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ABSTRACT Two-port equivalent model of the system around a transmission line is commonly used for
various line protection related analyses. The main aim of the paper is to present methods that can be adopted
in a decentralized manner at the substation level for estimating such an equivalent model. Firstly, the paper
contributes to methods for estimation of simple two-source equivalents based on events such as fault on the
line or shunt element switching at its terminals. The paper extends a discussion towards limitations of such
models in the presence of a transfer path across the line terminals and proposes an extension of the estimation
techniques to overcome the issue. Lastly, the paper proposes methods for updating the two-port equivalent
model when network topology in the vicinity of the line of concern changes. This contribution differs in
the aspect that it only seeks to update the two-port equivalent model, unlike the previous contributions
wherein the aim is to estimate the equivalent model without assuming the availability of an initial solution.
The methods for updating utilize the equivalent model parameters in a base network scenario and the
measurements excited from a topology event. The proposed methods use only limited measurements of bus
voltages and line currents, andmodel parameters of the line of concern and other neighboring apparatus (such
as other incident lines or shunt reactors/capacitors). This is an advantage as the availability of the complete
network model at any substation is always a challenge. Therefore, the methods can be deployed directly at
substations in a decentralized manner. The proposed solutions are computationally easy and amenable for
implementation in the framework of digital substations with advanced communication infrastructure. Testing
and analysis are done using a simple two source transmission system and the IEEE 39 bus test system.

INDEX TERMS Network equivalencing, protection relaying, source impedances, transmission line, two-port
Thevenin equivalent, transmission line fault.

I. INTRODUCTION
Various analyses in power transmission line protection
depend on an equivalent model of the system as seen from
the line terminals. Fig. 1(a) shows the schematic of a trans-
mission line connected between the terminal buses M and
N. Typically, in interconnected high voltage transmission
systems, each such line will be connected to the rest of the
network through other transmission lines. Depending on the
operational requirement, shunt elements such as a reactor
or capacitor may also be connected to the buses. The load
element may represent the downstream lower voltage level
network and/or a direct HT load tapping.

The associate editor coordinating the review of this manuscript and

approving it for publication was Lin Zhang .

An equivalent model of the system is shown in Fig. 1(b),
in which all components of the system (except the line of con-
cern) are captured in the two-port Thevenin equivalent. The
equivalent system consists of two sources with corresponding
impedances ZsM and ZsN and a transfer path with impedance
ZMNtr . Often, we come across a simple two-source equivalent
in which the transfer path is not present. This could be due to
a simplifying assumption that the transfer path is negligible.
However, this assumption may not hold for all cases as shall
be described later in the paper.

The equivalent model can be used for various analyses. For
example, it can be used for analyzing distance relay reach
for setting its operational characteristics and for determining
the source to line impedance ratio (SIR) for the relay [1].
The model can also be used for setting the power swing
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FIGURE 1. (a). Schematic of a typical transmission line network topology
(b) Two-port Thevenin equivalent across the primary line of interest.

blinders and out of step logic [2]. Also, the model parameters
can help determine system non-homogeneity and facilitate
fault location algorithms [3]; especially, algorithms that use
one-terminal voltage and current data and methods which
use two-ended current measurements only [4]. Note that the
parameters of the two-port equivalent depend on the network
topology and may need to be updated from time to time as the
network topology changes.

It is a well-known concept that short circuit analysis based
on the complete network information can yield the equivalent
model parameters [2] for any line of interest. The equivalent
model can also be calculated if the full network topology
and/or the network impedance matrix is available as an input.
If we assume that the network (with nb buses) impedance
matrix Z ′bus not including the line of interest is given by (1a),
then we can calculate the equivalent model parameters using
only the impedance submatrix of interest, i.e., the elements
of Z ′bus which correspond only to buses M and N as depicted
in (1b) and (1c).

Z ′bus =



Z ′11 Z ′12 . . . . . . . . . . . . Z ′1n
Z ′21 Z ′22 . . . . . . . . . . . . Z ′2n
... . . . . . . . . . . . . . . .

...
... . . . . . . Z ′mm Z ′mn

...
...

... . . . . . . Z ′nm Z ′nn
...

...
...

...
...

...
...

...
...

Z ′nb1 Z
′

nb2 . . . . . . . . . . . . Z ′nbnb


(1a)

[ 1
ZsM
+

1
ZMNtr

−1
ZMNtr

−1
ZMNtr

1
ZsN
+

1
ZMNtr

]
=

[
Z ′mm Z ′mn
Z ′nm Z ′nn

]−1
(1b)

⇒ Z sM =
Z ′mmZ

′
nn − Z

′
mnZ
′
nm

Z ′nn − Z ′mn
, ZsN =

Z ′mmZ
′
nn − Z

′
mnZ
′
nm

Z ′mm − Z ′mn

and ZMN
tr =

Z ′mmZ
′
nn − Z

′
mnZ
′
nm

Z ′mn
. (1c)

It immediately follows that for any change in the network
topology, the updated Z ′bus can be used to re-evaluate or
update the equivalent model information.

However, such analyses may not be feasible at a substation
level due to a lack of information of the entire network
topology and topology updates from all over the system.
Decentralized analyses using only locally available infor-
mation without depending on repetitive updates from the
central control center of the grid is a practical requirement for
substation automation. In [2], a method using the information
of the short circuit current levels at the line terminals and con-
tribution to bolted fault currents at each terminal from the line
to approximately compute the equivalent model. Although
the method is suitable for a substation level implementation,
it might be difficult to obtain the required data at both the
buses concurrently unless one stage short circuit experiments
at each bus every time a topology change occurs.

There are other substation level approaches that can be
considered as close prior art. These methods [5], [6] suggest
placing bolted short circuits on a terminal of the line and
estimating source impedance by calculating the ratio of bus
voltage drop from the nominal value to the change in cur-
rent seen by the source. Such approaches solve the limited
problem of obtaining the source impedance magnitude as
will be seen by a protective relay placed at a terminal of
the line. Moreover, they face the same challenge as in the
previous method that a fault must be created in the system
during normal operation. In a broader sense, they fall under
the umbrella of techniques using superimposed quantities [7]
in which incremental voltage and current phasor measured at
a line terminal due to a fault event are used to obtain a source
impedance at that terminal.

This paper contributes to solution methodologies for the
problem of estimation of two-port equivalent which can be
adopted in a decentralized manner at the substation level.
Specifically, the contributions can be summarized as follows:
(i) based on measurements related to events such as line
faults and shunt injection at the line terminals, we present
methods for estimating a simple two-source equivalent, (ii) a
discussion on the limitation of two-source equivalents, based
on which we propose a concept for extending the methods
for estimating the two-port Thevenin equivalent of Fig. 1(b),
(iii) lastly, we propose methods for updating the equivalent
two-port model in response to topology changes occurring
in the immediate neighbourhood of the line. While in con-
tributions (i) and (ii) we do not assume the availability of
any initial guess for the equivalent model parameters, in the
last contribution, we propose to use the equivalent model
parameters in a base network scenario, to update the model
after a topology change event.

The significance of contribution (i) lies in the understand-
ing that with the amount of information limited to measure-
ments at line terminals and line parameter data, a two-source
equivalent might appeal as a plausible solution. However,
such simplified equivalents may pose problems in cases
where the transfer path is not negligible. This leads us to
contribution (ii) in which we attempt to account for the trans-
fer path as well. In doing so we also assume the availability
of bus Thevenin impedances at the line terminals. The third
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contribution of this paper differentiates it from the existing lit-
erature in a significant way as it enables an automatic update
of the two-port equivalent following a topology event, thus
avoiding the need to re-estimate it for the modified network
topology. It is based on the consideration that although we
may not assume the availability of the entire network model
at a substation level, information of the adjacent lines and
buses, i.e., network information of the adjacent topology can
be made available at a substation. In such a case, the effect
of topology changes at least in the neighborhood of the line
of interest can be accounted for by updating the two-port
equivalent. The lack of a network model is compensated for
by using accurate and time-synchronized measurements from
neighbouring substations. Sharing of such data is encouraged
in the paradigm of wide-area measurements, or other data
mechanisms such as R-GOOSE, R-SV, etc., and digital sub-
stations with advanced communication infrastructure [8], [9].
The framework of the proposed solutions is depicted in Fig. 2.
The proposed solutions are computationally easy. They form
potentially useful tools for substation automation and reduce
dependence on regular updates of the two-port equivalent
from the main control center of the grid. Testing and analysis
are done using a simple two source transmission system and
the IEEE 39 bus test system. Application of solution for
updating the two-port network equivalent in adaptive distance
relay setting is demonstrated.

