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ABSTRACT As a continuous work of the previous literatures, a special dynamical model with one
cylindrical roller driven by a single exciter and one outer ring, is taken for example to explore the vibratory
synchronization transmission (VST) of the system considering sliding dry friction in this paper. The motion
differential equations of the system, are given firstly. Using the average method, the theory condition of
implementing VST is obtained. The VST characteristics are qualitatively discussed in numerical, which are
further quantitatively verified by simulations. It is shown that, the vibration amplitudes of the roller in the
horizontal and vertical directions are basically identical, and less affected by the friction coefficient, but the
stable phase difference between the exciter and the outer ring is affected too much by it. Based on the present
work, some new types of vibrating equipments, such as vibrating crushers/mills, can be designed.

INDEX TERMS Sliding dry friction, vibratory synchronization transmission, cylindrical roller, exciter.

I. INTRODUCTION
There are many vibration or synchronization problems in
engineering or real-time system fields, such as the chaotic
vibration, bifurcation, stabilization and synchronization con-
trol for fractional discrete-time systems, digital chaos and
local synchronization for a universal analog-digital hybrid
mechanism, and vibration for the gear system, etc. [1]–[3].
Especially in vibration utilization engineering, utilizing the
theory of synchronization of exciters (generally eccentric
rotors driven by motors ), many new vibrating machines can
be designed and widely used in the various industrial pro-
duction process, which can implement the crushing, milling,
screening and cooling/drying of materials, and more and
more researchers are inspired to study it.

In the theory of synchronization of exciters, there is a par-
ticular phenomenon called VST, which can be here defined
as exciters without direct power supply, can keep operating
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synchronously with the other one or multiple exciters (at least
one of multiple exciters is driven by power supply). Using
this principle, some new types of vibrating machines can be
invented.

In the connection with the development of synchroniza-
tion theories of exciters, we must date back to the find-
ings by Blekhman [4]–[6], who firstly gave the theoretical
investigation of synchronization of two identical exciters by
using Poincare small parameter method, followed by which
he developed this method to be so called the method of
direct motion separation, and from then on, researches of
synchronization were found to be of great significance in
engineering. Inoue et al. [7] gave the synchronization of
the mechanical system with multiple cycles by using the
perturbation method, including the synchronization problem
with two (or three) times frequency. Considering the effects
of damping of the system, Wen et al. [8], [9] not only
developed the synchronization theory of exciters, studied
the synchronization problems for n (n ≥ 1) times fre-
quency, but also based on which invented many new vibrating
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machines applied to engineering successfully, such as vibrat-
ing mills, vibrating feeders, vibrating dewatering screens,
etc. Balthazar et al. [10], [11] discussed the synchronization
problem of two or four non-ideal sources on a flexible portal
frame structure, of which a particular phenomenon, called the
Sommerfeld Effect, was revealed.

The great engineering applicable prospects of synchro-
nization theory, have attracted more and more scholars and
engineers to pay their attentions to investigate it. Such as
Fang and Hou [12] and Fang et al. [13] revealed the synchro-
nization characteristics of the rotor-pendulum system. The
synchronization of the system with different key parameters
of the two vibrators with a common rotational axis in a far-
resonant vibrating system, is presented by Chen et al. [14].
Zhang et al. [15], [16] studied the stability, Sommerfeld
effect, and the VST of three rollers in the vibrating system
with two exciters; as well as discussed synchronization and
stability of the vibrating system with two or multiple rigid
frames, driven by two or four reversed exciters [17], [18].
Kong et al. [19] gave synchronization analysis in a simply
supported beam system excited by two non-ideal induction
motors, and also revealed Sommerfeld effect within it.

Different from the abovementioned studies on the synchro-
nization of exciters, in this paper, considering the sliding
dry friction effect, a special dynamical model is taken for
example to explore another VST manner, where a cylindrical
roller driven by a single exciter, can drive an outer ring
to realize synchronous circular motion of the system, then
further facilitate the energy exchange between the outer ring
and the exciter, and finally the VST of the total system is
realized. The present dynamical model was proposed firstly
in [4] and [5], however, some deep investigations on VST,
such as the coupling dynamical characteristics, numerical
qualitative analyses and simulation verifications, are less
considered. The present work aims at revealing deeply the
coupling mechanism of implementing VST of the system
by theory and numeric methods, based on the [4] and [5].
This can be also considered as another attempt to develop
the theory of VST and expand its application field, base on
which a new engineering application approach of VST can
be expanded.

