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ABSTRACT Mobile Manipulators (MM) has attracted a lot of researchers for incorporation in the robotics
field owning to their multitude of applications in real world. Welding automation has its wide applications
in industry like automobile manufacturing and power generation industry involving spherical tanks. The
objective of this study is to design workspace and devise a methodology to plan position trajectory of welding
tool that produces smooth welding while the mobile platform turns simultaneously. The robot proposed in
this paper has the manipulator mounted on a platform moving as a turntable to increase the workspace
and enhances the mobility of the manipulator. The earlier produces linear segment of weld while the later
produces parabolic segment. The kinematic equations for mobile platform and the mounted manipulator
are described in detail. The workspace of the robot is visualized based on computations of transformation
matrices and jacobians structured based on kinematic equation. Trajectories for each joint, computed using
inverse kinematic equations, are also presented. For spherical trajectories the solution of system equations
is combined with constraint values for each manipulator joint, thus allowing computation of desired joint
position at any time interval. The efficacy of the proposed methodology for the trajectory planning is tested
through a case study. The simulation results of motion transformation, workspace and trajectory show that
linear segments of the trajectory combine with parabolic trajectory segments smoothly with zero acceleration
within designed reachable workspace. The experimental results verify the efficacy of application of presented
kinematic and inverse kinematic models for welding of spherical objects.

INDEX TERMS Degrees of freedom, kinematics, mobile manipulator, trajectory, welding workspace.

I. INTRODUCTION
Since last few years welding manipulators are being exten-
sively studied by the researchers [1]–[10]. One of the main
benefits of welding manipulators apart from the working con-
ditions and production efficiency is that these manipulators
can be used for small scale processes, especially in mechan-
ical fields such as metal component sewing, manufacture
and other industrial applications [11]. Currently, research is
mainly focused on the design and control systems for welding
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robots, mainly in intelligent control systems [12] and adaptive
control systems [13]. The need formobile robotic welding has
increased in today’s industrial environments. One of the areas
is the manufacturing of storage tanks that are spherical or
cylindrical in shape.Most of thewelding process is conducted
manually and there is shortage of expertise in seam welding
on spherical objects. In order to improve quality of weld seam
and to overcome shortage of expertise in welding of spherical
tanks, automatic welding equipment is needed. Recent devel-
opment in robotics field has led to automatic welding oper-
ations. One of these emerging trends is the mobile welding.
In this paper we propose a mobile manipulator that is capable
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of welding tasks on spherical or cylindrical objects getting a
motivation from a problem of turning of welding vehicle and
positioning of welding torch in autonomous mobile welding
robot. Such welding robots, however, need devising a method
to find the kinematic variables ensuring that the required
welding function in the spherical objects is satisfied.

Recent work on such mobile robots for welding applica-
tions has been done by Kim et al. [14] and Jeon et al. [15].
These manipulators are developed for three dimensional laser
vision systems for the welding of ship and seam tracking,
respectively. A mobile welding robot for straight welding
path with sensors is proposed by Kam et al. [16]. A mobile
robot using a sliding mode control for tracking a smooth
curved path is proposed by Chung et al. [17]. Tang has
proposed a mobile welding robot for large steel structures in
industries [18]. Pan proposes a welding manipulator based
on screw theory [19]. Cuong proposes a mobile welding
manipulator for horizontal fillet joints [20].

For such mobile manipulators, it is necessary to ana-
lyze its kinematic solutions and trajectory from design till
experimental phase [21], [22]. Kinematic solutions for such
robots are quite complex because of link constraints [11].
Much research is being carried out to solve these prob-
lems [23]. Researchers [24]–[26] have presented intelligent
mobile robots for welding on spherical tanks where the robot
base is fixed on tank surface and the manipulator travels on
the spherical surface. A welding mobile manipulator may
combine a moving platform and a robotic manipulator to
increase mobility and dexterous space of the robot for use
in an automated manufacturing environment. A study on the
mobile manipulators for welding in ship building industry is
carried out for the Lattice type structure [27]. The mobile
welding manipulator for spheres, in literature, has a three
linked manipulator mounted on a two wheeled platform but it
can operate in a straight path [28] only. The motion planning
on spherical surface is presented in [29]. However, mobility
of the manipulator is desired to be explored and that needs
to model the mobile robotic manipulator for control of the
wheeled mobile robotic manipulators [30]–[34].

The importance of developing a mobile welding manipula-
tor is effectively realized for hazardous environments where
human presence is hazardous. The commercial robots suffer
from disadvantage of lack of mobility since they are fixed
at one designated place. Besides, a fixed manipulator has a
limited range of motion. Most of the welding operations per-
formed are manually suffered from inaccurate welding seam
due to inaccurate welding speed and position [35]. To our
knowledge, autonomous mobile robots are in existence, how-
ever, extensive work has yet to be conducted inmobile manip-
ulators for welding operations. The main purpose of this
paper is not only to enhance the manipulator workspace by
mounting it on amobile platform but to produce smoothweld-
ing while the mobile platform turns simultaneously, proves to
be challenging on curved spherical paths.