FIGURE 2. Framework of the proposed methodologies for estimating and
updating the two-port equivalent.

II. PROPOSED METHOD FOR ESTIMATION OF TWO-PORT
EQUIVALENT
In this section, we present methodologies to estimate a two-
port equivalent across a transmission line based on events
such as faults on the line and shunt injection events at its
terminals. The main aim of these methods is to obtain a
two-port equivalent without assuming any a priori informa-
tion of the equivalent model parameters. The approach is to
estimate them using only a limited amount of substation level
measurements and data. Specifically, they are the terminal
bus voltage and line current measurements at both ends of the
line, currents on lines incident on the terminal buses, current
flow through the shunt elements at the buses, and model
parameters of the line of concern. We discuss these methods
in two stages: (a) estimation of simple two-source equivalent,

neglecting the effect of the transfer path, (b) extending the
methodologies to estimate the two-port Thevenin equivalent
by using the additional information of terminal bus Thevenin
impedances.

A. ESTIMATION OF TWO-SOURCE EQUIVALENT
Themethods described here utilizemeasurements following a
fault on the line or a shunt element switching event to estimate
source impedances of a two-source equivalent. The measured
changes in bus voltages due to the extra current injection
resulting from the event are utilized. We divide the discussion
into two parts: (i) when the event is a line fault, (ii) when the
event is a shunt element switching at a terminal of the line.

FIGURE 3. Two-source equivalent model with the primary transmission
line of concern between buses M and N represented by pi-model.

1) FAULT ON THE LINE
Let us consider the network shown in Fig. 3 which depicts a
simple two source equivalent across the line between busesM
and N. Node ‘F’ is a fictitious node that represents the point
of occurrence of a fault on the line. Note that a double-circuit
line is used for the ensuing analysis and discussion as it is very
common in high voltage transmission. However, the analysis
is applicable for a single circuit line also as will be indicated
later in the discussion. A fault at Bus F can be considered as
injection of fault current Iflt at the same bus due to which,
the voltages at terminal buses M and N undergo change. Let
us define the impedances ZMF and ZNF as shown below in (2).

ZMF :=
V 0
M − V

f
M

Iflt
, ZNF :=

V 0
N − V

f
N

Iflt
(2)

Symbols V and I represent voltage and current phasors
respectively, which can be obtained by applying any funda-
mental phasor extraction technique such as discrete Fourier
transform or the method of least squares. A ‘0’ in superscript
denotes a steady state and ‘f ’ denotes faulted state quantity
measured at the bus (M or N) indicated by the subscript.
Neglecting currents in the shunt admittance branches of the
line, changes in the bus voltages due to the fault current
injection can be expressed as:

V 0
M − V

f
M = IfltZsM

Zl2
(Zsum/Zl )

+ ZsN

Zpar + (ZsM + ZsN )
(3a)

V 0
N − V

f
N = IfltZ sN

Zl1
(Zsum/Zl )

+ ZsM

Zpar + (ZsM + ZsN )
(3b)
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where Zsum = Zl + Zl1 + Zl2 and Zpar =
Zl (Zl1+Zl2)

Zsum
. From

(3a) and (3b) we obtain the following expressions:

ZMF = ZsM

Zl2
(Zsum/Zl )

+ ZsN

Zpar + (ZsM + ZsN )
(4a)

ZNF = ZsN

Zl1
(Zsum/Zl )

+ ZsM

Zpar + (ZsM + ZsN )
(4b)

Equations (4a) and (4b) when solved to find ZsM and ZsN
yield the following result as shown in (5) below.

ZsM =
−b+

√
b
2
− 4ac

2a
,

ZsN =
(Zpar + ZsM )ZMF−

Zl2
(Zsum/Zl )

ZsM

ZsM−ZMF
(5)

where, a = ZMF − ZNF−
Zl2

(Zsum/Zl )
, b = ZparZMF +

Zl1
(Zsum/Zl )

(ZMF − ZNF )−
Zl1Zl2

(Zsum/Zl )2
, c = Zl1

(Zsum/Zl )
ZparZMF .

Assuming equivalent pi circuit model of the transmis-
sion line [10], Zl = Zcsinh (γ l) ,Zl1 = Zcsinh (γ dl) ,
Zl2 = Zcsinh (γ (1− d) l), where Zc is the characteristic
impedance and γ is the propagation constant of the line.
As evident, Zl1 and Zl2 and all related quantities such as
Zsum,Zpar ,a, b, and c are dependent on the fault location
‘d’, which is therefore required to be estimated first. It can
be found by using the principle that the fault point voltage
calculated using measurements from either end of the line
should be the same [11]. This leads to the following formula
for ‘d’:

d =
1
γ l

tanh−1(
V f
N cosh (γ l)+ (I fN1Zc) sinh (γ l)− V

f
M

V f
N sinh (γ l)− (I fN1Zc) cosh (γ l)− ZcI

f
M1

)
(6)

Fault current Iflt (considered positive away from the bus ‘F’)
can be calculated once the fault location is obtained. To do
this, we obtain fault current contribution from each terminal
bus M and N and then add them up to find the total fault
current as shown below in (7).

IMflt = −
1
Zc

sinh (γ dl)V f
M + cosh (γ dl) I fM1 (7a)

INflt = −
1
Zc

sinh (γ (1− d) l)V f
N + cosh (γ (1− d) l) I fN1

(7b)

Iflt = IMflt + I
N
flt (7c)

Below we provide a summary of steps for this solution which
we shall call SE1 in the rest of the paper:

1. Obtain fault location d by using two-ended voltage, line
current measurements, and line parameters as in (6).

2. Obtain the fault current Iflt by using the fault location
d and the two ended voltage and line current measure-
ments as in (7).

3. Obtain ZMF and ZNF as shown in (2) with measured
change in respective bus voltage and the calculated
fault current.

4. Calculate impedances Zl,Zl1,Zl2 using the line param-
eters and the fault location d .

5. Solve for ZsM and ZsN using (5).

Once impedances of the two-source equivalent are deter-
mined, the equivalent source voltages can be calculated using
the appropriate KVL formulations. For instance, in this case,
they can be determined as:

EsM = V 0
M +

(
V 0
M − V

0
N

Zl

)
ZsM ;

EsN = V 0
N −

(
V 0
M − V

0
N

Zl

)
ZsN

Remarks: In deriving (3), currents in the shunt admit-
tance branches were ignored. In order to take them into
account, the following corrections need be done: To ZMF
and ZNF as obtained in step 3 above, multiply ξ = 1

1−ZFFYshd

as a correction factor where, ZFF=
V 0
F−V

f
F

Iflt
and Yshd =

Yshl1+Yshl2 = 1
Zc

tanh
(
γ dl
2

)
+

1
Zc

tanh
(
γ (1−d)l

2

)
. Note that

once the fault location d is calculated, the fault point voltage
VF can be found by using VM and IM1 measurements in the
pi-equivalent model equations for the line section MF of the
faulted circuit.

For a single circuit transmission line, we consider
impedance Zl of the unfaulted circuit of Fig. 3 as Zl = ∞.
This makes the term Zsum/Zl = 1 and Zpar = Zl1 + Zl2.
Substitute these values in (5) to obtain ZsM and ZsN .

FIGURE 4. Two-source equivalent model with the primary transmission
line of concern between buses M and N and shunt reactor switching.

