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ABSTRACT Fuzzy Time Series (FTS) models are commonly used in time series forecasting, where they
do not require any statistical assumptions on time series data. FTS models can handle data sets with a small
number of observations or with uncertainty. This is a general advantage of FTS as compared with other
techniques. However, FT'S models still have some criticisms, such as the optimal lengths of intervals and
the proper weights, which always influence the model accuracy and still have been of many concerns in
literature. The work in this paper proposes a novel FTS forecasting model based on a new tree partitioning
method (TPM) and Markov chain (MC), called FTSMC-TPM, for determining the optimal partitions of
intervals and the proper weights vectors respectively, and this will greatly improve the model accuracy.
The efficiency of the FTSMC-TPM model is tested using two types of time series consisting of the air
pollution index (API) data, which is collected from Kuala Lumpur, Malaysia and the benchmark data of the
yearly enrollments for the University of Alabama. Three statistical criteria have been used for investigating
the accuracy of the proposed model. The results indicate that the proposed model outperforms the existing
classic and advanced time series models in terms of forecasting accuracy. In addition, the proposed model
shows the ability to successfully deal with forecasting problems to obtain higher model accuracy, which is
examined in comparison with the existing models to validate its superiority. Hence, this study demonstrates
that the proposed model is more suitable for the accurate prediction of air pollution events as well as for
forecasting any type of random time series.

INDEX TERMS Air pollution, Kuala Lumpur, fuzzy time series, fuzzy logical relation, Markov chain, tree
partition method.

I. INTRODUCTION

Forecasting is one of the most important topics of research
that has attracted the concern of many researchers and scien-
tists. Amongst various well-known and developed forecasting
models, fuzzy time series models are successfully employed
better than traditional forecasting methods. Fuzzy time series
forecasting model is the application of linguistic mathemat-
ical reasoning to model and predicts the future from a time
series of linguistic historical observations. In contrast to tra-
ditional time series forecasting, fuzzy time forecasting mod-
els consider uncertainties in observations over time, do not
require restrictive assumptions and too much background
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knowledge of the observations [1]. Also, fuzzy time series
forecasting methods are able to work with a very small set of
observations [2].

Air pollution is a serious environmental problem that has
drawn worldwide attention. It can be described as the pres-
ence of harmful substances in the air at higher concen-
trations than their normal ambient rates, which can cause
damage or undesirable changes to human health and the envi-
ronment. From these substances, particulate matter (PMjy),
ozone (O3), sulphur dioxide (SO,), nitrogen dioxide (NO3),
and carbon monoxide (CO), which are the most materials that
could impact negatively on human life, ecosystems, and other
living creatures in the natural environment. Thus, monitoring
and forecasting the parameters of air quality are necessary for
assessing the air pollution level where the results found can be
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used for managing the air quality. Accordingly, air pollution
forecasting is one of the most powerful ways, providing infor-
mation on air quality and developing early warning systems,
which help in preventing negative effects on human health
and improving life quality that produces from air pollution.
In addition, it considers a fundamental tool for the anticipated
implementation of strategies in public health.

Several statistical and soft computing methods are used
for predicting the transition of air pollutants in the lower
atmosphere. Up to now, statistical methods and soft comput-
ing techniques are the main categories that have been used
and developed in order to forecast air pollution in order to
improve the accuracy of air quality prediction. The major
purpose of these techniques is to analyze the past behav-
ior of air pollutant concentration to predict future values,
assuming they will be similar in the future. For instance,
regression analysis [3], autoregressive integrated moving
average (ARIMA) [4], [7]-[11], artificial neural network
(ANN) [5], [6], [15] and Markov chain model [13], [14] are
applied for air pollution forecasting. However, these tech-
niques have some drawbacks on generalization issues, satisfy
the statistical assumptions, and treating with subjectivity and
uncertainty data, that can extant in the issues of environmen-
tal, such as air pollution.

Accordingly, fuzzy time series (FTS) models are most
appropriate for the data that consists of a small number of
observations, incomplete, include uncertainty, and do not
require statistical assumptions. Particularly, forecasting air
pollution data that generally collects in the form of time
series doesn’t satisfy such assumptions. Thus, it is believed
that the FTS model is suitable for modeling air pollution.
However, very few studies have been done using FTS models
as in [16]-[18] and others. For instance, the authors in [19]
proposed an FTS model for predicting the daily O3 pollutant
in Taiwan. A seasonal FT'S model for forecasting air pollution
in Ankara was applied in the study by [20]. In [21], the authors
conducted an analysis in order to evaluate the forecasting
performance of five models, which are ARIMA, ANN and
three models of FTS for predicting air pollution in Malaysia.
In [22], the authors proposed fuzzy time series based on
the Markov transition probability matrix, which is used for
obtaining the largest probability using a transition probability
matrix to establish weights of fuzzy relationships between the
observations of the stochastic pattern of time series. They also
used a random length of interval for the universe of discourse,
which leads to a negative effect by abnormal observations
and outliers. In [16], the authors proposed a fuzzy time series
model using clustering techniques, which is used for min-
imizing the negative effects of abnormal observations and
outliers on the model accuracy. According to the literature,
it is observed that the fuzzy time series have some issues in
determining the appropriate length of intervals, and various
methods have been presented to investigate the length of the
interval and partition number of the universe of discourse in
fuzzy time series to achieve high-level forecasting accuracy.
Nevertheless, the issue of interval length is still a matter of
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concern and thus, influencing the forecasting accuracy. Thus,
FTS models in air quality forecasting may present interesting
issues where it impacts forecasting accuracy.

In order to increase accuracy and to decrease the level
of complexity and the overload of calculation in forecast-
ing, this study proposes a novel fuzzy time series Markov
chain model based on a new Tree Partition Method (FTSMC-
TPM). The FTSMC-TPM model improves the interval length
along with the partition number of the universe of discourse,
simplifies the partitioning of the universe of discourse and
minimizes the undesirable influences of abnormal data points
on the performance of forecasting. TPM is a novel linguis-
tic partition method developed as a re-partitioning approach
based on the average length of first sub-intervals (the average
inter-quartile range). This method is simpler and more effec-
tive than clustering methods in determining the proper length
of intervals in order to provide an optimal partition of the
universe of discourse. In addition, in the forecasting method,
the first-differencing data is also considered to obtain a better
forecast. The proposed FTSMC-TPM model in this study
is an extension and development of the existing fuzzy time
series Markov chain model proposed by [22]. For validating
and evaluating the performance of the proposed method,
we demonstrate an application of the proposed forecasting
model using two different types of real-world data set, includ-
ing 1) the hourly air pollution index (API) data from Kuala
Lumpur, Malaysia. 2) the benchmark data of enrollment at
the University of Alabama. Finally, we perform a comparison
between the FTSMC-TPM model and the existing fuzzy time
series models. The main advantage of the proposed model is
to decrease the level of complexity in the partition method
and the overload of calculation in forecasting.