The present work is organized as follows: the dynamical
model and the corresponding motion differential equations
of the considered vibrating system, are given firstly. Then
the VST of the system is investigated in theory. Next, some
numeric qualitative analyses and simulations are provided,
where simulations with different friction coefficients are car-
ried out to quantitatively examine the validity of the theoreti-
cal and numerical qualitative results. Finally the conclusions
are summarized.

II. DYNAMICAL MODEL AND MOTION DIFFERENTIAL
EQUATIONS OF THE SYSTEM
The system dynamic model is shown in Figure1 [4], [5],
which includes an exciter, an outer ring and a cylindrical
roller. The outer ring is connected to the foundation by coil

FIGURE 1. A dynamical model of a considered vibrating system with one
outer ring and one roller driven by a single exciter.

springs, and a cylindrical roller is placed in the inner cavity of
the outer ring. An exciter driven by an induction motor and
coaxial with the cylindrical roller, can drive the cylindrical
roller to implement a circular motion along with the inwall of
the outer ring. At the same time, since the cylindrical roller
satisfies the condition of not leaving the inwall of the ring
(whichwill be given later), the outer ring can rotate around the
centroid O in Figure.1 following with the cylindrical roller,
and the rotational angle and the eccentric radius of the latter
are denoted by ϕR and s, respectively.
In this paper, the outer ring can be regarded as an eccentric

rotor rotating around the mass center of the system when the
ring is stationary, that is, the outer ring can be seen as an
exciter without a direct power supply. If the ring can syn-
chronously rotate with the exciter under the condition of a cer-
tain dry friction, the VST of the system is implemented. The
system embodies two degrees of freedom: the displacements
of the centroid of the cylindrical roller in x- and y- directions.
The exciter rotates around its axis, and its phase angle is
denoted by ϕ1, the radius of rotation is r1.
Substituting the kinetic energy, the potential energy and the

energy dissipation functions of the system into Lagrange’s
equations, the motion differential equations of the system are
presented directly as

(m+ m1 +M) ẍ + f1ẋ + k1x

= −m1r1
(
ϕ̇21 cosϕ1 + ϕ̈1 sinϕ1

)
−Ms

(
ϕ̇2R cosϕR + ϕ̈R sinϕR

)
,

(m+ m1 +M) ÿ+ f2ẏ+ k2y

= m1r1
(
ϕ̇21 sinϕ1 − ϕ̈1 cosϕ1

)
+Ms

(
ϕ̇2R sinϕR − ϕ̈R cosϕR

)
,

J1ϕ̈1 + fdϕ̇1
= Te1 − m1r1(ẍ sinϕ1 + ÿ cosϕ1),

JRϕ̈R
= −Ms(ẍ sinϕR + ÿ cosϕR)−Mgs cosϕR − fRNs, (1)
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where m, m1 and M are the masses of the cylindrical roller,
exciter and the outer ring, respectively; J1 and JR are the
moment of inertia of the exciter and the outer ring, J1 =
m1r21 , JR = mRs2 + IR; f1 and f2 are damping coefficients
of the system in x- and y- directions, respectively; k1 and k2
are stiffness coefficients of the system in x- and y- directions;
R and r are the radius of the outer ring and the cylindrical
roller, s = R − r ; ϕ1 and ϕR are rotating phases of the
exciter and the outer ring, respectively; fd is the damping
coefficient of the axis of the motor; N is the action force
between the cylindrical roller and the inwall of the outer
ring, N = M

(
−g sinϕR + sϕ̇2R + ẍ cosϕR − ÿ sinϕR

)
; Te1

denotes the electromagnetic output torque of themotor, which
detailed expressions and the corresponding relationship with
the electrical parameters can be seen in [20].