2) SHUNT INJECTION AT A TERMINAL
Let us now consider current injection due to a shunt element
(reactor/capacitor/load) switching event on a terminal bus,
say bus M as shown in Fig. 4. Let us define the following
impedances:

ZMF :=
V 0
M − V

I
M

Iinj
, ZNF :=

V 0
N − V

I
N

Iinj
(8)

Here, Iinj represents the shunt current injection at the bus
(considered positive when measured in the direction into
the bus). An ‘I’ in the superscript denotes quantity after the
injection event occurred. Changes in the bus voltages due to
the current injection can be expressed as:

V 0
M − V

I
M = IinjZsM

(Z l/2)+ ZsN
(Z l/2)+ (ZsM + ZsN )

(9a)
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V 0
N − V

I
N = IinjZ sN

ZsM
(Z l/2)+ (ZsM + ZsN )

(9b)

From (9a) and (9b) we obtain the following expressions:

ZMF = ZsM
(Z l/2)+ ZsN

(Z l/2)+ (ZsM + ZsN )
(10a)

ZNF = ZsN
ZsM

(Z l/2)+ (ZsM + ZsN )
(10b)

Equations (10a) and (10b) when solved to find ZsM and
ZsN yield the result as shown in (11), which can be further
simplified to the expressions shown in (12).

ZsM =
(Zl/2)ZMF

Zl/2+ ZNF − ZMF
, Z sN =

(ZsM + Zl/2)ZNF
ZsM − ZNF

(11)

ZsM =
ZMF

1+
(
IoM−I

I
M

Iinj

) , Z sN =
ZNF(
IoN−I

I
N

Iinj

) (12)

In (12), IM = IM1 + IM2, IN = IN1 + IN2 (see Fig. 4).
Implementation using the expressions in (12) is free of line
model parameters. Equations similar to (9)-(12) can also be
derived for shunt element switching at bus N and not shown
here for brevity. Below we provide a summary of steps for
this solution which we shall call SE2 in the rest of the paper:

1. Obtain the injected current Iinj directly from the substa-
tion measurements.

2. Obtain ZMF and ZNF as the ratio of the change in
respective bus voltage and the injected current as in (8).

3. Calculate line impedance Zl using the line parameters
and solve for ZsM and ZsN using obtained ZMF and ZNF
in (11) OR solve for ZsM and ZsN by using ZMF ,ZNF
and measured change in line currents at both ends as
in (12).

Remarks: For a single circuit transmission line, the fol-
lowing adjustment needs to be made: Use (12) to obtain the
source impedances with the only change that IM = IM1 and
IN = IN1 as the second circuit is not present. Note that
in analyses presented above, for double circuit lines both
the circuits together constitute the primary line assuming
that parameters and measurements from both the circuits are
available.

Of course, if the two-port equivalent across one single
circuit, say Circuit-1, is of interest then we will have the par-
allel circuit, i.e., Circuit-2 as the transfer path in addition to
the estimated source impedances. In case parameters and/or
measurements from the parallel circuit are not available, then
it has to be considered as part of the transfer path that also
needs to be estimated.

Evidently, the implementation of methods SE1 and
SE2 depend on the identification of an event- a line fault or a
shunt element switch at a terminal of the line. It could either
be a manual or an automated trigger in response to such an
event based on communication of intra and inter-substation
level signals (as depicted in the framework of Fig. 2.) such
as a relay trip output, line, or shunt element breaker/switch

status change, etc. which are indicative of the event. A bus
fault event can also be considered as shunt current injection,
wherein the fault current itself is the injected current. It can
be computed as a vector sum of currents on all the feeders
associated with that bus. Another important aspect that needs
mentioning is that methods SE1 and SE2 do not preclude the
idea of low power signal injection to excite changes in voltage
and currents using which the estimations can be carried out.
Application of such techniques for grid impedance estimation
has been reported in the literature [12].

FIGURE 5. IEEE 39 bus test system.

B. ESTIMATION OF THE TWO-PORT THEVENIN
EQUIVALENT
The methods discussed till now assume that the system
around the line of concern can be accurately represented by
a simple two source equivalent. This is acceptable or can be
considered as a reasonable approximation only when the line
of concern is the only path for the flow of incremental current
from Bus M to Bus N or the effective transfer path between
Buses M and N has a very high impedance in comparison
to the primary line of concern. We illustrate this with the
following example based on the IEEE 39 bus test system [13]
which is depicted in Fig. 5. Particularly, we consider the fol-
lowing three lines: Line 16-19, Line 16-17, and Line 5-8 with
impedance Zl of 0.0016+j0.0195 pu, 0.0007+j0.0089 pu and
0.0008+j0.0112 pu respectively. Table 1. shows the two-port
Thevenin equivalents as obtained from a network analysis
of the system as described by (1). Line 16-19 clearly corre-
sponds to the case in which there is no transfer path at all.
Line 16-17 represents a case in which the transfer path can be
neglected with respect to the primary line, as its impedance
is much larger in comparison to the line impedance. Line 5-8
corresponds to a case in which the transfer path impedance
is comparable to the line impedance and can therefore be
considered significant.We consider obtaining the simple two-
source equivalent across each of the three lines. To do so,
we simulate the following events separately: Line 16-19:
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TABLE 1. Actual two-port equivalent parameters obtained by network
analysis.

TABLE 2. Estimated two-source equivalent parameters obtained by SE2
based on fault at bus N.

A fault at Bus 19, Line 16-17: A fault at bus 17, and Line 5-8:
A fault at bus 8. Method SE2 is used as the bus fault can be
considered as a shunt injection event for which Iinj = −Iflt .
Current in the fault, i.e., Iflt is calculated as the sum of currents
(measured in the direction into the bus) on all the lines and
shunt elements incident at the bus.

The results of the analysis are shown in Table 2. For Line
5-8, we observe that the source impedances of the simple
two-source equivalent are not comparable to that of the exact
two-port equivalent as shown in Table 1. This is because the
effect of the significant transfer path is transferred on to the
estimated source impedances of the two-source equivalent.
For this line, the two-source equivalent cannot be considered
as an acceptable approximation to the two-port Thevenin
equivalent. For Line 16-17, we observe that the source
impedances of the simple two-source equivalent approximate
the values obtained in the exact two-port equivalent. This is
because the transfer path, in this case, is insignificant and
therefore its effect on the estimated source impedances is
negligible. For Line 16-19, we observe that the two-source
equivalent is identical to the two-port Thevenin equivalent.
This is not surprising as for this line there is no transfer path
at all.

Mathematically, for a line with a significant transfer path,
a simple two-source equivalent is not unique. It rather corre-
sponds to the set of equations for the injection event (par-
ticularly the location of the injection event) which we try
to fit the model into. In other words, the way in which the
effect of the transfer path impedance is absorbed into the
two-source impedances of the simple two-source equivalent
can vary depending on the set of equations we are trying to fit
the model. In this sense, a simple two-source equivalent is a
local or specific equivalent of the generic two-port Thevenin
equivalent. A similar analysis to this effect can be found

TABLE 3. Estimated two-source equivalent parameters obtained by SE2
based on fault at bus M.

in Section 5.2 of reference [7] if we view its parallel line
description as a transfer path.

To illustrate this point, we also consider obtaining the
two-source equivalent across each of the three lines based
on the following events: Line 16-19: A fault at Bus 16,
Line 16-17: A fault at bus 16, and Line 5-8: A fault at bus 5.
The results are shown in Table 3. Now we compare the values
thus obtained with that of Table 2.

For Line 5-8, we observe that the source impedances of
the simple two-source equivalent obtained based on the two
different fault locations vary significantly from each other.
For Line 16-17, we observe the source impedances of the sim-
ple two-source equivalent obtained based on the two different
fault locations are similar. For Line 16-19, we observe that
the source impedances of the simple two-source equivalent
obtained based on the two different fault locations are identi-
cally the same.