In the paper, a wheeled mobile manipulator configuration
has been proposed following a concept of rotating table to

realize reliably moving of welding torch on the surface of
spherical tank. The welding on spherical tanks require com-
bination of linear and parabolic path segments. Therefore,
a 4-DOF welding manipulator has been fixed on 1-DOF
robotic platform to carry out the welding tasks on spheres.
The manipulator and the mobile platform move simulta-
neously along the desired path. A methodology is devised
to plan the desired path giving smooth weld. We present
the mathematical model of the proposed mobile welding
manipulator and the workspace is computed numerically. The
Denavit-Hartenberg (DH) convention is followed to formu-
late the kinematic equations of the mobile welding manipu-
lator. As the proposed welding manipulator is a 4 Degree of
Freedom (DOF) manipulator with 1 DOF mobile platforms,
So there are in total 5 DOF of the proposed configuration.
In section II, the detailed description of the proposed manip-
ulator is given. In section III, the kinematics of the manip-
ulator is discussed. In section IV the differential motions
of the proposed mobile welding manipulator are discussed.
Section V presents the details about the workspace of the
proposed mechanism. Section VI discusses the trajectory
planning followed by results and discussions in section VII.

II. DESCRIPTION OF MOBILE WELDING MANIPULATOR
Adesign for the two-wheeledmobileweldingmanipulator for
spherical objects should meet the criteria of mobility, spheri-
cal workspace and structure stability. Themobility is required
to approach the seam to be weld. Spherical workspace is
required to cover the entire spherical shape. Structural sta-
bility is required to maintain a certain range of shapes.

The mobile welding manipulator consists of four major
components: a mobile base to give 1 DOF, a 4 DOF robotic
arm, software algorithm to compute workspace and trajectory
and the electric circuitry to implement computed motions.
A model of the base and the arm of the mobile welding
manipulator is developed using SolidWorks R©.

The base of the welding manipulator is proposed to be
made up of a rigid frame. Figure 1 shows the rigid base
frame and the mobile welding manipulator. The material for
the base of the robot is proposed to be aluminum which is a
lightweight but strong material. The dimensions of the robot
base are: length 40 cm,Width 40 cm and height is 20 cm. The
base is propelled by differential drive wheels with a feedback
sensor and controller.

The manipulator, a robotic arm, consists of three links and
an end effector. The first link of the manipulator is capable of
360◦ rotations along the y-axis. The second and third links are
capable of angular rotation of 180◦. The end effector is fixed
on the third link. Figure 1 shows the two-wheeled mobile
robotic manipulator with base, designed for spherical objects.

There is 1 DOFs of the mobile platform, whereas 4 DOFs
are fixed for the manipulator at top. The DOF can be obtained
from the Chebychev Grubler-Kutzbach criterion as

DOF = σ (N − J − 1)+
∑J

i=1
Fi (1)
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FIGURE 1. Proposed SolidWorks R© model of the mobile welding
manipulator.

where N is the total number of links including the fixed
link (or base), J is the total number of joints connecting two
consecutive links, Fi is the degrees of freedom at the ith joint.
The value of σ is 6 for motion in space and is 3 for planar
motion.

III. KINEMATICS MODEL
Kinematics refers to the study of position, velocity and accel-
eration of the manipulator regardless of the force. Kinematics
study can be categorized as forward kinematics and inverse
kinematics. Forward kinematics involves the motion of the
end effector of the manipulator in terms of link lengths and
joint angles [36]. Inverse kinematics is computation of link
lengths and joint parameters knowing the end effector posi-
tion [37]. For the proposed mobile welding manipulator a
comprehensive kinematics study is carried out as follows.

A. FORWARD KINEMATICS
The problem of kinematics is to deal with the position and
orientation of the robot manipulator without considering the
forces and torques that produce the motion. The proposed
mobile welding manipulator is a 4 DOF manipulator without
the mobile base. The motion transformation is defined in
each frame {i}, relative to the previous frame {i− 1}. This
transform is a function of four link parameters. Each of these
four transformations is a function of one link parameter only,
and the other three parameters can be fixed by mechanical
design.

The links of the manipulator are a1, a2, a3, a4. θ is the
angle of rotation or variable in our equation of motion as
follows;

T i−1i =


cθi − sθi 0 ai−1

sθcai−1 cθicai−1 − sai−1 − sai−1di
sθisai−1 cθisai−1 cai−1 cai−1di

0 0 0 1

 (2)

In this research, forward kinematics problem is solved
using DH representation technique. After the assignment of
necessary frames, the DH table is filled by substituting the
values in equation (2). The value of joints and links are
determined from the schematic drawing of the manipulator
shown in Figure 2.

FIGURE 2. Schematic diagram of the proposed mobile welding
manipulator.

