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ABSTRACT In this study, we investigated the sliding mode control (SMC) for the spacecraft rendezvous
maneuver under unknown system parameters and input saturations. On the basis of the attitude and position
tracking subsystem, two anti-saturation sliding mode surfaces (SMSs) are constructed to guarantee the expo-
nential convergence of tracking errors between the target spacecraft and the pursuer spacecraft. In connection
with hyperbolic tangent, a modified auxiliary system is established to compensate the nonlinear constraint
caused by the actuator saturation. Meanwhile, in order to enhance the practicability and reliability of the
controller, unknown inertial information is taken into consideration. The resulting system uncertainties are
estimated accurately via adaptive laws. Additionally, it is concluded that the designed controller is capable of
ensuring the boundedness of the closed-loop signals with reasonable selection of control parameters. Finally,
the effectiveness and advantages of the proposed methods are verified through numerical simulations.

INDEX TERMS Spacecraft rendezvous maneuver, asymptotic tracking control, sliding mode control, input
saturation, adaptive control.

I. INTRODUCTION
In the last several decades, the rendezvous maneuver control
of spacecraft has been widely applied in space missions
such as construction of orbiting space stations, docking and
removing space debris, among others. Furthermore, the ade-
quate tracking accuracy and anti-disturbance capability of
controller are essential requirements for outer-space mis-
sions. Considering the external disturbance, actuator satura-
tion, parameter uncertainty and other factors, the design of
rendezvousmaneuver controller for spacecraft becomesmore
challenging. Through protracted and unremitting efforts,
some scientific methods have aroused great research inter-
est for spacecraft tracking control in recent years, such as
adaptive control [1], [2], backstepping control [3]–[5], neural
network-based control [5], [6], fault-tolerant control [7]–[9]
as well as SMC [10], [11].
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For specific aspect of the spacecraft tracking and syn-
chronization control, the spacecraft in space orbit will be
affected by a variety of environmental torques and internal
action, and all these interfering forces are usually uncertain.
It is impossible to make an accurate observation for all
this information, which is called non-parametric uncertainty.
In order to improve the control precision for nonlinear sys-
tems, the problem of suppressing the disturbingmoment must
be considered in the tracking controllers [12]. In particular,
the disturbance observer-based control is an effective tool
to handle model uncertainties. In [13], an extended state
observer (ESO) is constructed to reach high tracking perfor-
mance. Attributing to the desirable approximation capability
for uncertainties, the neural networks (NNs) are employed
into tracking controller design [14], [15]. However, take
account into the utilization of NNs will consume large com-
putation energy, the sliding mode control (SMC) is intro-
duced [16] for the ability of anti-disturbance, easy implement
and low computation consumption. It should be noted that
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none of the above literatures consider collision avoidance for
rendezvous maneuver control, so that it is likely to cause
serious space accidents. In addition, the space debris has
increased dramatically which will pose a significant threat to
the safety of spacecraft missions. Therefore, artificial poten-
tial function-based backstepping control has been presented
in [17] to improve the collision avoidance ability of the
system.

A common disadvantage in above results is that they
depend on the availability of the inertial parameters. How-
ever, inertial parameters are not always measured definitely
for designers during practical missions, for which actions like
fuel consumption, rendezvous and docking between space
vehicles, load and shape adjustments, will change the inertial
information of in-orbit spacecrafts [18]–[20]. Given this fact,
with no exact knowledge for the mass and inertial matrix of
control object, an extended state observer is designed in [18]
to estimate the relative parameters in real-time. By using the
obtained estimates, a backstepping-based robust finite-time
controller is proposed to achieve attitude tracking control for
the rigid spacecraft. As a technical extension of this result,
an adaptive control algorithm based on neural networks is
constructed in [19], where the uncertainties and external dis-
turbances are addressed to guarantee the robustness under
harsh environments. To further improve the approximation
precision for the unknown nonlinear dynamic, an adaptive
relative position controller is designed in [20], so that the
rendezvous and proximity maneuvers are achieved in virtue
of a comprehensive adaptive fuzzy strategy.

Despite the helpful results mentioned above, the ren-
dezvous maneuver control for spacecrafts still poses the
considering caveat of actuator saturations. On account of
physical structure and energy consumption, there does exist
an upper limit for the output thrust of actuators. This phe-
nomenon results in that the desired control signal is maybe
executed unerringly. To prevent the performance attenua-
tion and unreliable hazard caused by the nonlinearity, a sig-
nificant amount of anti-saturation control algorithms are
exploited in combination with various innovational operating
patterns [21]–[24]. In [21], a novel dead-zone operator-based
model is introduced for spacecraft fly-around in presence
of input saturation. Subsequently, the convergence rate of
this result is further optimized in [22]. Guo et al. utilized a
modified terminal sliding mode to accomplish the finite-time
anti-unwinding control in the case of saturation constraint.
In [23], this method is further extended to the context that
unknown actuator fault occurs. Meanwhile, the radial basis
function neural network (RBFNN) nonlinear approximation
surmounts the uncertain dynamics in inaccurate model.

