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ABSTRACT Increasing penetration of power electronics is changing the understanding of modern power
systems. In particular, current saturation of converters leads to multiple equilibrium points for both normal
and short-circuit conditions. This paper aims to identify equilibrium points in power systemswith penetration
of power electronics. First, a steady-state model of power systems considering the power electronics
operation is presented. Then, a general methodology is developed to obtain equilibrium points including
all possible combinations of converter current saturation states. A system of equations is defined for each
combination and is solved considering the possibility to have single or multiple solutions. This methodology
is suitable for steady-state analysis in normal operation and during short-circuit scenarios. Test systems with
Voltage Source Converters are used to validate the presented methodology.

INDEX TERMS Steady-state analysis, current saturation, voltage source converter, short-circuit calculation,
operation limits.

I. INTRODUCTION
Modern power systems have been increasingly penetrated
with power electronics at different levels [1]. This can be
explained with the rapid growth of renewable energy gen-
eration, transport electrification, industrial electric-drives,
deployment of batteries in power systems, flexible AC
transmission system (FACTS) and high-voltage direct cur-
rent (HVDC) transmission [2], [3]. Non-linear operation
characteristics introduced with the penetration of power elec-
tronics are significantly changing the understanding of power
systems [4]. Compared to conventional components such as
synchronous machines, converter control saturates current in
case of overload or faults. Such current saturation represents
a different converter operation that should be considered in
steady-state and dynamic analysis of power systems for both
normal and short-circuit conditions [5]. This is especially
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critical for short-circuit calculations where several (or all)
converters might be saturating current. On the other hand,
power systems with large number of power converters might
have multiple equilibrium operation points depending on
the converters that reach current saturation. In other words,
multiple equilibrium points can be obtained, where different
converters are unsaturated or saturated. Therefore, the con-
ventional calculation methods are not suitable for the analysis
of modern power systems as they fail to include the limitation
of power converters.

In conventional power systems, the equilibrium points are
identified by solving the overall circuit and including the
equivalent model of electrical sources and loads (typically
as PQ, PV and slack bus) [6]. This traditional approach is
not suitable for system populated with power electronics as it
fails to include the potential current saturation states of power
converters, which may significantly influence the system
equilibrium points. [7]. The IEC 60909 standard established
that power converters can be modeled as circuit sources for
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short-circuit calculation [8]. However, it has not been clearly
defined how to obtain the current angle of the current source
considering the converter states in specific applications [9].
Also, the possibility to have multiple equilibrium points
corresponding to various converters saturation states is not
considered in the IEC 60909 standard.

Short-circuit analysis of power electronics dominated
power systems has been addressed in the literature. A VSC
fault ride-through control strategy has been proposed for
micro grid application [10]. The short-circuit characteristics
of VSC-HVDC systems under faults in AC grid has been
studied in [11], [12]. Short-circuit current of MMC during
AC faults is obtained using a discrete-time model in [13].
These references are based on dynamic simulations and are
mainly focused on the converter response. While the previous
studies provide interesting insights, the proposed methodol-
ogy cannot identify solutions for all combinations of con-
verter states and therefore it can provide limited information.
Furthermore, it requires to run specific simulations case by
case. This can be addressed using a steady-state approach
(as suggested in this paper), which is common in analysis of
conventional power systems.

Steady-state analysis of power systems including power
electronics has also been widely reported in the literature.
A sequential AC/DC power flow calculation is presented
in [14] considering VSC control modes and current limi-
tation. This AC/DC power flow calculation has also been
applied to line-commuted converter (LCC) based system
in [15]. In addition, Optimum Power Flow (OPF) algorithms
considering a meshed AC/DC grid are presented in [16]–[18].
Although converter operation limits are included in previous
references, short-circuit conditions and multiple solutions
related to different converter current saturation states have not
been considered.

On the other hand, the existence of multiple equilib-
rium points and the non-uniqueness of solutions in tradi-
tional power systems has been discussed in the literature.
Conditions for the existence of multiple power flow solutions
were derived in [19]. The number of power flow solutions in
small-scale power systems is obtained based on the power and
voltage level in [20]. An explicit condition that guarantees
the existence and uniqueness of the load-flow solution for
distribution networks is presented in [21]. A sufficient con-
ditions for multiple power flow solutions existence has been
derived in three-phase unbalanced systems [22]. Moreover,
in normal operation, the system usually attempts to operate
in an equilibrium point with the highest voltage level [23].
Nevertheless, the identification of all equilibrium points
might be necessary in some power systems studies, such as
estimation of voltage instability margin [24] or short-circuit
analysis.