The rest of this paper is outlined as follows: Section II
presents the preliminary of the study, which includes a
brief introduction, definitions related to fuzzy time series
and reviews of existing FTS models. Section III introduces
the research framework and algorithm used for analysis.
Section IV gives an implementation of the proposed model
and validates the effectiveness of the proposed model with a
real dataset, and by comparison with the prediction accuracy
of some existing various models that have been developed.
Section V offers the model evaluation. Finally, Section VI
presents the conclusion of the study.

Il. PRELIMINARY
This section involves a brief introduction, main definitions of
fuzzy time series and reviews its related literature

A. FUZZY TIME SERIES

A fuzzy set [23] is a class of objects with a continuum of the
grade of membership. Let U be the universe of discourse with
U = {uy, us, ..., u,}, where u; are possible linguistic values
of U. Fuzzy time series is a combination of the concept of
fuzzy sets with the time series model. The aim of the essential
steps for designing fuzzy time series models is to i) determine
the universe of discourse U, ii) split U into a fixed number
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of intervals, and fuzzification, iii) determine fuzzy logic rela-
tion, iv) define forecasted values and defuzzification. Fuzzy
time series definitions have been presented in the past works
as follows.

Definition 1: [24] Let X (¢),(t = 1,2,...) a subset of
real numbers, be the universe of discourse in which fuzzy
sets fj (1) G = 1,2,...) are defined. If F (¢) is a collection
of f1(¢),fo(t), ..., then F (¢) is called a fuzzy time series
of X (1).

Definition 2: [24] A fuzzy set is a class of objects with a
continuum of the grade of membership. Let U be the Universe
of discourse with U = {uy,us,us, ..., u,}, where u; are
possible linguistic values of U, then a fuzzy set of linguistic
variables A; of U is defined by

:fAi (u1) +fA,» (u2) +m+fA,~ (un)
u u Uy

A; (H
where fj, is the membership function of fuzzy set A;; fa;:
U — [0, 1].fa;, (uy) €[0,1]and 1 < r < n.If u;is amember
of Ai, then f3, () is the degree of belonging of u; to A;.
Definition 3: [20] Let us consider the fuzzy logical rela-
tionship (FLR) R(¢,t — 1) such that F(t) = F (@) =
F@—1) % R(t—1,t), where % represents an operation,
then F (¢) is said to be caused by F (). Then, the logical
relationship between F (¢) and F (1) is denoted as

F@t—1) — F@) 2)

Definition 4: [20] Let F (t) = A; and F (t) = A;. The
relationship between two consecutive observations , F' (¢) and
F (1), referred to as an FLR, can be denoted by A; — A;,
where A; is the left-hand side of the FLR and A; is the right-
hand side of the FLR.

B. REVIEW AND FRAMEWORK OF THE FUZZY TIME
SERIES

In 1993, the Fuzzy time series model was proposed
by [24], [25] by replacing the values of time series with fuzzy
sets, to establish fuzzy relationships among observations.
As creating fuzzy relations need a complex matrix process,
therefore, it takes a long time of computation to execute it.
Song and Chissom’s model was modified by [26] employing
a simpler arithmetic process rather than a complex max-min
process to simplify the use of the model.

Fuzzy time series models consist of three steps, and these
are: 1) split the universe of discourse U into fixed intervals and
fuzzification of classical time series, ii) generate fuzzy logical
relations between fuzzy sets (A4;), and iii) defuzzification and
forecasting. However, in the FTS models mentioned above,
no information has been offered on how the length of intervals
is set, so, it is determined arbitrarily. Therefore, several FTS
models have been introduced to determine the length of the
interval and enhance the forecasting performance of [26]
model. For instance, two heuristic FT'S models depend on
the mean of differences and distribution of differences were
presented by [27]. An approach that depends on ratios rather
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than equivalent lengths of intervals was proposed by [28].
The authors in [29], [30] employed genetic algorithms. The
particle swarm optimization was applied by [12], [31]-[34].
An optimization technique with a single-variable restriction
was employed by [35], [36]. In addition, [37] applied the
sliding window technique with the type-2 fuzzy time-series
model for determining the appropriate length of intervals.
Also, an interval type-2 fuzzy logic system (IT2FLS) based
on a fuzzy time series was proposed by [38]. A fuzzy
time series model has been developed by combining the
model with some techniques such as network traffic anomaly
detection algorithm [39], complex network analysis [40] and
C-Means clustering algorithm [41].

In most studies on fuzzy time series, the universe of
discourse is split into equivalent-length intervals. However,
when the distribution of the universe of discourse is not
uniform, fuzzy time series models may not generate pretty
forecasting outcomes. Thus, many studies used clustering
techniques to set the distribution of universe discourse from
itself and discovered a different fuzzy partition at a different
interval length [16], [33], [35], [36], [42]-[44] in order to par-
tition the universe of discourse. Nevertheless, the clustering
techniques are difficult in determining an optimal partition
number in many cases. According to the literature reviewed
above, it is believed that determining an optimal and appro-
priate partition method for the universe of discourse presents
interesting issues.

lil. METHOD

In this section, an algorithm of the proposed partition method
called Tree Partition Method (TPM) and the proposed model
building algorithm are presented in the next sub-section.

A. ALGORITHM OF THE PROPOSED PARTITION METHOD
This sub-section involves an algorithm of the proposed par-
tition method called the Tree Partition Method (TPM). This
method can be applied for determining the optimal partition
number for the partitioning of the universe of discourse that
may improve the model accuracy. A pseudo-code of the
algorithm is presented in Tablel. The steps of the proposed
partition method (TPM) algorithm are in detail as following:

1) Define the universe of discourse, U for the his-
torical data, based on the range of available his-
torical time series data, by the formula U =
[Dyin — D1, Dyax + D21, where D,;,, denotes the min-
imum value in the universe of discourse U, Djux
denotes the maximum value in the universe of discourse
U, D and D represent positive values, which are used
for extending the length on both sides of U to preserve
a variation space and to ensure that the future results
fallin U.