Motivated by the above observations, this study addresses
the rendezvous maneuver control for rigid spacecrafts and
takes account of the actuator saturations and parameter uncer-
tainties synchronously. A hyperbolic tangent-based terminal
sliding mode surface (TSMS) is constructed to guarantee the
stabilization of relative errors, while system uncertainties are
handled by resorting to elaborate adaptive laws. Meanwhile,

a modified auxiliary system is established to compensate the
saturation nonlinearity effectively. The contributions of this
paper are as follows:

i) Hyperbolic tangent-based auxiliary system is developed
to cope with the saturation characteristic of actuators. Differ-
ent from the solutions in [14], [15] which depends on part
of the mode parameters’ information, a mode-free method is
introduced in this paper to overcome this drawback. In this
way, the anti-saturation control scheme can be more applica-
ble in practical implement.

ii) The designed controller has the ability of preventing
chattering. With the increase of parameter ε, the chattering
will decrease but the tracking performance will also degrade.
This paper makes a trade-off between the chattering and
tracking performance. Compared with the existing control
schemes of spacecraft rendezvous maneuver [7], [11], [25],
the time-varying inertial parameters are considered in this
paper, and the resulting unavailable dynamics are estimated
by the design of adaptive update laws.

The remainder of this paper is arranged as follows. The
dynamics model of the spacecraft is established in Section 2.
Subsequently, two controllers are described in Section 3 and
the effectiveness of the controller is proved through simu-
lations in Section 4. Finally, the conclusion of this paper is
given in Section 5.

II. SPACECRAFT MODEL AND PRELIMINARIES
A. RELATIVE ATTITUDE DYNAMIC MODEL
For the purpose of ensuring singular-free property, the atti-
tude dynamics for rigid spacecrafts are described via the
adoption of unit quaternion. In this connection, the rotation
matrixR ∈ SO(3) and the unit quaternionQ =

[
q0, qTv

]T
∈ 4

with 4 =
{
Q ∈ R× R3×3

∣∣q20 + qTv qv = 1
}
are introduced

for model formulation. Hence, the attitude parameters of the
pursuer and target are denoted as Qp and Qt , respectively.
Afterwards, it is defined that Q̃ is the relative attitude between
pursuer and target, which is given as:

Q̃ =
[
q̃0, q̃Tv

]T
= Q−1t �Qp (1)

where the denotation � stands for the unit quaternion prod-
uct. According to the theory in [26], the relative attitude
kinematics can be written as:

q̃0 = −
1
2
q̃Tv ω̃ (2)

˙̃qv =
1
2

(
q̃×v + q̃0I3

)
ω̃ (3)

where the relative angular velocity ω̃ can be defined as ω̃ =
ωp − R̃ωt ; ωp and ωt represent the angular velocity of the
pursuer and the target separately.

With J t ∈ R3×3 and J ∈ R3×3 being the inertia matrixes of
the target and pursuer, respectively, the following result can
be concluded:

J ˙̃ω = −Cr ω̃ − nr + τ + τ d (4)
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where Cr = J
(
R̃ωt

)×
+

(
R̃ωt

)×
J −

(
J
(
ω̃ + R̃ωt

))×
and nr =

(
R̃ωt

)×
˜JRωt +

˙̃JRωt . The control torque and

the influence of external disturbance are recorded as τ ∈ R3

and τ d ∈ R3, respectively. More details on the modeling of
attitude dynamics can be found in Ref. [1]

B. RELATIVE ORBIT DYNAMICS MODEL
Upon the utilization of the relation of the relative motion,
the pursuer’s position and velocity are denoted as rp and νp,
whose descriptions are exhibited in Eqs. (5)-(6).

rp = r̃+ R̃ (rt + σ t) (5)

νp = ν̃ + R̃
(
νt + ω

×
t σ t

)
(6)

Here, rt and νt are the target’s position and velocity; r̃ and ν̃
represent the relative position and velocity, respectively; σ t ∈
R3 means a constant vector denoting the desired rendezvous
position. The derivative of Eq. (5) can be obtained as:

˙̃r = ν̃ − C t r̃ (7)

where C t =

(
ω̃ + R̃ωt

)×
. Consequently, it can be computed

the derivative of Eq. (7) as:

ν̇p = ˙̃ν +
˙̃R
(
νt + ω

×
t σ t

)
+ R̃

(
ν̇t + ω̇

×
t σ t

)
(8)

Based on the idea of simplicity, the foregoing relation can
be rewritten as:

mp ˙̃v = −mpC t ṽ− mpnt + f + f d (9)

where nt =
(
R̃ωt

)×
R̃vt + R̃v̇t + ω̃×R̃σ

×

t ωt − R̃σ
×

t ω̇t . mt
and mp are defined as the masses of the target and the purser;
f ∈ R3 and f d ∈ R3 stand for the control torque and external
impacts, respectively.