III. THEORY ANALYSES ON VST OF THE SYSTEM
According to the dynamic model of the system, the average
phase between the exciter and the outer ring, is assumed to be
ϕ, and their phase difference is 2α, i.e.,

ϕ1 − ϕR = 2α, ϕ1 + ϕR = 2ϕ, (2)

From Eq. (2), we have

ϕ1 = ϕ + α, ϕR = ϕ − α. (3)

The average angular velocity of the exciter and the outer
ring is ϕ̇ = ωm0 in the steady state, in this case, the angular
accelerations of the exciter and the outer ring are all zero,
i.e., ϕ̈i = 0. Substituting Eq. (3) into the first two formulae
in Eq. (1), and based on the transfer function method [21],
the responses of the cylindrical roller in x- and y- directions,
can be obtained as

x =
rmr1
µ1

cos(ϕ + α − γ1)+
rmss
µ1

cos(ϕ − α − γ1), (4)

y = −
rmr1
µ2

sin(ϕ + α − γ2)−
rmss
µ2

sin(ϕ − α − γ2), (5)

where

rm =
m1

M + m+ m1
, rms =

M
M + m+ m1

,

µ1 = 1−
1

z21
, µ2 = 1−

1

z22
, z1 =

ωm0

ω1
, z2 =

ωm0

ω2
,

ω1 =

√
k1

M + m+ m1
, ω2 =

√
k2

M + m+ m1
,

ξ1 =
f1

2
√
k1(M + m+ m1)

, ξ2 =
f2

2
√
k2(M + m+ m1)

,

γ1 =


arctan

2ξ1z1
1− z21

, 1− z21 > 0

π + arctan
2ξ1z1
1− z21

, 1− z21 < 0
,

γ2 =


arctan

2ξ2z2
1− z22

, 1− z22 > 0

π + arctan
2ξ2z2
1− z22

, 1− z22 < 0
.

A. THEORETICAL CONDITION OF THE CYLINDRICAL
ROLLER WITHOUT LEAVING TO THE INWALL
OF THE OUTER RING
In the steady state the precondition of ensuring the syn-
chronous operation between the active exciter and the passive
outer ring, is that the cylindrical roller cannot leave the inwall
surface of the outer ring. So it is necessary to firstly study this
theoretical precondition, which means that the action force N
received from the outer ring inwall, should be greater than 0,
i.e.,

N=M
(
−g sinϕR + sϕ̇2R + ẍ cosϕR − ÿ sinϕR

)
> 0 (6)

After the simplification of Eq. (6), there is

g sinϕR − ẍ cosϕR + ÿ sinϕR < sω2
m0 (7)

Substituting the second derivative of x and y in Eqs. (4)
and (5) with respect to time t into Eq. (7), the simplified
expression is obtained. In practice engineering, generally,
there are γ1 ≈ γ2 = γ0, µ1 ≈ µ2 = µ0 [9], so Eq. (7)
can be further simplified as

CN < 1 (8)

with

CN =g
/
sω2

m0+(rmr1
/
sµ0) cos(2α−γ0)+(rm

/
µ0) cos(γ0),

which is the conditional coefficient of the cylindrical roller
without leaving the inwall of the outer ring. In this case
the system can ensure that the cylindrical roller does not
leave the inwall surface of the outer ring under the condition
of CN < 1.

B. FEASIBILITY ANALYSIS OF REGARDING THE OUTER
RING AS AN EXCITER
It is known that the cylindrical roller can move along the
inwall of the outer ring without leaving it during the steady
operation of the system, at this situation the cylindrical roller
driven by the exciter, can realize circular motion around the
inwall of the outer ring, and drive the outer ring to move,
the rotation angle of the outer ring, ϕR, being as an important
freedom degree of the system, should satisfy the following
balance equation

JRϕ̈R = −Mgs cosϕR −Ms(ẍ sinϕR + ÿ cosϕR)

−R(ϕ̇R, ϕR, ϕ1) (9)

whereR(ϕ̇R, ϕR, ϕ1) is the resistance torque between the outer
ring and the cylindrical roller, and it can be expressed as
follows

R(ϕ̇R, ϕR, ϕ1) = fRsN sgn(ϕ̇R) (10)

Here N is the positive pressure from the outer ring to
the roller, N = M

(
−g sinϕR + sϕ̇2R + ẍ cosϕR − ÿ sinϕR

)
,

sgn(ϕ̇R) can adjust the positive and negative values of the
resistance torque according to the direction of the positive
pressure.
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Substituting Eq. (10) and the second derivative of x and y
of Eqs. (4) and (5) into Eq. (9), the following expression can
be obtained:

JRϕ̈R = −Mgs cos(ϕR)

−Msω2
m0 [G sin(ϕ1 − ϕR − γ0)− H sin(γ0)]

− fRMs[−ω2
m0G cos(ϕ1 − ϕR − γ0)

−ω2
m0H cos(γ0)− g sin(ϕR)+ sϕ̇2R] (11)

with G = rmr1
/
µ0, H = rms

/
µ0.