2) Partition the universe U into at most five equal-length
intervals and not less than three, as it is the smallest
number of partitions in many previous studies. In addi-
tion, usually, we consider applying the inter-quartile
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range partition method to guarantee that each interval
consists of a number of observations and its length is
greater than zero especially for the dataset of a small
number of observations (small sample size).

3) Calculate the average of the sub-intervals found in
step 3.

4) Re-divide the interval in Step 2. If there are one or more
of the sub-intervals that have a size greater than the
average found in step 3, then the particular sub-interval
with a size greater than the average should be further
partitioned into half.

5) If there is any of the sub-interval found in step 4 still
has a size greater than the first average value found
in step 3, then the particular sub-interval with a size
greater than the average should be further partitioned
into half.

6) Repeat the operation in step 3 until all sub-intervals’
size becomes less than the first average amount.

7) The latest partitions with sub-intervals size less than
average length are considered in the calculation.

B. PROPOSED MODEL BUILDING ALGORITHM
In this subsection, the simplified arithmetic operations intro-
duced by [22] are used in the proposed model algorithm. The
steps of the proposed model algorithm can be described in
detail as follows:

Step 1: Define the universe of discourse, U for the histori-
cal data.

Step 2: Partition U for the historical data following the
algorithm’s steps of the proposed partition method (TPM) as
presented in Table 1.

TABLE 1. Pseudo-code of the proposed partition method (TPM.)

Algorithm 1 A Pseudo-code of the Tree Partition Method (TPM)

Begin
1. Read dataset.
2. Define U = [Dpyin — D1, Dypax + D21
3. Partition U into n intervals u;,i =1,2,...,n,
st.3<n<5.
4. Fori=1ton.
5. Find the length of intervals L;
6.  Find the average of sub-intervals' length, i.e.,
ALFP =270 yi =12, n.
7. If 3i: L; > ALFP, then re-divide L; to half
Vi(i=i+1).
8 Fori=1to(n+p), (p is the new sub-
intervals).
9. If3i:L; >ALFP, gotostep 7, else break the
loop [i.e., L; < ALFP,Vi].
End

Step 3: Define the fuzzy sets Ay on the universe of dis-
course U. Fuzzy sets Ay are determined based on the interval
uy that already have been formed using the grid method in the
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previous step with the function membership as follows.

1 0.5
— 4+ = k=1
ui u
0.5 1 0.5
A= —+—+— 2<k=<n-1 3)
uj U us
0.5 1
+ — k=n
Up—1 Un

Step 4: Fuzzify the observations into linguistic values
based on the maximum membership value. Then, the obser-
vations are mapped into a fuzzy set.

Step 5: Construct the fuzzy logical relationships (FLRs)
and establish fuzzy logical relation groups (FLRGs) to build
frequencies (count) matrix of fuzzy relation between obser-
vations.

Step 6: Establish transitions count matrix and calculate the
Markov transition probability matrix based on the frequencies
of the fuzzy relationship groups found in Step 5. State transi-
tion probability P;;, from state A; to state A; is the probability
of observing y;y1 given yy, i.e., Pj = Pr (yi+1 =jly, = 0),
which can be calculated as follows
Nijj
Ni.’
where Nj; and N;. represent transition time in one step from
state A; to state A; and the number of observations in the state
Aj, respectively. Thus, Markov transition probabilities matrix
P can be given as follows

Py = i,j=12...,n )

P11 P12 - Pln
P12 p22 P2n

(5)
Pnl Pnl *** Pnn

where P;j > 0and 3, P;j = 1.

Step 7: Defuzzify the linguistic value and calculate fore-
casted values. More specifically, in the calculations of
forecasts, there are two cases, which are one-to-one, and
one-to-many are considered.

Case I: In the case of the fuzzy logical relationship group
of A; is one-to-one, in which there only one transition for A;
(i.e., A; — Ag, with Py = 1 and P;j = 0, # k), then the
forecasting of F (¢) is cg, the center of ux, k = 1,2,...n,
which can be calculated according to (6) below

F+D=c Pi=ck (6)

Case 2: In the case of the fuzzy logical relationship group
of Ai is one-to-many, in which there are more than one
transitions for A; (i.e.,A; — A, Az, ..., Ay, i=1,2,...,n).
Thus, if the state is A; for the observation Y (¢) at time ¢,
the forecast value F (¢ + 1) can be calculated by using (7)
below

F@+1) =cipi +cipiz + ...+ ci—1pii-1)
+Y (t) pii + cix1Piii+1)
+ ...+ cupin @)
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FIGURE 1. Time series plots the API values of training and testing datasets.

TABLE 2. Description of the procedures of the tree partition method (TPM) for training API dataset.
The universe of discourse U = [0,250]
1%t Partition
method bised on the wpe of | ZeParttion | 3paridon | 4%Partiton
dataset (at least 3-5 intervals). Via divide each interval into | Via divide each interval into | Via divided each interval into
half half half
Interval length Interval-R1 length Interval-R2 length Interval-R3 length
[0, 50] 14893 [0, 25] 1677 [0, 25] 1677 [0, 25] 1677
[50,100] 8059 [25,50] 13216 [25, 37.5] 6294 [25,31,25] 2700
[100,150] 279 [50,75] 6907 [37.5,50] 6922 [31.27,37.5] 3594
[150,200] 70 [75, 100] 1152 [50, 62.6] 5072 [37.5, 43.75] 3540
[200,250] 3 [100,150] 279 [62.5,75] 1835 [43.75, 50] 3382
- - [150,200] 70 [75, 100] 1152 [50, 56.25] 3200
- - [200,250] 3 [100,150] 279 [56.25, 62.5] 1872
- - - - [150,200] 70 [62.5,75] 1835
- - - - [200,250] 3 [75, 100] 1152
- - - - - - [100,150] 279
- - - - - - [150,200] 70
- - - - - - [200,250] 3
Repartition > 4661 Re-partition > 4661 Re-partition > 4661 Stop <4661
* Average length of the first partition (ALFP) = w ~ 4661
Since all the sub-interval lengths are less than 4662, then stop repartition. Otherwise, continue repartition.

where c1, ¢, ..., ¢, are the centers of uy, up, ..., u, and c;
replaced by Y () to has more information from the state A; at
time 7.

Step 8: Adjust the forecasted values by considering the
first difference of actual values Y (¢). Then it is necessary to
adjust the trend of the pre-obtained forecasting value in order
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TABLE 3. Sub-intervals after partition with corresponding fuzzy numbers.

