loop of position tracking
performance. Besides, the system actuator dynamics is also
considered in the FBSMC scheme.

A. EXTENDED STATE OBSERVER DESIGN
The sensor faults are considered as extended state variables.
Let define xli = ψCleak (Pa1 − Pa2), xf1 = fss1, and xf2 =
fss2, then the whole system is extended as [56], [57]



ẋ1 = x2
ẋ2 =M−1 (x1) (τ − C (x1, x2) x2 −G (x1)−1)

−M−1 (x1) JT (q)Fext
y = x1 + xf1
ẋf1 = h1 (t)
Fext,m = Fext + xf2
ẋf2 = h2 (t)

(11)

{
ẋ3 = f (x1, x2)+ gu− xli
ẋli = h (t)

(12)

where h (t) ∈ Rn, h1 (t) ∈ Rn, and h2 (t) ∈ R3 are vectors
corresponding to the derivative of the internal leakage and
sensor faults (encoders and force sensors), respectively.

Under the influence of the sensor faults, the robust observer
based on ESO is designed to estimate the system state as

˙̂x1 = x̂2 −
α1

σ1

(
ŷ− y

)
˙̂x2 =M−1 (x1) (τ − C (x1, x2) x2 −G (x1)−1)

−M−1 (x1) JT (q) F̂ext −
α2

σ 2
1

(
ŷ− y

)
ŷ = x̂1 + x̂f1 −

ηf 1

σ1

(
ŷ− y

)
ẋf1 = −

ηf 1

σ 3
1

(
ŷ− y

)
F̂ext,m = Ke

(
X̂a − Xe

)
+ x̂f2

˙̂xf2 = −
ηf 2

σ 3
1

(
F̂ext,m − Fext,m

)

(13)


˙̂x3 = f (x1, x2)+ gu− x̂li −

2α3
σ2

(
x̂3 − x3

)
˙̂xli = −

α3

σ 2
2

(
x̂3 − x3

) (14)

where x̂i is the estimate of system state xi (i= 1,2,3); F̂ext,m is
the estimate of measured interactive forceFext,m; and x̂fj , with
(j = 1,2), denotes the estimate of real sensor fault xfj;α1,α2,
α3, ηf 1 are n-by-n tuned diagonal matrices gains of the ESO;
ηf 2 ∈ R

3 is diagonal matrix; σ1 and σ2 are arbitrarily small
relating the bandwidth of the ESO.

The calculation of the end-effector estimation X̂a is calcu-
lated from the system state x̂1 through forward kinematic as

X̂a = f
(
x̂1
)

(15)

where f
(
x̂1
)
: Rn → R3 denotes the forward kinematic

calculation.
From (11) to (14), the dynamics of the state estimation

errors is given by:

˙̃x1 = x̃2 −
α1

σ1
ỹ

˙̃x2 = −M−1 (x1)
(
JT (x1)Kef

(
x̃1
)
− x̃f 2

)
−
α2

σ 2
1

ỹ

ỹ = x̃1 + x̃f1 −
ηf 1

σ1
ỹ

˙̃xf1 = −
ηf 1

σ 3
1

ỹ+ h1

F̃ext,m = Kef
(
x̃1
)
+ x̃f2

x̃f2 = −
ηf 2

σ 3
1

(
Kef

(
x̃1
)
+ x̃f2

)
+ h2

(16)


˙̃x3 = −x̃li −

2α3
σ2

x̃3

˙̃xli = −
α23

σ 2
2

x̃3 + h
(17)

where (•̃) = (•)− (•̂), f
(
x̃1
)
= X̂a − Xa ∈ R3.
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Assumption 6: The nonlinear term f
(
x̃1
)
has a Lipchitz

of ffk x̃1. It is noteworthy from (16) that the matrix of the
state estimation error of the end-effector position, f

(
x̃1
)
,

depending on the estimation error of the joint angle, should
be obtained from forward kinematic calculation. However,
because it is the function of joint angle error and is bounded
by ffk x̃1, the estimation error of the forward kinematic is lin-
earized around the equilibrium of zero and thus, in this scope,
it is simplified by using a constant matrix gain ffk ∈ R3×n, i.e.,
f
(
x̃1
)
≈ ffk x̃1. Moreover, neglecting the system dynamics

error and identification process, it can be mathematically
obtained without any other estimated error generated.