According to [4] and [5], the fast and slow separation for ϕR
in the above formula, can be performed, the above expression
may become

JRϕ̈R + f ϕ̇R = V1/1(α)− fRMs2ω2
m0 (12)

where f = 2fRMs2ωm0, which is the damping constant of the
system, V1/1(α) is the vibration torque, and its expression is
expressed as

V1/1(α)=−
1
2
Msω2

m0

G[sin(2α − γ0)
+ fR cos(2α − γ0)]
+H [sin(γ0)+ fR cos(γ0)]

 (13)

When the angle ρ′ is introduced into the system, and
considering tan ρ′ = fR, the above formula in Eq. (13), can
be reduced to

V1/1(α) = −
MsAω2

m0

sin(ρ′)
cos(2α + ρ′ − χ ) (14)

with χ is the additional auxiliary angle when simplify-
ing the motion expression of the outer ring, and A is
respect to the amplitude of its motion trajectory, and A =

(rm
/
2µ0)

√
r21 + s

2 + 2r1s cos(2α − 2γ0).
In the case of α = α∗ = constant, it corresponds to the

stationary state of the system, there is V1/1(α)− fRMs2ω2
m0 =

0, i.e.,

−
MsAω2

m0

sin(ρ′)
cos(2α + ρ′ − χ )− fRMs2ω2

m0 = 0 (15)

This leads to

cos(2α + ρ′ − χ ) = −
s
A
sin(ρ′) (16)

Since
∣∣−s sin(ρ′)/A∣∣ < 1 in Eq. (16), we can obtain the

following expression:

s
A
<

√
1+ (fR)2

fR
(17)

The above expression can be described as: the eccentric
radius of the outer ring rotating around the system centroid
must not exceed

√
1+ (fR)2

/
fR times than the amplitude of

its motion trajectory. When the above conditions are satis-
fied, under the effect of the sliding dry friction between the
cylindrical roller (driven by the exciter) and the outer ring,
the outer ring centroid can be driven by the rotating roller to
move around the stationary centroid O of the system, and the
outer ring can be regarded as an ‘exciter’ rotating around O,
which means this ‘exciter’ can follow the cylindrical roller to
realize a circular motion with a certain frictional force.

C. THEORETICAL CONDITION OF IMPLEMENTING
VST OF THE SYSTEM
Differentiating Eqs. (4) and (5), and inserting the results into
the last two formulae of Eq. (1), then integrating them over
ϕ = 0 ∼ 2π and taking the mean, finally the average
torque balance equations of the exciter and the outer ring, are
expressed as

T L1 = Te01 − fdωm0 = Tu(ls1 + lc1), (18)

T L2 = Te02 − TufRηmη2r (s1 + 2)=ηmTu(ls2 + lc2), (19)

with

ls1 = ηrs1 sin(2α), lc1 = ηrc1 cos(2α)+ c2,

ls2 = ηr (−s2 + c2fR) sin(2α),

lc2 = ηr (c2 + s2fR) cos(2α)+ η2r c1,

s1 = rms

(
−
cos(γ1)
µ1

−
cos(γ2)
µ2

)
,

c1 = rms

(
−
sin(γ1)
µ1

−
sin(γ2)
µ2

)
,

s2 = rm

(
−
cos(γ1)
µ1

−
cos(γ2)
µ2

)
,

c2 = rm

(
−
sin(γ1)
µ1

−
sin(γ2)
µ2

)
, ηr = s/r1,

ηm = M/m1,Tu = m1r2ω2
m0

/
2.

In Eqs. (18) and (19): Tu = m1r2ω2
m0/2 denotes the kinetic

energy of the standard exciter; T Li (i = 1, 2) represents the
load torque of the motor i (motor 2 is a virtual motor and does
not actually exist); Te01 denotes the electromagnetic output
torque of the motor when the system operates at the average
angular velocity ωm0, and Te02 = 0. Besides, during the
process of integral above, compared with changes of ϕ by
time t , 2α changes very small, so the phase difference 2α
might be considered as the slow-changing parameter [4]–[6],
which has been replaced by its integral mean value 2α.