TABLE 4. Linguistic time series values.

Number of Interval u; Mid- Interval  Fuzzy
intervals point ¢; Code Number
1 [0, 25] 12.50 Uy Ay
2 [25,31,25] 28.125 U, A,
3 [31.27,37.5] 34.375 Uz Az
4 [37.5,43.75] 40.625 Uy A,
5 [43.75, 50] 46.875 Us As
6 [50, 56.25] 53.125 Ug Ag
7 [56.25, 62.5] 59.375 Uy A,
8 [62.5,75] 68.750 Ug Ag
9 [75, 100] 87.50 Uy Ay
10 [100,150] 112.50 Uygg Ay
11 [150,200] 137.50 Uygg A1q
12 [200,250] 162.50 Usp A,

to reduce the estimated error. The adjusted forecasted values
can be written by

F@+1)=F(+1) +Diff (Y (1)) (8)

Step 9: Validate the performance of the proposed model.

C. PERFORMANCE EVALUATION OF THE PROPOSED
MODEL

The statistical criteria used to evaluate models are the Root
Mean Squared Error (RMSE), Mean Average Percent Error
(MAPE), and Thiels’ U statistic, which are described in (9),
(10) and (11) respectively, where Y; means the real data, F;
the forecasted values and N is the total number of the data
set [17], [18].

N 2
N (Y, —F;
RMSE = Liz i = F)” )
N
N
1 Y, — F;
MAPE = ﬁz ;' x 100 (10)
i=1 i
VI (Y — F)?
Theil's U = <= ; : N - (11)
\/Zi:l Y; +\/Zi=1Fi

IV. RESULTS AND DISCUSSION

This section involves implementing the proposed model using
two different types of datasets in order to provide results that
show the superiority of the model used. The first dataset used
is the air pollution index data collected from Kuala Lumpur,
Malaysia for the period of three years 2012-2014 whose plots
for training data and testing data are given in Fig.1. The sec-
ond dataset is the benchmark data of enrollment of Alabama
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No Linguistic time series values Ak
1 1 05 0 0 0 0
Aj=—t—F—F—F b —t—+—
U Uy Uz Uy Uip U1 Upp
2 05 1 05 0 0 0
P — et —F—t— b —t—+—
U Uy Uz Uy Up  Up1  Ugz
0 05 1 05 0 0
3 Ay=—F—F—+—+ ot —F+—+—
U Uz Uz U Up  U11 Upz
0 0 0 0.5 1 0.5 0
Ay =—F—F—t b — b —F—— —
U Uy Uz Ug U U1 Upz
05 1 05 0 0 0.5 1
Ap=—F—F—F—F b —t—+—
12 U Uy Uz Uy Up U1 Upp

TABLE 5. API values are expressed as fuzzy numbers.

oNfuIKInol:f:s Date/Time AP E:ftfzer fel;;fi}:)nsll?iiisc
1 2012/1/1 01:00 24 Ay -

2 2012/1/1 02:00 25 A, A - A,
3 2012/1/1 03:00 26 A, Ay - A,
4 2012/1/1 04:00 26 A, A, - A,
5 2012/1/1 04:00 26 A, A, - A,
6 2012/1/1 06:00 26 A, A, - A,
7 2012/1/1 07:00 25 A, A, - A,
23300 2014/8/31 18:00 40 A, As - A,
23301 2014/8/31 19:00 41 A, Ay - A,
23302 2014/8/31 20:00 41 A, A, > Ay,
23303 2014/8/31 22:00 42 A, Ay - Ay
23304 2014/8/31 23:00 40 A, Ay - Ay
23304 2014/8/31 24:00 40 A, Ay - A,

University. The results of implementing the model using the
datasets mentioned are presented in the next sections.

A. API FORECASTING

The air pollution index (API) data is categorized based on the
highest index value of five main air pollutants namely PMy,
CO,, 03, NO3 and SO; [45]. The API values are determined
by the average indices for these five pollutant variables and
then the maximum value among these five sub-indices is
chosen as the API value [18], [19], [46].
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TABLE 6. Fuzzy logical relationship groups for the tree partition method.

Group Fuzzy logical relationships (FLRG)
Gl Al - (1158)A1, (128)A2, (19)A3, (14)A4, (9)AS, (5)A6, (2)A7
G2 A2 - (140)Al, (2557)A2, (248)A3, (53)A4, (21)AS, (5)A6, (11)A7, (3)A8, (4)A9
G3 A3 = (19)A1, (255)A2, (2882)A3, (286)A4, (76)AS, (44)A6, (15)A7, (12)AS, (4)A9, (1)A10
G4 A4 - (1AL, (47)A2, (325)A3, (2759)A4, (270)A5, (68)A6, (30)A7, (20)AS, (9)A9

G5 A5 > (3)AL, (21)A2, (55)A3, (293)A4, (2100)AS5, (230)A6, (56)A7, (47)AS, (9)A9, (1)A10
G6 A6 - ()AL, (17)A2, (35)A3, (77)A4, (242)AS, (3085)A6, (150)A7, (116)AS, (43)A9, (1)A10
G7 A7 > (2)A1, (9)A2, (14)A3, (30)A4, (44)AS, (178)A6, (1388)A7, (150)A8, (56)A9, (1)A10