The proposed mobile welding manipulator has two mod-
eling components. Firstly, both the entities i.e. the manipu-
lator and the mobile platform are modeled individually by
assuming that during the movement of one body, the other
entity remains static. In the second part, it is assumed that the
mobile platform takes the manipulator to the desired target
and the manipulator end effector is positioned to the seam to
be weld. During the movement the mobile platform remains
stationary. The DH representation of the manipulator links is
given in the Table-1.

There are four revolute joints and each revolute joint offers
one degree of freedom. Five frames are assigned to themanip-
ulator. The homogenous transformations for formulation of
forward kinematics of the fixed manipulator are given in
equation (3),

T = 0
5T =

0
1T

1
2T

2
3T

3
4T

4
5T (3)

Combining individual transformation equations follow-
ing (3) results in (4):

0
5T =


cθ1cθ234 −cθ1sθ234 sθ1 Px
sθ1cθ234 −sθ1sθ234 −cθ1 Py
sθ234 cθ234 0 Pz
0 0 0 1

 (4)

where px , py, pz are the position equations of the manipu-
lators in the three coordinates of this spatial serial 4 DOF
manipulator and are calculated from equation (5) to (7), as
shown at the bottom of the page.

Px = cθ1[cθ2cθ3(cθ4l4 + l3 − sθ3 (sθ4l4)− sθ2sθ3 (cθ4l4 + l3)+ cθ3(sθ4l4) = cθ1(cθ234l4 + cθ23l3 + cθ2l2) (5)

Py = sθ1[cθ2cθ3(cθ4l4 + l3 − sθ3 (sθ4l4)+ l2 − sθ2sθ3 (cθ4l4 + l3)+ cθ3 (sθ4l4) = sθ1 (cθ234l4 + cθ23l3 + cθ2l2) (6)

Pz = sθ2[cθ2cθ3(cθ4l4 + l3 − sθ3 (sθ4l4)+ l2 + cθ2sθ3 (cθ4l4 + l3)+ cθ3 (sθ4l4)+ l1 = sθ234l4 + sθ23l3 + sθ2l2 + l1 (7)

VOLUME 9, 2021 73845



T. Zahid et al.: Workspace Design and Trajectory Planning of Five DOF Mobile Welding Manipulator

TABLE 1. Denavit-Hartenberg parameters.

B. INVERSE KINEMATICS
The inverse kinematics is used for deriving the joint values
from the position coordinates. With inverse kinematics the
value of each joint is determined to place the robot at a desired
position and orientation. The equations that are derived for
finding the joint angles are employed directly in robot pro-
gramming to drive the robot to a desired position.

To move the robot along the desired trajectory the joint
values of the robot are calculated many times. The robot
was intended to follow a particular trajectory such a straight
line or a curved line. There are different methods of cal-
culating the inverse kinematics. The equations derived in
the forward kinematics are highly non-linear transcendental
equations. In case of serial manipulators up to 6 DOF the
inverse kinematics of the manipulator is calculated through
algebraic solutions, Geometric solutions or Numerical solu-
tions. Geometric methods were used in this research to obtain
the inverse kinematic model of the proposed mobile welding
manipulator.

Geometrical parameters of the manipulator are shown
in figure 2. The angle denoted by θ1 is the angle through
which the base of the robot, the moving platform, moves.
The manipulator with the base of the robot at a standstill
can rotate about the z-axis that passes through the joint axis.
The 360o rotation of the base increases the workspace of the
welding manipulator and hence increased the object handling
capability of the mobile manipulator around the robot body.
The angle θ1 can be calculated as (8).

θ1 = tan
( y
x

)
(8)

From figure 3 and figure 4, equations (9) and (10) can be
obtained.

Wr = R− (D x cosθ4) (9)

Zo = (Z − (D x sinθ4))− A (10)

γ = atan
(zo)
(Wr )

(11)

FIGURE 3. Side view of joints 2, 3 and 4.

By the geometric relation in figure 3,

ro =
√
z2o + w2

r (12)

By using the law of cosines in figure 3,

∝= acos

(
r20 + B

2
− C2

2× ro × B

)
(13)

and θ2 is given as θ2 = α+γ . From Figure 3 by law of cosines

ϑ = acos

(
C2
+ B2 − r20

2× C × B

)
(14)

From Figure 3, θ3 is given as θ3 = (θ2 + ϑ)− 180.

C. KINEMATIC MODEL OF MOBILE MANIPULATOR
A schematic diagram of the mobile manipulator, combined
wheeled base and the manipulator, is shown in Figure 5.
In proposed mechanism, the two actuated wheels are sup-
posed to be controlled by motors whereas the third passive
wheel was for the stability of platform. The 4-link manipula-
tor was mounted on top. Considering the mobile manipulator
in figure 5 it was assumed that there is no lateral motion and
the manipulator is mounted on the center of the platform.