According to Eqs. (18) and (19), the difference between
the dimensionless residual torque τc12(α) between the exciter
and the outer ring, is obtained as

τc12(α) =
T̄L1 − T̄L2

Tu
− c2 + ηmη2r c1

= [ηrs1 − ηmηr (−s2 + c2fR)] sin(2α)

+ [ηrc1 − ηmηr (c2 + s2fR)] cos(2α) (20)

Besides, in the super-resonant state of a small damping
vibrating system, the changing of γi and µi (i = 1, 2) is so
small that usually regarded as a constant [8], [9]. Thus the
constraint function for 2α can be expressed as

|τc12(α)| ≤ τc12max (21)

According to Eqs. (18)-(21), the theory criterion of imple-
menting VST of the system, can be derived as∣∣∣∣∣ (Te01−fdωm0)−(Te02−TufRηmη2r (s1+2))

Tu
−c2 + ηmη2r c1

∣∣∣∣∣ ≤ τc12max (22)
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The synchronous solutions for the phase difference 2α and
the operating frequencyωm0 in Eqs. (18) and (19), denoted by
2α0 andω∗m0, can be solved if the VST criterion (i.e., Eq. (22))
is satisfied. Since the system has only one exciter driven by
the motor, when the cylindrical roller is driven by the exciter
along the inwall of the outer ring and drives the outer ring
to operate synchronously with the exciter, the system can
naturally achieve stable operation. Therefore, there is no need
to further discuss the stability of the system.

Adding the two formulae in Eqs. (18) and (19), the average
dimensionless loading torque of the twomotors (where motor
2 is a virtual motor) is obtained, which can be expressed as

τa(ᾱ)=
1
2Tu

(T L1 + T L2)

=
1
2Tu

(ls1 + lc1 + ηmls2 + ηmlc2)

=
1
2
{[ηrs1 + ηmηr (−s2 + c2fR)] sin(2α)

+ [ηrc1+ηmηr (c2+s2fR)] cos(2α)+ c2+ηmη2r c1}

(23)

Similarly, the constraint function of the average dimen-
sionless load torque of the two motors (where motor 2 is a
virtual motor) is

τa(ᾱ) < τamax (24)

The coupling relationship between the exciter and the outer
ring is an important factor for implementing the VST of
the system. The larger the coupling torque between them,
the easier the system to achieve synchronization. In order to
reveal intuitively the synchronization ability of the system,
the ratio of the difference of the dimensionless residual torque
between the exciter and the outer ring τc12max to the dimen-
sionlessmaximum average torque τamax, can be defined as the
synchronization capability coefficient ζ between the exciter
and the outer ring, i.e.,

ζ =
τc12max

τamax
(25)

IV. NUMERIC QUALITATIVE ANALYSES ON
VST OF THE SYSTEM
According to the above theory investigated results, in this
section some numerical qualitative discussions are given to
further reveal the dynamical characteristics of the system. The
type of motor is a three-phase squirrel-cage (50 Hz, 380 V,
6-pole, 0.75 kW, rated speed 980 r/min); the rotor resistance
Rr = 3.40�, the stator resistance Rs = 3.35�, the mutual
inductance Lm = 164mH, the rotor inductance Lr = 170mH,
the stator inductance Ls = 170mH, and damping coefficient
of the axis of the motor is fd = 0.05. The other parameters
of the system: k1 = 8400 kN/m, k2 = 1524kN/m, m1 =

10kg,m2 = 1200kg, M = 10kg, r1 = 0.15m, r = 0.03m,
s = 0.02m, ξ1 = 0.02, ξ2 = 0.07, f1 = f2 = 7.66kN · s/m.
Based on the above given parameters, the main natural

frequencies of the system are calculated as: ω1 ≈ 73.5rad/s
and ω2 ≈ 36.4rad/s.

FIGURE 2. Frequency-amplitude curves of roller in x- and y- directions.

A. RESPONSE CHARACTERISTICS OF THE
CYLINDRICAL ROLLER
Inserting the above given parameters of the system into
Eqs. (4) and (5), the frequency-amplitude curves of the roller
in x- and y- directions, are obtained, see Figure 2.
Before the resonance point, the amplitude of the cylindrical

roller increases monotonically with the increasing frequency,
and the natural frequency can be adjusted by changing the
stiffness of the spring and the mass of the cylindrical roller.
When the operating frequency is greater than the natural
frequency, the amplitude of the roller is basically maintained
at a constant value. As shown in Figure 2, in the super
resonant state, the vibration amplitudes of the roller in x- and
y-directions are all about 1.13 mm.