From the third equation of (16), one obtains:

ỹ =
(
In +

1
σ1
ηf 1

)−1 (
x̃1 + x̃f1

)
(18)

Then, the dynamics of the state estimation error becomes:

˙̃x1 =
1
σ1

(
−411x̃1 + x̃2 −413x̃f1

)
σ1 ˙̃x2 =

1
σ1

(
−421x̃1 −423x̃f1 −424x̃f2

)
σ 2
1
˙̃xf1 =

1
σ1

(
−431x̃1 −433x̃f1

)
+ ε21h1

σ 2
1
˙̃xf2 =

1
σ1

(
−441x̃1 −444x̃f2

)
+ ε21h2

(19)


˙̃x3 = −

2α3
σ2

x̃3 − x̃li

σ2 ˙̃xli = −
α23
σ2

x̃3 + σ2h

(20)

where411 = α2

(
In + 1

σ1
ηf 1

)
∈ Rn×n,413 = 411 ∈ Rn×n,

421 = σ 2
1M
−1Keffk + α2

(
In + 1

σ1
ηf 1

)
∈ Rn×n, 423 =

α2

(
In + 1

σ1
ηf 1

)
∈ Rn×n, 424 = M−1 ∈ Rn×3, 431 =

ηf 1 ∈ R
n×n, 433 = 431 ∈ Rn×n, 441 = ffkηf 2Ke ∈ R3×n,

444 = ηf 2 ∈ R
3×3.

Define auxiliary vectors of estimated error ε1 and ε2 as

ε1 =
(
x̃1, σ1x̃2, σ 2

1 x̃f 1, σ
2
1 x̃f 2

)T
∈ R3n+3 (21)

ε2 =
(
x̃3, σ2x̃li

)T
∈ R2n (22)

Then, the dynamics state estimation errors become:

ε̇1 =
1
σ1

A1ε1 + σ
2
1B1H1 (23)

ε̇2 =
1
σ2

A2ε2 + σ2B2H2 (24)

with

A1 =


−411 In −413 0n×3
−421 0n×n −423 −424
−431 0n×n −433 0n×3
−441 03×n 03×n −444

 ∈ R(3n+3)×(3n+3),
A2 =

[
−2α3 −In×n
−α3 0n×n

]
∈ R2n×2n,

B2 = diag
(
In In

)
∈ R2n×2n,

B1 = diag
(
In In In I3

)
∈ R(3n+3)×(3n+3),

H1 =
(
0n×1 0n×1 h1 h2

)
∈ R3n+3,

H2 =
(
0n×1 h

)
∈ R2n (25)

where In×n denotes n-by-n identity matrix, 0p×q denotes
p-by-q zero matrix.
The matrices A1 and A2 are Hurwitz, then there exist

matrices P1 ∈ R(3n+3)×(3n+3) and P2 ∈ R2n×2n that satisfy:{
AT
1 P1 + P1A1 = −I3n+3

AT
2 P2 + P2A2 = −I2n

(26)

Theorem 1: Consider the faulty system (11), and the pro-
posed robust observer based on the ESO in (13), and Assump-
tion 5, all signals of the system are uniformly ultimately
bounded (UUB) and converges to the small neighborhood of
the origin.
Proof of Theorem 1: See Appendix.
Theorem 2: Consider the system (12), and the ESO in

(14), and Assumptions 4 and 5, all signals of this system
are UUB and converges to the small neighborhood of the
origin.
Proof of Theorem 2: See Appendix.

