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ABSTRACT For the simulation of gyrotropic plasma structure with fine geometry details along a single
direction in open regions, the hybrid implicit-explicit (HIE) algorithm with improved absorbing boundary
condition is modified based on the finite-difference time-domain (FDTD) algorithm. More precisely,
incorporating the perfectly matched layer (PML) formulation, the higher order concept and the HIE
procedure, the proposed implementation shows its significant superiority in terms of efficiency, accuracy
and absorption. To simulate the unique anisotropic characteristic inside the gyrotropic plasma regions,
the bilinear transform (BT) method is employed during the calculation. The effectiveness can be further
demonstrated theoretically and numerically. Through the results, it can be concluded that the proposed
scheme exhibits remarkable behaviors in the gyrotropic plasma open region problems. It can not only
obtain considerable accuracy compared with the theoretical solution but also receive better absorption and
efficiency compared with the published work. In addition, the results also indicate that the proposed scheme
can maintain the stability of the algorithm with dissatisfaction of the Courant-Friedrichs-Levy condition
between time step and mesh size.

INDEX TERMS Anisotropic gyrotropic plasma, bilinear transform (BT), finite-difference time-domain
(FDTD), hybrid implicit-explicit (HIE), perfectly matched layer (PML).

I. INTRODUCTION
With significant advantages in broadband simulation, the
finite-difference time-domain (FDTD) algorithm has become
one of the most widely spread numerical simulation meth-
ods. Especially with the time-varying dispersion medium,
the FDTD algorithm can obtain the electromagnetic proper-
ties within a single run [1]–[3]. While the frequency domain
based algorithms must calculate the results in the separate
frequency, the FDTD algorithm can obtain better efficiency
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during the entire calculation [4]. However, such implemen-
tation becomes inaccurate in the simulation of fine struc-
tures or large number of time steps problems. Because of
the existence of the CFL condition, the relationship is estab-
lished between the mesh size and time step [5]. By applying
the FDTD algorithm directly to them, extensive duration
leads to the unacceptable calculation. To maintain consider-
able calculation accuracy and enhance the efficiency at the
same time, many methods are introduced to achieve such
objective. One of the most efficient ways is the employment
of unconditionally stable algorithms including alternating
direction implicit (ADI), locally one-dimensional (LOD),
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Crank-Nicolson (CN) procedures [6]–[8]. Although they
can overcome the CFL condition, the numerical dispersion
increases significantly with the enlargement of CFL numbers
(CFLNs) [9]. Such phenomenon becomes much more signif-
icant especially in the structures with fine geometry details
along a single direction. In such circumstance, extremely fine
mesh size results in the decrement of accuracy and efficiency.
Fortunately, hybrid implicit-explicit (HIE) procedure is pro-
posed to alleviate such condition [10], [11]. Compared with
the other unconditionally stable algorithms, the HIE proce-
dure merely solves two tri-diagonal matrices within a single
iteration which significantly reduces the calculation com-
plexity [12]–[14]. Meanwhile, it can receive lower numerical
dispersion with property CFLNs [15], [16].

In open region problems, it has been demonstrated that
the absorbing boundary condition must be employed for the
termination of unbounded domains [4], [5]. The perfectly
matched layer (PML) is one of the most popular methods for
the simulation of domain extension [17]. The original PML
with six auxiliary variables which is implemented by split-
field scheme shows its disadvantages in accuracy, efficiency
and absorption [18]. To overcome these disadvantages, the
stretched coordinate (SC) PML is developed to simplify the
implementation at corners and edges [19]. Although SC-PML
can improve the entire performance compared with the orig-
inal split-field PML, it has been testified that the perfor-
mance at low-frequency and in late-time still need to be
improved during the whole simulation [18]. The complex-
frequency-shifted (CFS) PML is proposed to alleviate such
conditions by attenuating low-frequency evanescent waves
and reducing late-time reflections [20]. In some problems
with large amount of low-frequency waves, CFS-PML shows
feeble performance especially in the frequency domain. The
reason is that the reflection of low-frequency propagation
waves still maintains a higher level. The higher order con-
cept is incorporated with PML formulation not only to
solve such problem but also to further enhance the absorp-
tion [21]. The most prominent disadvantage is the significant
increment of auxiliary variables and coefficients resulting
in decrement of efficiency [22]–[24]. Thus, unconditionally
stable algorithms are introduced into the higher order PML
implementations [25]–[29].