C. PROBLEM FORMULATION
To convenient matter, choose εr , εt , dr and d t to replace the
control torques and disturbance toques, i.e.:

εr = τ , εt = f

dr = τ d , d t = f d (10)

where εr , εt are yet to be designed in the following.
Integrating Eq. (4), (9)-(10) and in view of the actuator

constraint, the relative dynamics between target and purser
can be established as:

J ˙̃ω = −Cr ω̃ − nr + u (εr )+ dr (11)

m ˙̃ν = −mC t ν̃ − mnt + u (εt)+ d t (12)

In particular, the nonlinearity of saturation is expressed as:

u (ε) = [u (ε1) , u (ε2) , u (ε3)]T

u (εi) = sat (εi) =

{
sign (εi) uM , εi ≥ uM
εi, εi < uM

, i = 1, 2, 3

(13)

where ε ∈ R3×3 is the normal input torque and uM is the
upper bound of the actuators.
Remark 1: From the practical perspective, the character-

istic of actuator saturation is extensively existent in control
engineering for the general in-orbit spacecraft. Due to the
structural limitation of mechanical and pneumatic compo-
nents, the actuator has no capability to output an infinite con-
trol torque. This condition is considered as a new challenge
for the controller design of spacecraft rendezvous maneu-
ver. If the upper limit of the torque provided by the actuator
is ignored, the control accuracy will inevitably suffer from
unpredictable adverse effects and even threaten the stability
of the closed-loop system. For this case, this paper constructs
a novel anti-saturation auxiliary system to compensate the
restriction.
Remark 2:Numerous existing literatures regard the inertial

parameters andmass of spacecrafts as known qualities, which
does not conform to the practical engineering scenario, how-
ever. Due to the consumption of fuel or propellant, as well as
the deformations caused by mission requirements, the mass
and inertia matrix of the spacecraft are in a state of slow flux.
It is undoubtedly necessary to adapt the design of controller
for this change.
Assumption 1: The dynamics of the target is stable, i.e.,

ωt , vt , and v̇t are bounded reference information satisfying
‖ωt‖ ≤ a1, ‖ω̇t‖ ≤ a2, ‖vt‖ ≤ a3, and ‖v̇t‖ ≤ a4, where a1,
a2, a3, and a4 are all unknown positive constants.
Assumption 2: The inertia parameters J and m are both

uncertain bounded variables with ‖J‖ ≤ b1,
∥∥J̇∥∥ ≤ b2,

m ≤ b3, and |ṁ| ≤ b4, where b1, b2, b3, and b4 are all
unknown positive constants.
Assumption 3: The environmental disturbances dr and d t

are unavailable bounded vectors satisfying ‖dr‖ ≤ D1 and
‖d t‖ ≤ D2, where both D1 and D2 are unknown positive
constants.
Lemma 1 ( [1]): For a variable x ∈ R, the hyperbolic

tangent function satisfies the inequation of 0 < |x| −
x tanh(µx) ≤ δ

µ
with µ > 0 and δ = 0.2785.

Lemma 2 ( [31]): For any positive constants α and β,
the following relation holds:

0 ≤ |α| −
|α|2√
α2 + β2

≤ |α| −
|α|2

|α| + β
< β (14)

D. CONTROL OBJECTIVE
The control objective of this work can be stated as follows.
Under the condition that the motion information of the tar-
get spacecraft can be obtained by the pursuer, the designed
control inputs εr , εt are capable of facilitating the pursuer
to complete the attitude and orbit tracking, so that the ren-
dezvous and docking mission can be realized in space.

III. CONTROL DESIGN
For the purpose of achieving the trajectory tracking of the
pursuer to the target, two continuous adaptive anti-saturation
sliding mode controllers are constructed for the subsystems
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of attitude and position, respectively. In consideration of the
system uncertainties arising from the time-varying inertial
parameters, adaptive estimation is applied to approximate
the nonlinear dynamics. Meanwhile, the input constraint
caused by actuator saturation is compensated steadily by
resorting to a modified auxiliary framework. Consequently,
Lyapunov-based analysis guarantees the exponential conver-
gence of tracking errors.

For the purpose of the attitude and orbit tracking control
for the pursuer, two anti-saturation continues SMS are con-
structed as:

s1 = ω̃ + k1q̃v − k2 tanh
(
χ1
)

(15)

s2 = ṽ+ k5r̃− k6 tanh
(
χ2
)

(16)

where k1 > 1
2 and k5 >

1
2−‖C t‖with k2 and k6 being positive

constants, χ1 and χ2 are two dynamic vectors defined as
follows:

χ̇1 =
ϕ−11 J−1

k2

[
−κ1 tanh

(
χ1
)
+ sat (εr )− εr

]
,

χ1 (0) = 0 (17)

χ̇2 =
ϕ−12

k6m

[
−κ2 tanh

(
χ2
)
+ sat (εt)− εt

]
,

χ2 (0) = 0 (18)

with the constants κ1 > 0, κ2 > 0 and ϕ1 =

diag
[
1− tanh2 (χ11) , 1− tanh2 (χ12) , 1− tanh2 (χ13)

]
,

ϕ2 = diag
[
1− tanh2 (χ21) ,1−tanh2 (χ22) ,1−tanh2(χ23)

]
,

where ϕ1 and ϕ2 are nonsingular to guarantee the defini-
tions true.
Remark 3: In the reference [29], the presented method

can guarantee asymptotic tracking performance with zero
steady-state error, which will effectively improve the con-
trol accuracy. Different from this kind of control approach,
an anti-saturation auxiliary system is constructed in this
paper. This is the most valuable contribution of this paper. For
the anti-saturation auxiliary system χ̇ = −ζχ + sat (u) − u
presented in [28], it has the capability of surmounting system
nonlinearity caused by input saturation effectively. However,
the auxiliary variable χ must be assumed to be bounded.
To relax the restraint, the hyperbolic tangent function is
employed here for the error transformation.