Note that here we have compared the two-source equiv-
alents obtained based on events at terminal bus M and bus
N only. Likewise, for each line, we can obtain a two-source
equivalent based on a fault anywhere on the line (using SE1).
From the above discussions, we can make the following
inferences:

a) For a line with a significant transfer path, variations
in the two-source equivalents obtained from injection
events at different locations on the line can be signif-
icant and usage of an estimated two-source equivalent
for any application must be done with prudence.

b) For a line with an insignificant transfer path, such
variations in two-source equivalents are not significant;
estimates can be used for applications with a certain
degree of confidence.

c) For a line with no transfer path, there is a unique
two-source equivalent which is identical to its two-port
Thevenin equivalent.

These are important observations because obtaining a sim-
ple two-source equivalent estimate might appear as a plau-
sible option when the amount of information in terms of
measured entities and network model is as limited. These
inferences can then be considered as guidelines on the
usage of such estimates. Having made these observations the
next question that arises is: Can methods SE1 and SE2 be
extended/modified in order to obtain the two-port Thevenin
equivalent? The answer is yes, provided additional informa-
tion of the bus Thevenin impedances at terminals M and N
is available. Let us for simplicity look at the resulting model
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equations for the scenario of shunt injection at a terminal bus,
say bus M, as shown in Fig. 6. They are:

ZMF =
ZsM (Zpar + ZsN )

Zpar + (ZsM + ZsN )
, ZNF =

ZsNZsM
Zpar + (ZsM + ZsN )

(13)

ZMth =
ZsM (Zpar + ZsN )

(ZsM + Zpar + ZsN )
, ZNth =

ZsN (Zpar + ZsN )
(ZsM + Zpar + ZsN )

(14)

FIGURE 6. Two-port Thevenin equivalent model for shunt injection
analysis.

where ZMF and ZNF are defined in (8) and Zpar =
ZlZMNtr
Zl+ZMNtr

denotes the effective impedance between buses M and N.
We can solve the set of simultaneous non-linear expres-
sions (13) and (14), to obtain unknowns ZsM ,ZsN and ZMNtr .
Although feasible, solving such a set of non-linear equations
can be cumbersome and requires an initial estimate of the
unknowns. A simpler yet effective solution is possible if we
consider Zl ∼= kZMNtr where k is a scalar, which is a reasonable
approximation for high voltage transmission systems.

We can then iteratively solve the equations as described
below:

1. Choose a value of k; and calculate ZMNtr =
Zl
k

2. Solve (13) only for ZsM ,ZsN
3. From the obtained value of ZsM ,ZsN and ZMNtr calculate

the bus Thevenin impedances as in (14)
4. Check if the calculated bus Thevenin impedances

match the actual values
5. If the match is poor, then increment k and repeat steps

2-5, else check for convergence and break.
We shall call this method as SE3. This simple work-around

allows us to deal only with linear equations, even though it
involves iterations. Moreover, iterating is not difficult since
we know that k can practically lie within a confined range
of values. For example, we can iterate for values of k in the
range of 0.05 to 1.0. A value of k smaller than 0.05 means the
impedance of the transfer path is more than 20 times that of
the line, which means that the transfer path is not significant
and can be ignored for all practical purposes. A value of k
greater than 1.0 means that the impedance of the transfer path
is less than that of the line, which is not commonly observed
in practical high voltage systems. Although not described
here, a similar approach can be adopted for the scenario
of line faults to estimate the two-port Thevenin equivalent.
An important point to note here is that themethod assumes the
availability of bus Thevenin impedance at the line terminals.

The problem of estimating bus Thevenin impedances is not
new. It has been dealt with in a variety of ways in literature
and in practice [14]–[16] including approaches based on
locally available measurements as well.

C. COMPARISON WITH EXISTING METHODS
We now compare methods SE1, SE2, and SE3 with some of
the methods existing in literature and practice. The method
described in [2] uses the below equations to compute the
parameters of the two-port equivalent:

KM =
IfNM
IfM

, KN =
IfMN
IfN

X =
KMZl

1− (KM + KN )
, Q =

KNZl
1− (KM + KN )

W =
1
IfM
− X (1− KM )

Here, entities X ,Q, andW are the corresponding impedance
parameters of a wye-system equivalent of the network (except
the primary line of interest) shown in Fig. 1(b). Entities IfN
and IfMN are the total fault current and fault contribution over
the primary line for a 3ph fault at bus N. Entities IfM and IfNM
are defined similarly for fault at bus M.

The method described in [5] follows a very simplistic
approach to estimate the source impedance behind the relay.
Assuming that relay is located at bus M, the method suggests
applying a three-phase fault at bus M, removing fault current
contribution from the line MN, and dividing the nominal
system voltage by the adjusted fault current. On similar lines,
reference [6] suggests improvements by instead placing the
fault at the remote bus, i.e., bus N in this case, and dividing
the drop of voltage at bus M from the nominal system voltage
by the current on line MN seen by the relay. Reference [7]
suggests dividing the change in voltage phasor at the relay by
the change in the current seen by the relay following a fault
on the line.

A detailed comparison is provided in Table 4 by
considering factors such as the inputs needed by the methods,
the estimated outputs, scenarios under which the methods
are applicable, their treatment of transfer path, and their
applicability for practical analyses. The method presented
in [2] provides an estimate of the complete two-port equiv-
alent, however, the inputs required by the method limit its
applicability to a scenario in which they can be obtained by
concurrently staged faults at both the terminals of the primary
line. Methods [5] and [6] aim at estimating an approximate
magnitude of the source impedance behind the relay for the
purpose of obtaining SIR. In doing so, they do not con-
sider obtaining all the complex impedance parameters of the
two-port equivalent and are therefore limited in application.
Method [7] is particularly suitable for fault location appli-
cation. The source impedances obtained using this method
can only be specific, as discussed in Section II-B. Proposed
methods SE1 and SE2 have limitations in their treatment of
transfer path (discussed previously in Section II-B). How-
ever, they provide complex source impedance values and
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TABLE 4. A comparative analysis with existing approaches.

are applicable over a wider range of event scenarios such
as line faults, bus faults, shunt switching events, etc. Pro-
posed method SE3 overcomes limitations of SE1 and SE2,
as it computes the complete two-port equivalent parameters
including the transfer path impedance. It is also advantageous
in comparison to the method in [2], as it does not require the
data for current contributions over the line for terminals bus
faults.

III. PROPOSED METHOD FOR UPDATE OF TWO-PORT
THEVENIN EQUIVALENT
Another important and useful tool for the substation operator
could be one which updates the impedance parameters of the
two-port equivalent when a network topology change takes
place in close vicinity of the line of concern. The idea here
differs completely from the existing and proposed methods
for estimating the equivalent. For example, a method for
estimation such as SE3 will have to be re-applied on the
modified network after the topology change event in order
to update the two-port equivalent. This means, one has to
wait for a favorable evaluation scenario to occur in order to
synthesize the necessary inputs for the estimation process.
In contrast, we propose methods for an automatic update of
the equivalent by simply using its parameters in the base
network scenario and the measurements excited due to the
topology event itself. This approach is novel in the context of
computing two-port network equivalent across a transmission
line.

The methods proposed here consider the following topol-
ogy change scenarios: (i) tripping-off of a line incident (e.g.
Line M-P of Fig. 1(a)) on one of the terminal buses of the line
of concern, (ii) tripping-off of a shunt reactor/capacitor at a

bus one level up (e.g. Bus P of Fig. 1(b)), i.e. an adjacently
connected bus in the topology. Again, acknowledging the
fact that as a substation level exercise information of the
entire network topology may not always be available, our
approach is to find a method that uses only local topology
update information and related measurements. The proposed
methods envisage utilization of measurements at both ends
of a transmission line and nodes one level up in the net-
work. Specifically, with reference to Fig. 2, themeasurements
required are voltagemeasurements at busesM,N and P before
and after the topology change event, the current through
the element before it tripped (in case of line MP trip, the
current measured on the line at bus M and the current drawn
by the element in case of a shunt element trip at bus P).
Model information needed is the impedance parameters of
the tripped element, impedance parameters of the primary
line, and the initial two-port equivalent impedance parameters
across the primary line and the line which trips.