Every joint is driven by an actuator. Joint 1, can move
around z axis and the three links above joint 1 can rotate about
z-axis. β represents the orientation of the mobile manipulator.
The forward kinematics of the wheeled mobile manipulator,
combined kinematics of the mobile platform and the manipu-
lator, is derived in equations (15) and onwards in this section.
l1, l2, l3, l4 are link lengths. Similarly, xc = x+ dcosβ and

yc = dsinβ. d is the distance between center of platform and
center of axle of mobile base.

xA = xc + l2cosθ2cos (β + θ1)+ l3cos (θ2 + θ3) cos (β + θ1)+ l4cos (θ3 + θ4) cos(β + θ1) (15)

yA = yc + l2cosθ2 sin (β + θ1)+ l3 cos (θ2 + θ3) sin (β + θ1)+ l4 cos (θ3 + θ4) sin(β + θ1) (16)

zA = l1 + l2sinθ2 + l3sin (θ2 + θ3)+ l4sin (θ3 + θ4) (17)
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FIGURE 4. Side view of wrist joint.

FIGURE 5. 2-D sketch of the mobile manipulator.

IV. DIFFERENTIAL MOTIONS OF THE MOBILE WELDING
MANIPULATOR
In a seam welding task the robot joints need to move at a
constant speed to maintain welding quality. The end-effector
of the manipulator should move at a constant speed in a pre-
scribed direction. The robot joint velocities were calculated
and measured at any instance of time so that the total motion
to be achieved at the end-effector of the robot. The movement
at the end-effector of the manipulator is the resultant differ-
ential motion of the frame. Differential motion of a frame is
divided as differential translations, differential rotations and
a combination of different translations and rotations.

A differential translation is defined as the translation of the
frame in differential amounts. A differential rotation is a small
rotation of a frame if a frame rotates by an angle ‘dθ ’ about
any axes. The differential transformations are a combination
of translations and rotations of a frame. We introduce a quan-
tity as a differential operator 1 that is obtained as given in
equation (18).

1 = (Trans ∗ Rotation− Identity matrix) (18)

In matrix form it can be represented as in equation (19).

1 =


0 −δz δy dx
δz 0 −δx dy
−δy δx 0 dz
0 0 0 0

 (19)

The change in the differential frame dT from the frame T
is given as in equation (20).

[dT ] = [1][T ] (20)

The matrix dT represents the change in frame after the
differential motion. This matrix is given as in equation (21).

dT =


dnx dox dax dpx
dny doy day dpy
dnz doz daz dpz
0 0 0 0

 (21)

The new location and orientation of the frame after the
differential motion can be found by adding the change in
frame.

Tnew = dT + Told (22)

The above equations give the changes made to a frame
after the differential motion. The manipulator movements are
translated into the change of frame at the end-effector and
the frame changes result in the movement of the end effector
of the frame. The differential motion and the Robot Jacobian
in the end-effector frame are related to the joint movements of
the manipulator. As the manipulator is a 4 degree of freedom
robot, it is represented by equation (23).

dx
dy
dz
δx

 = [Jacobian]


dθ1
dθ2
dθ3
dθ4

 (23)

or

[D] = [J ][Dθ ] (24)

In the Homogenous transformation matrix given in equa-
tion (4), the first element px in last column of the matrix
represents the motion of the end-effector along the x-axis, py
represents the motion along y-axis and similarly pz represents
motion along z-axis, the derivatives of the corresponding
elements are dx , dydz respectively. The detailed calculations
for the differential motions are explained in Appendix.

V. WORKSPACE
The mobile manipulator has the advantage of infinite
workspace. However during the task execution, the mobile
platform is standstill and the manipulator workspace is
defined as the maximum allowable limits of the arm to reach
the target. The reachable workspace describes the volume
in space in which the manipulator end-effector can reach.
The dexterous workspace is a subset of reachable workspace.
The reachable workspace is defined by the motion of the
end-effector and the related manipulator arms through their
allowable limits.

By varying the degrees of freedom in the plane the
end-effector can be positioned to occupy space within the
reach of the manipulator. Singular configurations are given
as det (J (θ )) = 0. The determinant of the Jacobian is used to
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measure manipulator dexterity. The manipulability measure
‘w’ is defined as w = |det (J (θ ))|

In order to have a smooth weld trajectory the manipulator
revolute joints move at a constant velocity. To calculate joint
velocities, we consider differential motions along the three
axes. Jacobian calculations are required to find the revolute
joints differential motions. Jacobians relates the joint differ-
ential motions to hand differential motions.

The inter-relationship between joint differential motions of
a robot links to the differential motion of the hand frame is
given as in equation (25).

dx
dy
dz
δx

 = [J ]


dθ1
dθ2
dθ3
dθ4

 (25)

dx , dy, dz represent differential motion in the x, y and z
axis respectively. δx denotes the rotation around x-axis and
dθ1 to dθ4 represent the differential motion of the joints.
Jacobian is calculated relative to the last frame. The transfor-
mation matrix for the particular manipulator is given in (26).

0
5T =

0
1T

1
2T

2
3T

3
4T

4
5T =


nx ox ax 0
ny oy ay 0
nz oz az 0
0 0 0 1

 (26)

[J ] matrix was calculated as given in equations (27)
and (28).