G8 A8 = (6)A2, (6)A3, (22)A4, (37)AS, (104)A6, (159)A7, (1228)A8, (190)A9, (5)A10
G9 A9 - (2)A2, (9)A3,(6)A4, (37)AS5, (104)A6, (159)A7, (1228)AS8, (190) A9, (5)A10
G10 A10 -(2)AS, (3)A6, (2)A7, (14)AS, (54)A9, (143)A10, (12)A11
Gl1 All - (1)AS8, (4)A9, (10)A10, (54)A11, (3)A12
GI12 Al12 - (3)All, (70) A12
1 2 3 4 5 3 7 8 9 10 11 1z
1 1158 128 19 14 ] ) 2 0 0 o] o] o]
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5 3 21 55 293 2100 230 =1 47 9 1 a a
] 1 17 35 77T 242 3085 150 11s 43 1 0 0
7 2 9 14 30 44 178 1388 150 56 1 Q Q
g8 0 & & 22 37 104 15% 1228 180 5 0 0
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10 a a 1 a 2 3 2 14 54 143 12 a
11 0 0 0 0 0 0 0 1 4 10 4 3
12 a a a a a a a a a a 3 T0
FIGURE 2. Frequencies (count matrix) based on fuzzy logic relationship groups.
1 2 3 4 5 6 T 8 ] 10 11 12
1 _0.56? 0.096 0.0l4 0.010 0.007 0.004 0.001 0.000 0.000 0.000 0.000 0.000 |
2 0.046 ©.8541 0.082 0.017 0.007 0.002 0.004 ©0.001 0.001 0.000 OQ.000 0.000
3 0.005 ©0.071 0,802 0.080 0.021 0.012 0,004 0.003 0,001 0.000 Q.000 0,000
4 0.003 ©0.013 0,092 0.780 0.076 0.01% 0,008 0.006 0,003 0.000 Q.000 0,000
= 0.001 0.007 0.020 0.104 0.746 0.082 0.020 0.017 0.003 0.000 0.000 0.000
& 0.000 ©.005 0.009 0.020 0.064 0.81% 0.040 0.031 0.011 0.000 O0.000 0.000
T 0.001 ©.005 0.007 0.01e 0.024 0.05%5 0.741 O0.0B0 0.030 0.001 O0.000 0.000
8 0.000 ©.003 0,003 0.013 0.021 0.05% 0,090 0.699 0,108 0.003 0.000 0.000
g 0.000 ©.002 0,007 0.005 0.012 0.037 0.04% 0.138 0.6%1 0.057 0.002 0.000
10| 0.000 Q.0Q00 0.004 0.000 0.009 0.01l3 0.009 Q.01 0.234 0.619 0.052 0.000
11| g.000 ©0.000 0.000 0.000 0.000 0.000 0.000 0.014 0.056 0.139 0.750 0.042
12| 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.041 0.959

FIGURE 3. Markov transition probability matrix based on fuzzy logic relationship groups.

In this study, the hourly API values, which were gath- proposed model. The API dataset is divided into a training
ered from an air monitoring station located in Kuala dataset which is from the 1st of January 2012 to 31st of
Lumpur, Malaysia are used in the analysis to validate the August 2014 and the testing dataset which is from the 1st
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TABLE 7. Fuzzy logical relationship groups for the TPM method.

Hour Actuals Forecasts  Differences Adjusted
(APD) Forecast
2012/1/1 24 - - -
1:00
2012/1/1 25 25.03380 1 26.03380
2:00
2012/1/1 26 25.90812 1 26.90812
3:00
2012/1/1 26 26.74869 0 26.74869
4:00
2012/1/1 26 26.74869 0 26.74869
5:00
2012/1/1 26 26.74869 0 26.74869
6:00
2012/1/1 25 26.74869 -1 25.74869
7:00
2014/12/31 40 39.68487 1 40.68487
19:00
2014/12/31 41 41.24407 1 42.24407
20:00
2014/12/31 41 41.24407 0 41.24407
21:00
2014/12/31 42 41.24407 1 42.24407
22:00
2014/12/31 40 42.02366 -2 40.88306
23:00
2014/12/31 40 40.46447 0 40.46447
24:00

of September 2014 to 31st of December 2014. To verify the
proposed method, the API dataset is considered to be used for
evaluating the performance and compare with other methods.

The implementation of the proposed model and the
detailed computation processes are demonstrated step by step
as follow:

Step 1: Define the universe of discourse U from data (API
data).

LetU = [Dmin—D1, Dpax+D2], then U = [9-35, 205+5],
hence U = [4, 210].

Step 2: Partitioning the universe of discourse U based
on the algorithm of the proposed partition method (TPM),
as shown in Table 1. TPM is applied for partitioning the
universe of discourse U of air pollution index data as shown
in Table 2, which partition numerical data into equal and
unequal intervals. For further explanation, in this study,
we have the universe of discourse U = [4, 210] for the
historical data of API that gathered from Kuala Lumpur,
Malaysia. The partitioning has been conducted as follows:
First, partition U into five equal intervals of linguistic values
according to the

API classifications such as; u; = [0, 50], up = [50,100],
uz = 100,150], us = [150,200], us = [200,250], which are
indicating good, moderate, unhealthy, very unhealthy, and
very unhealthy state, respectively, according to the classifi-
cations of API data.

Second, re-partition the intervals that its number of his-
torical is larger than the average length, meaning that the
original linguistic value should be farther partitioned in half.
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FIGURE 4. Visualization of the transition probability matrix.

TABLE 8. Comparison of statistical criteria of the proposed model with
another benchmark FTS models using the training dataset.

Model Statistical Criterions Rank
MAPE RMSE Theil's U
Song & 65.766 27.339 4.2364 10
Chosom [25]
Chen [26] 52.266 21.678 3.2302 8
Heuristic 53.467 24.376 3.6322 9
[52]
Singh [45] 5.584 4.648 0.6293 4
AN. model 27.018 10.999 1.6373 7
[47]
AM. model 16.556 10.131 1.0934 6
[47]
Chen-Hsu 14.131 7.306 1.0886 5
[51]
Efendi [49] 6.148 4.984 0.6789 3
Tsaur [22] 5.323 3.815 0.5194 2
Proposed 1.781 1.412 0.2754 1
Model

As a result, we have found that the length of u#; and u, are
larger than the average length. Then, we should re-partition
u; and up in half. After that, we check again if there is any
of the intervals has a length larger than the first average
length. At that point, we repeat the re-partitioning until all the
sub-intervals have a length less than the first average length.
Once all lengths are less than the average length, then we stop
and consider the final partition in the analysis as an optimal
partition.

Step 3: Define fuzzy sets. Based on the intervals uy, (k =
1,2,...,n) found in the previous step, fuzzy sets Ay, (k =
1,2, ..., n) are determined with the function membership by
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FIGURE 5. Comparison between the actual values and predicted values based on the proposed model.

TABLE 9. Comparison of statistical criteria of the proposed model with
another benchmark FTS models using the testing dataset.

Model Statistical Criterions Rank
MAPE RMSE Theil's U
Song & 67.951 27.952 4.6344 10
Chosom [25]
Chen [26] 56.622 24.439 3.7831 8
Heuristic 54.529 24.903 3.8553 9
[52]
Singh [50] 5.7152 4.822 0.6945 3
AN. model 27.992 11.406 1.6863 7
[47]
AM. model 17.735 10.836 1.0934 6
[47]
Chen-Hsu 14.849 8.006 1.1066 5
[51]
Efendi [49] 5.688 5.227 0.6903 2
Tsaur [22] 5.737 4.041 0.5422 4
Proposed 1.801 1.464 0.2573 1
Model

using (3) as given in Table 3. Table 3 presents the fuzzy sets
A, (k =1,2,3,...,n). It could be seen that the greater the
value of k indicating that the fuzzy set of API values will
move from the lowest to the highest fuzzy set of API values.

