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ABSTRACT Fractional calculus has tremendous potential in modeling the evolution of complex sys-
tems including those with memory. Indeed, fractional-order models are more accurate in approximating
non-locally distributed dynamics with short- or long-term memory effects. However, the realization of
fractional systems is often hindered by the lack of robust fractional-order energy storage devices, particularly
fractional-order inductors (FOIs). Inherent eddy currents, hysteresis losses, the lack of suitable materials, and
a systematic design procedure are among the challenges of FOI synthesis. In this work, a straightforward
and robust approach realizing FOIs with a coaxial structure is proposed. This approach relies on the fact
that the wave impedance of the transverse electromagnetic (TEM) mode on the coaxial structure scales with
(jω)0.5, where j =

√
(−1) and ω is the angular frequency when the filling material is highly conductive.

Indeed, experimental characterization of the realized device shows that it has a half-order inductive response
(corresponding to 45◦ phase angle) that is stable in the frequency range 18 MHz – 1 GHz with a phase
angle deviation not exceeding 5◦. Furthermore, the effects of the device geometry and the permeability,
the permittivity, the conductivity of the filling material on device response are investigated.

INDEX TERMS Coaxial cable, coil, electromagnetic fields, fractional-order circuits, fractional-order
inductor, fractional-order resonator.

I. INTRODUCTION
Various electro- and bio-chemical systems, such as
electrode-electrolyte polarization [1], [2], dielectric polariza-
tion [3], and electromagnetic waves [4] on certain geometries,
exhibit a wide range of fractional-order behaviors. Modeling
these systems with fractional calculus (FC) is not only more
accurate, but is more adequate than integer-order models
[5]–[7]. Indeed, fractional-order derivatives provide an excel-
lent tool to describe memory and hereditary properties
[8], [9]. Moreover, defining a system as fractional-order
gives extra degrees of freedom in the form of arbitrary
fractional-orders.

The associate editor coordinating the review of this manuscript and

approving it for publication was Guido Lombardi .

Fractional-order derivative or integral operators can
be realized physically using fractional-order capacitors
and inductors. Figure 1 shows a comparison between
ideal inductors/capacitors and fractional-order inductors
(FOIs)/fractional-order capacitors (FOCs). Several fabrica-
tion techniques have been developed to design and real-
ize single- and multi-component FOIs [10]–[13] and FOCs
[14]–[24]. However, most of these techniques are focused on
FOCs and none of them is industrialized yet. The studies in
[25]–[29] show that FOCs and FOIs may have very practical
uses in the industry, and therefore we believe that simple but
rigorous methods are needed to fabricate them. An FOI using
magnetorheological fluid as the core in a transformer-like
device has been proposed [11], but this approach has a high
fabrication complexity. A non-linear electrical inductor has
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FIGURE 1. Comparison between conventional electrical elements and fractional-order ones. α and β are the
order of the FOI and FOC, L is the inductance of the conventional inductor, Lα is the pseudo-inductance of the
FOI, C is the capacitance of the conventional capacitor, Cβ is the pseudo-capacitance of the FOC.

been experimentally characterized and FC has been used to
model the dynamics of this device [30].

Westerlund et al. in 1994 has proposed a new model [31]
that is based on the universal dielectric response. This model
states that the current i(t) through an inductor is given by:

v(t) = Lα
dαi(t)
dtα

, (1)

where dα i(t)
dtα denotes the ‘‘fractional-order time derivative’’,

v(t) is the voltage on the inductor, α is the fractional-order
(0 < α < 1, α ∈ R) that is related to ‘‘proximity
effect’’ [32], and Lα is the fractional-order inductance with
the unit of H·sα−1. In the Laplace domain, the impedance of
the inductor is given by Z (s) = Lαsα , where s = jω, j =
√
(−1), and ω is the angular frequency. Note that the phase

angle of Z (s) (in radians) is given by φ = απ/2. The slope
of the logarithmic amplitude-frequency characteristic curve
of the FOI is 20α dB/dec. In reality, φ depends on frequency,
therefore to characterize the frequency dependence of an FOI,
two quantities are defined: 1) constant phase zone (CPZ) as
the frequency range where φ (or α) stays constant, 2) phase

angle deviation (PAD): maximum deviation of φ (or α) from
its constant value within the CPZ.