B. FAULT-TOLERANT CONTROL DESIGN
In order to address the influence of sensor faults and
matched uncertainty, the FTC-based FBSMC is step-by-step
designed.
Step 1: Define the tracking error e1 = x1 − x1d ∈ Rn and,

e2 = ė1 = x2 − x2d ∈ Rn where x1d , x2d ∈ Rn are the vector
of desired angles and angular velocities, respectively. Then,
the sliding surface is chosen as

s1= e2+λe1 (27)

where λ , diag
(
λ1 λ2 ... λi ... λn

)
∈ Rn×n is the positive

definite matrix.
According to [12], the following auxiliary variable is

utilized: {
x2s = x2 − s1 = x2d − λe1 ∈ Rn

ẋ2s = ẋ2 − ṡ1 = ẋ2d − λe2 ∈ Rn
(28)

In order to cancel out the influence of mismatched uncer-
tainties, the following adaptive law is presented:

˙̂
1 = −s1 (29)

Then, a virtual torque command is designed as

x3d =M (x1) ẋ2s + C (x1, x2) x2s +G (x1)+ JT F̂ext + 1̂

−K1s1 − η1 tanh
( s1
δ

)
(30)

where K1 = diag
(
K11 K12 ... K1i ... K1n

)
∈ Rn×n and

η1 = diag
(
η11 η12 ... η1i ... η1n

)
∈ Rn×n are positive def-

inite matrices, in which the term −K1s1 is added to enhance
the convergence rate when s1 is large; and δ is arbitrarily
small.
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Remark 3: The term η1 tanh
(
s1
/
δ
)
is employed instead

of using signum function, i.e., η1sign (s1) because this
discontinuous function is un-differentiable, and a vector
tanh (s1/δ) =

(
tanh (s11/δ); tanh (s12/δ); ... ; tanh (s1n/δ)

)
is a column vector with s1i is the sliding surface of
joint ith.
Step 2: Define the actuator torque tracking error s2 =

x3 − x3d ∈ Rn. Hence, the control input signal is designed
as

uv=g−1
(
−f (x1, x2)−x̂li+ẋ3d−K2s2−η2sign (s2)−J

T
a s1

)
(31)

where K2 = diag
(
K21 K22 ... K2i ... K2n

)
∈ Rn×n and

η2 = diag
(
η21 η22 ... η2i ... η2n

)
∈ Rn×n are positive def-

inite matrices, in which the term −K2s2 is added to enhance
the convergence rate when s2 is large, and sign (s2) =(
sign (s21) sign (s22) ... sign (s2n)

)T
∈ Rn.

Remark 4: Regarding the virtual control law in (30), it is
noteworthy that in free-motion, there is no interactive force
Fext . The external force disturbance in this case is presented
by lumped uncertainty 1, including noise or other exter-
nal disturbances and modeling error. In case of constrained
motion, the interactive force dominates the influence of 1,
then the measured force (in case of fault-free) or force esti-
mation can be approximated as equal as the actual interactive
force.

IV. CLOSED-LOOP SYSTEM ANALYSIS
Theorem 3: Consider the system dynamics (9), with the use
of the fault estimation algorithm (13), matched disturbance
observer (14) based on ESO, control laws (30) and (31),
and Assumptions 4 and 5, the system stability is guaranteed
and the system tracking performance is maintained in good
condition under the presence of sensor faults and matched
uncertainty.
Proof of theorem 3:
Consider the Lyapunov candidate as

V =
1
2
sT1Ms1 +

1
2
sT2 s2 +

1
2
1̃
T
1̃+

1
2
εT1 P1ε1 +

1
2
εT2 P2ε2

(32)

Taking derivative the Lyapunov candidate V yields:

V̇ = −sT1 (x3 −M (x1) ẋ2s − C (x1, x2) x2s −G (x1))

− sT1 J
T (x1)Fext + sT1

(
1̃+ 1̂

)
+
˙̃
1
T
1̃

+ sT2 (f (x1, x2)+ gu+ xli − x3d )

−
1
2σ1
εT1 I4nε1 + σ

2
1 ε

T
1 P1B1H1

−
1
2σ2
εT2 I2nε2 + σ2ε

T
2 P2B2H2 (33)

By using the adaptive law (29), virtual torque command
(30), and the control signal (31), the influence of the lumped
mismatched uncertainty is canceled out. Then, the derivative

of the Lyapunov V becomes:

V̇ = −
2∑
i=1

sTi Kisi − sT1
(
η1 tanh

( s1
δ

)
− F̃ext

)
− sT2

(
η2sign (s2)− x̃li

)
−

1
2σ1
εT1 I3n+3ε1 + σ

2
1 ε

T
1 P1B1H1

−
1
2σ2
εT2 I2nε2 + σ2ε

T
2 P2B2H2 (34)