In terms of Eqs. (3)-(4), (11)-(12) and (15)-(16), the deriva-
tive of s1 and s2 can be calculated as:

J̇s1 = J ˙̃ω + k1J ˙̃qv − k2Jϕ1χ̇1

= −Cr ω̃ − nr + sat (εr )+ dr +
k1
2
J
(
q̃×v + q̃0I3

)
ω̃

+ κ1 tanh
(
χ1
)
− sat (εr )+ εr

= εr − Cr ω̃ − nr + dr +
k1
2
J
(
q̃×v + q̃0I3

)
ω̃

+ κ1 tanh
(
χ1
)

(19)
mṡ2 = m ˙̃v+ k5m ˙̃r− k6mϕ2χ̇2

= −mC t ν̃ − mnt + sat (εt)+ d t + k5m ˙̃r

+
(
κ2 tanh

(
χ2
)
− sat (εt)+ εt

)
= εt − mC t ν̃ − mnt + d t + k5m ˙̃r+ κ2 tanh

(
χ2
)
(20)

Remark 4: In consideration of Assumptions 1–3, it is
concluded that

∥∥∥R̃∥∥∥ = 1,
∥∥q̃×v + q̃0I3∥∥ = 1, ‖−Cr ω̃‖ =∥∥∥∥−(J (R̃ωt)× + (R̃ωt)× J − (J (ω̃ + R̃ωt))×) ω̃∥∥∥∥ ≤∥∥∥−2Jωt ω̃ + Jω̃2

+ ωt ω̃

∥∥∥ ≤ a1b1 ‖ω̃‖ + b1 × ‖ω̃‖
2 ,

‖−nr‖ =
∥∥∥∥(R̃ωt)× J̃Rωt + JR̃ω̇t∥∥∥∥ = ∥∥−Jω2

t − Jω̇t
∥∥ ≤

a21b1+b1a2,
∥∥∥ k12 J (q̃×v + q̃0I3) ω̃∥∥∥ ≤ ∥∥∥ k12 Jω̃∥∥∥ ≤ 1

2k1b1 ‖ω̃‖.
Remark 5: According to Assumptions 1-3, it can be

concluded that ‖−mC t ν̃‖ =

∥∥∥∥−m (ω̃ + R̃ωt)× ν̃∥∥∥∥ ≤

b3 ‖ω̃‖ ‖ν̃‖ + b3a1 ‖ν̃‖, ‖−mnt‖ =
∥∥∥∥−m((R̃ωt)× R̃vt +

R̃v̇t + ω̃×R̃σ
×

t ωt σ
×
t ω̇t

)∥∥ ≤ b3a1a3 + b3a4 + b3
‖δt‖ ‖a1‖ ‖ω̃‖ + b3 ‖δt‖ a2,

∥∥∥k5m ˙̃r∥∥∥ ≤ k5b3 ‖ṽ‖ +
k5b3 ‖ω̃‖ ‖r̃‖ + k5b3a1 ‖r̃‖.
On the basis of Remark 4 and Remark 5, it can be derived

the following inequalities:∥∥∥∥−Cr ω̃ − nr + dr +
k1
2
J
(
q̃×v + q̃0I3

)
ω̃ + κ1 tanh

(
χ1
)∥∥∥∥

≤ α1 ‖ω̃‖
2
+ α2 ‖ω̃‖ + α3 (21)∥∥∥−mC t ν̃ − mnt + d t + k5m ˙̃r+ κ2 tanh

(
χ2
)∥∥∥

≤ α4 ‖ω̃‖ ‖ṽ‖ + α5 ‖ω̃‖ ‖r̃‖ + α6 ‖ω̃‖ + α7 ‖ṽ‖

+α8 ‖r̃‖ + α9 (22)

where αi (i = 1, 2, 3, 4, 5, 6, 7, 8, 9) are unknown positive
constants and satisfy α1 = b1, α2 = 1

2k1b1 + a1b1,
α3 = a21b1 + b1a2 + D1 +

√
3κ1, α4 = b3, α5 = k5b3,

α6 = b3 ‖δt‖ × ‖a1‖, α7 = k5b3 + b3a1, α8 = k5b3a1,
α9 = b3 ‖δt‖ a2 + b3a1a3 + b3a4 + D2 +

√
3κ2.

It is defined that α̂i (i = 1, 2, 3, 4, 5, 6, 7, 8, 9) are the
estimated values of αi (i = 1, 2, 3, 4, 5, 6, 7, 8, 9). Hence,
the control signals for attitude and orbit tracking control
systems are designed as:

εr = −
s1α̂21 ‖ω̃‖

4√
‖s1‖2 α̂21 ‖ω̃‖

4
+ ε2

−
s1α̂22 ‖ω̃‖

2√
‖s1‖2 α̂22 ‖ω̃‖

2
+ ε2

−
s1α̂23√

‖s1‖2 α̂23 + ε
2
−

k3s1√
‖s1‖2 + ε2

− k4s1 (23)

