
Received May 24, 2021, accepted June 3, 2021, date of publication June 8, 2021, date of current version June 16, 2021.

Digital Object Identifier 10.1109/ACCESS.2021.3087536

Bit Error Rate Analysis of NOMA-OFDM in 5G
Systems With Non-Linear HPA With Memory
ALEXANDER HILARIO-TACURI , JESUS MALDONADO, (Student Member, IEEE),
MARIO REVOLLO, AND HERNAN CHAMBI
Department of Electronic Engineering, Universidad Nacional de San Agustín de Arequipa, Arequipa 04000, Perú

Corresponding author: Alexander Hilario-Tacuri (ahilariot@unsa.edu.pe)

ABSTRACT The orthogonal frequency division multiplexing (OFDM) and the non-orthogonal multiple
access (NOMA) scheme are presented as promising techniques to meet the requirement of fifth-generation
(5G) communication systems. Although much attention has recently been devoted to study these techniques,
some scenarios have still been less explored. Considering that a fundamental part of any communication
system is the use of power amplifiers, this paper presents an analytical evaluation of the bit error rate (BER)
of NOMA-OFDM systems in the presence of a high power amplifier (HPA) with memory. Considering that
the non-linear distortions generated by the HPA can bemodeled using a polynomial model withmemory, new
theoretical expressions are developed to obtain the BER of the system. Specifically, exact BER expressions
for a downlink NOMA-OFDM system with two users are presented and verified by Monte Carlo simulation
results. The obtained numerical results demonstrate that the performance degradation of both users is highly
dependent on the non-linear distortions, even when the successive interference cancellation (SIC) technique
is performed perfectly.

INDEX TERMS 5G, bit error rate, high power amplifier, non-linearity, non-orthogonal multiple access,
orthogonal frequency division multiplexing.

I. INTRODUCTION
The Non-Orthogonal Multiple Access (NOMA) is a
promising communication technique, which will satisfy the
performance requirements for fifth-generation (5G) commu-
nications systems for both uplink and downlink scenarios
[1]–[5]. Unlike conventional orthogonal multiple access
(OMA) techniques including frequency division multiple
access (FDMA), time divisionmultiple access (TDMA), code
division multiple access (CDMA) and orthogonal frequency
division multiple access (OFDMA), that serve a single user
in each orthogonal resource block, the NOMA can increase
the number of users, improve spectrum efficiency, ensure
massive connectivity, high performance, and low latency
[6]–[11]. In downlink NOMA scenarios, all the individual
information signals are superimposed on a single signal
transmitted by the base station (BS) to the equipment users.
For the decoding processes, most research works consider
using successive interference cancellation (SIC) techniques
in receiving devices to separate signals in the power domain

The associate editor coordinating the review of this manuscript and

approving it for publication was Chen Chen .

for each user [12]–[14]. Studies in the literature indicate that
a key parameter for good NOMA performance is the correct
power allocation per user [4], [15]. This performance can be
measured based on the bit or symbol error rate (SER or BER);
therefore, having exact expressions for these error rates is
very significant since it will facilitate the design of the power
allocation. Thus, some works can be found in the literature
that aim to obtain closed-form BER expressions for different
numbers of users and types of digital modulations [16], [17].

On the other hand, the classical Orthogonal Frequency
Division Multiplexing (OFDM) is a multi-carrier waveform
designed to deal with multipath reception problems such as
inter-symbol interference. Mainly because OFDM presents
a good performance and has a fairly simple implemen-
tation using the fast Fourier transform, this waveform is
used in many modern communications systems, including
the fifth-generation (5G) of mobile communication systems
[18], [19]. However, this waveform has some disadvantages,
such as high out-of-band emission (OOBE) and its high
peak-to-average power ratio (PAPR) [20], [21]. This high
PAPR is due to its multi-carrier nature and can generate
non-linear distortions in the OFDM signal when it passes
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through a non-linear High Power Amplifier (HPA) [22]. As a
result of these non-linear distortions, a self-interference is
produced, which degrades the system performance. Thus,
studies that analyze the effect of HPA in OFDM are very
important. In the literature, several works that explore
the impact of HPA without memory can be found, for
instance, the performance analysis in terms of SER, BER,
and power spectral density [22]–[24], analysis of tech-
niques for reducing the PAPR and linearization of HPA
[25]–[27], implementation of PAPR reduction techniques
[28]–[30] among others. However, although for wideband
systems, memory effects should not be disregarded, very
few papers analyzing this scenario can be found in the
literature [31].