J1i =
(
−nxPy + nYPx

)
; J2i =

(
−oxPY + oyPx

)
(27)

J3i =
(
−axPy + ayPx

)
; J4i = nz (28)

To calculate the differential motions the joints of the
manipulator the inverse Jacobian is needed as given by the
[Dθ ] =

[
J−1

]
[D].

VI. TRAJECTORY PLANNING
Using the inverse kinematics equations of the proposed
mobile welding manipulator, the joint angles for the desired
position and orientation are determined while the initial loca-
tion and orientation of the mobile platform were known. The
motion of each joint of the manipulator was planned indi-
vidually. For the four degree of freedom manipulator under
consideration the first joint angle of the robot was known for
which the beginning of the motion segment at time ti is θi and
it was desired for the first joint to move to a new joint value
θf at time tf .
The constraints on the manipulator motion are the initial

conditions and final conditions that are the initial velocities
and accelerations which are known. The initial velocity of
the first joint includes effects of the motion of the mobile
platform which are assumed to be known. To produce smooth
motion of end-effector in presence of simultaneous motion of
mobile platform the velocity should be constant. An adaptive
approach is proposed here giving three types of trajectories,
presented here for different situations of the seam welding

encountered on spheres. The trajectory of the robot is calcu-
lated and the four boundary conditions are known. The third
order polynomial trajectory as given in equation (29).

θ (t) = c0 + c1t + c2t2 + c3t3 (29)

where the initial and final conditions are given in equations
(30-a, b, c).

2(ti) = θi (30-a)

θ
(
tf
)
= θf (30-b)

θ ˙(ti) = 0

θ ˙(tf ) = 0 (30-c)

By taking the first derivative of the polynomial
Equation (29),

θ̇ (t) = c1 + 2c2t + 3c3t2 (31)

Substituting the values of initial and final conditions in
Equation (29) and (31),

θi
θ̇i
θf
θ̇f

 =

1 0 0 0
0 1 0 0
1 tf t2f t3f
0 1 2tf 3t2f



c0
c1
c2
c3

 (32)

By solving the above linear system of equations and plug-
ging the necessary constraint values the coefficients of the
third order polynomial equation that allows to calculate the
joint position at any interval of time can be calculated.
The same process was repeated for the remaining joints.This
third order polynomial of each joint creates a motion profile
that was used to drive each manipulator joint.
Case Study: Assuming that in the mobile welding manip-

ulator first joint is desired to go from an initial angle of 0◦

to final angle of 45◦ in 5 seconds. Substituting the boundary
constraints in the Equation (32) yields;

θ (t) = c0 = 0◦ (33-a)

θ
(
tf
)
= c0 + c1 (5)+ c2

(
52
)
+ c3

(
53
)
= 45 (33-b)

θ̇ (ti) = c1 = 0 (33-c)

θ̇
(
tf
)
= c1 + 2c2 (5)+ 3c3

(
52
)
= 0 (33-d)

Solving the equations (33-a) to (33-d) yields;

c0 = 0, c1 = 0, c2 = 5.4, c4 = −0.72

Substituting the desired time intervals in the position equa-
tion, motion of the first joint angle was calculated at the
different time intervals.

A. FIFTH ORDER TRAJECTORY
There is a need to specify maximum accelerations at the
initial and final points of movement. In order to specify veloc-
ities, positions and accelerations of the trajectory a fifth order
polynomial was required, and six constants were needed.

θ (t) = c0 + c1t + c2t2 + c3t3 + c4t4 + c5t5 (34)

θ̇ (t) = c1 + 2c2t + 3c3t2 + 4c4t3 + 5c4t4 (35)

θ̈ (t) = 2c2 + 6c3t + 12c3t2 + 20c3t3 (36)
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B. LINEAR SEGMENT WITH PARABOLIC BLENDS
This type of trajectory is desired when a constant velocity
is required for the manipulator as in case of welding it was
desired that the velocity in linear and constant during the
operation. So, at the start and end of the trajectory the con-
stant ramping of the velocity profile is desired. The profile
was divided into three segments. The linear segments were
blended with parabolic blends at the beginning and end of
the motion of the joint.

It is assumed that the initial and final positions are θi and
θf at times ti = 0 and tf and parabolic segments are blended
with the linear segments at times tb and tf − tb; hence,

θ (t) = c0 + c1t +
1
2
c2t2 (37)

θ̇ (t) = c1 + c2t (38)

θ̈ (t) = c2 (39)

In this scenario acceleration was constant at the parabolic
segments. The first part of the segment from t0 to tb is a
quadratic polynomial and at time tb, blending time, the tra-
jectory switches to a linear segment with constant velocity.
At the third segment the trajectory profile switches to a linear
section.