The numerical simulation of dispersion materials has
become a frontier science. The dispersion material includes
isotropic and anisotropic materials [30]. Among them,
the anisotropic materials including electric anisotropic
materials and magnetic anisotropic materials have gained
considerable attention due to its unique anisotropic behav-
ior. However, such special materials cannot be obtained
from nature directly. Thus, the simulation on anisotropic
materials is becoming increasingly important, especially
for the aerospace industry, plasma sheath on the surface
of flight vehicle and wave transmission inside the plasma
regions [31]–[33]. Basically, the simulations of interactions
between the plasma and electromagnetic wave are performed
by using the particle-in-cell method, which is based on the

finite difference time domain (FDTD) method, or the FDTD
method combined with the effective permittivity model
[34], [35]. For the FDTD method, several methods have
been developed including the recursive convolution method,
auxiliary differential equation method, Z transform method,
current density convolution method [36]–[39]. Among these
typical methods, the z transform by bilinear method, usually
called bilinear transform (BT), the most considerable entire
efficiency and accuracy [40].

Until now, several higher order PML algorithms have been
developed into the anisotropic gyrotropic plasma simulation
[41], [42]. It should be noticed that they can merely solve the
Maxwell’s equations in two-dimensions. Recently, the ADI
and CN procedures are combined with the gyrotropic plasma
simulation for the three-dimensions [43], [44]. Although all
of them can overcome the CFL condition, the limitations with
fine geometry details along single direction structures still
need to be perfected.

Here, by incorporating the higher order concept, HIE pro-
cedure and PML formulation, an alternative implementation
is proposed for the gyrotropic plasma structures which have
fine geometry details along a single direction in open regions.
The unique anisotropic property of gyrotropic plasma can be
simulated and calculated by the BTmethod. The effectiveness
can be demonstrated theoretically and numerically. From the
results, it can be concluded that the proposed scheme holds
considerable entire performance.

II. FORMULATIONS
For the simulation of anisotropic gyrotropic plasma,
theMaxwell’s equations inside the higher order PML (HPML)
regions can be expressed as

jωD = ∇s ×H (1a)

jωµ0H = −∇s × E (1b)

where the electric displacement vector D = ε0εrE can be
expressed as

D = E+ J (1c)

where E is the electric component and J is the polarization
current density which can be given as

jωJ = ε0ω2
pE− νJ+ ωbJ (1d)

where ν is the damping constant, ωp is the plasma frequency
and ωb is the electron gyro-frequency representing the direc-
tion of magnetization [45]. Within (1a)-(1b), the operator can
be given as

∇s = x̂
1
Sx

∂

∂x
+ ŷ

1
Sy

∂

∂y
+ ẑ

1
Sz

∂

∂z
(1e)

where the stretched coordinate variables with higher order
concept along different directions is

Sη =
(
κη1 +

ση1

αη1 + jωε0

)(
κη2 +

ση2

αη2 + jωε0

)
(1f)
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where κηn ≥ 1, η = x, y, z, n = 1, 2 is assumed to
be bigger than 1, σηn and αηn are assumed to be larger
than 0. According to the bilinear transform by firstly trans-
forming S−1η into s-domain according to jω ↔ s, and
then employing the BT method according to the relationship
s ↔ (2/1t)

[(
1− z−1

)
/
(
1+ z−1

)]
. Equation (1f) can be

given in the z-domain as

Sη(z) = wη1wη2
1− aη1z−1

1− bη1z−1
1− aη2z−1

1− bη2z−1
(2)

where the coefficients can be given as

wηn =
1
κηn
{(

2
1t
+
αηn

ε0
)/[

2
1t

+(
αηn

ε0
+

σηn

κηnε0
)]},

aηn = [(
2
1t
−
αηn

ε0
)/(

2
1t
+
αηn

ε0
)]

and

bηn = {[
2
1t
− (

αηn

ε0
+

ση

κηε0
)]/[

2
1t
+ (

αη

ε0
+

ση

κηε0
)]}.

By substituting (1c) into (1a), the Maxwell’s equations can
be given as

ε0
1− z−1

1t
E = (A− B)H− J (3a)

µ0
1− z−1

1t
H = (B− A)E (3b)

where E =
[
Ex ,Ey,Ez

]T , H =
[
Hx ,Hy,Hz

]T , J =[
Jx , Jy, Jz

]T ,
A =

 0 0 Sy (z) ∂y
Sz (z) ∂z 0 0

0 Sx (z) ∂x 0


and

B =

 0 Sz (z) ∂z 0
0 0 Sx (z) ∂x

Sy (z) ∂y 0 0

 .
Supposing the magnetic direction along z-direction,

the relative permittivity inside the anisotropic gyrotropic
plasma can be expressed as

εr =

 εxx −εxy 0
−εyx εyy 0
0 0 εzz

 (3c)

where εxx = εyy = εzz = ω2
p, εxy = εyx = −ν + ωb.