εt = −
s2α̂24 ‖ω̃‖

2
‖ṽ‖2√

‖s2‖2 α̂24 ‖ω̃‖
2
‖ṽ‖2 + ε2

−
s2α̂25 ‖ω̃‖

2
‖r̃‖2√

‖s2‖2 α̂25 ‖ω̃‖
2
‖r̃‖2 + ε2

−
s2α̂26 ‖ω̃‖

2√
‖s2‖2 α̂26 ‖ω̃‖

2
+ ε2

−
s2α̂27 ‖ṽ‖

2√
‖s2‖2 α̂27 ‖ṽ‖

2
+ ε2

−
s2α̂28 ‖r̃‖

2√
‖s2‖2 α̂28 ‖r̃‖

2
+ ε2

−
s2α̂29√

‖s2‖2 α̂29 + ε
2
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−
k7s2√
‖s2‖2 + ε2

− k8s2 (24)

where the control parameters k3, k4, k7, k8, ε are all
positive constants. Additionally, the adaptive update laws
˙̂αi (i= 1, 2, 3, 4, 5, 6, 7, 8, 9) are established as:

˙̂α1 = β1

(
‖s1‖ ‖ω̃‖2 − γ1α̂1

)
,

˙̂α2 = β2
(
‖s1‖ ‖ω̃‖ − γ2α̂2

)
˙̂α3 = β3

(
‖s1‖ − γ3α̂3

)
,

˙̂α4 = β4
(
‖s2‖ ‖ω̃‖ ‖ṽ‖ − γ4α̂4

)
˙̂α5 = β5

(
‖s2‖ ‖ω̃‖ ‖r̃‖ − γ5α̂5

)
,

˙̂α9 = β9
(
‖s2‖ − γ9α̂9

)
˙̂α6 = β6

(
‖s2‖ ‖ω̃‖ − γ6α̂6

)
,

˙̂α8 = β8
(
‖s2‖ ‖r̃‖ − γ8α̂8

)
(25)

where βi > 0 and γi > 0 with i = 1,2,3,4,5,6,7,8,9.
Meanwhile, the denotation of estimation errors is given as:

α̃i = αi − α̂i, i = 1,2,3,4, 5, 6, 7, 8, 9.
Remark 6: It is necessary to make a detailed descrip-

tion for the structure of controller (23), which mainly pos-
sesses the following salient features. i) Associated with the
conclusion obtained in Remark 4, the nonlinear dynamics
containing unknown inertial matrix can be approximated by
adaptively estimating the parameters α1, α2, α3. In particular,
the lumped uncertainty α3 also consists of environmental
disturbances and compensation error arising from input satu-
ration. For these reasons, the first three items of the controller
guarantee the convergence of the estimation errors. ii) As for
the item−k3s1

/√
‖s1‖2 + ε2−k4s1, they not only contribute

to the stabilization of s1, but also ensure that SMS obtains a
satisfactory convergence rate in both the initial and terminal
stages. iii) It should be highlighted that the introduction of
the parameter ε makes the controller have capability of anti-
chattering. While one caveat here is that the value of ε plays
a significant role in the performance of controller. It indi-
cates that as ε increases, the phenomenon of chattering is
effectively attenuated, while the steady-state error increases
accordingly. Therefore, it is necessary to carefully select ε for
the overall desired performance.
Theorem 1: For the spacecraft tracking control system

(11)-(12) with Assumptions 1-3, while employing the con-
troller (23)-(24), the conclusions can be derived as:

i) The SMS (15), (16) and the estimation errors
α̃i (i = 1, 2, 3, 4, 5, 6, 7, 8, 9) stabilize to a neighborhood
around zero as time goes to infinite.

ii) The variables χ1 and χ2 in the anti-saturation auxiliary
system stabilize to a compact set�2 =

{
χ j

∣∣∣∥∥χ j∥∥ ≤ κjδ

κj−$j

}
,

j = 1, 2 for ∀t ≥ 0.
iii) The tracking errors q̃v, ω̃, r̃ and ṽ are capable of con-

verging to a tiny region around the origin.
Proof: To clarify the stabilization of SMS, the first Lya-

punov function is chosen as:

V1 =
1
2
sT1Js1 +

1
2
sT2ms2 +

9∑
i=1

1
βi
α̃2i (26)

Taking its time derivative and substituting Eqs. (19)-(22)
yields:

V̇1 = sT1Jṡ1 + s
T
2mṡ2 −

9∑
i=1

1
βi
α̃i ˙̂αi

= sT1

[
εr − Cr ω̃ − nr + dr +

k1
2
J
(
q̃×v + q̃0I3

)
ω̃

+ κ1tanh
(
χ1
)]
+ sT2

[
εt − mC t ν̃ − mnt + d t + mk2 ˙̃r

+ κ2 tanh
(
χ2
)]
−

9∑
i=1

1
βi
α̃i ˙̂αi

≤ sT1εr + ‖s1‖
(
α1 ‖ω̃‖

2
+ α2 ‖ω̃‖ + α3

)
+ sT2εt

+ ‖s2‖ (α4 ‖ω̃‖ ‖ṽ‖ + α5 ‖ω̃‖ ‖r̃‖ + α6 ‖ω̃‖ + α7 ‖ṽ‖

+α8 ‖r̃‖ + α9)−
9∑
i=1

1
βi
α̃i ˙̂αi (27)

While accounting for the control signals εr , εt in Eqs. (26)
and (27), it leads to:

V̇1≤ sT1

− s1α̂21 ‖ω̃‖
4√

‖s1‖2 α̂21 ‖ω̃‖
4
+ε2
−

s1α̂22 ‖ω̃‖
2√

‖s1‖2 α̂22 ‖ω̃‖
2
+ ε2

−
s1α̂23√

‖s1‖2 α̂23 + ε
2
−

k3s1√
‖s1‖2 + ε2

− k4s1


+ ‖s1‖

(
α1 ‖ω̃‖

2

+α2 ‖ω̃‖ + α3)+ sT2

− s2α̂24 ‖ω̃‖
2
‖ṽ‖2√

‖s2‖2 α̂24 ‖ω̃‖
2
‖ṽ‖2 + ε2

−
s2α̂25 ‖ω̃‖

2
‖r̃‖2√

‖s2‖2 α̂25 ‖ω̃‖
2
‖r̃‖2+ε2

−
s2α̂26 ‖ω̃‖

2√
‖s2‖2 α̂26 ‖ω̃‖

2
+ε2

−
s2α̂27 ‖ṽ‖

2√
‖s2‖2 α̂27 ‖ṽ‖

2
+ ε2

−
s2α̂28 ‖r̃‖

2√
‖s2‖2 α̂28 ‖r̃‖

2
+ ε2

−
s2α̂29√

‖s2‖2 α̂29 + ε
2
−

k7s2√
‖s2‖2 + ε2

− k8s2


+‖s2‖ (α4 ‖ω̃‖ ‖ṽ‖ + α5 ‖ω̃‖ ‖r̃‖ + α6 ‖ω̃‖ + α7 ‖ṽ‖

+α8 ‖r̃‖ + α9)−
9∑
i=1

1
βi
α̃i ˙̂αi (28)

In particular, by virtue of lemma 2, there exists an explicit
inequality:− (δx)2

√
(δx)2+n2

≤ − (δx)+n, where δ is an arbitrary

real number, x denotes a state variable, n stands for a nonneg-
ative constant. Therefore, combing with Eq.(25), Eq. (28) can
be further obtained as:

V̇1 ≤ ‖s1‖
(
α1 ‖ω̃‖

2
+ α2 ‖ω̃‖ + α3

)
− ‖s1‖ α̂1 ‖ω̃‖2 + ε

− ‖s1‖ α̂2 ‖ω̃‖ + ε − ‖s1‖ α̂3 + ε − k3 ‖s1‖ + ε

− k4sT1 s1 + ‖s2‖ (α4 ‖ω̃‖ ‖ṽ‖ + α5 ‖ω̃‖ ‖r̃‖ + α6 ‖ω̃‖
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+α7 ‖ṽ‖ + α8 ‖r̃‖ + α9)− ‖s2‖ α̂4 ‖ω̃‖ ‖ṽ‖

− ‖s2‖ α̂5 ‖ω̃‖ ‖r̃‖ − ‖s2‖ α̂6 ‖ω̃‖ − ‖s2‖ α̂7 ‖ṽ‖

− ‖s2‖ α̂8 ‖r̃‖ − ‖s2‖ α̂9 − k7 ‖s2‖ + 7ε − k8 ‖s2‖2

−

9∑
i=1

1
βi
α̃i ˙̂αi

= −k3 ‖s1‖ − k4 ‖s1‖2 − k7 ‖s2‖ − k8 ‖s2‖2

+

9∑
i=1

γiα̂iα̃i + 11ε (29)

At this point, notice that one of the items can be mathemat-
ically scaled as:

γiα̂iα̃i = γi

(
−α̃2i + αiα̃i

)
≤ γi

(
−α̃2i +

1
2ιi
α̃2i +

ιi

2
α2i

)
= −

γi (2ιi − 1)
2ιi

α̃2i +
γiιi

2
α2i (30)

with ιi > 0.5 and i = 1,2,3,4, 5, 6, 7, 8, 9. Then, substituting
these inequations into Eq (44), V̇1 can be further derived as:

V̇1 ≤ −k4 ‖s1‖2 − k8 ‖s2‖2 −
9∑
i=1

γi (2ιi − 1)
2ιi

α̃2i

+

9∑
i=1

γiιi

2
α2i + 11ε

≤ −ρ1V1 − ρ2V1 +11 +12 (31)

where

ρ1 = min

{
2k4
‖J‖max

,
βi1γi1

(
2ιi1 − 1

)
ιi1

}

11 =

9∑
i1=1

γi1 ιi1
2
α2i1 + 4ε, i1 = 1, 2, 3 (32)

ρ2 = min

{
2k8
m
,
βi2γi2

(
2ιi2 − 1

)
ιi2

}

12 =

9∑
i2=1

γi2 ιi2
2
α2i2 + 7ε, i2 = 4, 5, 6, 7, 8, 9 (33)

As a result, it can be derived that V1 satisfies the following
inequality:

0 < V1 ≤
1j

ρj
+

(
V1 (0)−

1j

ρj

)
e−ρjt (34)

with j = 1, 2.
Hence, it can be concluded that s1, s2 and

α̃i (i= 1, 2, 3, 4, 5, 6, 7, 8, 9) are all asymptotically stabilize
to a tiny region containing the origin. As the time goes to
infinity, s1 and s2 will converge to a residual set �1 ={
sj
∣∣∥∥sj∥∥ ≤ oj } with oj = √ 21j

ρj
, j = 1, 2.