In this direction, methodologies to obtain multiple
equilibrium points have been explored for conventional
power systems. Many efforts have been put into the
identification of multiple equilibrium points in small-
scale DC systems [25]–[27]. A numerical continuation

methodology that claims to find all power flow solutions
in AC grids is presented in [28]. This algorithm traces a
smooth curve starting from a known solution to locate all
the other solutions. Such methodology has been revised
in [29] to connect additional complex solutions. The Numeri-
cal Polynomial Homotopy Continuation (NPHC) method has
been employed to trace all solutions from power systems
equations [23]. Thus far, methodologies proposed in the
literature aim to obtain all solutions of the system of
equations, which defines the power system under study.
However, the possibility to have multiple solutions with
power electronics differs from the classic problems analyzed
in the references, since they are highly dependent on the
non-linear characteristic of the converters when current is
saturated. In other word, several systems of equations can be
obtained to formulate the studied power system correspond-
ing to different converters current-saturation states where
equilibrium points are respectively identified from each
system of equation. Such the existence of multiple equilib-
rium points associated with the operation of power electron-
ics is not included in the literature to the best of authors’
knowledge.

This paper presents a novel methodology for steady-state
analysis of power systems with power electronics elements.
In particular, the paper contributions are as follows:
• A generic steady-state formulation of power systems
equations including the power electronics operation in
different control modes and current saturation states.

• A methodology to identify equilibrium points of the
power systems in including all combinations of con-
verter current saturation states. This methodology is
suitable for steady-state analysis of power systems in
both normal operation and short-circuit conditions.

The existence of multiple solutions is considered for
each combination of converter current saturation states.
In particular, two options to solve the system of equations
are presented depending on the possibility to have single or
multiple solutions. Power systems presented in this paper
are analyzed under balanced three-phase conditions and are
expressed in single-phase using per-unit values. The pre-
sented methodology for steady-state analysis is validated
with examples of power systems including VSCs in differ-
ent control modes. The methodology can also apply to the
system penetrated with different types of power electronics
(e.g. Line-Commutated Converter) as long as the character-
istic equations can be obtained to model their operation in
different current-saturation states.

II. EQUIVALENT MODEL OF VSC
A. STEADY-STATE MODELING OF VSC OPERATION
The VSC equivalent model is presented in this Section, as it
is an essential component defining the system of equations
for power systems with penetration of power electronics. The
equivalent scheme of aVSC connected to anAC grid is shown
in Figure 1, where the VSC equivalent model is represented
with a voltage source, uvsc, and a phase reactor, zvsc.
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FIGURE 1. VSC equivalent diagram and the control loop scheme.

The VSC is connected to the AC grid at the Converter
Connection Point (CCP) [30], where the power exchange
between the VSC and the AC grid is regulated by the VSC
and can be expressed as follows:

p+ jq = uconi
∗

vsc (1)

where p and q are the active and reactive power exchanged
with the grid, ucon is the voltage at the CCP and ivsc is the
current injected into the grid. Then, the converter voltage uvsc
can be obtained as:

uvsc = ucon + ivsczvsc (2)

Additional characterizing equations are included consider-
ing different VSC control modes. The VSC in grid-following
mode (in particular PQ, PV and grid-support (GS) controls)
and grid-forming (GF) mode are presented in this paper.
As a result, the VSC equivalent model includes the following
constraints for each control mode:
p = pref ; q = qref if PQ mode
p = pref ; ucon = uref if PV mode
p = pref ; q = qref + uconkisp(uref − ucon) if GS mode
ucon = uref ; θucon = θref if GF mode

(3)

where pref and qref are the active and reactive power refer-
ence, uref is the AC voltage magnitude reference, kisp is the
voltage droop gain for grid-support as reactive current and
θref is the angular reference of ucon in grid-forming mode.
Reactive power injection from VSC in GS mode consists of
both a constant value, qref , and a voltage droop characteris-
tic, uconkisp(uref − ucon). Dead-bands of reactive current for
grid-support modes are applied in some applications. But they
are not included in this paper for the sake of simplicity.