By applying the z-transformation to (1c), one obtains

1− z−1

1t
J = ε0ω2

pE− νJ+ ωbJ (3d)

By substituting (2) into (3a)-(3b) and introducing the aux-
iliary variables, the equations and (3d)can be further manip-
ulated as

E = z−1E+ CeF+ (Ae − Be)H−
1t
ε0

J (4a)

H = z−1H+ (Bh − Ah)E (4b)

J = z−1J+1tε0ω2
pE− ν1tJ+ ωb1tJ (4c)

where the matrix are given as F =
[
Fxηn;Fyηn;Fzηn

]
, F =[

Fxy1,Fxy2,Fxz1,Fxz2
]
,

Cζ =

 p1ζy p2ζy p1ζ z p2ζ z
p1ζ z p1ζx p1ζ z p2ζ z
p1ζx p1ζx p1ζy p2ζy

 , ζ = e, h,

Aζ =

 0 −p3ζ zδz p3ζyδy
p3ζ zδz 0 0
0 0 0

 ,
Bζ =

 0 0 0
0 0 p3ζxδx

p3ζyδy −p3ζxδx 0

 ,
the operator δη is the finite-difference form, the other
coefficients according to the HIE procedure are p1eη =
1t
(
aη2 − bη1

)
/(2ε0), p2eη = 1t

(
aη1 − bη2

)
/(2ε0), p3eη =

1tkη/(2ε0), p1hη = 1t
(
aη2 − bη1

)
/(2µ0), p2hη =

1t
(
aη1 − bη2

)
/(2µ0), p3hη = 1tkη/(2µ0). According

to the standard HIE procedure and supposing the fine
grids distributes along z-direction, the equations can be
given as

En+1/2z = En−1/2z + p1exF
n−1/2
zx2 + p2exF

n−1/2
zx1

+p3exδxHn
y − p1ey

×Fn−1/2zy2 − p2eyF
n−1/2
zy1 − p3eyδyHn

x

−p4ey
(
Jn+1/2z + Jn−1/2z

)
(5a)

Hn+1/2
z = Hn−1/2

z + p1hyG
n−1/2
zy2 + p2hyG

n−1/2
zy1

+p3hyδyEnx
−p1hxG

n−1/2
zx2 − p2hxG

n−1/2
zx1 − p3hxδxEny (5b)

The other field components can be given as

En+1x = Enx − p1ezF
n
xz2 − p2ezF

n
xz1 − p3ezδz

(
Hn+1
y + Hn

y

)
+p1eyFnxy2 + p2eyF

n
xy1 + p3eyδyH

n+1/2
z

−p4ex
(
Jn+1x + Jnx

)
(6a)

En+1y = Eny + p1ezF
n
yz2 + p2ezF

n
yz1 + p3ezδz

(
Hn+1
x + Hn

x

)
−p1exFnyx2 − p2exF

n
yx1 − p3exδxH

n+1/2
z

−p4ey
(
Jn+1y + Jny

)
(6b)

Hn+1
x = Hn

x + p1hzG
n
xz2 + p2hzG

n
xz1 + p3hzδz

(
En+1y + Eny

)
−p1hyGnxy2 − p2hyG

n
xy1 − p3hyδyE

n+1/2
z (6c)

Hn+1
y = Hn

y − p1hzG
n
yz2 − p2hzG

n
yz1 − p3hzδz

(
En+1x + Enx

)
+p1hxGnyx2 + p2hxG

n
yx1 + p3hxδxE

n+1/2
z (6d)

It can be observed that the calculation of (5a)-(6d) can be
divided into two parts including:

1) Calculation of the HIE-FDTD procedure
2) Wave propagation in the anisotropic gyrotropic plasma

VOLUME 9, 2021 77081



P. Wu et al.: Efficient Enhanced HIE Procedure to Gyrotropic Plasma in Open Regions

A. CALCULATION OF THE HIE-FDTD PROCEDURE
By substituting (6d) into (6a) to eliminate Hn+1

y , the results
can be given as

(1− p3hzp3ezδzδz)En+1x

= (1+ p3hzp3ezδzδz)Enx
−p1ezFnxz2 − p2ezF

n
xz1 + p1eyF

n
xy2 + p2eyF

n
xy1

+p1hzp3ezδzGnyz2 + p2hzp3ezδzG
n
yz1 − p1hxp3ezδzG

n
yx2

−p2hxp3ezδzGnyx1 − 2p3ezδzHn
y + p3eyδyH

n+1/2
z

−p3hxp3ezδzδxEn+1/2z − p4ex
(
Jn+1x + Jnx

)
(7)