Several works on electromagnetic waves/fields with FOI
characteristics have been presented in the literature. For
example, the fractional wave equation (which shows the dif-
ferences between fractal space-time geometry and classical
models) in a conducting material has been described [33].
Similarly, fractional waves in dielectric media modeled using
the Caputo fractional derivative have been discussed [34]
and it has been shown that the amplitude of the electro-
magnetic field varies under different orders of the spatial
and temporal fractional-order derivatives. A fractional-order
wireless electric energy transmission system has been intro-
duced recently [35]. By employing FOIs and FOCs to realize
wireless power transmission, higher transmission efficiency
and output power have been obtained. The fractional-order
inductive phenomena based on the skin effect has been
studied [36]. Transmission lines are modeled by fractional
telegraph equations and the fractional-order partial differ-
ential equations are solved using the Laplace transform
method [37]. Moreover, the ferromagnetic core coils can
be modeled by fractional-order derivates independently than
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the external wiring and frequency. A table of various coils
and their fractional-orders α are described [38]. It is evident
that off-the-self commercial coils show a response charac-
teristic that differs from that of an integer-order inductance.
However, the devices in [11], [30], [38] does not show the
FOI characteristics by design and have no control on any
parameters. Having said that, there exists a plethora of tech-
niques developed to approximate/model FOI behavior using
(i) passive elements (R-L trees) [12], [39], (ii) active elements
[19], [40], [41], (iii) field programmable gate arrays (FPGA)
[42], and (iv) field programmable analogue arrays (FPAA)
[43], emulators and (v) generalized impedance converter
(GIC) [44], [45]. Thus, to the best of the authors’ knowledge,
a systematic way of designing a passive single-component
FOI has not been developed yet due to the challenges in
modeling and fabrication.

In this work, we develop a straightforward and robust
method to design a passive and single-component FOI for the
first time in the literature. The method uses a coaxial struc-
ture filled with a highly conductive material. The high con-
ductivity ensures that (a) transverse electromagnetic (TEM)
mode of the coaxial structure under magneto-quasi-static
(MQS) condition has a wave impedance that scales with
(jω)0.5 and (b) there are no reflections from the end of the
structure. These two properties yield a lumped impedance
with a fractional-order inductive response of φ = 45◦. This
design method is verified via simulations using COMSOL
Multiphysics R© 5.5 program and via experimental characteri-
zation of the realized device. The effects of the device geome-
try and the permittivity ε, permeability µ, and conductivity σ
of the filling material on the device response are discussed.
Closed-form solutions of the characteristics are provided.
The performance of the proposed FOI is verified through its
application in the fractional-order parallel RLαC resonance
circuit.

II. DESIGN
The proposed design method generates the fractional induc-
tance response via the TEM mode generated on a coaxial
structure filled with a highly conductive material as shown
in Fig. 2(a). Assuming the reflection from the end of the
coaxial structure is small and ignoring the fringing effects,
the magnetic and electric fields,

−→
H and

−→
E , of the TEMmode

are expressed as:

−→
H =

A0e−γ z

ρ
ϕ̂,

−→
E =

√
jωµ

jωε + σ
A0e−γ z

ρ
ρ̂. (2)

In (2), A0 is an arbitrary constant and ρ̂ and ϕ̂ are the
unit vectors along the radial coordinate (ρ) and the angular
coordinate (ϕ) on the cross-section (perpendicular to ẑ direc-
tion). It is assumed that permittivity ε, permeability µ, and
conductivity σ are constants. Also, γ =

√
jωµ(jωε + σ )

is the propagation constant of the TEM mode. Integrating
−→
H

FIGURE 2. (a) Structure of the proposed design with a cross-section view
and the profile of the strength of the fields. Simulated electric field norm
of the proposed design with electric

−→
E field vectors (red arrow) and

magnetic
−→
H field vectors (blue arrow) at working frequencies of

(b) 1 MHz and (c) 10 MHz, (d) simulated phase angle response of the
impedance for the proposed design with a histogram of the PAD shown in
the inset, (e) simulated amplitude response of the impedance for the
proposed design with a linear fit (red dash line) performed to the
amplitude of the impedance.