The point i) of Theorem 1 has been authenticated.
To proceed further, since the variables

α̃i (i = 1, 2, 3, 4, 5, 6, 7, 8, 9) are ultimately bounded, the

boundness of adaptive parameters α̂i can be ensured. On the
other side, it has been validated that the SMS s1 and s2
are bounded, so that the control signal εr and εt must be
bounded. Based on this conclusion, two nonnegative con-
stants $1,$2 are defined as ‖sat (εr )− εr‖ ≤ $1 and
‖sat (εt)− εt‖ ≤ $2, respectively. To corroborate the stabil-
ity of anti-saturation auxiliary system, the Lyapunov function
is chosen as:

V2 =
1
2
k2χT

1χ1 +
1
2
k6χT

2χ2 (35)

Taking the dynamics (17) and (18) into consideration,
the time differential of V2 is derived as:

V̇2 = k2χT
1 χ̇1 + k6χ

T
2 χ̇2

= χT
1ϕ
−1J−1

[
−κ1 tanh

(
χ1
)
+ sat (εr )− εr

]
+χT

2ϕ
−1m−1

[
−κ2 tanh

(
χ2
)
+ sat (εt)− εt

]
(36)

On the basis of Lemma 1, the following inequalities hold:

−κ1χ
T
1 tanh

(
χ1
)
≤ −κ1

∥∥χ1
∥∥+ κ1δ

− κ2χ
T
2 tanh

(
χ2
)
≤ −κ2

∥∥χ2
∥∥+ κ2δ

(37)

By invoking the inequalities (37) into (36), the differential
of V2 becomes:

V̇2 ≤
∥∥∥ϕ−1J−1∥∥∥ [−κ1 ∥∥χ1

∥∥+ κ1δ +$1
∥∥χ1

∥∥]
+m−1

∥∥∥ϕ−1∥∥∥ [−κ2 ∥∥χ2
∥∥+ κ2δ +$2

∥∥χ2
∥∥]

=

∥∥∥ϕ−1J−1∥∥∥ [κ1δ − (κ1 −$1)
∥∥χ1

∥∥]
+m−1

∥∥∥ϕ−1∥∥∥ [κ2δ − (κ2 −$2)
∥∥χ2

∥∥] (38)

To conclude, only if the parameters κ1, κ2 are designed to
satisfy κ1 > $1 and κ2 > $2, respectively, the auxiliary
variable χ1 and χ2 will be restrained in the compact set�2 ={
χ j

∣∣∣∥∥χ j∥∥ ≤ κjδ

κj−$j

}
, j = 1, 2 for ∀t ≥ 0, so that point ii) is

authenticated.
For the purpose of verifying the convergence of the track-

ing errors, the Lyapunov function is selected as:

V3 = q̃Tv q̃v + (1− q̃0)
2
+

1
2
r̃Tr̃ (39)

Then, in light of Remark 4, V3 satisfies the following
inequality:

V3 ≤ q̃Tv q̃v + 4+
1
2
r̃Tr̃ (40)

With the property of q20 + q
T
v qv = 1 and differentiating V3

with respect to Eqs. (15) and (16) yield:

V̇3 = −2 ˙̃q0 + r̃T ˙̃r

= q̃Tv
(
s1 − k1q̃v + k2 tanh

(
χ1
))

+ r̃T (s2 − k5r̃ +k6 tanh
(
χ2
)
− C t r̃

)
≤ −

(
k1 −

1
2

)(
q̃Tv q̃v + 4

)
+ o21 + k

2
2 + 2

(
k1 −

1
2

)
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FIGURE 1. Curves of relative position.

−

(
k5 + ‖C t‖ −

1
2

)
‖r̃‖2 + o22 + k

2
6

≤ −

(
k1 + 2k5 + 2 ‖C t‖ −

3
2

)
V2 + o21 + k

2
2

+ 2
(
k1 −

1
2

)
+ o22 + k

2
6 (41)

Thus, V3 will converge to a small region asymp-
totically. Observing the definition of V3, it concludes
that tracking errors q̃v and r̃ will converge to a small
region asymptotically, which can be recorded as �3 ={
q̃v
∣∣∥∥q̃v∥∥ ≤ o3, r̃ |‖r̃‖ ≤ o4 }.

Considering the SMSs constructed in Eqs. (15) and (16),
due to bounded sj and χ j, j = 1, 2 and the foregoing analysis,
we have:

ω̃i ≤ o1 − k1q̃vi + k2 tanh (χ1i)

≤ o1 + k1 |q̃vi| + k2 |tanh (χ1i)|

≤ o1 + k1o3 + k2 tanh
(

κ1δ

κ1 −$1

)
= o5 (42)

ṽi ≤ o2 − k5r̃i + k6 tanh (χ2i)

≤ o2 + k5 |r̃i| + k6 |tanh (χ2i)|

≤ o2 + k5o4 + k6 tanh
(

κ2δ

κ2 −$2

)
= o6 (43)

Naturally, the boundness of tracking errors ω̃ and ṽ can
be warranted from mathematical proof above with �4 =

{ω̃ |‖ω̃‖ ≤ o5, ṽ |‖ṽ‖ ≤ o6 }.
Consequently, the Theorem 1 has been finally proved.