Let us define the impedance submatrix of the full network
Zbus which consists of only the nine elements corresponding
to nodesM,N and P by notation Z (mnp) shown in (16) below.

Z (mnp) =

 Zmm Zmn Zmp
Znm Znn Znp
Zpm Zpn Zpp

 (15)

We can similarly define submatrix Z (mnp)′ (with elements
denoted by ′ in superscript) corresponding to the network
from which the branch between node M and N is removed,
and submatrix Z (mnp)′′(with elements denoted by ′′ in super-
script) corresponding to the network from which the branch
between nodesM and N and the tripped element are removed.
Then the updated impedance parameters of the two-port
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equivalent can be obtained as

ZsM=
Z ′′mmZ

′′
nn − Z

′′
mnZ
′′
nm

Z ′′nn − Z ′′mn
, ZsN =

Z ′′mmZ
′′
nn − Z

′′
mnZ
′′
nm

Z ′′mm − Z ′′mn
(16)

and ZMN
tr =

Z ′′mmZ
′′
nn − Z

′′
mnZ
′′
nm

Z ′′mn
(17)

which follows directly from the result of (1c). Therefore, if we
know the submatrix Z (mnp)′′, then the problem of updating
is a straightforward arithmetic manipulation of its elements
as given by (17).

The elements of Z (mnp) ,Z (mnp)′ and Z (mnp)′′ are
related. This is because Z (mnp)′ can be obtained from
Z (mnp) mathematically by doing series and shunt branch
(corresponding to the series impedance and shunt admit-
tances of line MN) modifications [10] on Z (mnp). The for-
mulae for series and shunt branch modifications are provided
in the Appendix. A similar argument holds for the transition
from Z (mnp)′ to Z (mnp)′′ with respect to line MP. Thus,
if Z (mnp) is known, then we can obtain Z (mnp)′′ provided
parameters of the lines MN and MP are available. Now,
the question arises that whether we know all the elements of
Z (mnp) to begin with? We analyze this aspect next.

1) ELEMENTS OF Z
(
mnp

)
Proposition:We can obtain all elements of Z (mnp) except for
Zpn(= Znp), provided impedance parameters of the two-port
equivalents across lines MN and MP in the base network (i.e.
the initial two-port equivalents) are given.

Proof: One important corollary of the relationship (1b)
is that if we know the parameter set {ZsM ,ZsN ,ZMNtr } for the
base network, then we can obtain elements Z ′mm, Z

′
mn, Z

′
nm and

Z ′nn as shown in (18) below.

Z (mn)′

=

(
Z ′mm Z ′mn
Z ′nm Z ′nn

)
=

( 1
ZsM
+

1
ZMNtr

−1
ZMNtr

−1
ZMNtr

1
ZsN
+

1
ZMNtr

)−1

⇒ Z ′mm =
YsN + YMNtr

YsMYsN + YMNtr (YsM + YsN )
,

Z ′nn =
YsM + YMNtr

YsMYsN + YMNtr (YsM + YsN )
and

Z ′mn = Z ′nm =
YMNtr

YsMYsN + YMNtr (YsM + YsN )
(18a)

where YsM = 1
ZsM
,YsN = 1

ZsN
,YMNtr =

1
ZMNtr

.
Once these elements are obtained, the elements Zmm, Zmn,

Znm and Znn can be obtained by carrying out the modification
calculations on Z (mn)′ pertaining to addition of the line MN
between buses M and N as shown below:

Z (mn) =
(
Zmm Zmn
Znm Znn

)
= Z (mn)′ −

{
Z ′mn

} {
Z ′mn

}T
1mn

(18b)

where
{
Z ′mn

}
=

[
Z ′mm − Z

′
mn

Z ′nm − Z
′
nn

]
and 1mn = Z ′mm + Z ′nn −

2Z ′mn + Zl , Zl being the series impedance of the branch MN.

Similarly, using the parameter set {ZsM ,ZsP,ZMPtr } for the
base network we can obtain Zmp, Zpm and Zpp following the
same steps. Thus, it is clear that all elements of Z (mnp)
except for Znp and Zpn can be obtained using the initial
parameter sets of {ZsM ,ZsN ,ZMNtr } and {ZsM ,ZsN ,ZMPtr } in
the relationships described by (18). Themain challenge lies in
obtaining Znp and Zpn from the available substation measure-
ments. This constitutes the primary objective of the proposed
solution. Note that the network Zbus and any of its submatrix
involving a few buses are always symmetric and therefore Znp
and Zpn are equal.

FIGURE 7. Equivalence of current flow on line and current injections at
terminal buses.

A. UPDATE ON INCIDENT LINE TRIPS
This scenario corresponds to the situation in which line MP
trips leading the system into a new operating condition.
At this new operating condition, the two-port equivalent
parameters for the primary line, i.e., line MN would have
changed, which are to be estimated. For the description ahead,
let us (for the sake of convenience in the description) consider
a minor change in definitions of the impedance submatrices
as provided earlier in this section. Let us now consider that the
submatrix Z (mnp)′ corresponds to the network from which
the line MP is removed, with the primary line MN intact.
The submatrix Z (mnp)′′ corresponds to the network from
which the line MN is also removed. Note that this change
in definition relates only to a change in the sequence in
which the two lines are removed from the base network. The
elements of Z (mnp)′′ remain the same as before. With this
understanding let us proceed with description of the method.
The current flow on the line MP can be considered as current
injections at buses M and P of the system without the line
MP physically present in the network as depicted in Fig. 7.
Therefore, tripping of line MP can be considered as a change
in current injections at Bus M and Bus P for the system
without the line MP. Thus, for the line MP trip, we can write
the voltage change at bus N as follows:

1Vn =
(
Imp + Imc

)
Z ′mn +

(
Ipm + Ipc

)
Zpn′

⇒
1Vn(

Imp + Imc
) = (Z ′mn − Z

′
pn)+

(
Imc + Ipc

)(
Imp + Imc

)Z ′pn (19)

We know that Z (mnp)′ and Z (mnp) are related by means
of series and shunt branch modifications pertaining to the
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line MP. Hence, the right-hand side of the expression (19)
can be written completely in terms of elements of Z (mnp).
This will lead us to an equation with Zpn as the variable
since the quantity on the left-hand side can be obtained from
measurements. The resulting equation is linear in nature and
can be solved conveniently to find Zpn, the final formula for
which is as shown in (20).

Zpn =

(
D (Znm − A+ BE)+

αEZ tsh
Zd−Z tsh

)
−

1Vn
(Imp+Imc)

D (1+ B)+ αZ tsh/(Zd − Z
t
sh)

(20)

where, A = Znm(Zmm−Zmp)
Zmm−Z tsh

,F = Zmp − Zpp −
Zmp(Zmm−Zmp)

Zmm−Z tsh
;

Zd = Zpp −
Z2
mm

Zmm − Z tsh
, xd = Zmm

(
−

Z tsh
Zmm − Z tsh

)
;

X̄ = F
(
−Z tsh

Zmm − Z tsh

)
,

Z̄ =
−Z tsh

(
Zmm − Zmp

)
Zmm − Z tsh

−
xdF

Zd − Z tsh
;

B =
F

Zd − Z tsh
, C = −

Z tl
δ
,

D = C −
αX̄
δ
, δ = Z̄ − X̄ − Z tl ;

α =

(
Imc + Ipc

)(
Imp + Imc

) , E = ZmpZmn/(Zmm − Z tsh)

Note that the charging currents on line MP before it had
tripped need to be calculated as shown in (21) below. The
current on line MP (before it had tripped) at bus M end can
either be directly measured or be calculated as shown in 22.