Considering the advantages of both NOMA and OFDM,
in recent years, the scientific community has shown some
interest in analyzing systems based on the joint use of these
techniques. Some studies that can be found in the literature
on NOMA-OFDM systems include: performance analysis
in terms of BER [32], a proposal of methodologies for the
decoding of the superimposed signals and power allocation
[15], [33], analysis of channel estimation effects, and chan-
nel quantization in terms of BER [34], [35], energy effi-
ciency analysis versus bandwidth spectrum efficiency [36],
performance analysis considering index modulation tech-
niques [37], [38] among others. However, to the best of the
authors’ knowledge, there are very few works that study the
performance of NOMA-OFDM systems in the presence of
HPAs. For instance, in [39] the analysis of the non-linear
distortion effects associated with HPAs is performed. In [40]
a design of a receiver to deal with non-linear distortions is
presented. In [41] show an evaluation of the performance
of the NOMA scheme in terms of outage probability and
BER. Finally, in [42], a precoding technique is proposed to
decrease the high PAPR and carrier frequency offset effects.
It is important to highlight that, although some applications
that will work over 5G mobile systems will require wide
bandwidth, none of these studies consider the memory effects
of the HPAs. Considering the above discussion, this paper
aims to develop analytical expressions to analyze the perfor-
mance of a downlink NOMA-OFDM system with two users
operating in the presence of an HPA with memory. These
results are pretty helpful to approach the design problem
of the power allocation of NOMA systems; without using
expensive computer simulation resources. To the best of the
authors’ knowledge, this is the first article that addresses this
scenario.

Compared to the previously published works, the main
contributions of our work are summarized as follows.
• Compared with the memory-less model of the HPA con-
sidered in [39]–[42], we consider a memory non-linear
model in this paper.

• In contrast to the works presented in [39], [40], [42],
which shows BER results obtained using only computa-
tional simulations, we present closed-form BER expres-
sions for a two-user downlink NOMA-OFDM system.

These expressions allow obtaining curves for different
parameters of the system easily.

• We present a theoretical characterization of non-linear
distortions generated by HPA with memory.

The rest of the article is organized as follows: In Section II,
the NOMA-OFDM signal and the non-linear model with
memory are presented. Section III presents the development
of BER analytical expressions of a downlink NOMA-OFDM
system. In Section IV are presented numerical results for
a particular NOMA-OFDM system with specific non-linear
parameters. Finally, conclusions are given in section V.

II. SYSTEM MODEL
This section will present the NOMA-OFDM model and the
non-linearity with memory considered in this work. As men-
tioned above, even though there is a signal superimpose in
NOMA systems, it is possible to recover information if there
is a proper power allocation. Thus, if we consider that the
power allocation coefficient for user i is βi, the complex
envelope of the OFDM signal for the i-th user is given by

xi[n] =
√
βiPs
N

N−1∑
k=0

ai,kej
2πkn
N , (1)

with ai,k representing the symbols transmitted by the user i on
the sub-carrier k , N is the total number of sub-carriers, and
βiPs is the power assigned to the user i where Ps represents
the total power. In this work, it will be considered that the
symbols ai,k have unit energy and are independent for differ-
ent sub-carriers, that is,

E[ai,k1a
∗
i,k2 ] = δ[k1 − k2], (2)

where δ[·] represent the well-known Kronecker delta
function.

A. NON-LINEAR MODEL WITH MEMORY
The Volterra series is a well-known model for non-linear
behavior that has the ability to capture memory effects. How-
ever, due to the mathematical complexity involved in this
model, various simplifies forms have been proposed. Some of
these proposals are Wiener [43], Hammerstein, [44] and the
memory polynomial model (MPM) [45], [46]. In this work,
the MPM will be used mainly because it is more tractable
analytically and has shown promising results in modeling
non-linearities with memory.