These VSC control modes are represented in Figure 1 as
the outer loops. In case of VSC in PV mode, the reactive
power control is replaced with an AC voltage control [31].
In case of VSC in grid-forming mode, the outer loop
is replaced with a voltage control loop implemented in

qd frame [32]. The inner control loop, also implemented in
qd frame with iq corresponding to active power and id to
reactive power, tracks the current reference generated by the
outer loop.

Current saturation must also be implemented into the VSC
control loop in order to protect the converter from overloading
as shown in Figure 1. In particular, the current reference mag-
nitudes will be saturated at specific value imax

vsc . Anti-windup
schemes are typically employed, but they also are not shown
in Figure 1 for the sake of simplicity. The potential cur-
rent saturation modifies converter control, which results in
different equations to model the converter in the formula-
tion of studied system. The VSC operation are divided into
three states considering the current saturation: unsaturated
state (USS), partially saturated state (PSS) and fully saturated
state (FSS). The three current saturation states are named
based on the number of current references that are being
saturated. In particular, both the active and reactive current
references are not saturated in USS, one of the two current
references is saturated in PSS and both two current references
are saturated in FSS. The VSC equivalent model in each state
are expressed as follows:
• Unsaturated state (USS): current limitation is not
reached. VSC follows the reference values as presented
in (3).

• Partially saturated state (PSS):The total current from
VSC is saturated at the nominal value and the power or
voltage reference defined in (3) cannot be achieved. This
state is not applied to grid-forming VSCs as they are not
controlling active power directly. Usually, active power
component is reduced to prioritize the reactive power
component for grid-following VSCs [33], which defines
the following constraints:
ivsc = imax

vsc ; q = qref if PQ mode
ivsc = imax

vsc ; ucon = uref if PV mode{
ivsc = imax

vsc

q = qref + kispucon(uref − ucon)
if GS mode

(4)

VOLUME 9, 2021 67145



J. Song et al.: On Solution of Equilibrium Points of Power Systems With Penetration

where imax
vsc is the VSC nominal current. However, active

power could be prioritized with similar formulations.
Other options of VSC control in current saturation states
(e.g. limit active and reactive power at the same time and
keep the power factor) can also be included equivalently.
However, the equivalent model is not expressed in the
paper for the sake of simplicity.

• Fully saturated state (FSS): the total current from VSC
is saturated and both active and reactive power are lim-
ited. In this case, active power is set to 0 in order to
prioritize reactive power [33] for grid-following VSCs.
The grid-forming VSC, instead of holding a constant
voltage, maintains the current magnitude at the nom-
inal value and following the reference current angle,
6 θ

ref
i , for FSS. Therefore, the following constraints are

defined:{
ivsc = imax

vsc ; p = 0 if PQ/PV/GS mode

ivsc = imax
vsc
6 θ

ref
i if GF mode

(5)

B. OPERATION LIMITS OF VSC
The identified equilibrium points of the power system should
satisfy the operation limits for all VSCs in the system. Such
operation limits are usually set by the grid codes. The opera-
tion limits are not included in the formulation of the studied
power system, which are different from the current saturation
states presented previously. Instead, these limits are applied to
discard the unfeasible solutions of system equilibrium points.
A functionVOL can be defined to identify if an obtained solu-
tion, sol, satisfies VSCs operation limits, which is expressed
as follows:

VOL(sol) = (ivsc ≤ imax
vsc )&(uvsc ≤ umax

vsc )&

(pmin≤pvsc≤pmax)&(qmin≤qvsc≤qmax) (6)

In particular, this function VOL returns true for a solution that
satisfies all VSCs operation limits and false for a solution
that violates VSCs operation limits. The current limitation
in (6) is a critical condition to be checked for the solu-
tions obtained when VSC is operating in USS. However,
the solutions obtained with VSC in PSS or FSS, compared
to USS, naturally satisfy the current limitation as the current
constraint ivsc = imax

vsc is included in the system of equations
as presented in (4) and (5).