Step 4: Fuzzify the dataset into linguistic values. Transform
the API data into the linguistic time series values and establish
the fuzzy logic relationships (FLRs) as shown in Tables 3 and
5 respectively, which demonstrates the transformations of the
actual API to be the linguistic time series values. The FLRs
among these values are also established. Since u; has the
maximum membership degree in fuzzy set Aj, observation
24 is mapped into a fuzzy set A. Similarly, the other values of
the air pollution index are fuzzified. The actual observations
and the corresponding fuzzified observations obtained from
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the fuzzification process have presented in Table 3. The estab-
lished fuzzy logic relationships (FLRs) are shown in Table 5.

Step 5: Establish fuzzy logical relationships groups
(FLRGs) and frequencies (count) matrix of fuzzy rela-
tion between observations. This step shows that the fuzzy
logic relationship group (FLRGs) with the same left-hand
side (LHSs) can be grouped into the FLRGs. The groups
are given as in Table 6 presents twelve groups of the lin-
guistic time series values, which have been found with
various FLRs. Based on Table 6, the Markov transition fre-
quency matrix or frequencies (count) matrix of fuzzy relation
between observations is determined, which could be a matrix
N12x12 as shown in Fig. 2.

Step 6: Calculate the Markov transition probability matrix
P based on the matrix of frequencies from step 5 by using (4)
as shown in Fig. 3. This figure shows that Markov transitions
of the linguistic time series values that are used for establish-
ing the Markov transition probability matrix P12 12 using (4),
which can be used for calculating the forecasting values in the
next step. Furthermore, the transition process diagram could
be established for visualization of the transitions of the fuzzy
sets based on Markov transition probability matrix P which
is given in Fig. 4.

Step 7: Forecast values are calculated by using (6) or (7)
based on Markov weights. For example, the forecast value for
the hour (2012/1/1 2:00) is calculated by using (7) as follows:

F@+1) =cpi+cpi+...+cicpii-n + Y @) pi
+Cit1Pi(i+1) + - - - + CaDin
F (2) =Y (t) p11 + cop12 + 3p13 + capia + cspis
+cep16 + cep1e = 25.033

Step 8: The forecasted values are adjusted by using (8).
In the same way, calculate the forecast values based on

VOLUME 9, 2021



Y. Alyousifi et al.: Novel Stochastic FTS Forecasting Model

IEEE Access

=
~ — Actual
--- Chen
Singh
g Heuri
= Chen.Hsu
—= MA
AN
8 - Efendi
- Tsaur
Proposed Model
o _|
_ ©
o
< it
.yl-.
o | i
© f
i
o d
o _]
~

2000 2100 2200 2300 2400 2500
Hour
FIGURE 6. Comparison of the proposed model and some benchmark FTS models using the testing data.
TABLE 10. Comparison of the FTSMC model with a different number of intervals based on several partition methods.

Partition Method Number of Training Dataset Testing Dataset
Intervals MAPE RMSE MAPE RMSE
Based on API Classification [33] 5 4.1537 2.1855 3.2692 2.2490
Random (Tsaur's Model) [21] 7 2.5841 1.6488 2.8803 2.2213
Grid Partition [18] 18 2.0026 1.2384 2.441 1.3713
Random selecting 10 2.7762 1.7512 2.7507 2.2467
Based on Sterling's Formula [30] 15 2.4515 1.6488 2.6756 1.9991
Average Based Method [27] 18 2.7762 1.7512 2.7507 2.2467
Automatic Clustering [56] 11 2.5324 1.7094 2.5223 1.9923
K-Means Clustering [17] 14 2.2167 1.6021 2.1230 1.7822
Tree partition Method (TPM) 12 1.8112 1.4997 1.9034 1.5199

the obtained results of each partition method in order to
fit the optimum partition method that provides the best
results. For example, in step 7 we have found the fore-
cast value is 56.66 which is move up then using (8)
as follows:

F+)=F@+1)—[Y () =Y (@—1)]
FG)=FQ@) —-[Y®©)—Y (- D]
F (3) = 25.03380 — (25 — 24) = 26.03380

VOLUME 9, 2021

In general, the results of the forecasted values are adjusted
and presented in Table 7.

Step 9: Performance evaluation of the proposed model. The
evaluation of the proposed model is presented in subsection
C using (9)—(11).

B. MODEL EVALUATION
The performance of the proposed model is assessed in this
subsection. In addition, a comparison of the proposed model
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TABLE 11. Comparison of the proposed model and some existing models.

Model Statistical Criteria
Dataset
MAPE RMSE Theil's U
ARIMA(2,1,3) [53] 6.5284 6.2413 0.8271
ARIMA-GARCH [54] 5.8582 5.1156 0.7184
ANN [21] 5.0316 4.9735 0.6547
Training WANN [57] - 3.3474 0.5248
WARIMA [55] 9.2750 6.1471 0.8032
FTSMC-TPM 1.7814 1.4122 0.2571
ARIMA(3,1,1) [53] 6.843 6.5034 0.7843
ARIMA-GARCH [54] 6.054 5.8183 0.7553
ANN [21] 5.858 5.1156 0.7271
Testing WANN [57] ; 5.1904 0.7094
WARIMA [55] 10.303 7.2691 0.8483
FTSMC-TPM 1.8013 1.4641 0.2753
TABLE 12. Comparison between actual and predicted values in terms of the model accuracy.
Values Statistical Descriptive Accuracy
Min Max  Mean SD kurtosis  skewness R? MAE
Actual 9 137 48.44 19.316 -0.0383 0.6644
Predicted 9.16 137.6  48.53 18.842  -0.287 0.6029 0.9932 0.8682

and several conventional fuzzy time series models offered
by [22], [25], [26], [47]-[51] is presented in order to further
examine the performance of the proposed model.

It can be seen that the proposed forecasting model based
on the testing dataset of the API has modeled the air pollution
very well as shown in Fig. 5, where the actual values of API
are very similar to the forecasted values. It also observed from
Table 8 and Fig. 6 that the performance of the proposed model
using the training dataset is very well, where the proposed
model produces the smallest values of three statistical criteria,
which are RMSE, MAPE and U statistic as compared to the
other existing FTS models. In general, based on the results,
the proposed method is considered adequate in determining
the length of intervals of the universe of discourse, which
produces better forecasting accuracy.