The common points where velocity is constant are called
knot points. Substituting the boundary conditions into the
parabolic equation segment yields,

θ (t) = θi +
1
2
c2t2 (40)

θ̇ (t) = c2t (41)

θ̈ (t) = c2 (42)

For the linear segment velocity was constant the initial
velocity was zero and the linear segment has a constant
velocity θ̇ and the final velocity at the end of motion was zero.
The joint positions and velocities at two points and the final
point were found as;

θA = θi +
1
2
c2t2b (43)

θ̇A = c2tb (44)

θB = θA + θ̇(tf − 2tb) (45)

θf = θB + (θA − θi) (46)

θ̇f = 0 (47)

tb =
θi − θf + θ̇ tf

θ̇
(48)

The final parabolic segment was symmetrical and with the
negative acceleration, it is shown as in equation (49).

θ (t) = θf −
θ̇

2tb
(ṫf − t)

2 (49)

θ̇ (t) =
θ̇

tb
(tf − t) (50)

θ̈ (t) = −
θ̇

tb
(51)

An adaptive approach is offered giving three methods
which are presented to be used in three different constraints
for simple to complex trajectories. The algorithm gives a
choice depending on reference trajectory.

VII. RESULTS AND DISCUSSIONS
A. MOTION TRANSFORMATIONS OF THE MOBILE
WELDING MANIPULATOR
The manipulator is required to achieve the Coordinates from
T1 = (0, 5, 0) to T2 = (10, 15, 10). The transformation
matrix was calculated in MATLAB software and the velocity,
position and acceleration profiles were plotted against time.
Angle profiles, velocity profiles and acceleration profiles for
joints 1, 2, 3 and 4 can be seen in figures 6 to 11.

FIGURE 6. Angle profiles of joint 1 and 2.

FIGURE 7. Angle profiles of joint 3 and 4.

Figure 12 is the model of the 4 DOF manipulator that
is simulated using Peter Corke Matlab R© toolbox in 3D
coordinates.

B. WORKSPACE OF THE MOBILE WELDING
MANIPULATOR
Various techniques have been adopted to determine the
workspace for the manipulator. These techniques involve
iterative and analytical techniques. A code was developed in
this research using MATLAB R© software to determine the
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FIGURE 8. Velocity profiles of joint 1 and 2.

FIGURE 9. Velocity profiles of joint 3 and 4.

FIGURE 10. Acceleration profiles of joint 1 and 2.

workspace of the manipulator. Figure 13 shows the algorithm
steps to obtain the workspace.

A point cloud that shows the limits based on selected link
parameters and allowable degrees of rotation. The lengths
of the arms l1 to l3 were fixed at 10 units and wrist arm
l4 at 5 units. The graphical view shows the joint extended
reach and reachable area of the manipulator. Figure 14
(a) shows the point cloud of the workspace of the proposed
manipulator.

As a case study three leg lengths l2, l3 and l4 are selected
to be 6, 5 and 3 cm respectively. Initial values of these three
lengths were taken zero and the position points were plotted

FIGURE 11. Acceleration profiles of joint 3 and 4.

FIGURE 12. Peter cork model of the 4 DOF welding manipulator.

FIGURE 13. Algorithm for calculating the workspace of the welding
manipulator.

with step increment of 1 mm. l2 is kept fixed. The values
in the graph in figure 14 (b) shows the resulting reachable
workspace of the manipulator.

The resulting workspace covers a whole sphere of a dimen-
sion. That means the proposed system is capable of approach-
ing of any spherical shape depending on the lengths of the
arms.
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FIGURE 14. (a): Point cloud of the workspace of the mobile welding
manipulator. (b): Reachable workspace of the mobile welding
manipulator.

FIGURE 15. Trajectory profile using cubic polynomials.

C. TRAJECTORY PLANNING OF THE MOBILE WELDING
MANIPULATOR
The trajectory generated for 1st revolute joint has physical
limits from 0◦ to 360◦. The trajectory is plotted as shown
in figure 15. The position trajectory starts from 0◦ all the way
towards 45◦. As a constraint, the initial and final velocities of
the system were zero.

FIGURE 16. Trajectory profile using fifth order polynomials.

FIGURE 17. Trajectory profile using parabolic blends.

The fifth order trajectory polynomial is shown in figure 16.
It is evident that the robot starts its movement from angle of 0
degrees. However, the specified initial and final accelerations
we’re starting from 2◦/sec2 and ending at −2◦/sec2.
Linear segments with parabolic blends are simulated in

MATLAB with the trajectory profile shown in figure 17.
As it is evident from the above figure that the velocity of
end effector is constant with the linear segment and the
acceleration is zero, in presence of effects of simultaneous
mobile platform motion, except for the starting and final
velocity segments in which there is an increase and decrease
in the velocity and corresponding result is shown as the
acceleration and deceleration at the beginning and end of
movement.

In the welding task it is required that the robot end- effector
path to be planned more precisely for welding on a specific
path. Tomove the manipulator end-effector on a straight path,
there is requirement to specify the intermediate points or
locations for the end-effector to pass through. These points
should lie on the straight path connecting the starting and
ending positions, these points are called the knot points.