Voltagemagnitude is also limited by the capability of VSCs
in (6). Upper limits will be set for the magnitude of converter
voltage, uvsc, to avoid over-modulation of switching bridges.
Besides, active and reactive power injection from each VSC
should be regulated within corresponding upper and lower
limits at the CCP as expressed in (6). Usually, the upper and
lower bound of active and reactive powers are defined by the
operation limits of the element or the grid connected with
the studied system through a VSC. For example, PV plants
cannot inject active power higher than the available power
or receive active power from the grid [33]. Thus, the active
power upper limit of the VSC is set at the maximum available

value, i.e. pmax = pnom, while the lower limit is set at 0,
i.e. pmin = 0.

III. STEADY-STATE MODELING OF POWER SYSTEMS
WITH POWER ELECTRONICS
A general steady-state formulation for power systems with
power electronics is presented in this Section. The circuit of
a power system can be defined with the admittance matrix,Y,
which is expressed as follows: i1

...

iA

 =
 y

11
· · · y

1A
...
. . .

...

y
A1
· · · y

AA


︸ ︷︷ ︸

Y

 u1
...

uA

 (7)

where A is the number of total buses in the studied system,
ua is the voltage at bus a for a ∈ [1,A] and ia is the current
injection at bus a. The fault impedance should be included
in the corresponding admittance element in the Y matrix in
case of short-circuit calculation. The impedances from power
electronics and non-power electronics elements connected to
each bus are excluded from the Y matrix since the current
injection from these elements is considered in ia, which is
expressed as:

ia =
∑Ma

m=1
ia,m ∀a ∈ [1,A] (8)

where Ma is the number of elements connected to bus a and
ia,m is the current injection from element m at bus a for
m ∈ [1,Ma]. In the case where no element is connected to
bus a, the current injection is defined as ia = 0.
The current injection ia,m is defined in a set of

constraints H (see (9)) that corresponds to the equivalent
model of each element. Non-power electronics elements usu-
ally operate in the same state without being saturated. Thus,
the expression of current injection from these elements will
not be modified. However, power electronics elements can
operate in different current saturation states, which results
in different equations within constraints H to present the
power system under study. In case of VSCs, the expressions
of power electronics operation in the constraints follows the
equivalent model presented in Section II. Since solutions may
exist in a system of equations corresponding to any combi-
nation of the power electronics current saturation states, all
possible combinations should be included in constraints H .
If the system under study contains a total number

of N power electronics elements, while the number of cur-
rent saturation states in each element n, for n ∈ [1,N ],
is denominated by xn, then the number of all possible combi-
nations of power electronics current saturation states, F , can
be expressed as: F =

∏N
n=1 xn. As a result, the set of current

injection constraints H contains F subsets of equations, that
represent each combination, such that:

H =
[
H1 · · · Hf · · · HF

]T (9)

where Hf , for f ∈ [1,F], is the subset of equations defining
current injection from both power electronics and non-power
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electronics elements for combination f . The constraints Hf
can be expressed as:

Hf =
[
h1−f · · · hm−f · · · hM−f

]T (10)

where M is the number of elements contained in the studied
system and hm−f is the set of equations defining current
injection from element m operating in combination f for
m ∈ [1,M ].
In some cases, current injection from element m, can be

expressed in an explicit form as follows:

hm−f := ia,m = iref ,m if current source

hm−f := ia,m =
uth,m − uk
zth,m

if Thévenin eq.

hm−f := ia,m =
(
pref ,m + jqref ,m

uk

)∗
if PQ node

(11)

where iref ,m is the reference of a current source, uth,m and
zth,m are the Thévenin equivalent voltage and impedance
respectively, pref ,m and qref ,m are active and reactive power
reference for a PQ node. In other cases, current injection can-
not be presented in an explicit form. Therefore, it is expressed
by implicit equations in constraints H . The definition of a
PV node is used as an example as follows:

hm−f :=
[

ua = uref
Re
(
uai
∗
a,m
)
= pref

]
if PV node (12)

where uref is the voltage reference and pref is the active
power reference for a PV node. Current saturation states
corresponding to PSS and FSS can be also expressed in a
similar format from equations in (4) and (5).

The admittance matrix in the system of equations is the
same for all combinations, while for each combination, a sub-
set of equations Hf will be selected defining current injec-
tions. Then, the system of equations, SEf , corresponding
to a combination f ∈ [1,F], can be expressed as follows
combining (7), (8) and (10):

SEf :=




i1−f
...

iA−f

 =

y
11
· · · y

1A
...
. . .