Apply Young’s inequality, the derivative of the Lyapunov
candidate is obtained as

V̇ ≤ −sT1K1s1 − sT2K2s2

− sT1
(
η1 tanh

( s1
δ

)
−F̃ext

)
−sT2

(
η2sign (s1)−x̃li

)
−

1
2

(
1
σ1
− σ 2

1 λmax

(
PT1B1BT1 P1

))
‖ε1‖

2

+
1
2
σ 2
1H

T
1H1 (35)

−
1
2

(
1
σ2
− σ2λmax

(
PT2B2BT2 P2

))
‖ε2‖

2

+
1
2
σ2HT

2H2

⇔ V̇ ≤ −γV + ζ (36)

where

γ = min


1
σ1
− σ 2

1 λmax
(
PT1B1BT1 P1

)
,

1
σ2
− σ 2

2 λmax
(
PT2B2BT2 P2

)
,

λmin (K1) , λmin (K2) , λmin (η1) , λmin (η2)


≥ 0,

ζ = sT1 F̃ext + sT2 x̃li +
1
2
σ 2
1H

T
1H1 +

1
2
σ2HT

2H2.

Remark 5: Based on assumption 4, the estimated errors
of matched and mismatched uncertainties are bounded by
assumedly predetermined upper bound, i.e., ‖·̃‖2 ≤ δ̄bound .
Hence, the robust terms ηi should be designed such that
ηij(i=1,2;j=1,..,n) ≥ δ̄bound .

According to [49] and [58], it can be concluded that
the proposed algorithm is UUB with an exponential con-
vergence rate γ in the presence of mismatched external
force interaction, sensor faults and matched uncertainty (i.e.
internal leakage). As a result, the Lyapunov candidate V is
bounded by:

V ≤ V (0) e−γ t +
ζ

γ

(
1− e−γ t

)
(37)

Remark 6: In order to enhance the force estimation,
the estimation algorithm (13) is modified with adding signum
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function by:

˙̂x1 = x̂2 −
α1

σ1

(
ŷ− y

)
ẋ2 =M−1 (x1) (τ − C (x1, x2) x2 −G (x1)−1)

−M−1 (x1) JT (q) F̂ext −
α2

σ 2
1

(
ŷ− y

)
ŷ = x̂1 + x̂f1 −

ηf 1

σ1

(
ŷ− y

)
ẋf1 = −

ηf 1

σ 3
1

(
ŷ− y

)
F̂ext,m = Ke

(
X̂a − Xe

)
+ x̂f2

˙̂xf2 = −
ηf 2

σ 3
1

(
F̂ext,m − Fext,m

)
−
ηf 3

σ 3
1

sign
(
F̂ext,m − Fext,m

)

(38)

where ηf 3 ∈ R
3 is a diagonal positive definite matrix.

V. NUMERICAL SIMULATION
A. SETUP SCENARIO
In this section, the scenario in which the influence of encoder
and force sensor faults and effectiveness of the proposed
FTC based on the integration of the FBSMC with ESO
is verified through several comparative simulations on a
3-DOF serial hydraulic manipulator (n = 3), as shown in
FIGURE 3 [12]. In order to simplify the calculation, the
first joint of the 3-DOF serial hydraulic manipulator is fixed,
i.e. q1 = q̇1 = 0. Then, the objective is to investigate the
behavior of the 2-DOF serial manipulator (n = 2) subjects to
encoder and force sensor faults. The constrained framework is
located in the plane SZ that is parallel to the plane (XOY). The
system parameters, including mechanical part and hydraulic
actuator part, are given in TABLE 1 and TABLE 2, respec-
tively. The FBSMC controller gains are λ = 1000I2,K1 =

120I2, η1 = 0.5I2, δ = 10−4, K2 = 120I2, η2 = 0.5I2.

B. SIMULATION RESULTS
1) CASE STUDY 1
In the first case study, we verify the effectiveness of the pro-
posed fault estimation in the case of only signal faults occur-
rence on joint angle encoders in freemotion. The desired joint

TABLE 1. Mechanical parameters [20].