According to the MPM, the relationship between the input
signal and the output signal of the non-linear HPA with
memory is given by [45]

yi[n] =
D∑
d=0

Q∑
q=0

α(2d+1),qxi[n− Bq]
∣∣xi[n− Bq]∣∣2d , (3)

where xi[·] is the complex envelope representation of the
input signal, Bq is the value of the q-th delay,D is the order of
the non-linearity,Q is the total number of delays and α(2d+1),q
is the complex coefficient of (2d + 1)-th non-linear order for
delay q.
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B. NOMA TRANSMISSION WITH HPA
As previously explained, the NOMA signal to be transmitted
corresponds to a superimpose of all the user signals. Thus,
the signal transmitted by the BS in a NOMA-OFDM system
with HPA is given by

y[n] =
M∑
i=1

yi[n], (4)

where M is the total number of users and yi[n] is defined
in (3). Using (3) in (4) gives

y[n] =
M∑
i=1

D∑
d=0

Q∑
q=0

α(2d+1),qxi[n− Bq]
∣∣xi[n− Bq]∣∣2d . (5)

III. BER OF NOMA-OFDM
A. DECISION VARIABLE
In this work it is considered that the transmitted symbol
is recovered using a matched filter receiver, in this way,
the received symbol by the user m on the sub-carrier k , âm,k ,
is defined as

âm,k = hm
N−1∑
n=0

y[n]e−j
2πkn
N + nk , (6)

where hm represents the complex channel coefficients
between BS and user m. Still in (6), nk is related to the
additive white Gaussian noise in the k-th sub-carrier, and it
is considered that this noise is a random variable with zero
mean and mean power Pn. Considering (5), the expression
in (6) can be rewritten as

âm,k = hm
N−1∑
n=0

M∑
i=1

D∑
d=0

Q∑
q=0

α(2d+1),q

×xi[n− Bq]
∣∣∣xi[n− Bq]∣∣∣2de−j 2πknN + nk . (7)

Using the time-shift property in (7) gives

âm,k = hm
N−1∑
n=0

M∑
i=1

D∑
d=0

Q∑
q=0

α(2d+1),q xi[n]
∣∣∣xi[n]∣∣∣2d

×e−j
2πk(n+Bq)

N + nk . (8)

Separating the symbol corresponding to the m-th user,
we have that

âm,k = hm0m,k + hm
M∑
i=1
i 6=m

0i,k + nk , (9)

where

0i,k =

N−1∑
n=0

D∑
d=0

Q∑
q=0

α2d+1,qxi[n]
∣∣∣xi[n]∣∣∣2de−j 2πk(n+Bq)N . (10)

In general, a third-order non-linear model is capable of
capturing all the information about the HPA distortions. Thus,

considering a third-order model (this is D = 1) and perform-
ing the summation in d , (10) can be rewritten as

0i,k =

N−1∑
n=0

Q∑
q=0

α1,qxi[n]e−j
2πk(n+Bq)

N

+

N−1∑
n=0

Q∑
q=0

α3,qxi[n]
∣∣∣xi[n]∣∣∣2e−j 2πk(n+Bq)N . (11)

Defining

Aj,k =
Q∑
q=1

αj,qe−j
2πkBq
N , (12)

it follows that

0i,k = A1,k
N−1∑
n=0

xi[n]e−j
2πkn
N

+A3,k
N−1∑
n=0

xi[n]
∣∣∣xi[n]∣∣∣2e−j 2πknN . (13)

Using the definition of xi[n] given in (1) and considering
that γi,n = |xi[n]|2, we can rewrite (13) as

0i,k = A1,k
N−1∑
n=0

√
βiPs
N

N−1∑
k1=0

ai,k1e
j 2πk1nN e−j

2πkn
N

+A3,k
N−1∑
n=0

√
βiPs
N

N−1∑
k1=0

ai,k1e
j 2πk1nN γi,ne−j

2πkn
N , (14)

Separating the useful part of the information (i.e. k1 = k),
follows that

0i,k = A1,k
√
βiPsai,k + A3,k

√
βiPs
N

ai,k
N−1∑
n=0

γi,n

+A3,k

√
βiPs
N

N∑
k1=0
k1 6=k

a1,k1

N−1∑
n=0

γi,ne−j
2πn(k−k1)

N . (15)

After some mathematical manipulations, finally we have
that

0i,k = ai,kZi,k + bi,k , (16)

where Zi,k is a constant given by

Zi,k =
√
βiPs

(
A1,k + A3,k

βiPs
N

)
(17)

and

bi,k =
√
βiPsA3,k
N

N∑
k1=0
k1 6=k

ai,k1

N−1∑
n=0

γi,ne−j
2πn(k−k1)

N . (18)

Note that, for obtaining (17) was used that

N−1∑
n=0

γi,n =

N−1∑
n=0

|xi,n|2 = βiPs. (19)
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At this point, it is good to highlight that expression in (16)
corresponds to the result of the well-known Bussgang theo-
rem, which states that the non-linear system output is decou-
pled into two parts: A complex scaled version of the input
signal and an additive non-linear noise. This non-linear noise
can be considered Gaussian when the number of sub-carriers
is relatively high, (i.e., greater than 16) [47].