...

y
A1
· · · y

AA


︸ ︷︷ ︸

Y


u1−f
...

uA−f


ia−f =

∑Ma

m=1
ia,m−f ∀a ∈ [1,A]

Hf =
[
h1−f · · · hm−f · · · hM−f

]T
(13)

This formulation presents a flexible structure to represent
power systems with penetration of power electronics consid-
ering different operation modes and also the possibility to
include converter current saturation. Therefore, this is suit-
able for steady-state analysis in both normal operation and
short-circuit conditions.

IV. IDENTIFICATION OF POWER SYSTEMS EQUILIBRIUM
POINTS
Equilibrium points in a power systemmay exist for each com-
bination of converter current saturation states. The systems of
equations SEf , as defined in (13), represent each combination
f ∈ [1,F]. Such system of equations must be solved in
order to identify equilibrium points for all possible converter
current saturation states. Also, multiple solutions may be
obtained from each system of equations corresponding to a
combination f . Therefore, two options regarding the solutions
number for each combination are defined as follows:
• Single-Solution (SS): this option returns one equilibrium
point for each combination. In this case, systems of
equations are solved using an iterative method, where
the definition of initial conditions is essential to find
specific solutions. In particular, Levenberg-Marquardt
algorithm is adopted in this paper to solve the estab-
lished systems of equations for SS option. This algo-
rithm can be implemented through the fsolve function in
MATLAB. However, other algorithms (e.g. Newton
Raphson) can also be adopted depending on the
convenience to implement the solver in different
applications.

• Multiple-Solutions (MS): this option identifies all pos-
sible equilibrium points for each combination. The
NPHC method has been employed in this paper to solve
power system equations in MS option. This method
is implemented through the mathematical software,
PHCpack, which requests the system of equations
defined in (13) as the input and returns all solutions
for each combination [34]. However, the NPHC method
usually require higher computation compared to itera-
tive methods adopted in SS option [35].

The methodology to identify equilibrium points of power
systems with penetration of power electronics is summarized
as shown in Figure 2. This methodology applies equally
to steady-state analysis in both normal operation and fault
conditions. The two previously-defined options regarding
the solutions number for each combination are considered.
Admittance matrix of the circuit, Y, current injection con-
straints, H , operation limits of VSCs in (6) and the selected
option, opt , are defined as the input information of the
algorithm.

The system of equations SEf is defined based on the
admittance matrix of the circuit, Y, and the current injection
constraints, Hf , associated for each combination f ∈ [1,F].
Then, SEf is solved with single or multiple-solutions based
on opt . In SS option, the number of returned equilibrium
points is equal to the combinations number of the studied
system, F . In MS option, the number of returned solutions
can be expressed as: Ns =

∑F
f=1 Ns,f , where Ns,f is the

number of solutions obtained from system of equations SEf .
Finally, the equilibrium points are validated according to
the VSCs operation limits as defined in (6). The solu-
tions that violate these limits will be marked as no
solution.
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FIGURE 2. Algorithm to identify equilibrium points.

V. NUMERICAL TEST AND VALIDATION
The methodology for identification of equilibrium points
is implemented and validated in this Section. Results
are obtained for three test systems based on VSCs. Test
System 1 and 2 employ both the SS and MS option while
Test System 3 employs only SS option due to computing time
limits.

A. TEST SYSTEM 1
This test system is composed by an AC grid Thévenin equiv-
alent and a VSC in PV mode, while an output impedance zout
is connected to bus 1 as shown in Figure 3.

The VSC is the only power electronics element in this
test system. As a result, the number of combinations is
equal to the number of the VSC’s potential current saturation
states (USS, PSS and FSS), i.e. F = 3. Following the
general formulation in (13), the system of equations for Test
System 1 corresponding to combination f , for f ∈ [1, 3],
is expressed as follows:

SEf :=


i1−f = y

11
uout−f

[2pt]i1−f = ith−f + ivsc−f

[2pt]Hf =
[
h1−f h2−f

]T (14)

where the admittance value at bus 1 is defined by the out-
put impedance such that y

11
= 1/zout . The VSC terminal

impedance, zvsc, and Thévenin equivalent impedance, zth,
are excluded from the admittance following the formulation
presented in Section III. The current injection at bus 1 is
composed of the Thévenin equivalent current ith−f , which is
defined by h1−f , and VSC current injection ivsc−f , which is
defined by h2−f .