Imc = V 0
m
YMPsh

2
, Ipc = V 0

p
Y tsh
2

(21)

Imp + Imc =
V 0
m − V

0
p

Z tl
+ V 0

m
Y tsh
2

(22)

where V 0
m and V 0

p are the voltages measured at bus M and
bus P respectively before the occurrence of the trip event. Z tl
and Y tsh are the series impedance and the shunt admittance
associated with the incident line MP.

We shall call this method as SU1, the steps for which are
summarized below:

1. Obtain Z (mn) by using the impedance parameters of
the two-port equivalents across lines MN in the base
network and modification calculations pertaining to
addition of line MN

2. Obtain Z (mp) by using the impedance parameters of
the two-port equivalents across lines MP in the base
network andmodification calculations pertaining to the
addition of line MP

3. Obtain the measured voltages at buses M, P before
the line trip and calculate the charging currents on the
incident line MP using (21) and therefore the sum of
charging currents; obtain the current measured on the

incident line MP at bus M before it tripped or calculate
the same using (22).

4. Obtain the measured voltage change at bus N due to
the line trip and use (20) to determine Zpn; once Zpn is
obtained, all elements of Z (mnp) are identified.

5. Sequentially remove the effects of line MN and MP
from Z (mnp) using the necessary series and shunt mod-
ification calculations to obtain Z (mnp)′′.

6. Use (17) to obtain the modified/updated equivalent
impedances.

1) AN APPROXIMATE ALTERNATIVE SU1_APX
Alternatively, this problem can also be approached without
assuming that we know the two-port equivalent across the
incident line MP. Like the expression in (19), we can write
equations for buses M and P as follows:

1Vm(
Imp + Imc

) = (Z ′mm − Z
′
pm)+

(
Imc + Ipc

)(
Imp + Imc

)Z ′pm (23)

1Vp(
Imp + Imc

) = (Z ′mp − Z
′
pp)+

(
Imc + Ipc

)(
Imp + Imc

)Z ′pp (24)

We observe that if the ratio of the charging current to the load
current on line MP is negligible, then (19), (23), and (24)
simplify to the following:

1Vn(
Imp + Imc

) ≈ (Z ′mn − Z
′
pn),

1Vm(
Imp + Imc

)≈(Z ′mm−Z ′pm)
and

1Vp(
Imp + Imc

) ≈ (Z ′mp − Z
′
pp). (25)

Now, considering line MP as only a series branch of
impedance Z tl (since current through shunt admittances are
assumed negligible), we obtain the following relationships
between elements of Z (mnp) and Z (mnp)′:

Z ′mm − Z
′
mp =

−Z tl (Zmm − Zmp)

Zmm + Zpp − 2Zmp − Z tl

Z ′nm − Z
′
np =

−Z tl (Znm − Znp)

Zmm + Zpp − 2Zmp − Z tl

Z ′pm − Z
′
pp =

−Z tl (Zpm − Zpp)

Zmm + Zpp − 2Zmp − Z tl
. (26)

Equations (25) and (26) can be solved to obtain (Zmm−Zmp),
(Znm − Znp) and (Zpm − Zpp) as shown below:

(Zmm − Zmp) = η
1Vm(

Imp + Imc
) , (Znm − Znp) = η 1Vn(

Imp + Imc
)

and (Zpm − Zpp) = η
1Vp(

Imp + Imc
) (27)

where

1
η
=

(
1+

(
1−

1Vp
1Vm

)
1Vm(

Imp + Imc
)) /Z tl .

Using already computed values of Zmm and Znm, we can then
obtain Zmp,Znp and Zpp. This constitutes an alternative to
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SU1. However, as mentioned earlier it involves the simpli-
fying approximation that the charging current of line MP is
negligible in comparison to its loading current. The steps of
SU1_apx are summarized below:

1. Same as step 1 of SU1
2. Obtain the change in voltage of buses M, N, and P due

to the line MP trip. Also, obtain the current on the line
MP at bus M end before it tripped.

3. Solve (27), use Z (mn) to obtain Zmp,Znp and Zpp and
construct Z (mnp).

4. Sequentially remove the effects of line MN and MP
from Z (mnp) using the necessary series and shunt
modification calculations to obtain Z (mnp)′′.

5. Use (17) to obtain the modified/updated equivalent
impedances.

B. UPDATE ON SHUNT ELEMENT TRIP AT
ADJACENT BUS
This scenario corresponds to the situation in which a shunt
reactor/capacitor trips at bus P leading the system into a
new operating condition. At this new operating condition,
the two-port equivalent parameters for the line MN would
have changed, which are to be estimated.

Following is a description of the proposed method where
the submatrix Z (mnp)′ corresponds to the network from
which the shunt element (of impedance Zsh) at bus P is
removed from the base network. The submatrix Z (mnp)′′

corresponds to the network from which the line MN is also
removed. The current flow (I shp ) on the shunt element at bus
P can be considered as a current injection at bus P of the
network without the shunt element being physically present.
Therefore, tripping of the shunt element can be considered as
a change in current injections at bus P for the system without
the shunt element at bus P. Thus, for the trip of the shunt
element at bus P, we can write the voltage change at bus N
as follows:

1Vn = I shp Z
′
pn⇒Z ′pn =

1Vn
I shp

(28a)

Thus, Z ′pn can be obtained frommeasurements of voltage drop
at bus N due to the shunt element trip at bus P and the current
carried by the shunt element before it tripped. Now, we know
that the elements of the submatrix Z (mnp)′ are related to the
elements of Z (mnp) by means of shunt branch modifications
pertaining to the shunt element at bus P. Specifically, we are
interested in the relationship of (28b)

Z ′pn = Zpn

(
−Zsh

Zpp − Zsh

)
(28b)

which is obtained by modification calculations pertaining
to the removal of the shunt branch at bus P. Solving (28a)
and (28b), we can find Zpn as shown in (29) below.

Zpn =
(
Zpp − Zsh
−Zsh

)
1Vn
I shp

(29)

Note that the current I shp can either be measured or computed
as: I shp = V 0

p /Zsh. We shall call this method as SU1, the steps
for which are summarized below:

1. Same as step 1 of SU1
2. Same as step 2 of SU1
3. Obtain the change in voltage of bus N due to the shunt

element trip at bus P from measurements. Obtain the
current through the shunt element before it tripped.

4. Solve (29) to obtain Zpn; construct matrix Z (mnp)
5. Sequentially remove the effects of shunt element at P

and line MN from Z (mnp) using necessary series and
shunt modification calculations to obtain Z (mnp)′′.

6. Use (17) to obtain the modified/updated equivalent
impedances.

1) AN ALTERNATIVE SU2_ALT
Alternatively, this problem can also be approached without
assuming that we know the two-port equivalent across the
incident line MP. In this case, in addition to Zpn we will need
to estimate Zmp and Zpp as well, for which we can make use
of the following relationships:

Z ′pp =
1Vp
I shp

, Z ′pp = Zpp

(
−Zsh

Zpp − Zsh

)
(30)

Z ′pm =
1Vm
I shp

, Z ′mp = Zmp

(
−Zsh

Zpp − Zsh

)
(31)

First, we will need to solve (30) for Zpp. Then using the
obtained value of Zpp, we solve (29) and (31) for Znp and
Zmp respectively. Thus, the updated source impedances can
be obtained with fewer initial information, specifically that
of the two-port equivalent across line MP. However, we will
need to have voltage measurements from buses P and M also
in this case. We shall call this method as SU2_alt, the steps
for which are summarized below:

1. Same as step 1 of SU2
2. Obtain the change in voltage of busesM, N and P due to

the shunt element trip at bus P. Also obtain the current
through the shunt element before it tripped.

3. Solve (29)-(31) to obtain Zmp, Znp and Zpp, and con-
struct the matrix Z (mnp).

4. Sequentially remove the effects of shunt element at
P and line MN from Z (mnp) using the necessary
series and shunt modification calculations to obtain
Z (mnp)′′.