Using (16) in (9) and realizing that 0m = 0i for i = m,
the received symbol is given by

âm,k = hm

(
am,kZm,k + bm,k +

M∑
i=1
i 6=m

[
ai,kZi,k + bi,k

] )
+ nk

(20)

or

âm,k = hmam,kZm,k + hm
M∑
i=1
i 6=m

ai,kZi,k + hm
M∑
i=1

bi,k + nk .

(21)

Assuming that the receiver has perfect knowledge of the
channel, the decision variable is defined as

Dm,k =
âm,k
hm
= am,kZm,k +

M∑
i=1
i 6=m

ai,kZi,k + Nm,k , (22)

where the first term corresponds to the desire symbol, the sec-
ond term is the inter-user interference and the third term
represents the total noise given by

Nm,k =
M∑
i=1

bi,k +
nk
hm
. (23)

Considering the statistical properties of bi,k and nk , it can
be concluded that Nm,k is a Gaussian random variable of zero
mean and variance defined as

σ 2
Nm,k =

M∑
i=1

σ 2
bi,k +

Pn
|hm|2

(24)

where σ 2
bi,k represent the non-linear noise variance of user i

given by

σ 2
bi,k =

(βiPs)3|A3,k |2(N − 1)(3N − 2)
N 4 . (25)

Details for the derivation of σ 2
bi,k are presented in

Appendix.

B. EXACT BER EXPRESSIONS
Exact BER expressions can be obtained using the definition
of the decision variable introduced in (22) and the statistical
characteristics of the total noise presented above. However,
these expressions depend on both the number of users and the
modulation to be used. To facilitate the following analysis,
we will consider a NOMA-OFDM system with two users
using Q-PSK modulation. In this case, the expression pre-
sented in (22) allows to define the decision variables of the
two users:

D1,k = a1,kZ1,k + a2,kZ2,k + N1,k (26)

D2,k = a2,kZ2,k + a1,kZ1,k + N2,k (27)

where

σ 2
Nm,k = σ

2
b1,k + σ

2
b2,k +

Pn
|hm|2

; m = {1, 2}. (28)

The decision process of user 1 is performed using

â1,k = arg min
a1,k∈A1

∣∣D1,k − a1,kZ1,k
∣∣2, (29)

where â1,k represents the estimated symbol andA1 represents
the alphabet of the user 1 constellation. In accordancewith the
theoretical analysis presented in [16], the probability of error
of user 1 can be calculated using (30), as shown at the bottom
of the page, where

d1 =
√
2|Z2,k | cos

[
π

4
+ 6

(
Z2,k
Z1,k

)]
(31)

and

d2 =
√
2|Z2,k | sin

[
π

4
+ 6

(
Z2,k
Z1,k

)]
. (32)

For the decoding process of user 2, the SIC is used. Firstly
an estimate of a1,k is obtained using

ã1,k = arg min
a1,k∈A1

∣∣D2,k − a1,kZ1,k
∣∣2. (33)

Then the information corresponding to user 1 is subtracted
from the decision variable, and a procedure similar to (29) is
performed, that is,

â2,k = arg min
a2,k∈A2

∣∣D̃2,k − a2,kZ2,k
∣∣2, (34)

where â2,k represents the estimated symbol,A2 represents the
alphabet of the user 2 and

D̃2,k = a2,kZ2,k + (a1,k − ã1,k )Z1,k + N2,k . (35)

If the SIC process is performed perfectly (i.e. a1,k = ã1,k )
the BER is computed using

ρPSIC2,k = Q

√√√√ ∣∣Z2,k ∣∣2
σ 2
b1,k
+ σ 2

b2,k
+

Pn
|h2|2

 . (36)

ρ1,k =
1
4

[
Q
(
|Z1,k | − d1
σN1,k

)
+ Q

(
|Z1,k | − d2
σN1,k

)
+ Q

(
|Z1,k | + d1
σN1,k

)
+ Q

(
|Z1,k | + d2
σN1,k

)]
(30)
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On the other hand, if the SIC process was not performed
correctly, following the methodology presented in [16] the
BER of user 2 is given by (37), as shown at the bottom of the
page.