The VSC current injection is modified for each combi-
nation of current saturation states (i.e. USS, PSS and FSS)

FIGURE 3. Scheme of Test System 1.

based on the implicit equations in constraintsH , which follow
the VSC equivalent model in PV control as presented in
Section II. The Thévenin equivalent current definition is the
same for all combinations and is expressed with implicit
equations in constraintsH . As a result, the current constraints,
Hf , can be defined for each state as follows:

H1=

 h1−1 := ith−1=
(
uth − uout−1

)
/zth

h2−1 :=
[
Re
(
uout−1i

∗

vsc−1

)
= pref

uout−1=uref

] if USS (15)

H2=

 h1−2 := ith−2 =
(
uth − uout−2

)
/zth

h2−2 :=
[
ivsc−2 = imax

vsc
uout−2 = uref

]  if PSS (16)

H3=

 h1−3 := ith−3 =
(
uth − uout−3

)
/zth

h2−3 :=
[
Re
(
uout−3i

∗

vsc−3

)
= 0

ivsc−3 = imax
vsc

]  if FSS (17)

The output impedance zout has been tested as a resistance
with a value increased from 0.05 to 1 pu and a step size
of 0.001 pu (951 sampling points in total). All solutions for
each inserted output impedance have been obtained following
the algorithm shown in Figure 2 when MS option selected.
In particular, the system of equations in (14) is solved using
the NPHC method and considering the three current injec-
tion constraints expressed in (15), (16) and (17), which
define each current saturation state combination. Finally, each
obtained solution is validated by checking that the VSC oper-
ation limits, as expressed in (6), are satisfied, following the
values shown in Table 8 (see Appendix).
Figure 4 shows the converter terminal voltage

magnitude uvsc, VSC current magnitude ivsc, and active power
injection pvsc corresponding to different output impedances.
Also, the gray area represents the range of values for uvsc, ivsc
and pvsc where the VSC is out of operation limits. In total,
up to six solutions are obtained, two for each VSC current sat-
uration state, which are tagged with the name of the state and
a number. It is observed that solution USS-2 is not feasible for
all the range of output impedance values since the voltage and
current limits are violated. Also, for high output impedances,
feasible solutions can be found for all the three combinations,
while for low output impedances, solutions only exist for
FSS. The VSC in USS always have the same active power
injection as expressed in (15). Thus, pvsc curves for USS-1
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FIGURE 4. Test System 1 solutions curves.

and USS-2 are overlapped in Figure 4(c). Similarly, curves
of ivsc for PSS and FSS are overlapped in Figure 4(b) since
the VSC follows the same current magnitude when operating
in these two states as expressed in (16) and (17).

The calculation is also carried out for SS option sweeping
the same output impedances shown in Figure 4. As a result,
one solution is obtained for each VSC current saturation
state, which corresponds to the solution curves USS-1, PSS-2
and FSS-1, shown as dashed curves in Figure 4. Equilib-
rium points identification in SS option is carried out with
MATLAB R2019b while PHCpack 2.4.74 is adopted in MS
option. Both software are implemented with a PC with an
Intel Core i7-8700k processor and 16GB memory. In MS
option, the complete computing process takes 860 s for
all the 951 different output impedances. As a comparison,
the same output impedance range is swept within only 16 s
in SS option.

The solutions obtained with different output impedances
in MS option are listed in Table 1 as examples. The solu-
tions that are also obtained in SS option are marked with •.
Firstly, the output impedance is defined as a load, such that
zout = 0.8 pu, which represents the system in normal opera-
tion. Among all the six obtained solutions, three of them are
within the operation limits of the VSC, i.e. multiple equilib-
rium points exist in normal operation. The solutions when
zout = 0.28 pu are also listed as a comparison. Among all the
six solutions, five of them are identified as equilibrium points,
while solution USS-2 is not valid, since the VSC current and
voltage limits are violated. A short-circuit analysis is also

TABLE 1. Solutions of Test System 1.

carried out by defining a low value output impedance, e.g.
zout = 0.08 pu. Then, equilibrium points are only identified
when the VSC is operated in FSS, since the solution does
not exist in the system of equations with USS and PSS.
It can be observed from the results listed in Table 1 that the
system equilibrium points are significantly influenced by the
converter current saturation states. In addition, the VSC is
only possible to operate in a saturated state during a severe
fault. Therefore, it is necessary to consider the potential
current saturation states of power converters in steady-state
analysis of power systems dominated by power electronics.