Besides, Table 9 reveals that the proposed model using
the testing dataset has performed very well as compared to
the existing fuzzy time series models, indicating that the
proposed model outperforms the existing forecasting models.
This implies that the proposed model is powerful for predict-
ing air pollution occurrences.

To have a comparison of accuracy in forecasted values
of the proposed model with another benchmark fuzzy time
series models, the statistical criteria (MAPE, RMSE and
Thali’s U statistic) in the forecast have been computed, and
the values of these statistical criteria of above models are
placed in Tables 8 and 9.
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TABLE 13. Paired t-test for actual and predicted values in terms of the
level of significance.

Model P-value Remark of Difference

Actual vs Predicted 0.59821 Not significant

The comparative study of statistical criteria, as could be
seen from Tables 8 and 9, exhibits that the forecasts of the
proposed model are more accurate than other models. The
trends in the forecast of the other models are being illus-
trated in Fig. 6. Moreover, a comparison of the proposed
partition method (TPM) and other partition methods is given
in Table 10. It is found from the results in Table 10 that
the proposed partition method produces the smallest errors
as compared to the other partition methods, indicating that
the proposed partition method provides a very good por-
tion of API data. This implies that the proposed partition
method (TPM) is superior in partitioning the universe of dis-
course of any random data such as air pollution index (API).

Apart from that ARIMA [53] models with different
lags are applied to the API data and the results are pre-
sented in Table 16 in Appendix. Likewise, Fig. 8 in the
Appendix shows the ACF and partial ACF plots for the
training dataset to demonstrate the autocorrelation of the data.
It can be seen from Table 16 that the models ARIMA (2,1,3)
and ARIMA (3,1,1) using the training dataset and testing
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TABLE 14. Description of the procedures of the tree partition method (TPM) for enrollment of the University of Alabama.

The universe of discourse is defined as U =[13000, 20000]

1t Partition
Using any common partition 2¢d Partiti - .
method based on the type of ~ tarttion 3 ) P ?r.tltlon )
dataset (at least 3-5 intervals). Via divide each interval to half Via divide each interval to half
length length length
A. Interval eng B. Interval-R1 eng C. Interval-R2 eng
[13000, 14750] 4 [0, 25] 4 [0, 25] 4
[14750, 15187.5] 2
[14750, 16500] [14750, 15625] 7
10 [15187.5, 15625] 5
[15625, 16500] 3 [50, 62.6] 3
[16500, 18250] 4 [150,200] 4 [75,100] 4
[18250, 20000] 4 [200,250] 4 [100,150] 4
Repartition >5.5 Re-partition >55 Re-partition <55
* Average length of the first partition (ALFP) = 04 55

Since all the sub-interval lengths are less than 4662 then stop repartition.

Otherwise, continue repartition.

o
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FIGURE 7. Comparison of the proposed model and fuzzy time series models using enroliments data for
the University of Alabama.

dataset respectively are the best ARIMA models as compared
to the other models. Accordingly, the proposed model is
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compared with the best models of ARIMA and some other
models such as ARIMA-GARCH [54], the artificial neural
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TABLE 15. Comparison of the proposed model and fuzzy time series models using enrollments data for the University of Alabama.

Data S&C Chen Singh Heuristi Ch;:;li;-lsu Efendi AM [47] Tsaur FTSMC-

[25] [26] [50] c [52] [49] [22] TPM

13055 - - - - - - - - -

13563 14150.8  14311.4 - 14311.4 13683.2 13642.81 - 13537 13563.7

13867 14327.8  14311.4 - 14311.4 13369.1 14023.81 - 13875  13866.7
14696 14078 14311.4 14709.3 14311.4 14625.5 14251.81 - 14578 14690.4
15460 15500 15567.8  14792.07  15567.8 15096.65 14873.56 - 16000  15637.56
15311 15691.2  15567.8  15383.15  14939.6 15096.65 15482.25 - 15691  15333.25
15603 155752 15567.8  16070.37  15567.8 15881.9 15392.85 15429.53 15575 15684.85
15861 15802.3 16196 15797.78  16824.2 16510.1 15568.05 15835.45 15802 15826.05
16807 16003 16196 15886.77  16824.2 15881.9 16718.75 16070.58 16503  16664.75
16919 16653.5 16196 17199.83  16824.2 17138.3 17200.38 17549.54 16653 17312.37
16388 16709.5  17452.4 16454.7 16196 15881.9 17256.38 17067.64 16709  16725.37
15433 16444 16196 15206.86  15567.8 15410.75 16718.75 16246.16 15544 15763.75
15497 15670.1  15567.8  15185.85  15567.8 15096.65 15466.05 14834.54 15670  15530.05
15145 15719.9  15567.8  15043.97  14939.6 15096.65 15504.45 15623.16 15719 15152.45
15163 15446.1  15567.8  15066.86  15567.8 15096.65 15603.75 14874.89 15446  15221.75
15984 15460.1  15567.8  16064.02  15567.8 16510.1 15612.75 15243.03 15460  16433.75
16859 16098.7 16196 17521.2 16824.2 17766.5 16718.75 16356.42 16599  17193.75
18150 16679.5  17452.4 18708.8 18708.8 18708.8 17226.38 17618.52 17678  18517.37
18970 17825 18708.8  18452.65  18708.8 19022.9 17871.88 19084.45 17825  18891.87
19328 18235 18708.8  18878.45  18708.8 18394.7 18970.00 19695.81 18735  19080.91
19337 18414 18708.8  18923.21 18708.8 18394.7 19328.00 19866.68 18414  19162.96
18876 18418.5  18708.8  18902.41 18708.8 18394.7 19337.00 19510.40 17919  18870.39

Statistical Criterion

MAPE 3.2492 2.876 1.8846 2.3873 2.5151 2.494 2.9528 2.026 0.9556

RMSE 668.96 535.8 408.479 507.20 519.98 539.28 545.42 4159 2219

U Stat. 0.895 0.8603 0.63776 0.6667 0.6475 0.670 0.61745 - 0.431

networks (ANN) [21], Wavelet ARIMA (WARIMA) [55]
and Wavelet artificial neural networks (WANN) [50]. These
four models have been implemented using the API data for
a comparison of the proposed model, as the results found
are shown in Table 11. It is observed from Table 11 that
the proposed model outperforms the existing models as the
proposed model produces the smallest error values of the
statistical criteria. In addition, the mean absolute error (MAE)
and the coefficient of determination R”> for the proposed
model based on the actual and predicted values are calculated.
A small value of MAE and a high value of R? indicate that the
model has been adequately fitted. The coefficient of R? and
the MAE can be computed respectively as follows:

>E Gi—5)°
P (i — 9)2 +Y0, (vi — 9!')2

R =

12)
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MAE = (13)
where y; is observed data, y; is the predicted data, y is the
mean observed data and N is the total number of data.