Finally, the average BER for either of the two users is
calculated using

Pm =
1
N

N∑
k=0

ρm,k . (38)

IV. NUMERICAL RESULTS
In this section, the exact BER expressions of aNOMA-OFDM
two-user system using Q-PSK presented in (30) and (37)
are used to obtain numerical results. In addition, in order to
validate these expressions, the same results are obtained but
usingMonte Carlo simulations. As can be seen in Figs. 1 to 6,
all the theoretical results (solid lines) have a good agreement
with the simulation results (dotted lines). All these results
were obtained considering that both users use 32 sub-carriers
(N = 32). The non-linear effect were analyzed based on the
MPM’s specific coefficients and the input Back-Off (IBO)
defined as the ratio between the amplifier input saturation
and the average transmitted power. The coefficients for the
non-linear model with memory correspond to a sparse delay
model [48] and are listed in Table 1.

FIGURE 1. Theoretical and simulated BER results for a NOMA-OFDM
system with non-linear HPA with memory for two users, using Q-PSK,
N D 32, IBO = 15dB, SNR1 = 12dB and different SNR2 values.

Fig. 1 shows the BER results for user 1 and user 2 (for both
with and without perfect SIC). Here it was considered that
the signal-to-noise ratio of user 1 and the IBO are 12 dB and

TABLE 1. HPA polynomial memory delays and coefficients (Sparse delay).

FIGURE 2. Theoretical and simulated BER results for a NOMA-OFDM
system with non-linear HPA with memory for two users, using Q-PSK,
N = 32, IBO = 15dB, SNR2 = 12dB and different SNR1 values.

FIGURE 3. BER results for user 1 on different sub-carriers using Q-PSK,
N = 32, IBO = 15dB, SNR1 = 12dB and different SNR2 values.

15 dB respectively (i.e. SNR1 = 15 dB and IBO = 15 dB).
As expected, large values of the signal-to-noise ratio of user 2
(SNR2) generate a BER degradation of user 1. Due to this

ρ2,k =
1
4

[
4Q

(
|Z2,k |
σN2,k

)
− Q

(
|Z1,k | + d1
σN2,k

)
− Q

(
|Z1,k | + d2
σN2,k

)
+ Q

(
2|Z1,k | + d1

σN2,k

)
+ Q

(
2|Z1,k | + d2

σN2,k

)
+Q

(
|Z1,k | − d1
σN2,k

)
+ Q

(
|Z1,k | − d2
σN2,k

)
− Q

(
2|Z1,k | − d1

σN2,k

)
− Q

(
2|Z1,k | − d2

σN2,k

)]
(37)
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FIGURE 4. BER results for user 2 on different sub-carriers using Q-PSK,
N = 32, IBO = 15dB, SNR2 = 12dB and different SNR1 values.

FIGURE 5. Theoretical and simulated BER results for user 1 with different
IBO values.

degradation, the SIC process is performed imperfectly and
therefore also generates a degradation in the BER of user 2.
Fig. 2 also shows the BER results for users 1 and 2, but
this time the signal-to-noise ratio of user 2 is set to 12 dB
(SNR2 = 12dB). As can be seen in this figure, for large
values of SNR1, there is a non-linear floor in the BER of
user 1, mainly generated by the non-linear noise of the HPA
with memory. Furthermore, this figure confirms that large
values of SNR1 lead to a degradation in user 2 performance.

Note that Figs. 1 and 2 show that despite a perfect SIC
process, the BER of user 2 degrades significantly for high
SNR1 or SNR2, due to the presence of the non-linear noise
caused by the HPA.

In order to analyze the effect of non-linear distortions with
memory on each sub-carrier, Figs. 3 and 4, in addition to
presenting the average BER curve, present BER curves for the

FIGURE 6. Theoretical and simulated BER results for user 2 with different
IBO values.

edge and center sub-carriers. As can be seen in these figures,
there are only substantial differences between the sub-carriers
for small values of SNR2 or high values of SNR1.
Figs. 5 and 6 show the influence of IBO on the performance

of OFDM-NOMA systems. For example, in Fig. 5, we can
observe the BER of user 1 for different values of IBO. This
figure shows that the further away from its linear region
the HPA operates (i.e., a high IBO), the worse the system
performance. Fig. 6 shows the same result but for user 2. For
comparison purposes, Figs. 5 and 6 show the results presented
in [16] when a linear HPA is considered.