D. EXPERIMENTAL SETUP
1) OPERATIONAL ALGORITHM
Themanipulator works automatically. An algorithm designed
to automate themanipulator operation is shown in figure 18 in
the form of a flow diagram. The designed algorithm checks
coordinates of the seam to be welded, calculate the joint
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FIGURE 18. Flow chart for the working of the mobile welding
manipulator.

angles of the arm and final position ofwheels of base knowing
a fixed speed of wheel motors. The algorithm gets feed-
back from position sensors, updates the torques required to
approach to coordinates of the seam to be welded.

2) HARDWARE
In order to implement the algorithm, actuate and control the
system four electronic devices are used: Adriano, Relays,
IR sensors, and regulator. Relays are used to work with
H-bridges to control the direction of wheel motors and joint
motors. IR sensors are used to feedback position of wheels
and path to follow. Wheels are to track the planned path. The
power requirement is evaluated such that it requires voltage
12V and maximum current 7Ah. Use of the portable batteries
to provide a designed power rating was preferred for the
system.

The mobile platform is a four-wheel differential driven
platform with two active powered wheels that are powered
independently with dc motors and two passive caster wheels
are attached to themobile base for stability as the platform has
to hold a manipulator therefore for stability of the platform
caster wheels are attached. The mobile platform is required
to travel/move in a curve around the spherical work piece.
Wheeled mobile platform is steered with the two powered
actuators such that two wheels can be steered individually.
If one wheel turns in one direction and the other in the
opposite direction, the robot can rotate at its position and any
desired path can be achieved.

3) EXPERIMENTAL PROCEDURE
The fabricated model of the proposed mobile welding manip-
ulator is tested to verify the reachable workspace and smooth
weld of straight, curved, sinusoidal and complex infinity
shaped seams on a spherical object as shown in figure 19a
to 19d. Figures 19b to 19d clarifies the need of mobility and
requirement of simultaneous motion of the manipulator and
the mobile platform. The serial manipulator is unable to reach
a workspace that covers perimeter of a spherical shape as
shown in figures 19b-19d. This is shown with example of
sinusoidal and infinity shaped trajectories on a sphere.

In figure 19b the fixed existing position of mobile platform
is unable to draw the shapes completely on the sphere surface.
With the change of position of mobile platform, however,
the welding manipulator welded infinity shape completely
as shown in figure 19c. Similarly, figure 19d shows desired
results for a sinusoidal shape.

FIGURE 19. (a) Experimental setup of the 5 Degree of freedom welding
manipulator during the testing for workspace analysis and motion
profiles (b)-(d) an illustration of experimental procedure.

A set of coordinates for six seam trajectories is provided
as input to the algorithm. The weld tool, end effector of
the manipulator, moved to the given positions during these
experiments at a velocity of 100mm/s on straight, sinusoidal,
infinity shaped and curved line paths. The position and accel-
eration trajectories of the weld tool are measured and plotted
as shown in figure 20.

4) EXPERIMENTAL RESULTS
It was observed that the manipulator is able to weld on
the trajectory computed from the given set of points in the
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TABLE 2. Maximum error in end-effector trajectories.

FIGURE 20. Experimental results (a) Three position trajectories including
2 straight and 1 slightly curved trajectory along with average acceleration.
(b) Curved trajectory. (c) Sinusoidal trajectory. (d) Infinity shaped
trajectory of weld seam.

spherical workspace as shown in figure 20. The results show
that the algorithm is capable of producing trajectories within
a spherical workspace. The paths planned and followed by
the weld tool for the four seam trajectories are smooth, very
small initially then zero acceleration. These results verify the

efficacy of the proposed algorithm and models to be used for
welding of spherical objects.

VIII. CONCLUSION
The two wheeled mobile manipulator is proposed with
5 degrees of freedom for welding of straight lines and curves
on spherical tanks. The degrees of freedom of the mobile
manipulator is constrained to minimum to achieve the desired
welding task. The kinematics of the proposed mobile welding
manipulator is analyzed in detail. The differential motions
for the proposed mechanism are studied. Workspace of the
mobile welding manipulator is studied along with the trajec-
tory planning for the links of the proposed manipulator. The
kinematic analysis results showed augmentation of the task
space to spherical objects, whereas, the trajectory planning
results produced smooth weld with simultaneous motion of
the moving platform and manipulator. The dynamic analysis
for torque minimization control and comparison of proposed
path planning algorithm with complex algorithms such as
given by [38], [39] are challenges to be studied in future.

APPENDIX
Jacobian is calculated relative to the last frame T 4, the veloc-
ity equation relative to the last frame is given by equation
(A-1). [

DT4
]
=

[
JT4
]
[Dθ ] (A-1)

Homogeneous transformation matrix can be written as
in (A-2).

R
HT = A1A2A3A4A5 =


nx ox ax 0
ny oy ay 0
nz oz az 0
0 0 0 1

 (A-2)

In order to have a smooth weld trajectory the manipulator
revolute joints move at a constant velocity. To calculate joint
velocities, we consider differential motions along the three
axes. Jacobian calculations are required to find the revolute
joints differential motions. Jacobians relates the joint differ-
ential motions to hand differential motions. All the joints
under consideration are of revolute type so the corresponding
elements of matrix in Homogeneous Transformations will be
used to calculate the [J ] matrix.