TABLE 2. Hydraulic parameters [20].

FIGURE 3. Structure and illustration of the 3-DOF serial hydraulic
manipulator in the constrained framework.

trajectory and fault signals are given by:

qd = x1d =


0

45+ 30 sin
(
2π
5
t
)

45+ 30 sin
(
2π
5
t +

π

4

)
 (39)

fss1 =
(
fss1,joint2 fss1,joint3

)T
,

fss1,joint2 =

{
0 (degree) if t < 10s
10 (degree) if t ≥ 10s

fss1,joint3 =

{
0 (degree) if t < 20s
10 (degree) if t ≥ 20s

(40)

The observer gains in (13) are σ1 = 0.1, α1 = 2I2,
α2 = 2I2, ηf 1 = 4I2. The values of system performance
and observers are all initialized as zero.

The idea of the robust observer is that the measured
joint angle, including real and faulty signals, is estimated;
thereby, the actual joint angle and faulty signal are then
estimated and feedback to the controller. The position track-
ing performance and state estimation of the two joints are
depicted in FIGURE 4. The black continuous line denotes
the desired joint angle trajectory qi,ref , the blue dash line
denotes the measured joint angles qi,m, the red dot-dash
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FIGURE 4. Position tracking performance and system state estimation
without FTC under the presence of fault signals of joint 2 (up) and joint 3
(down).

FIGURE 5. Position tracking performance under the FTC-ESO of joint 2
(up) and joint 3 (down).

line denotes the real joint angles qi,r , the green dot-dot line
denotes the estimated measured joint angles qi,m,est , and the
purple line denotes the estimated real joint angle qi,r,est ,
with i = 2,3. As can be seen in FIGURE 4, when faults
occur, since the measured faulty signals are feedback to the
controller, the actuator executes the faulty commanded sig-
nals; thus, the actual system performance is different from
the desired trajectory. Practically, signal faults are unknown;
thus, the actual joint angles are not able to be monitored with-
out fault estimation technique since onlymeasured joint angle
is available. With the fault estimation method, the actual joint
angles and faulty signals are estimated. Then the estimated
joint angles are assigned as feedback signals to the main FTC.

FIGURE 6. Real faults and faults estimation.

The effectiveness of this proposed control scheme is shown
in FIGURE 5 in which the actual joint angles are accurately
estimated and follow the desired trajectory. The estimation
of the faulty signals is shown in FIGURE 6. As the faults
of the 2nd joint and 3rd joint occur at the time of 10 and
20 second, respectively, the proposed robust observer can
instantly respond to estimate their residual signals. The blue
continuous line and red dot-dash line denote the sensor fault
signals adding on the 2nd and 3rd joints, respectively; the
green dot-dot line and purple dash line denote the estimated
sensor fault signals with respect to the homologous real faults,
respectively.

2) CASE STUDY 2
In the second case study, the effectiveness of the proposed
FTC is verified in the constrained framework. In this scenario,
the manipulator is in interaction with the environment in the
(SZ ) plane, only normal force in the Z-direction is considered;
then, the environment location is given as

Xenv,Z = 0.4 (m) (41)

The desired trajectory and desired interactive force are
given by:

Xd=


−
2
(
Xd,Xf −Xd,X0

)
t3f

t3+
3
(
Xd,Xf −Xd,X0

)
t2f

t2+Xd,X0

−
2
(
Xd,Zf −Xd,Z0

)
t3f

t3+
3
(
Xd,Zf −Xd,Z0

)
t2f

t2+Xd,Z0


=

(
Xd,X
Xd,Z

)
(m) (42)

Fd,Z (N ) =



0 if t < 4.5s
30 if 4.5 ≤ t < 9s
0 if 9 ≤ t < 13s
15 if 13 ≤ t ≤ 17s
0 if t > 17s

(43)

where Xd,X0 = 0.2 (m) and Xd,Xf = 0.85 (m) denote
the initial and final points of the desired trajectory along
X-direction; Xd,Z0 = 0.5 (m) and Xd,Zf = −0.2 (m) denote
the initial and final point of the desired trajectory along
Z-direction, respectively.
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FIGURE 7. Force tracking performance and estimation results without FTC
in the presence of sensor fault.