IV. SIMULATION RESULTS
In this section, a simulation example of spacecraft rendezvous
is provided to verify the characteristic of proposed con-
troller. After given orbit information and spacecraft param-
eters, we set the position and attitude of the target and
record the trajectory of the pursuer under designed control
signal. According to the obtained results, the transient and
steady-state performance of the control system are analyzed
and compared in detail.

TABLE 1. Orbit information and spacecraft parameters [1].

FIGURE 2. Curves of relative velocity.

FIGURE 3. Curves of Euler angle error.

The input saturation constraints are set as: The reference
position of the target spacecraft is given as [1]:

rt = [rt , 0, 0]T , rt =
a
(
1− e2

)
1+ ecosv

(44)
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FIGURE 4. Curves of relative angular velocity.

FIGURE 5. Estimated parameter in attitude dynamics.

where a = RE +
rpa
1−e represents the semimajor axis and the

parameter v satisfies:

v̇ =
n (1+ ecosv)2(

1− e2
) 3
2

, v̈ =
2n2e (1+ ecosv)3 sinv(

1− e2
)3 (45)

where n =
√
u/a3. Afterwards, the rendezvous position is

set as δt = [0, 5, 0]T in the body coordinate frame of the
target. The disturbance torques and the initial conditions are
defined as:

τ d = 0.001×
(
0.5+ sin

( π

100
t
)
+ cos

( π

100
t
))

× [1; 1; 1]T N ·m

f d = 0.002×
(
0.5+ cos

( π

100
t
)
+ sin

( π

100
t
))

× [1; 1; 1]T N ·m

2(0) = [18.5− 9.3 14.02]T deg, ω̃ = [000]T rad/s

r̃ (0) = [10, 10,−10]Tm, ṽ (0) = [000]Tm/s (46)

The control parameters are selected as follows: k1 = 2,
k2 = 0.1, κ1 = 2, k3 = 4, k4 = 0.5, k5 = 0.5,
k6 = 0.001, κ2 = 2, k7 = 0.5, k8 = 20, ε = 0.001,

FIGURE 6. Estimated parameters in position dynamics.

FIGURE 7. Control torque of position subsystem.

β1 = 10, γ1 = 1, β2 = 5, γ2 = 1, β3 = 0.1, γ3 = 1,
β4 = 0.01, γ4 = 1, β5 = 0.01, γ5 = 1, β6 = 0.01,
γ6 = 1, β7 = 0.001, γ7 = 1, β8 = 0.001, γ8 = 1,
β9 = 0.001, γ9 = 1. The simulation results are shown
in Figures 1-8. Figures. 1-2 illustrate the curves of relative
position tracking errors and relative attitude tracking errors,
respectively. It can be found that relative position tracking
errors will converge to a tiny set within 0.3 at about 50s,
the relative velocity converge to a smaller range also at about
50s. Then the curves of velocity tracking errors can be found
in Figures 3-4. Observing Figures 3-4, it can be concluded
that the Euler angle errors will close to the origin within 50s,
the relative angular velocity errors are more closer to the
origin at about 50s. Thus, it is indicated that the trajectory
tracking of the pursuer spacecraft is completed at about 50s,
while all the steady-state errors can be restricted within a very
small range within 0.3. Figures 5-6 reflect the variation of the
adaptive estimation values, which is utilized to approximate
the uncertain dynamics caused by the time-varying inertial
parameters. Their curves obviously tend to converge toward
a corresponding constant. Subsequently, Figures 7-8 display
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FIGURE 8. Control torque of attitude subsystem.

FIGURE 9. Curves of Euler angle error of [1].

FIGURE 10. Curves of relative position of [1].

the signal waveforms of control torques, while saturation
nonlinearity is imposed on the developed controller. It can
be observed the control torque of position subsystem and
attitude subsystem are limited to ±1 N· m and ±100 N· m,
respectively.

To obtain better collaboration of the proposed method’s
efficiency, a comparative simulation example is presented
here. The controller presented in [1] is applied for illustration.
The basic simulation parameters are inherited from this ref-
erence. When we impose the same saturation constraints,
the system will become unstable. Thus, we simulate the
example without consideration of input saturation. Partial of
the simulation results are presented in Figs. 9-10. Fig. 9 pre-
sented the relative attitude while Fig. 10 depicts the rela-
tive position. Obviously, the proposed method in this paper
possesses longer settling time and more chattering in the
attitude control aspect. However, better control performance
is achieved in the position control aspect.

V. CONCLUSION
This paper focuses on the trajectory tracking control for the
spacecraft rendezvous maneuver suffering from input satu-
ration and system parameter uncertainties. The SMC-based
adaptive robust algorithm is constructed to achieve the atti-
tude and position tracking of the pursuer spacecraft. In par-
ticular, a novel anti-saturation auxiliary system is utilized
to remedy the nonlinear restraint arising from the actua-
tor saturation. In consideration of the unavailable inertial
information, adaptive approximation is adopted to inten-
sify the robustness of the controller against uncertainty.
The rigorous mathematical derivation concludes that the
tracking errors and estimation errors stabilize to a resid-
ual set around zero as time goes to infinite. The results
of a simulation experiment confirm the conclusion and
fully demonstrated the superior performance of the proposed
controller.
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