J1i =
(
−nxPy + nYPx

)
; J2i =

(
−oxPY + oyPx

)
(A-3)

J3i =
(
−axPy + ayPx

)
; J4i = nz (A-4)

To calculate the differential motions, the joints of the
manipulator the inverse Jacobian are needed as given by the
relation:

[Dθ ] =
[
J−1

]
[D] (A-5)

To calculate the columns of the Jacobian matrix by using
the convention:

0
5T = A1A2A3A4A5
1
5T = A2A3A4A5
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0
5T =


cθ1cθ234 −cθ1sθ234 sθ1 cθ1[cθ2cθ3(cθ4l4 + l3 − sθ3 (sθ4l4)+ l2 − sθ2sθ3 (cθ4l4 + l3)+ cθ3(sθ4l4)
sθ1cθ234 −sθ1sθ234 −cθ1 sθ1[cθ2cθ3(cθ4l4 + l3 − sθ3 (sθ4l4)+ l2 − sθ2sθ3 (cθ4l4 + l3)+ cθ3(sθ4l4)
sθ234 cθ234 0 sθ2[cθ2cθ3(cθ4l4 + l3 − sθ3 (sθ4l4)+ l2 + cθ2sθ3 (cθ4l4 + l3)+ cθ3 (sθ4l4)+ l1
0 0 0 1


(A-7)

0
5T =


cθ1cθ234 −cθ1sθ234 sθ1 cθ1(C (θ2 + θ3 + θ4) l4 + C (θ2 + θ3) l3 + Cθ2l2)
sθ1cθ234 −sθ1sθ234 −cθ1 sθ1((C (θ2 + θ3 + θ4) l4 + C (θ2 + θ3) l3 + Cθ2l2)
sθ234 cθ234 0 S (θ2 + θ3 + θ4) l4 + S (θ2 + θ3) l3 + sθ2l2 + l1
0 0 0 1

 (A-8)

1
5T = A2A3A4A5 (A-9)

1
5T =


c(θ2+θ3)cθ4+sθ4s(θ2+θ3) −sθ4c (θ2+θ3)+cθ4s(θ2+θ3) 0 c (θ2 + θ3) cθ4l4 + l3 + s(θ2+θ3) (sθ4l4)+ cθ2l2

0 0 −1 0
−sθ23c4 − s4c(θ2 + θ3) −s4s (θ2 + θ3)− c4c(θ2 − θ3) 0 s (θ2+θ3) cθ4l4+l3−c(θ2+θ3) (sθ4l4)+sθ2l2 + l1

0 0 0 1


(A-10)

2
5T = A3A4A5 (A-11)

2
5T =


c(θ3 + θ4) −s(θ3 + θ4) 0 c3 (c4l4 + l3)− s3s4l4 + l2)
s(θ3 + θ4) c(θ3 + θ4) 0 s3 (c4l4 + l3)+ c3s4l4

0 0 1 0
0 0 0 1

 (A-12)

3
5T = A4A5 (A-13)

3
5T =


cθ4 −sθ4 0 cθ4l4 + l3
sθ4 cθ4 0 sθ4l4
0 0 1 0
0 0 0 1

 (A-14)

2
5T = A3A4A5
3
5T = A4A5 (A-6)

After putting the values of matrices in above equations will
give us following relations

Simplifying (A-7) yields,
Similarly;
The Jacobian matrix elements are given as;

T5
11J =

(
−nxPy + nypx

)
= −[(s1c234 (c1c234) l4 + c23l3

+ c2l2)+ (s1c234 (c1c234) l4 + c23l3 + c2l2)]

(A-15)
T5
21J =

(
−oxPy + oyPx

)
= c1s234Py − s1s234px (A-16)

T5
31J =

(
−axPy + ayPx

)
= −s1Py − c1Px (A-17)

T5
41J = s234 (A-18)

J21 = 0 (A-19)

J22 = 0 (A-20)

J32 = −c23 (c4l4 + l3 + s23s4l4 + c2l2) (A-21)

J42 = −s23c4 − s4c23) (A-22)

J13 = [(−c34c3 (c4l4 + l3)− s3s4l4 + l2)

+ s34 (c3c4l4 + l3)− s3s4l4 + l2)] (A-23)

J23 = [s34s3 (c4l4 + l3)+ c3s4l4
+ c34(c3 (c4l4 + l3)− s3s4l4 + l2] (A-24)

J32 = 0 (A-25)

J43 = 0 (A-26)

J14 = [(−c4) (s4l4)+ s4(c4l4 + l3)] (A-27)

J24 = [s4 (s4l4)+ c4 (c4l4 + l3)] (A-28)

J34 = 0 (A-29)

J44 = 0 (A-30)
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