Dynamic simulations implemented in MATLAB-Simulink
are used to validate the existence of the multiple equilibrium
points shown in Table 1 for zout = 0.28 pu. The time-domain
results of voltage magnitude at bus 1, uout , VSC current
magnitude, ivsc, and power injection, pvsc and qvsc are shown
in Figure 5. The output impedance, zout , is reduced from a
large value to 0.28 pu at 2 s, which represents a disturbance
for the system. The VSC voltage control has been tested with
two different speed responses based on the controller gains
listed in Table 8. As a result, the system shows different equi-
librium states in response to the output impedance variation,
corresponding to solution USS-1 (marked with • in Table 1)
and FSS-2 (marked with • in Table 1) for zout = 0.28 pu,
which proves the existence of multiple equilibrium points in
Test System 1. In particular, with the slow voltage controller,
VSC remains in USS, while with the fast voltage controller,
VSC hits the current limitation and operates in FSS state.
In addition, the calculated steady-state value marked in Fig. 5
with black dashed lines matches with the dynamic results,
which proves the accuracy of the proposed methodology
whether the converter is saturated or not.

B. TEST SYSTEM 2
This test system is a 6-bus mesh grid with the con-
figuration shown in Figure 6, which is based on the
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FIGURE 5. Dynamic validation of Test System 1.

FIGURE 6. Scheme of Test System 2.

IEEE 9-bus system. Bus 1 is connected to a voltage source
that represents the slack bus of the system. TwoVSCs are con-
nected to buses 2 and 3, both operating in PQ mode. A load
is connected at bus 5 absorbing constant active and reactive
power. Transmission cables are characterized as equivalent
impedances. The parameters of Test System 2 are listed
in Table 8. The equilibrium points of this test system are
initially obtained in MS option.

In this case, since three current saturation states (USS,
PSS and FSS) are considered in both VSC2 and VSC3,
then 9 combinations are defined for this test system, i.e.
F = 9. First, the short-circuit impedance, zsc, is disconnected
from bus 6 for equilibrium points identification in normal
operation.

In total 58 solutions are obtained in MS option, but only
21 of them are validated as equilibrium points that satisfy
the operation limits of both VSC2 and VSC3, as summarized
in Table 2. Three of the obtained equilibrium points in normal
operation for this studied system are shown in Table 3 as
examples.

It is observed that operation with both VSCs in USS
(EP. 1 in Table 3) represents a preferred equilibrium point
in normal operation, since all VSC references are achieved.
However, transient events, such as the example in Figure 5,
can lead to permanent current saturation of specific VSCs,
which represent alternative equilibrium points that must be
considered.

Then, a short-circuit calculation is carried out by inserting
a short-circuit impedance, zout = j0.01 pu, at bus 6. As a
result, 15 among a total of 43 possible solutions are identified

TABLE 2. Number of equilibrium points/total solutions of Test
System 2 in normal operation.

TABLE 3. Equilibrium points (EP.) examples of Test System 2 in normal
operation.

as equilibrium points, as shown in Table 4. Compared to
normal operation, the system has decreased number of both
equilibrium points and total solutions in short-circuit. Three
of the obtained equilibrium points in short circuit are listed
in Table 5 as examples.

TABLE 4. Number of equilibrium points/total solutions of Test
System 2 in short-circuit (zsc = j0.01).

In this case of short-circuit, there is not a clear equilibrium
point as in normal operation. Equilibrium points for combi-
nations where both VSC2 and VSC3 are fully-saturated are
more likely to be achieved. This is observed from Table 4,
where the number of equilibrium points when both VSCs are
operated in FSS is 8 over a total number of 15. Also, it can be
noted that no equilibrium points with VSC2 or VSC3 in USS
is found.

The calculation for normal operation and short-circuit con-
ditions is repeated in SS option. It is clear that the SS option
presents a significant advantage in computing efficiency over
MS option as shown in Table 6. Also, in both SS and MS
option, the short-circuit calculation takes longer time com-
pared to normal operation equilibrium points identification.