FIGURE 8. Force tracking performance under the FTC with ESO.

In order to illustrate the sensor fault signals, the offset
values are added to the feedback force and joint angles. The
fault signals of encoder and force sensors are given by:

fss2 =
(
0 0 fss2,Z

)T
fss2,Z =


0(N ) if t < 6s
−10(N ) if 6 ≤ t < 12s
−6(N ) if t > 12s

(44)

It is noteworthy that if the force sensor remains an offset
value when the end-effector is not in contact with the envi-
ronment, it is because of the calibration process. Therefore,
the measured interactive force signal is only faulty in the con-
strainedmotion when the desired force is not zero. Otherwise,
the force sensor returns zero. Moreover, the value of force
signal fault cannot abruptly change from zero to any value
as discontinuous function, so it is practically reasonable to
require a certain time to change this signal fault from zero to
the reference value. The parameters of the impedance behav-
iors are Dm = 10I2, Bm = 100I2, Km = 500I2, Ke = 5000,
force control gains are KPf = 4I2, KIf = 60I2, ηf = 0.5I2;
and force observer gains are ηf 2 = 200I2, ηf 3 = 10I2. The
initial position of the end-effector is XX0 = −0.2 (m) and
XZ0 = 0.5 (m).
The response of the measured force and actual force

exerted on the end-effector is shown in FIGURE 7. The
negative value of force sensor fault signal in (44) implies
that the measured force is less than the actual interactive
force. It means the control action attempts to generate more
force than necessity without consideration of faulty signal.
Practically, the actual interactive force cannot be obtained
due to an unknown signal fault. Only measured force, which
includes the fault, is measured when using a force sensor.

FIGURE 9. Signal fault estimation results: (a) magnitude of the faulty
signal, and (b) estimation error.

FIGURE 10. End-effector behavior under the presence of force sensor
fault in constrained framework environment.

When employing the ESO, the measured force is estimated;
thus, the actual force and signal fault are systematically esti-
mated. The black continuous line denotes the desired force
Fdesired , the blue dash line denotes the measured interactive
force Fext,m, the red dot-dash line denotes the real interactive
force Fext,r , the green dot-dot line denotes the estimation
of the measure interactive force Fext,m,est , the purple line
denotes the estimation of the real interactive force Fext,r,est .

With the estimation, the faulty signal is removed and the
estimated actual interactive force is feedback to the controller.
Consequently, the actual force properly tracks the desired
one whereas the measured force is offset by the exact faulty
signal, as shown in FIGURE 8. The fault estimation and its
estimated error are depicted in FIGURE 9.

FIGURE 10 shows the end-effector performance under
the presence of force sensor fault in constrained framework
conditions. The black continuous line denotes the originally
desired trajectory, the green continuous line denotes the envi-
ronment, the blue dash line denotes the constrained behav-
ior of the end-effector without FTC, and the red dot-dash
line denotes the constrained behavior of the end-effector
with the FTC. As can be compared, the difference of real
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exerted interactive force results in the difference in the real
end-effector behavior. With the force sensor fault estimation
and FTC, the end-effector performance is the same as the case
of fault-free condition.

VI. CONCLUSION
This paper proposed a novel fault estimation algorithm to
detect and estimate both encoder and force sensor faults on
the n-DOF serial hydraulic manipulator subjected to con-
strained framework conditions. These faults may originate
from practical setup calibration or accommodation of mea-
sured signal offset due to long-term usage, or malfunction.
To address the influence of the sensor faults, the fault esti-
mation algorithm based on ESO was designed to detect and
estimate the measured and actual joint angle and force faulty
signals. In order to exhibit more fast convergence and esti-
mation accuracy, some remarks with modified updating laws
were introduced. Then, the estimated force was feedback to
the impedance control block and the estimated actual joint
angles were feedback to the main controller. Based on the
feedback estimated variables, the robust FTC-based FBSMC
scheme was designed to execute the suitable action on the
actuators. The stability of the proposed ESO and closed-loop
system is mathematically proven by performing the Lya-
punov theorems. The comparative simulations on the 3-DOF
serial hydraulic manipulator verified the effectiveness of the
proposed algorithm in instantly detecting and estimating the
faulty residuals. With the advantage of the ESO, the real
actual interactive force can be online estimated; thereby,
force-sensorless-based ESO can be certainly implemented to
replace the use of force sensors. This paper can be considered
as a premise, with some remaining limitations pertaining to
assumptions to facilitate the control methodology design, for
further development as

1) Consideration of environment characteristics. In this
manuscript, the environment damping, friction, and
environment characteristics in general, were ignored
to simplify the calculation and facilitate the proposed
control methodology. Practically, the influence of the
environment characteristics shall be taken into consid-
eration as a factor to enhance the system performance.