By substituting (6c) into (6b) to eliminate Hn+1
x , one

obtains

(1− p3hzp3ezδzδz)En+1y

= (1+ p3hzp3ezδzδz)Eny
+p1ezFnyz2 + p2ezF

n
yz1 − p1exF

n
yx2 − p2exF

n
yx1

+p1hzp3ezδzGnxz2 + p2hzp3ezδzG
n
xz1 − p1hyp3ezδzG

n
xy2

−p2hyp3ezδzGnxy1 − p3hyp3ezδzδyE
n+1/2
z + 2p3ezδzHn

x

−p3exδxHn+1/2
z − p4ey

(
Jn+1y + Jny

)
(8)

It can be observed that two tridiagonal matrices are formed
by (1− p3hzp3ezδzδz)En+1x and (1− p3hzp3ezδzδz)En+1y .
They can be solved by the Thomas algorithm. However, it can
also be observed that the polarization current density and the
electric field density are coupled which results in the updating
unable to realize. The simulation should introduce themethod
to solve the wave propagation in the anisotropic gyrotropic
plasma.

B. WAVE PROPAGATION IN THE ANISOTROPIC
GYROTROPIC PLASMA
The polarization current density in different directions can be
given in the z-domain as

1− z−1

1t
Jx + νJx = ε0ω2

pEx − ωbJy (9a)

1− z−1

1t
Jy + νJy = ε0ω2

pEy + ωbJx (9b)

1− z−1

1t
Jz = ε0ω2

pEz (9c)

It can be observed from (9a) and (9b) that Jx and Jy are
coupled due to its unique anisotropic characteristic. Thus,
the two components should be updated at the same time to
maintain the stability of the algorithm. By substituting (9b)
into (9a) and (9a) into (9b), the equations can be given in the
FDTD domain as

Jn+1x = p1jJnx − p2jJ
n
y + p3jE

n+1
x + p3jEnx

−p4jEn+1y − p4jEny (10a)

Jn+1y = p1jJny + p2jJ
n
x + p3jE

n+1
y + p3jEny

+p4jEn+1x + p4jEnx (10b)

Jn+1/2z = Jn−1/2z + p5jEn−1/2z (10c)

where p1j = [1 − (ν1t/4)2 − (ωb1t/4)2]/p6j, p2j =
ωb1t/p6j, p3j = [ε01tω2

p(1 + ν1t/4)]/p6j, p4j =
(ε01t2ω2

pωb)/(2p6j), p5j = (1 + ν1t/4)2 + (ωb1t/4)2 and
p6j = ε0ω2

p1t/4.

C. JOINT SOLUTION COMBINED HIE PROCEDURE AND
ANISOTROPIC GYROTROPIC PLASMA SIMULATION
The final updated equation can be obtained by incorporating
the HIE procedure and calculation of anisotropic gyrotropic
plasma. By substituting (10a)-(10c) to (5a), (7) and (8),
respectively, the equations can be obtained as(

1− p3hzp3ezδzδz + p4exp3j
)
En+1x

=
(
1+ p3hzp3ezδzδz − p4exp3j

)
Enx

−p1ezFnxz2 − p2ezF
n
xz1 + p1eyF

n
xy2 + p2eyF

n
xy1

+p1hzp3ezδzGnyz2 + p2hzp3ezδzG
n
yz1

−p1hxp3ezδzGnyx2 − p2hxp3ezδzG
n
yx1 − 2p3ezδzHn

y

+p3eyδyHn+1/2
z − p3hxp3ezδzδxEn+1/2z

−p4ex
(
1+ p1j

)
Jnx + p4exp2jJ

n
y

+p4exp4jEn+1y + p4exp4jEny (11)(
1− p3hzp3ezδzδz + p4eyp4j

)
En+1y

=
(
1+ p3hzp3ezδzδz − p4eyp4j

)
Eny + p1ezF

n
yz2

+p2ezFnyz1 − p1exF
n
yx2 − p2exF

n
yx1

+p1hzp3ezδzGnxz2 + p2hzp3ezδzG
n
xz1

−p1hyp3ezδzGnxy2 − p2hyp3ezδzG
n
xy1

−p3hyp3ezδzδyEn+1/2z + 2p3ezδzHn
x

−p3exδxHn+1/2
z − p4ey

(
1+ p1j

)
Jny

−p4eyp2jJnx − p4eyp3jE
n+1
y − p4eyp3jEny (12)

En+1/2z =
(
1− p4eyp5j

)
En−1/2z

+p1exF
n−1/2
zx2 + p2exF

n−1/2
zx1 + p3exδxHn

y

−p1eyF
n−1/2
zy2 − p2eyF

n−1/2
zy1

−p3eyδyHn
x − 2p4eyJn−1/2z (13)

According to (11)-(13), the electric field can be innovated
by two implicit and one explicit equations. Once the electric
component is calculated out, the other components, polariza-
tion current density and auxiliary variables can be solved at
the same time. The entire updated cycle can be described as
follows:

1) Save the components among the calculation previous
time step.