along the ϕ̂ direction and integrating
−→
E along ρ̂ (both at

z = 0) yield the current I and the voltage V at the feed of
the coaxial structure as:

I = 2πA0,

V =

√
jωµ

jωε + σ
A0ln(

b
a
). (3)

Accordingly, the impedance at the feed can be obtained as:

Z =
V
I
=

1
2π

√
jωµ

jωε + σ
ln(

b
a
). (4)

Within the frequency of interest, σ � ωε (MQS approx-
imation) and therefore the expression for impedance in (4)
reduces to [46]:

Z =
1
2π

√
jωµ
σ

ln(
b
a
) ∝ (jω)0.5. (5)

Equation (5) shows that at low frequencies the impedance
of the coaxial structure scales with (jω)0.5 leading to a
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FIGURE 3. Simulated amplitude and phase angle of the impedance with: (a), (b) Two times of the device length and different conductivities of the filling
medium, compared with the original case (green circle), (c), (d) half of the device length and different permeabilities of the filling medium, compared
with the original case (green circle), (e), (f) different device lengths, (g), (h) different deviations of the core wire from the center of the coaxial structure.
CPZs are highlighted.

half-order inductance behavior. It should also be noted here
that under the MQS approximation, the expression for the
propagation constant γ reduces to [46]:

γ =

√
ωµσ

2
+ j
√
ωµσ

2
. (6)

To verify the half-order fractional inductive response,
the coaxial structure in Fig. 2(a) is simulated using COMSOL
Multiphysics R© 5.5. The inner radius, outer radius, and the
length of the structure are set to a= 0.275 mm, b= 4.47 mm,
and l = 30 cm, respectively. The filler material is NaCl water
solution with relative permittivity εr = 78.4, conductivity
σ = 20 S/m, and relative permeability µr = 1. The magni-
tude of the electric field computed by COMSOL at 1 MHz
and 10 MHz is shown in Fig. 2(b) and 2(c), respectively. The
figures show that the TEM fields decay significantly before
reaching the end of the coaxial. This ensures that there is
no reflected field that reaches back to the feed and therefore
the measured impedance Z follows the one described by (5).
By comparing Fig. 2(b) to Fig. 2(c) and comparing the value
of γ at 1 MHz to the one at 10 MHz, one can see that higher
frequency leads to a faster decay. This means that a shorter
structure can be used at higher frequencies. Note that when
the frequency is increased, a and b should be made smaller
to avoid the generation of higher-order modes on the coaxial
structure.

The phase angle of the simulated impedance is shown
in Fig. 2(d). The CPZ is 220 kHz – 465 MHz with an average
phase angle of 43.92◦ and PAD of±3.22◦. At lower frequen-
cies, the TEM mode fields do not decay enough resulting
in a strong reflection from the end of the structure and the
wave impedance cannot be approximated as shown in (5).

Consequently, half-integer inductive behavior is not observed
anymore [37]. As the frequency increases, the stronger decay
leads to a negligible reflection, and therefore the phase angle
of the impedance approaches the predicted 45◦. However,
at the high end of the CPZ, MQS approximation (σ �
ωε) is no longer valid and the phase angle is no longer
constant. Fig. 2(e) plots the amplitude of the impedance.
As expected, within the CPZ, the slope of the line fitted to the
amplitude-frequency data in the logarithmic scale has a slope
of 0.49, which verifies the half-order fractional inductive
behavior.

To form a complete assessment of the proposed
design method, the effects of the device geometry and
the electrical properties of the filling material on the
device response are discussed next. Simulated ampli-
tude and phase angle responses of the impedance
with different conductivity and permeability values are
shown in Fig. 3(a) – (b) and 3(c) – (d), respectively and
the effect of different device lengths is demonstrated in
Fig. 3(e) – (f).
First, the amplitude of the impedance is determined by the

ratio of the shell radius to the core radius and the permeability
and the conductivity of the filling medium, as shown in (4).
As illustrated in Fig. 3(a), 3(c), and 3(e), a lower conduc-
tivity and a higher permeability lead to a higher impedance
amplitude which is independent of the device length (as long
as the frequency is high or the device length is long enough
to ensure a small reflection from the end).