5. Use (17) to obtain the modified/updated equivalent
impedances.

Once the updated two-port equivalent impedances are
obtained, the source voltages can be calculated as:

EsM = V E
M + (V E

M − V
E
N )
(
1
Zl
+

1

ZMNtr

)
ZsM ;

EsN = V E
N − (V E

M − V
E
N )
(
1
Zl
+

1

ZMNtr

)
ZsN

Remarks: Deployment of methods for updating require
identification of a corresponding topology change event.
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It could either be a manual or an automated trigger in
response to occurrence of such an event based on intra and
inter-substation level communication of signals (as depicted
in the framework of Fig. 2.) such as a relay trip output, line
or shunt element breaker/switch status change, etc. which are
indicative of the event.

IV. RESULTS AND ANALYSES
In this section, we present the results of detailed testing
of the various methods discussed in the previous sections.
Specifically, we present the results in the following manner:
(i) test results for solutions SE1 and SE2 based on a test
system similar to that shown in Fig. 3 (ii) test results for
SE3 based on the IEEE 39 bus test system, (iii) test results
for SU1 and SU2 based on the IEEE 39 bus test system.

A. TEST RESULTS FOR SE1 AND SE2
The test system which is similar to that shown in Fig. 3 is
simulated in PSCAD [17] environment. The nominal line-
to-line rms voltage at the system buses is 220 kV. The
lines (120 km each) are represented with frequency depen-
dent (phase) models, effective series impedance of each line
being approximately equal to 3.9+j31.42�. The sources each
are modelled as voltage source behind source impedance.
Values of source impedances, i.e., ZsM and ZsN are varied in
the simulation to produce scenarios with the different source
to line impedance ratios on both sides of the line (denoted by
SIRM:N). The results produced in this section have test cases
in which SIRM:N assumes the following values: 0.1:1, 1:0.1,
2:5. An SIRM:N of 0.1:1 means that the source at bus M has
a source impedance which is 0.1 times the line impedance
in magnitude, so on and so forth. In each case, the stronger
source has an impedance angle of 84.8056◦, while the weaker
source has an angle of 79◦.
Other fault related parameters such as fault location

(0.5 km, 30 km, 60 km, 90 km, 119.5 km from busM end) and
inception angle (0◦, 90◦) are also varied to generate different
test cases. The testing results of SE1 is summarized in the plot
of Fig. 8. The source impedances were successfully estimated
in all the cases. Themaximum error observed in the numerical
testing is less than 4% and the average error is less than 1%.

FIGURE 8. Test results for SE1.

For SE2, the same system is used with the switching
of shunt reactors of different ratings at each terminal bus

TABLE 5. Estimated two-port equivalent parameters obtained by SE2.

to create a set of test cases. A test case indicated as
0.1:1.0-M-100 means switching of a shunt reactor of rating
100 MVar at bus M in the system with SIRM:N of 0.1:1, so on
and so forth. The results of testing are summarized in Table 5.
The source impedances were successfully estimated in all the
cases. The maximum error observed in the numerical testing
is less than 10% and the average error is less than 5%.

B. UTILITY OF TWO SOURCE EQUIVALENT
It is always sensible to use the two-port Thevenin equivalent
model. However, obtaining the same may not always be a
possibility due to the paucity of information. Thus, many
times we depend on a simple two-source equivalent for our
analyses. Usage of any algorithm (such as SE1 and SE2)
which estimates a two-source equivalent must be done with
prudence. They are ideally suited for lines which connect iso-
lated systems as for such lines the two-port Thevenin equiva-
lent is identically the same as the two-source equivalent. They
can also be employed with some level of confidence if it is
known a priori that the primary line is typically associated
with an insignificant transfer path. This is because for such
lines, a two-source equivalent closely resembles the two-port
Thevenin equivalent as has been shown through examples in
Section II-B.

The main limitation of such algorithms is in dealing with
lines with strong transfer path. In such cases, one needs to
consider the application of the estimated equivalent model.
Before proceeding further, we introduce some nomenclature
for easy reference. For the line MN, let us call the two-source
equivalent model obtained based on an injection event at
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bus N as TS_NEqv and that obtained based on an injection
event at bus M as TS_MEqv. Therefore, the entries in the last
row of Table 2 represent TS_NEqv for Line 5-8, while the
entries in the last row of Table 3 represent TS_MEqv for the
same line as they are obtained based on fault events at bus N
(i.e. bus 8) and bus M (i.e. bus 5) respectively.

For the purpose of illustration, let us now consider distance
relay reach setting application. In order to determine the
resistive and reactive reach settings for the relay, we must
by using the available equivalent model analyze the apparent
impedance seen by the relay for faults (with varying fault
resistances) at the remote bus (which is the point we do not
want to overreach) [4]. To illustrate, we consider line 5-8 as
our primary line of interest. Let us assume the relay on this
line placed on bus 5. We simulated faults at the remote bus
8 with varying fault resistance.

FIGURE 9. Apparent impedance seen by the relay at bus 5, (b) Remote
infeed contribution to fault current for fault on bus 8.

In Fig. 9(a) there are three different plots: (i) the actual
impedance seen by the relay at bus 5 as obtained from
fault simulations, (ii) the apparent impedance as estimated
using TS_NEqv, (iii) the apparent impedance as estimated
using TS_MEqv. It is clearly seen that TS_NEqv gives accu-
rate estimates of the apparent impedance seen by the relay,
while TS_MEqv fails to do so. Fig. 9(b) shows a similar
comparison for the remote infeed contribution to the fault.
To conclude, the two-source equivalent obtained based on
an injection event at the remote bus N is better suited for
analyses pertaining to relay reach setting. This observation is
in agreement with the method proposed in [1] for calculating
SIRs to determine line length with respect to relay location.
Therefore, in summary, a two-source equivalent is limited in
its utility and any such equivalent must be used with pru-
dence when dealing with practical relaying and/or monitoring
applications.

C. TEST RESULTS FOR SE3
For validating SE3, we use the IEEE 39 bus test system
shown in Fig. 5. We choose a set of lines around which the
two-port equivalent are to be estimated. The actual two-port
Thevenin equivalents for these lines are provided in Table 6.
To illustrate, let us consider the case of a fault on line 5-8 at
50% of the line length. We use the measurements around this
event and run the steps of SE3 as indicated in Section II-B.
For Line 5-8, the actual bus Thevenin impedances are
ZMth = 0.01526 77.16◦ and ZNth = 0.01746 76.00◦ which

TABLE 6. Actual two-port equivalent parameters obtained from full
network analysis.

for the purpose of these illustrations are obtained from an
analysis of the network impedance matrix. After step 3 for
each value of k , we obtain the errors in the estimated bus
Thevenin impedances as:

ZMth err =
|ZMth est − Z

M
th |

|ZMth |
, ZNth err =

|ZNthest − Z
N
th |

|ZNth|
.

FIGURE 10. Variation of errors in estimated bus Thevenin impedances
with variation in k = |Z l /Ztr | for method SE3.

Fig. 10(a) plots these error values over the variation in k for
line 5-8. It is seen that the errors are minimum in the range
0.6-0.7. At about k∗ = 0.65, their sum, i.e., ZMth err + Z

N
th err

reaches the minimum and therefore that can be considered
as the optimal value of k. At this value of k , the solution is
Zs5 = 0.0036 + j0.0214 (pu) ,Zs8 = 0.0169 +
j0.0404(pu),Z58

tr =
Zl
k∗ = 0.0012+ j0.0172(pu). Estimations

for all the remaining lines are done in a similar manner,
the results of which are populated in Table 7 and remaining
plots of Fig. 10. A comparison of Tables 6 and 7 shows
that themethod satisfactorily estimates the two-port Thevenin
equivalent in all the cases.

D. TEST RESULTS FOR SU1 AND SU2
For validating SU1 and SU1_apx, we choose a set of
‘‘primary line-tripping line’’ pair. For example, we denote
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TABLE 7. Estimated two-port equivalent parameters obtained by SE3.