It can be seen from Table 12 that the value of R? is very
high and the value of MAE is very small, indicates that the
proposed model has been fitted very well. Table 13 shows
the paired t-test for actual and predicted values in terms of
the level of significance. It is found from this table that the
null hypothesis is rejected, which indicates that the actual
and predicted values are close enough to conclude that the
model is well fitted, where the mean difference between the
paired observations is not significant and does not differ from
each other. Table 13 shows that there is no significance in the
difference between the actual and predicted values, indicating
that actual and predicted are very similar. This is implied
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TABLE 16. Fitting the best ARIMA model.

Training dataset

Testing dataset

ARIMA (p,r,9) AIC
ARIMA(2,1,2) 151515.5
ARIMA(0,1,0) 153034.1
ARIMA(1,1,0) 153019.5
ARIMA(0,1,1) 153017.4
ARIMA(0,1,0) 153032.1
ARIMA(1,1,2 151732.4
ARIMA(2,1,1) 151672.7
ARIMAQ3,1,2) 151491.5
ARIMAQ3,1,1) 151502.1
ARIMA(4,1,2) 151494.0
ARIMA3,1,3) 151500.5
ARIMA(2,1,3) 151488.5
ARIMA(1,1,3) 151555.3
ARIMA(2,1,4) 151489.1
ARIMA(1,1,2) 151730.4
ARIMA(1,1,4) 151507.9
ARIMAQ3,1,2) 151489.5
ARIMAQ3,1,4) 151491.5

ARIMA(@,r,q) AIC

ARIMA(1,1,0) 19939.53
ARIMA(0,1,1) 19938.53
ARIMA(0,1,0 19934.57
ARIMA(1,1,2) 19788.46
ARIMA(2,1,1) 19783.09
ARIMA(3,1,2) 19761.71
ARIMA(3,1,1) 19759.88
ARIMA(3,1,0) 19881.77
ARIMA(4,1,1) 19763.27
ARIMA(2,1,0) 19937.6
ARIMA(4,1,0) 19859.43
ARIMA(4,1,2) 19764.44
ARIMAQG,1,1) 19757.88
ARIMA(2,1,1) 19781.08
ARIMA(3,1,0) 19879.76
ARIMA(4,1,1) 19761.26
ARIMA(3,1,2) 19759.7
ARIMA(2,1,0) 19935.6
ARIMA(2,1,2) 19764.01
ARIMA(4,1,2) 19762.43

that the model has been fitted very well, and is adequate for
predicting air pollution time-series data.

C. ENROLLMENT FORECASTING

Following the same algorithm of the proposed model is being
implemented on the second dataset, which is the time-series
data of enrollments at the University of Alabama for further
validation of the proposed model. A description of the Tree
Partition Method (TPM) processes for enrollments at the
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University of Alabama dataset is demonstrated in Table 14.
As could be seen from the Table that the optimal number of
partition is six partitions with unequal lengths of intervals.
Figure 8 and Table 15 show the performance of the proposed
model using the enrollment data of Alabama University.
Table 15 shows a comparison of the proposed model and
eight existing FTS models. It is observed from Table 15 and
Fig. 8 that the proposed model outperformed the existing FTS
model, where it gave better forecasts as compared to existing
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FIGURE 8. ACF and partial ACF plot for the training dataset.

models and produced the smallest values of the statistical
criteria applied. This implied that the proposed model is a
better option for predicting any type of random time-series
data.

Based on the results, it is obvious that the proposed model
is considered better than the other models with the smallest
forecasting error according to MAPE; thus, the proposed
model is the most accurate of the approaches used. Therefore,
FTSMC-TPM can be used to establish the forecasting model
with relative ease and accurate forecasting performance. Nev-
ertheless, the method proposed might be not adequate for
datasets that the value at time ¢ got affected by some values
in the past with arbitrary time delay. Besides, in our proposed
model, if the collected data set is too limited, we might not
derive the transition probability matrix and may inadequately
fit the model.

V. CONCLUSION

This study proposed a novel fuzzy time series forecasting
model based on the tree partition method (TPM), which
provides an optimal partition of the universe of discourse.
In this study, the algorithm of the proposed partition method
offers a simple computational method compared to the clus-
tering methods. It searches for a suitable defuzzification
process and provides the forecasted values with a smaller
error and better accuracy. In addition, the Markov transi-
tion probability Matrix (weights matrix) of the fuzzy logical
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relationships (FLRs) has been calculated. The model has been
implemented for forecasting the air pollution in Malaysia,
using the time series of real data of air pollution index (API)
collected from Kuala Lumpur, for a period of three years.
In addition, a comparative study of the proposed model and
the existing classic and advanced time series models has
been investigated. Further, the model has also been imple-
mented on the historical time series data of enrollments of
the University of Alabama. The forecasted values obtained
by the model show its suitability in the fuzzy time series
forecasting of air pollution without any prior knowledge of
the production governing parameters. In forecasting the air
pollution index, it shows that the proposed method produces
a superior forecasting accuracy compared to the conventional
and advanced time series models proposed in the literature.
In conclusion, the proposed partition method represents
a promising method to improve forecasting accuracy where
it can minimize the negative effects of abnormal observa-
tions on the performance of forecasting. Thus, the proposed
model demonstrates its ability to avoid the arbitrary selec-
tion of intervals and dealing with recurrent observations and
arbitrary length of intervals, which greatly improves model
accuracy. For enrollment and air pollution forecasting, the
proposed model produced a superior forecasting accuracy as
compared to some conventional and advanced time series
methods. For future studies, the proposed model could be
performed to obtain more effective partitions of the universe
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of discourse and more accurate forecasts. It can also be
extended by employing the high order fuzzy time series with
considering the residuals in the calculations in order to avoid
the model specification error, which may influence the model
accuracy.
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