B. SYNCHRONIZATION CHARACTERISTICS
OF THE SYSTEM
According to Eq. (8), only in the case of CN < 1, the
cylindrical roller does not leave the inwall surface of the outer
ring during the steady operation process, which provides a
precondition for the realization of the VST. From Figure 3(a),
we can see that, the coefficient CN of the roller against the
inwall of the ring is always less than 1, which means that the
cylindrical roller can always move circularly along the inwall
of the ring in the super-resonant region.

In the case that the cylindrical roller can move circularly
along the inwall of the outer ring and without leaving it,
the outer ring can move following with the roller. According
to Eq. (17), it can be known that when the eccentric radius
s of the outer ring rotating surround the mass center does
not exceed

√
1+ (fR)2

/
fR times than its motion amplitude

A under the condition of the dry friction, the outer ring can
be regarded as an exciter rotating around the center of the
system.

In Figure 3(b), with the increasing friction coefficient,√
1+ (fR)2

/
fR is getting smaller, and tends to be a roughly

stable value after fR > 0.10. As shown in the partial enlarged
view, the ratio between the rotating radius of the outer ring
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FIGURE 3. The characteristic coefficients of the system: (a) The coefficient
of the roller without leaving to the inner wall of the ring; (b) The feasibility
curve of the outer ring can be regarded as an exciter; (c) Curve of
synchronization ability coefficient with the different value of ωm0 and fR .

to its amplitude is less than
√
1+ (fR)2

/
fR, which means the

ring can be regarded as an exciter that rotates around O, and
follows the cylindrical roller to realize a circular motion with
a certain dry friction.

The synchronization capability coefficient ζ can be seen
as an important index for the achievement of VST between
the exciter the outer ring. As shown in Figure 3(c), the syn-
chronization ability coefficient changes irregularly at the near
resonance point of the system, and the synchronization ability
at this point is relatively small. In general, the synchronization

FIGURE 4. Simulation results for fR = 0.06: (a) Speed of exciter and outer
ring; (b) Phase difference between exciter and outer ring; (c) Response of
roller in x-direction; (d) Response of roller in y-direction; (e) Coupling
force between exciter and outer ring.

capacity coefficient of the system is greater than 0 in the
whole resonance interval, especially in the super resonant
region.

Besides, the influences of different friction coefficients
on the synchronization ability of the system are discussed
here. From Figure 3(c), one can see that, the system synchro-
nization ability coefficient keeps rising with the increasing
friction coefficient fR, that is to say, the greater the friction
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FIGURE 4. Simulation results for fR = 0.06: (a) Speed of exciter and outer
ring; (b) Phase difference between exciter and outer ring; (c) Response of
roller in x-direction; (d) Response of roller in y-direction; (e) Coupling
force between exciter and outer ring.

between the cylindrical roller and the outer ring, the easier of
achieving VST.

V. SIMULATIONS
In order to further verify the feasibility of the results of
the previous theory and numerical qualitative discussions,
another numeric method called the fourth order Runge-Kutta
routine, is directly applied to Eq. (1). It is worth mention-
ing that, according to the practical experiences, the friction
coefficient between the cylindrical roller and the inwall of
the outer ring is not fixed during the operation process, and
will exhibit irregular and random small changes. Usually,
the range of fluctuation is between fR ≈ 0.05 ∼ 0.2, but
this does not affect the availability of the simulation results.
The other parameters are the same as that in section 4 except
for friction coefficients. The detailed simulations are given as
follows.