2) Explicitly update Ez and Hz according to (13) and (5b).
3) Implicitly update Ex and Ey according to (11) and (12).
4) Explicitly update Hx and Hy according to (6c) and (6d).
5) Explicitly update polarization current density and aux-

iliary variables.
The corresponding flow chart of the entire calculation is

shown in Fig. 1. Through the flow chart, all of the component
can be updated.
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FIGURE 1. The flow chart of the entire calculation within the proposed
HIE-HPML procedure.

Until now, several methods have been developed for
the investigation of anisotropic gyrotropic plasma including
the weighted laguerre polynomials, ADI, LOD, CN proce-
dures [41]–[44], [46], [47]. All of these procedures belong
to the unconditionally stable algorithms which shows sig-
nificant decrement of efficiency and accuracy when sim-
ulating the fine geometry details along a single direction.
Although the conventional FDTD algorithm shows consid-
erable calculation accuracy, the efficiency remains unac-
ceptable. For making comparisons between the proposed
procedure and previous work and demonstrating the effec-
tiveness of the proposed implementation, several procedures
are selected including the FDTD-PML in [48], ADI-HPML
in [29], CNDS-HPML in [49], CNAFS-HPML in [49]. The
FDTD-HPML is also implementation based on the conven-
tional FDTD algorithm.

III. NUMERICAL RESULTS AND DISCUSSION
Numerical examples are carried out to demonstrate the
effectiveness and efficiency both theoretically and numeri-
cally. Three examples which correspond to different kinds
of problems are carried out including the wave reflec-
tion/transmission and wave propagation problems.

A. WAVE REFLECTION AND TRANSMISSION PROBLEM:
AN ANISOTROPIC GYROTROPIC PLASMA SLAB MODEL
The wave transmission and reflection through the anisotropic
gyrotropic plasma slab is considered. Such problem has its
analytic resolution. The accuracy can be reflected through the
comparison between the test solution and analytic resolution.
The anisotropic gyrotropic plasma slab holds the parameters
of ωp = 2π × 28.7 GHz, ωb = 0.1 Trad/s and ν = 20 Grad/s
[45]. The entire computational domain is shown as Fig. 2. The
fine geometry details are existed along the x-direction. The y-
and z-directions hold rough mesh.

The anisotropic gyrotropic plasma slab with 15 mm along
x-direction is located at the middle. The whole computational
domain holds the directions of 85 × 20 × 20 mm. The
source is a modulated Gaussian pulse with the bandwidth
and center frequency of 50 GHz propagates along the positive
x-direction. The position between the left boundary and the
slab of x-direction are 5 mm and 30 mm, respectively. At the

FIGURE 2. The sketch picture of anisotropic gyrotropic plasma slab
model.

right side of the domain, the observation plane is located
at 30 mm and 5 mm between the slab and right boundary.
The boundaries of x-direction are terminated by 10-cell-PML
to ensure the calculation accuracy. The y- and z-directions
are terminated by the perfectly boundary condition (PBC).
In the HPML regions, the parameters are chosen by try and
error method to obtain the best absorption which reduces the
influence between reflection waves and transmission waves.
The parameters can be chosen as follows: κη1 = 240, αη1 =
0.2, mη1 = 3, ση1_max = 1.3ση1_opt , κη2 = 2, αη2=0.8,
mη2 = 1, ση2_max = 0.01ση2_opt , where

σηn_opt = (mηn + 1)/(150π1η) (14)

For the CFS-PML based algorithms, the corresponding
parameters are employed as κη = 200, αη = 2.4, mη = 3,
ση_max = 1.7ση_opt . To simulate the fine details along
single direction and compare performance between different
algorithms, the mesh size can be chosen as 1x = 30µm
and 1y = 1z = 0.15 mm. It can also be observed from
Fig. 2 that fine details are distributed along x-direction. The
time step employed in the conventional FDTD algorithm
can be calculated as 1tFDTDmax = 57.7 fs which satisfies the
CFL condition. The CFL number (CFLN) can be defined as
CFLN = 1t

/
1tFDTDmax . Within the equation, 1t is the time

step in the algorithms whose stability can break the CFL
condition. The accuracy can be obtained by the transmission
and reflection coefficients of right circularly polarized (RCP)
and left circularly polarized (LCP). Figure 3 indicates the
transmission coefficient of RCP obtained by different PML
algorithms and CFLNs. Meanwhile, Figure 4 also demon-
strates the transmission coefficient of LCP obtained by them.