Second, the lower boundary of the working frequency
range is controlled by the propagation constant γ and the
length of the device as discussed previously using (6) in (2),
one can show that the amplitude of the fields reaching the end
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of the devices decays with:

e−Re{γ }l ≈ e−
√
π flowµσ l = Alow, (7)

where flow is the lower boundary of the frequency range.
Here, Alow is a measure of the reflected fields’ amplitude.
As expressed (7), higher conductivity and permeability lead
to a shorter device if Alow and flow are kept the same. Indeed,
Fig. 3(b) shows that doubling the length of the device while
reducing the conductivity to its one-fourth yields the same
low-frequency (f ≤ 105) behavior. A similar effect with the
permeability is observed in Fig. 3(d).

Third, the higher boundary of the working frequency range
is limited by the MQS condition σ � 2π fhighε. Clearly,
the higher boundary of the working frequency range as
denoted by fhigh is a function of the conductivity and permit-
tivity. As it can be observed from Fig. 3(b), 3(d), and 3(f)
that the higher boundary of the working frequency range only
depends on the conductivity of the filling medium, and is
independent of the length and permeability of the device.

Lastly, the effect of the deviation in the position of the core
on the device response is demonstrated. This imperfection is
the most obvious one during the device fabrication. As shown
in Fig. 3(g) and 3(h), the impedance (both amplitude and
phase angle) of the device is not sensitive to the deviation in
the position of the core wire, showing the robustness of our
proposed design technique.

III. EXPERIMENTAL VERIFICATION
To further verify our prediction, a prototype with the same
geometry dimensions and material properties used in the sim-
ulations is fabricated. The inner wire and outer shell are made
of copper. The filling material is sodium chloride (NaCl)
water solution with a concentration of 0.2 g/mL correspond-
ing to a conductivity of 20 S/m [47]. Deionized (DI) water
is used to prepare the NaCl solution where the molar mass
of NaCl is 58.44277 g/mol. The solution is kept in the labo-
ratory conditions with the temperature of 22◦C and relative
humidity of 60%. The fabricated structure is fed through a
0.3 mm subminiature version A (SMA) connector and it is
characterized using an Agilent E8363C Network Analyzer.
Standard calibration tests (open, short, and load) of the Agi-
lent 85052D 3.5 mm are performed to calibrate the instru-
ment. The input power level of theAnalyzer is set to –17 dBm.
Considering the characteristic impedance 50 � of the whole
measuring system, the frequency response is measured by
defining the impedance Z = 50·[(1 + S11) / (1- S11)]. The
measured phase angle and amplitude of the impedance are
shown in Fig. 4(a) and 4(b), respectively. The impedance of
the prototype has a phase angle averaged at 47.6◦ with a
pseudo-inductance of 45.6 µH·s−0.47 in the frequency range
of 18 MHz – 1 GHz. The value of the pseudo-inductance
value calculated via linear fitting is 67.2 µH·s−0.5. As shown
in reference [48], the strength of the electrolysis reaction
decreases as the excitation frequency increases. Since at
the lowest frequency, the measured phase of the impedance
matches our prediction of (45◦), the effect of the electrolysis

FIGURE 4. (a) Measured and equivalent RL model phase angle of the
impedance with the pseudo-inductance shown in the inset, (b) measured
and equivalent RL model amplitude of the impedance with a linear fitted
equation inside the figure, (c) relative phase errors and corresponding
normalized histograms (%) of phase angle deviation from CPA as inset,
(d) quality factor with a measurement set-up shown in inset. Phase
responses are optimized in the frequency range of 18 MHz – 1 GHz.