A. SIMULATION RESULTS WITH THE FRICTION
COEFFICIENT fR ≈ 0.06
As shown in Figure 4(a), here fR = 0.06, the system reaches
the steady state after about 27s, the rotational speed of the

FIGURE 5. Simulation results for fR = 0.1: (a) Speed of exciter and outer
ring; (b) Phase difference between exciter and outer ring; (c) Response of
roller in x-direction; (d) Response of roller in y-direction; (e) Coupling
force between exciter and outer ring.

outer ring is basically equal to that of the exciter. Although
it exhibits a certain fluctuation, it can still be considered to
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FIGURE 5. Simulation results for fR = 0.1: (a) Speed of exciter and outer
ring; (b) Phase difference between exciter and outer ring; (c) Response of
roller in x-direction; (d) Response of roller in y-direction; (e) Coupling
force between exciter and outer ring.

be approximately stable at 102.8rad/s. At the same time, as
shown in Figure 4(e), the acting force between the cylindrical
roller and the outer ring is greater than 0, which satisfies the
condition that the roller does not leave the inwall surface of
the outer ring, and provides a precondition for implementing
the VST of the system.

From the above qualitative analyses in Figure 3(c) of
section IV.B, we know that the synchronization ability coef-
ficient of the system is always greater than 0, indicating
that the exciter and the outer ring can implement the VST,
which can be further verified by the fact that the phase
difference between them is stabilized in the vicinity of 220◦ in
Figure 4(b). As shown in Figures 4(c) and (d), the maximum
displacements of the cylindrical roller in the x-, y- directions
are all about 1.2mm, which is basically consistent with what
is shown in Figure. 2, and these results also reflect that the
motion trajectory of the roller is close to the circular motion.

B. SIMULATION RESULTS WITH THE FRICTION
COEFFICIENT fR ≈ 0.1
As shown in Figures 5(a) and (e), here fR = 0.1, it takes
the system about 23s to reach a steady state, then the rota-
tional velocities of the exciter and the outer ring are basically
stabilized about 102.8rad/s, and the acting force between the
cylindrical roller and the outer ring is about 2100N, which
satisfies the precondition that the roller does not leave the
inwall surface of the outer ring. Combined with the numerical
qualitative results of section IV, it can be considered that the
exciter and the outer ring can achieve the VST.

Compared with the simulation results with fR = 0.06
in Figure 4, in Figures 5(b)-(d), the effect of changing the
friction coefficient from 0.06 to 0.1 on the vibration ampli-
tude of the cylindrical roller and the phase difference with
fR = 0.1, is almost negligible. in other words, under this
condition, the stable phase difference of the system is still
substantially stabilized about 220◦ in Figure 5(b), which is
the same as that in Figure 4(b).

FIGURE 6. Simulation results for fR = 0.12: (a) Speed of exciter and outer
ring; (b) Phase difference between exciter and outer ring; (c) Response of
roller in x-direction; (d) Response of roller in y-direction; (e) Coupling
force between exciter and outer ring.

C. SIMULATION RESULTS WITH THE FRICTION
COEFFICIENT fR ≈ 0.12
As shown in Figures 6(a) and (e), here the friction coefficient
fR = 0.12, the rotational speed of the exciter and the outer
ring is still stabilized about 102.8 rad/s, and the acting force
between the cylindrical roller and the outer ring is greater
than 0, which satisfies the precondition that the roller does
not leave the inwall of the outer ring.
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FIGURE 6. Simulation results for fR = 0.12: (a) Speed of exciter and outer
ring; (b) Phase difference between exciter and outer ring; (c) Response of
roller in x-direction; (d) Response of roller in y-direction; (e) Coupling
force between exciter and outer ring.

Different from the above results in Figures 4 and 5,
the phase difference between the exciter and the outer ring
in Figure 6 (b), is nearly stabilized at nearing 0◦ (or 360◦).
The maximum displacements of the cylindrical roller in the
x-, y- directions are about 1.2mm in Figures 6(c) and (d),
which is similar to the amplitude with fR = 0.06 and fR = 0.1
in Figures 4 and 5.

It can be seen from the above three groups of graphs,
no matter what the friction coefficient is, the condition that
the roller does not leave the outer ring can be always satisfied,
and the friction coefficient has no obvious influence on the
vibration amplitude of the cylindrical roller. It is worth noting
that when the friction coefficient is greater than 0.1, the stable
phase difference of the system changes from 220◦ to about
0◦ (or 360◦), indicating that changing friction coefficient can
affect the stable phase difference between the exciter and the
outer ring.

VI. CONCLUSIONS
The following conclusions are stressed:

(1) The cylindrical roller satisfies the fact that does not
leave the inwall of the outer ring during the steady operation
process, which can lay a precondition for the outer ring to
realize circular motion around the mass center of the system.