2) The forward kinematic in the ESO in (16) will be
carefully considered as a nonlinear term instead of
being approximated as linear calculus by Lipchitz in
Assumption 6. In this sense, the matrices Ai in (23) and
(24) becomes time-varying nonlinear matrices. This
may complicate the calculation; however, the system
behaviors will be described to its true nature.

3) Analysis of simultaneous faults of joint angle and inter-
active force. In this event, a problem happens when
the end-effector is in contact with the environment, but
the fault arising on either joint angle sensor or force
sensor lifts the end-effector off the working surface.
This conflict between the contact and contact-lost shall
be clarified.

4) Consideration of pressure sensor fault because this fault
can cause a threat as same as the actuator fault and the
phenomenon may not be clearly displayed and easily
detected. This issue was indicated byNahian et al. [30];
however, the author limited the scope where only one
pressure sensor fault in the head-side of the cylinder
and a linear sensor fault were taken into consideration.
Indeed, when one pressure sensor is faulty, abnormal
signals of both sensors are all obtained. So, it is difficult
to identify which sensor is really faulty in this case.

5) Integration of hybrid observers, or adaptive observer
gains to effectively estimate different types of dis-
turbances based on their characteristics. In this case,
the robustness of the estimator subjects to noise or
unexpected signals impact shall be carefully stud-
ied [59], [60].

Consequently, the above potential threats may evoke inter-
esting topics for further developments.

APPENDIX
PROOF OF THEOREM 1
Consider the Lyapunov candidate VESO,1 as

VESO,1 =
1
2
εT1 P1ε1 (45)

Taking the derivative of the VESO,1 yields:

V̇ESO,1 =
1
2
ε̇T1 P1ε1 +

1
2
εT1 P1ε̇1 (46)

Apply the dynamics (23) into (46), the derivative of the
VESO,1 becomes:

V̇ESO,1 =
1
2

(
1
σ1
εT1A

T
1 + σ

2
1H

T
1B

T
1

)
P1ε1

+
1
2
εT1 P1

(
1
σ1

A1ε1 + σ
2
1B1H1

)
=

1
2σ1
εT1

(
AT
1 P1 + P1A1

)
ε1 + σ

2
1 ε

T
1 P1B1H1

(47)

Applying Young’s inequality into (47) results in:

V̇ESO,1 ≤ −
1
2σ1
εT1 I3n+3ε1 +

1
2
σ 2
1 ε

T
1 P

T
1B1BT1 P1ε1

+
1
2
σ 2
1H

T
1H1 (48)

≤ −
1
2

(
1
σ1
− σ 2

1 λmax

(
PT1B1BT1 P1

))
‖ε1‖

2

+
1
2
σ 2
1H

T
1H1

V̇ESO,1 ≤ −γESO,1VESO,1 +1ESO,1 (49)

By choosing a small value of σ1, the derivative of the Lya-
punov candidate VESO,1 becomes semi-negative. Therefore,
theorem 1 is proven. The Lyapunov candidate VESO,1 is UUB
and converges to the bound:

VESO,1≤VESO,1 (0) e−γESO,1t+
1ESO,1

γESO,1

(
1−e−γESO,1t

)
(50)

VOLUME 9, 2021 88449



H. V. A. Truong et al.: Robust Observer for Sensor Faults Estimation on n-DOF Manipulator

where γESO,1 = min
(
1
2

(
1
σ1
− σ 2

1 λmax
(
PT1B1BT1 P1

)))
,

1ESO,1 =
1
2σ

2
1H

T
1H1.

Following the above calculation, theorem 2 is proven.
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