As shown in Fig. 3 (a) and Fig. 4(a) that curves obtained by
the different PML algorithms are overlapped indicating that
they almost hold the same accuracy with CFLN= 1. From the
other figures, it can be concluded that the accuracy decreases
with the increment of CFLNs. The reason is the numerical
dispersion increases with the enlargement of CFLNs. Fur-
thermore, it can be concluded that the ADI-HPML is with
the worst performance among the PML algorithms whose
stability are not limited by the CFL condition.

In addition, it can be concluded the CNAFS and HIE
procedure have the best performance. Compared with the
FDTD-PML, it can be observed that the FDTD-HPML has
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FIGURE 3. The transmission coefficient of RCP wave (a) FDTD-PML,
FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and HIE-HPML
CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and HIE-HPML
CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

FIGURE 4. The transmission coefficient of LCP wave (a) FDTD-PML,
FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

better accuracy during the calculation. Such phenomenon
indicates the higher order formulation can improve the accu-
racy of the calculation. Figure 5 and Fig. 6 demonstrate
the LCP and RCS reflection coefficients of the anisotropic
gyrotropic plasma slab, respectively.

It can be obtained the same conclusions as previous that the
different PML algorithms hold the same accuracy with lower
CFLNs and become worse with the increment of CFLNs.
However, it can be observed that the performance of different
PML algorithms cannot be distinguished sometimes. To com-
pare the accuracy of different PML algorithms, the root mean
square (RMS) error is introduced during the simulation. The
theoretical solution is chosen as the basis for comparison.

FIGURE 5. The reflection coefficient of RCP wave (a) FDTD-PML,
FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

FIGURE 6. The reflection coefficient of LCP wave (a) FDTD-PML,
FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

Figure 7 and 8 show the RMS with different CFLNs and
PML algorithms of RCP/LCP transmission and reflection
coefficients.

Due to the FDTD-PML and FDTD-HPML is merely sta-
ble with CFLN = 1, they are not included here. It can
be concluded both form Fig. 7 and Fig. 8 that the RMS
error increases with the enlargement of CFLNs. That means
the calculation accuracy decreases with the increment of
CFLNs. The reason can also be concluded that the numerical
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FIGURE 7. The RMS error (a) Transmission RCP wave. (b) Transmission
RCP wave.

FIGURE 8. The RMS error (a) Reflection RCP wave. (b) Reflection RCP
wave.

dispersion increases with the increment of CFLNs. Mean-
while, although the RMS error shows its maximumvaluewith
CFLN= 8, they still below−80 dBwhich is accuracy enough
in the practical engineering.

Although all the PML algorithms hold considerable
accuracy, the proposed HIE-HPML scheme can improve the
accuracy compared with the published schemes. It can be
concluded that the ADI-HPML holds the highest RMS error
indicating it holds the worst performance. The CNDS-HPML
shows better performance compared with ADI-HPML exper-
imentally. The proposed procedure shows better accuracy
compared with ADI-HPML and CNDS-HPML. In addition,
it holds the similar performance with CNAFS-HPML. Thus,
it can be concluded that the proposed scheme shows its bet-
ter accuracy during the simulation. The effectiveness of the
PML algorithms can not only be reflected by the calculation
accuracy but also the efficiency and computational resources.
Table 1 shows the CPU time, memory consumption, CFLN
and time reduction obtained by different PML algorithms in
the simulation of anisotropic gyrotropic plasma slab model.
Through the Table 1, it can be concluded that compared with
FDTD-PML, the computation becomes more expensive by
introducing the higher order formulation. The reason is that
more auxiliary variables andmatrices should be solved during
each iteration step. Meanwhile, the computational resources
also become more expensive compared with the algorithms
which are based on the conventional FDTD algorithm. The
reason is that tri-diagonal matrices must be solved within
the implicit algorithms. The employment of the Thomas
algorithm results in the increment of both computational
resources and running time. Within the implicit updating
algorithms, the ADI and CNAFS procedure show the worst
efficiency. Although the CNDS procedure can improve the
efficiency during the whole simulation, six matrices still

TABLE 1. Computational time and occupied memory used by the
different PML algorithms with different CFLNs of the anisotropic
gyrotropic plasma slab model.

FIGURE 9. The sketch picture of waveguide structure (a) detail
parameters. (b) Front view from yOz plane.

should be calculated at each time step. The proposed HIE
procedure can improve the efficiency with lower CFLNs.
Such phenomenon indicates the proposed scheme has signif-
icant advantage compared with published algorithms. In con-
clusion, the proposed procedure shows the higher accuracy
which is the similar as CNAFS procedure and efficiency
which is the best among these algorithms.