reaction can be neglected. Furthermore, the slope of the fitted
impedance amplitude-frequency line is 0.53, demonstrating
a half-order fractional inductive behavior. An FOI can be
represented by series or parallel connected passive inductors
and resistors [12]. The equivalent model of the proposed
FOI is given as an inset of Fig. 4(b) and its frequency
response in Fig. 4(a) and (b). The series inductance is Ln =
{0.1 fH; 9.03 nH; 7.46 fH; 4.83 nH; 2.58 nH; 0.76 nH}while
parallel resistance is Rn = {2.62; 2.30; 2.24; 23.65;
3.22; 8.06} �. The maximum PAD and relative phase errors
in the half-order are 5◦ and 17%, respectively and shown
in Fig. 4(c). The quality factor Q is calculated using Im[Z ]

Re[Z ]
and shown in Fig. 4(d). The maximum and minimum value
of Q are found to be 1.3 and 1 which are close to the mea-
surement results 1.33 and 1.06. The measurement set-up and
the prototype are shown in the inset of Fig. 4(d).

IV. FRACTIONAL-ORDER PARALLEL RLαC RESONATOR
In recent years, the increasing number of studies related to the
application of fractional calculus is exceptional in many areas
of science and engineering [25]–[29]. Thus, in this section,
the performance of the realized FOI is verified through its
application in the fractional-order parallel RLαC resonance
circuit. The impedance function of the circuit in Fig. 5 is given
by:

Z (s) =
sα 1

C

s1+α + sα 1
RC +

1
CLα

. (8)

From (8) it can be seen that depending on the choice of
the parameters Lα , C , and α, the equivalent impedance could

VOLUME 9, 2021 73699



L. Zhang et al.: FOI: Design, Simulation, and Implementation

FIGURE 5. Parallel RLαC resonance circuit.

FIGURE 6. Impedance measurements of (a) magnitude and (b) phase
response of parallel LαC resonance.

FIGURE 7. Fractional-order parallel RLαC resonance response (a) gain
and (b) phase for R = {10; 75} �.

be pure imaginary or real at a certain frequency [21]. Thus,
the circuit may act as the FOI or integer-order capacitor
(Lα , C), and positive or negative resistor (+R, –R). If the
sum of orders less than two (1 + α < 2), then the phase
response will be in the region of inductive and capacitive
acute angle. The resonance angular frequencyωres is obtained
for Im{(Z (jω)} = 0 which yields;

ωres = (
sin(απ2 )

CLα
)

1
1+α , (9)

where actually equal to pure real angular frequency (ωpr ).
According to (9), the order α has high impact on ωres.
As α gets closer to zero, ωres become very high and as α
increases, ωres decreases until the minimum value. The real
impedance from (8) is obtained at ωres and expressed as
Zreal =

ωαRLα
ωαLα+Rcos( απ2 ) .

The performance of the fractional-order parallel LαC reso-
nance circuit has been verified experimentally using Agilent
E4982A RF LCR meter (1 MHz – 3 GHz). The value of the
realized FOI is Lα = 16.9 µH · s−0.45 at 122 MHz. Con-
sidering the CPZ of our device and the effect of capacitance
on the operation frequency range, the RF-type capacitor [49]
with a value of C = 100 pF is selected. The magnitude
and phase responses from the measurement and simulation
are shown in Fig. 6. The measured resonance frequency is

fres = 122 MHz while Zreal = 24.82 � while the
simulated resonance frequency as same as measured one
however the Zreal = 9.51 �. This is due to the higher
parallel capacitance considering the T-shape SMA connector
to measure the circuitry. The resonator circuit from Fig. 5 was
tested using different values of the resistor R = {10; 75} �
and the already tested LαC setup. The obtained responses of
the equivalent circuit are demonstrated in Fig. 7. The lower
the parallel resistance, it will have more effect in damping the
circuit and thus the lower the quality factor Q.

V. CONCLUSION
In conclusion, a straightforward and robust method to design
FOIs is developed for the first time in the literature. The
proposed generates the fractional inductance response via
the TEM mode generated on a coaxial structure filled with
a highly conductive material. The impedance of the TEM
mode at the feeding position scales with (jω)0.5 and is the
underlyingmechanism for the fractional inductance response.
The designmethod is verified by simulations and experiments
and the effects of all major design parameters on the device
response are demonstrated. The performance of the proposed
FOI is verified through its application in the fractional-order
parallel RLαC resonance circuit, to confirm the electronic
tuning capability of the circuit at high frequencies.
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