TABLE 8. Actual two-port equivalent parameters obtained by network
analysis.

the case in which the primary line is the line between
buses 16 and 17 and the line which trips is the one between
buses 16 and 15 as Case 16-17, 16-15. The two-port equiva-
lent around the primary line is to be updated after the chosen
incident line trips. The actual two-port equivalents after the
incident line trip event for each case are shown in Table 8.
The estimated equivalents are populated in Table 9. It is
observed that the source impedances are estimated to a good
level of accuracy (maximum error < 7%). Errors in trans-
fer impedance estimation are observed to be fairly high in
some instances, e.g. Case 3-2, 3-18, Case 17-16, 17-27, and
Case 5-8, 5-6 of Table 9. However, in these cases, it should
also be noted that the transfer impedance is much large
in comparison to the impedance of the primary line itself
(please refer [13] for values of line impedances). Values of
k(= |Zl |/|ZMNtr |) for the cases are 0.024, 0.04, and
0.084 respectively. This means for these cases the transfer
path is insignificant for all practical purposes and therefore
the high estimation errors bear no significance.

Case 16-17, 16-15, and Case 16-19, 16-24, are ones in
which the actual transfer path impedance is infinite. As we
can observe, the estimated transfer path impedances for these
cases are also very large in comparison to the primary line
impedance and therefore transfer path can be neglected in
these cases. For the remaining cases, the estimation of transfer
path impedances is fairly accurate. This observation is impor-

TABLE 9. Estimated two-port equivalent parameters obtained by SU1.

TABLE 10. Estimated two-port equivalent parameters obtained by
SU1_apx.

tant, particularly for the reason that for these cases the transfer
impedance is comparable to the primary line impedance, and
therefore it needs to be estimated as correctly as possible. Val-
ues of k for the cases are 0.137, 0.143, and 0.63 respectively
When the same set of test scenarios are presented to

SU1_apx, we observe that the estimation accuracies are rea-
sonably good for cases in which the ratio of the charging
current to the line loading current for the incident line are low,
e.g. the first four cases shown in Table 10. For these cases,
the magnitude of α

(
=

Imc+Ipc
Imp+Imc

)
ranges in between 0.009-

0.24. For other remaining cases, α assumes higher magni-
tudes in between 0.4-0.9 and the estimation errors tend to be
large. As mentioned earlier, the near 100% error figures for
transfer path estimates in the first two cases of Table 10 do
not hold any practical significance.

For validating SU2 and SU2_alt, we consider four cases.
For example, we denote the case in which the primary line
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TABLE 11. Actual two-port equivalent parameters obtained by network
analysis.

TABLE 12. Estimated two-port equivalent parameters obtained by SU2.

TABLE 13. Estimated two-port equivalent parameters obtained by
SU2_alt.

is the line between buses 17 and 16 and a shunt capacitor
of rating 200 MVAr trips at bus 27 as Case 17-16, 27, -
200. The actual two-port equivalents after the shunt element
trip event for each case is shown in Table 11. The esti-
mated equivalents based on SU2 and SU2_alt are populated
in Table 12 and Table 13 respectively. The two-port Thevenin
equivalent around the primary line were successfully updated
in all the cases. Also, SU2_alt is observed to be a good
alternative to SU2 because of its comparable performance.

E. ADAPTIVE RELAY SETTING APPLICATION
Adaptation of the relay characteristics in response to struc-
tural and operational changes in the system can mitigate
relay malfunction [18]. Such analyses require re-evaluation
of the two-port equivalent around the primary line which is
protected by the relay.Methods such as SU1 and SU2 become
useful in such scenarios. To illustrate, we consider the line
between buses 19 and 16 of the IEEE 39 bus test system as
the primary line. The relay in consideration is assumed to
be placed on bus 19. We consider the scenario in which the

system transitions from the base topology to a new topology
in which lines 16-21 and 16-17 have been outaged.

FIGURE 11. Two port Thevenin equivalent across line 19-16 in (a) the
base case (b) after the structural changes respectively, (c) Base and
adapted Zone-1 characteristics, and relay performance in the base and
outaged cases.

This structural change in the system leads to the weakening
of the source impedance on the bus 16 side by approximately
45% (see Fig. 11(a) and (b)). This leads to adverse effects
on the performance of the relay for high resistance faults on
line 19-16 as the base Zone-1 characteristic fails to detect
faults at or above 50% of the line length as shown
in Fig. 11(c). This is depicted by the position of the red
dots with respect to the base Zone-1 characteristic which
is depicted in blue. The red dots indicate the impedance
measured at the relay location due to the high resistance
faults. Note that for the same faults, the base Zone 1 char-
acteristic worked satisfactorily in the base case scenario as
depicted by the blue dots. The relay performance gets restored
when the Zone-1 resistive and reactive reach settings are
modified using the updated two-port equivalent which is
shown in Fig. 11(b). The adapted Zone 1 depicted in red
in Fig. 11(c) is able to identify the faults.

V. CONCLUSION
In this paper, we have proposed methods for estimating the
two-port equivalent of the system around a power transmis-
sion line. The proposed methods are aimed for decentralized
deployment at substations and can be broadly categorized into
methods for estimating two-port equivalent and methods for
updating the two-port equivalent in response to a change in
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the network topology in the vicinity of the line. The estima-
tion methods are based on events such as line faults and shunt
element switching at its terminals. When tested for various
line fault and shunt element switching scenarios in a simple
two-source transmission system, they were found to estimate
the source impedances within error of 10%.

Limitations and practical considerations in using the esti-
mated two-source equivalents for larger inter-connected net-
works are thoroughly discussed and illustrated based on
applications such relay reach analysis and calculation of
remote infeed. The estimation algorithms are extended to
include the effects of transfer path impedance by consider-
ing additional input of the bus Thevenin impedances. This
approach is found to estimate the two-port Thevenin equiva-
lent satisfactorily with a maximum error of 11% in the trans-
fer path. A comparative analysis with the existing methods is
also provided to bring out the unique features and limitations
of the proposed approaches.

The methods for updating the two-port Thevenin equiv-
alent consider scenarios such as tripping-off of an incident
line and switching of a shunt element at an adjacent bus. The
solutions were tested for various topology change scenarios
in the IEEE 39 bus test system and found to be reasonably
accurate, with maximum errors being less than 10%. Utility
of such algorithms in adaptive relay reach setting applica-
tion is demonstrated using the same test system. In con-
clusion, the proposed methods perform satisfactorily under
simulated test conditions. They have low computational bur-
den and require only a limited amount of model data and
measurements. They can potentially form useful tools in
the framework of digital substations equipped with reliable
communication infrastructure.

APPENDIX
SERIES AND SHUNT BRANCH MODIFICATIONS ON Zbus
Let us consider the network impedance submatrix Z (ijk)
corresponding to nodes i, j and k as shown below.

Z (ijk) =

 Zii Zij Zik
Zji Zjj Zjk
Zki Zkj Zkk


Let us now consider the case in which a new branch with
impedance Zbr is added to the network in series between
buses i and j. The following formula can be used to obtain
the new Z (ijk) submatrix:

Z (ijk)new = Z (ijk)−

{
Zij
} {
Zij
}T

1ij
(A1)

where {Zij} represents the vector difference between the ith
and jth columns of Z (ijk) and the entity1ij = Zii+Zjj2Zij+
Zbr . The same formula can be used in case a branch with
impedance Zbr between buses i and j is removed from the
network, by keeping −Zbr in place of +Zbr in the formula
for 1ij.

Let us now consider the case in which a shunt element of
impedance Zsh is added to the network at bus i. The following

formula can be used to obtain the new Z (ijk) submatrix:

Z (ijk)new = Z (ijk)−
{Zi} {Zi}T

1ii
(A2)

where {Zi} represents the ith column of Z (ijk) and the entity
1ii = Zii+Zsh. The same formula can be used in case a shunt
element with impedance Zsh at bus i is removed from the
network, by keeping −Zsh in place of +Zsh in the formula
for 1ii.
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