B. WAVE PROPAGATION PROBLEM: AN ANISOTROPIC
GYROTROPIC PLASMA/DIELECTRIC WAVEGUIDE
STRUCTURE
For considering much more complex and practical circum-
stance, a wave propagation problem is undertaken. The wave
propagation problem is demonstrated through waveguide
structure which is composed of anisotropic gyrotropic plasma
and dielectric block. Physical size and detail parameters are
shown in Fig. 9.

The entire structure can be regarded as the combination
of three mediums including anisotropic gyrotropic plasma,
dielectric bulk and vacuum. The entire structure can be
divided into three parts along y-direction. At the left and
right sides of y-direction, they are composed of three layers
which include vacuum, gyrotropic plasma and vacuum with
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the uniform dimensions of 10 × 4 × 2 mm along vertical
z-direction. The parameters of anisotropic gyrotropic plasma
are ωp = 2π × 28.7 GHz, ωb = 0.1 Trad/s and ν =
20 GHz. In the middle of y-direction, the electric bulks with
the dimensions of 1 × 4 × 2 mm and 0.2 × 4 × 4 mm and
electric parameters of εr = 2.9 and εr = 4.7. The front
view obtained by yOz plane of the waveguide structure is
shown in Fig. 9(b). The bulks are located at the center of
z-direction. Nine εr = 2.9 bulks and Eight εr = 4.7 bulks are
located along y-direction. The centre of fourth εr = 4.7 bulk
is located at the center of the entire structure. The rest part
is filled with gyrotropic plasma. The plane wave incidents
from the plasma regions at the left of the structure which
is a modulated Gaussian pulse with the center frequency
of 37.5 GHz and bandwidth of 12.5 GHz. The observation
point which is used to evaluate the wave reflection occurred
by PML regions is situated at the corner of the port. The
observation port is located in the plasma region at the right
side with the distance of one grid of PML regions. The bound-
aries of the x- and z-directions are terminated by the perfectly
electronic conductor (PEC). The boundaries of y-direction
are terminated by 10-cell-PML to absorb outgoing waves and
reduce wave reflections. Through the try and error method,
the parameters inside the PML regions are chosen to obtain
the best performance both in the time domain and frequency
domain. The parameters of higher order PML formulation
based algorithms are κη1 = 270, αη1 = 0.1, mη1 = 2,
ση1_max = 0.9ση1_opt , κη2 = 1, αη2 = 1.7, mη2 = 1,
ση2_max = 0.001ση2_opt . The parameters of CFS-PML based
PML algorithms are chosen as κη = 240, αη = 2.1, mη = 3,
ση_max = 0.7ση_opt .

It can be concluded from Fig. 9 that the uniform size along
x-direction lead to the complex mesh generation. The HIE
procedure is one of the most efficient ways to alleviate such
condition. The mesh sizes are chosen as 1x = 0.05 mm and
1y = 1z = 0.1 mm. The corresponding time step can be
obtained as 1tFDTDmax = 96.2 fs. The performance of various
PML algorithms can be reflected by the relative reflection
error in the time domain which can be given as

RdB (t) = 20 log10
[∣∣E tz (t)− Erz (t)∣∣ / ∣∣max{Erz (t)}

∣∣] (15)

where E tz (t) is the test solution which is obtained at the
observation point directly, Erz (t) is the reference solution
which can be calculated by enlarging the domain by 20 times
and terminating by 64-cell-PML. Figure 10 shows the wave-
form at the observation point with different PML algorithms
and CFLNs. The CFL number (CFLN) can be defined as
CFLN = 1t/1tFDTDmax . Within the equation, 1t is the time
step in the algorithms whose stability can break the CFL con-
dition. As can be concluded from Fig. 10(a), the waveforms
are almost overlapped with CFLN = 1. Such phenomenon
indicates these algorithms almost hold the similar accuracy
and performance with CFLN= 1. From Fig. 10(b) and 10(c),
it can be observed that the accuracy decreases with the incre-
ment of CFLNs, due to the increment of numerical dispersion.
In addition, it can be observed that the CNAFS-HPML and

FIGURE 10. The waveform at the observation point (a) FDTD-PML,
FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

FIGURE 11. The relative reflection error in the time domain.
(a) FDTD-PML, FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

proposed HIE-HPML hold the similar accuracy and perfor-
mance. The ADI-HPML has the worst performance among
the implicit PML algorithms. Such phenomenon indicates
that the ADI procedure has the largest numerical disper-
sion among them. It can be concluded that the proposed
HIE-HPML can receive enhanced performance in the wave
propagation problem.