V. CONCLUSION
The main contribution of this paper is the development of
analytical expressions of the BER in NOMA-OFDM systems
operating in the presence of high-power amplifiers. Specif-
ically, we develop exact BER expressions for a two-user
downlink system using NOMA-OFDM. Unlike some works
found in the literature, this paper considers a non-linearmodel
capable of capturing the memory effects of the high-power
amplifier. The numerical results obtained using these ana-
lytical expressions were validated by simulation results and
showed that the non-linear distortions seriously degrade the
performance of the systems.

APPENDIX
STATISTICAL CHARACTERIZATION OF THE NON-LINEAR
NOISE OF THE i -TH USER
The mathematical expression of the non-linear noise pre-
sented in (18) can be rewrite as

bi,k =
√
βiPsA3,k
N

N−1∑
k1=0
k1 6=k

Bik1 , (39)
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Rik1,k2 =
(βiPs)2

N 4

N−1∑
n=0

N−1∑
m=0

N−1∑
`1=0

N−1∑
`2=0

N−1∑
`3=0

N−1∑
`4=0

Maie
−j 2π [n(k−k1)−m(k−k2)]N ej

2π [n(`1−`2)+m(`3−`4)]
N (45)

where

Bik1 =
N−1∑
n=0

ai,k1γi,ne
−j 2πn(k−k1)N . (40)

Because the mean of bi,k is zero, its variance is given by

σ 2
bi,k =

βiPs|A3,k |3

N 2

N−1∑
k1=0
k1 6=k

N−1∑
k2=0
k2 6=k

Rik1,k2 (41)

with

Rik1,k2 = E[Bik1B
i∗
k2 ] (42)

or, considering (40),

Rik1,k2 =
N−1∑
n=0

N−1∑
m=0

E[ai,k1a
∗
i,k2γi,nγi,m]e

−j 2π [n(k−k1)−m(k−k2)]N .

(43)

Recalling the definition of γi,n given by

γi,n =
∣∣xi[n]∣∣2 = βiPs

N 2

N−1∑
`1=0

N−1∑
`2=0

ai,`1a
∗

i,`2e
j 2πn(`1−`2)N , (44)

the expression of Rik1,k2 can be rewrite as in (45), as shown at
the top of the page, where

Mai = E[ai,k1a
∗
i,k2ai,`1a

∗

i,`2ai,`3a
∗

i,`4 ]. (46)

To compute the expected value in (46) we can use the
moment cumulants formula, thus,

Mai = E[ai,k1a
∗
i,k2 ]E[ai,`1a

∗

i,`2 ]E[ai,`3a
∗

i,`4 ]

+E[ai,k1a
∗
i,k2 ]E[ai,`1a

∗

i,`4 ]E[ai,`3a
∗

i,`2 ]

+E[ai,k1a
∗

i,`2 ]E[ai,`1a
∗

i,`4 ]E[ai,`3a
∗
i,k2 ]

+E[ai,k1a
∗

i,`2 ]E[ai,`1a
∗
i,k2 ]E[ai,`3a

∗

i,`4 ]

+E[ai,k1a
∗

i,`4 ]E[ai,`1a
∗

i,`2 ]E[ai,`3a
∗
i,k2 ]

+E[ai,k1a
∗

i,`4 ]E[ai,`1a
∗
i,k2 ]E[ai,`3a

∗

i,`2 ] (47)

or considering the statistical properties of ai (i.e.
E[ai,k1a

∗
i,k2

] = δ[k1 − k2])

Mai = δ[k1 − k2]δ[`1 − `2]δ[`3 − `4]

+ δ[k1 − k2]δ[`1 − `4]δ[`3 − `2]

+ δ[k1 − `2]δ[`1 − `4]δ[`3 − k2]

+ δ[k1 − `2]δ[`1 − k2]δ[`3 − `4]

+ δ[k1 − `4]δ[`1 − `2]δ[`3 − k2]

+ δ[k1 − `4]δ[`1 − k2]δ[`3 − `2]. (48)

Substituting the result of (48) in (45) and performing some
algebra, it is obtained that

Rik1,k2 =
(βiPs)2

N 4

[
N 4δ[k1 − k2]δ[k1 − k]+ N 3δ[k1 − k2]

+2N 3δ[k1 − k]+ 2N 2
]
. (49)

Finally, using (49) in (41) allows us to write that

σ 2
bi,k =

(βiPs)3|A3,k |2(N − 1)(3N − 2)
N 4 . (50)
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