C. TEST SYSTEM 3
This test system is based on the IEEE 30-bus benchmark
system with the scheme shown in Figure 7. A grid-forming
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TABLE 5. Equilibrium point (EP.) examples of Test System 2 in
short-circuit (zsc = j0.01).

TABLE 6. Computing Time of Test System 2 in SS and MS options.

VSC is connected at bus 1, which represents the slack bus
of the system when the VSC is operating in USS. In case
of FSS, this VSC is operating as a current source. A VSC
operated in PV mode replaces the generator connected at
bus 2 in the original system. The VSCs parameters are shown
in Table 8 (see Appendix). VSC1 has two potential current
saturation states (USS and FSS) while VSC2 can operate in
all the three possible states (USS, PSS and FSS) following
the VSC equivalent model expressed in Section II. As a result,
6 combinations, i.e. F = 2×3, are defined for this test system.
The transmission lines and transformers are modeled with
their equivalent impedance with the parameters from [36].

The system of equations corresponding to each combina-
tion is solved in SS option, since the size of the system is too
large to be solved as MS within a feasible simulation time.
Then, 6 solutions are identified and all of them are validated
as equilibrium points of the system that satisfy the VSCs
operation limits. The computation time of these 6 equilibrium
points in SS option is equal to 2.8 s. In addition, the studied
system corresponding to both VSCs in USS has been solved
in two different approaches to compare the computational
efficiency of the methodology proposed in this paper: one is
to identify the equilibrium point following the methodology
presented in this paper, another is to follow the conventional
power flow calculation adopting classical Newton-Raphson
method. The results indicate that both approaches take the
same computation time (0.3 s with MATLAB R2019b imple-
mented in a PC with an Intel Core i7-8700k processor and
16GB memory) to obtain the equilibrium point, which prove
that the proposed methodology has the similar computa-
tional efficiency in SS option compared to the conventional
power flow calculation. Three of the obtained equilibrium
points are listed in Table. 7 as examples. In particular, the

FIGURE 7. Scheme of Test System 3.

TABLE 7. Equilibrium point (EP.) examples of Test System 3.

solution EP.1 in Table 7 (marked with •), which is corre-
sponding to both VSCs in USS, is well matched with the
power flow calculation results of the IEEE 30-bus system
presented in the references [37], [38]. However, EP.2 and
EP.3 are not obtained in the conventional power flow cal-
culation as they are corresponding to a converter current
saturation state, which are not considered in the literature.

VI. CONCLUSION
Steady-state analysis of power systems with penetration of
power electronics presents potential multiple equilibrium
operation points that differ from classic problems analyzed in
the literature. Such multiple equilibrium points are achieved
mainly due to the converter current saturation and are espe-
cially important in large systems with several converters.

This paper has proposed a general steady-state formulation
to define systems of equations that include the combina-
tions of converter saturation states. Then, a methodology has
been presented to identify multiple equilibrium points for

VOLUME 9, 2021 67151



J. Song et al.: On Solution of Equilibrium Points of Power Systems With Penetration

TABLE 8. Parameters of test systems.

all possible current saturation states of power electronics.
In addition, methods to obtain single or multiple solutions for
each combination of converter current saturation states are
considered. Both approaches result in multiple equilibrium
points, as validated in several test systems. In general, single
solutions obtained from iterative methods would be selected
as preferred option for large power systems due to computa-
tion time constraints of multiple-solution options. However,
multiple solutions are still useful for specific conditions with
a limited number of current saturation combinations.

The presented methodology is suitable for the analysis of
power systems in both normal operation and short-circuit
conditions, as all potential converter current saturation states
are considered. A number of studies can be carried out
based on the identified equilibrium points. For example,
short-circuit calculation following the presented methodol-
ogy may lead to multiple equilibrium points that could affect
the current protection design of power systems. The identi-
fied equilibrium points also provide initialization conditions
for small-signal stability analyses and dynamic studies. Fur-
ther studies can be carried out including different system
formulations, e.g. with asymmetrical AC grids or hybrid
AC-DC systems.

APPENDIX
TEST SYSTEM PARAMETERS
Table 8 includes the parameters of all the case studies shown
in Section V.
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