The absorption performance of the PML, relative reflec-
tion error, in the time domain obtained by different PML
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TABLE 2. Computational time and occupied memory used by the
different PML algorithms with different CFLNs of the waveguide structure.

algorithms and CFLN is shown in Fig. 11. It can be observed
that the FDTD-HPML hold the best absorption not only
in the maximum value but also in the late-time reflections.
Meanwhile, compared with FDTD-PML, they can be further
enhanced as well. Such condition indicates that the intro-
duction of higher order PML formulation can improve the
absorption during the simulation. As shown in Fig. 11(a)
that compared with FDTD-PML, the other higher order
based PML formulation can further enhance the performance
during the whole simulation. Such phenomenon indicates
the effectiveness of the higher order PML formulation.
By observing Fig. 11 (b) and Fig. 11 (c), the entire perfor-
mance decreases with the increment of CFLNs due to the
enlargement of numerical dispersion. It can be concluded
from the group of Fig. 11 that the CNAFS-HPML and HIE-
HPML almost hold the same absorption. The FDTD-HPML
and ADI-HPML is with the worst and best among the implicit
algorithms, respectively. Most importantly, the HIE-HPML
with CFLN = 6 hold the better performance compared with
FDTD-PML. Such condition indicates that the proposed
scheme has considerable effectiveness in absorption. Table 2
shows the memory consumption, CFLN, CPU time and time
reduction of different PML algorithms. It can be observed that
the introduction of higher order concept increases the running
time and memory consumption. However, the increment of
absorption indicates the effectiveness of the higher order for-
mulation. Comparedwith the conventional FDTDbased algo-
rithms including FDTD-PML and FDTD-HPML, the implicit
PML algorithms increases the memory and running time at
lower CFLNs. The reason is that several matrices should be
calculated at each time step. The running time can be shorten
with the increment of CFLNs. The reason is that the larger
CFLN can obtain larger time step resulting in the decrement
of total iteration time steps. Especially, it should be noticed
that the proposed scheme with CFLN= 6 can receive the best
efficiency among these algorithms. Meanwhile, it can obtain
considerable performance during the simulation.

The accuracy and performance of various PML algorithms
can also be reflected by the Scattering-Parameters (S param-
eter) in the frequency domain alternatively including the

FIGURE 12. The return loss in the frequency domain. (a) FDTD-PML,
FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

FIGURE 13. The transmission coefficient in the frequency domain.
(a) FDTD-PML, FDTD-HPML, ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 1. (b) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 3. (c) ADI-HPML, CNDS-HPML, CNAFS-HPML and
HIE-HPML CFLN = 6.

return loss (S11) and transmission coefficient (S21) within the
waveguide problem. Figure 12 and 13 show the S11 and S12
of the waveguide problem obtained by different PML algo-
rithms and CFLNs. It can be concluded both from Fig. 12(a)
and Fig. 13(a) that the S parameters are almost overlapped
indicating all of the PML algorithms almost hold the cal-
culation accuracy. From Fig. 12(b)-(c) and Fig. 13(b)-(c),
it can be observed that the increment of CFLNs results in the
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decrement of accuracy. Meanwhile, it can also be concluded
that the CNAFS-HPML holds the similar accuracy with the
proposed HIE-HPML.

From Fig. 13, the proposed HIE-HPML can receive
better simulation accuracy which is the similar with
CNAFS-HPML. Meanwhile, due to the calculation of two
tri-diagonal matrices, the proposed scheme can significantly
reduce the simulation duration compared with the uncondi-
tionally algorithms, for example, ADI-HPML, CNDS-HPML
and CNAFS-HPML. In summary, the proposed scheme
shows its suitable in gyrotropic plasma with fine geometry
details along single direction.

IV. CONCLUSION
The HIE-HPML is proposed in the anisotropic gyrotropic
plasma by incorporating the HIE procedure and higher order
formulation. The anisotropic gyrotropic plasma is calculated
through the bilinear transform method which can maintain
considerable accuracy, stability and efficiency. Through the
anisotropic gyrotropic plasma slab simulation, the effective-
ness of the algorithm is demonstrated through the compar-
ison with analytic resolution. The results indicate that the
proposed scheme can not only receive considerable accuracy
but also obtain better efficiency. Such conclusion can be
further testified through thewaveguide structure in the second
numerical example. It also can be concluded that the proposed
scheme can obtain better absorption. The proposed scheme
takes full advantages of HIE procedure, higher order formu-
lation and bilinear transform method in terms of efficiency,
accuracy and absorption.
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