(2) Through the analyses for assuming the outer ring as
an exciter, it is proved that under the condition that the
cylindrical roller run against the inwall of the outer ring, if the
eccentric radius s of the outer ring rotating surround the mass
center does not exceed

√
1+ (fR)2

/
fR times than its motion

amplitude A, the outer ring can be regarded as an exciter
who can run around the center of the system, which provides
strong support for implementing the VST of the system.

(3) The VST mechanism between the exciter and the outer
ring, can be described as the fact that the cylindrical roller
driven by the active-drive exciter, can drive the passive-drive
outer ring to rotate synchronously following with the exciter
around the mass center of the system to realize the VST. The
greater the synchronization ability coefficient, the stronger
the ability of the system to achieve VST, and the system syn-
chronization capability increases with the increasing friction
coefficient.

(4) The vibration amplitudes of the cylindrical roller in the
x-, y- directions are basically identical, and less affected by
the friction coefficient. Therefore, it can be determined that
the circular motion for the cylindrical roller can be achieved
during the steady operation process.

(5) The stable phase difference between the exciter and the
outer ring, can be affected by the friction coefficient in the
case of fR > 0.1, otherwise, there is basically no impact.

(6) Based on the present work, the VST between the exciter
and outer ring can be realized, and the materials (such as ores)
placed in the cavity between the roller and the outer ring,
can be crushed during the steady operation process, which
can provide a reference for designing some new vibrating
crushers and vibrating mills.

REFERENCES
[1] X. Liu and L. Ma, ‘‘Chaotic vibration, bifurcation, stabilization and syn-

chronization control for fractional discrete-time systems,’’ Appl. Math.
Comput., vol. 385, Nov. 2020, Art. no. 125423.

[2] J. Zheng, H. Hu, H. Ming, and Y. Zhang, ‘‘Design of a hybrid model
for construction of digital chaos and local synchronization,’’ Appl. Math.
Comput., vol. 392, Mar. 2021, Art. no. 125673.

[3] H. Ma, J. Zeng, R. Feng, X. Pang, Q. Wang, and B. Wen, ‘‘Review
on dynamics of cracked gear systems,’’ Eng. Failure Anal., vol. 55,
pp. 224–245, Sep. 2015.

[4] I. I. Blekhman, Synchronization in Science and Technology. NewYork, NY,
USA: ASME, 1988.

[5] I. I. Blekhman, Vibrational Mechanics. Singapore: World Scientific, 2000.
[6] I. I. Blekhman, Selected Topics in Vibrational Mechanics. Singapore:

World Scientific, 2004.
[7] J. Inoue, Y. Araki, and S. Miyaura, ‘‘Self-synchronization of mechani-

cal system (multiple cycle),’’ (in Japanese), Proc. Jpn. Mech. Eng. Soc.,
vol. 42, no. 353, pp. 111–117, 1981.

[8] B. C. Wen, J. Fan, C. Y. Zhao, and W. L. Xiong, Vibratory Synchro-
nization and Controlled Synchronization in Engineering. Beijing, China:
Science Press, 2009, pp. 17–143.

[9] B. C. Wen, H. Zhang, S. Y. Liu, Q. He, and C. Y. Zhao, Theory and
Techniques of VibratingMachinery and Their Applications. Beijing, China:
Science Press, 2010, pp. 142–184.

64684 VOLUME 9, 2021



X. Zhang et al.: Theoretical and Numerical Studies on VST of Vibrating Mechanical System

[10] J. M. Balthazar, J. L. P. Felix, and R. M. L. R. F. Brasil, ‘‘Short comments
on self-synchronization of two non-ideal sources supported by a flexible
portal frame structure,’’ J. Vib. Control, vol. 10, no. 12, pp. 1739–1748,
Dec. 2004.

[11] J. M. Balthazar, J. L. P. Felix, and R. M. L. R. F. Brasil, ‘‘Some comments
on the numerical simulation of self-synchronization of four non-ideal
exciters,’’ Appl. Math. Comput., vol. 164, no. 2, pp. 615–625, May 2005.

[12] P. Fang and Y. Hou, ‘‘Synchronization characteristics of a rotor-pendula
system in multiple coupling resonant systems,’’ Proc. Inst. Mech. Eng. C,
J. Mech. Eng. Sci., vol. 232, no. 10, pp. 1802–1822, May 2018.

[13] P. Fang, Y. Hou, Y. Nan, and L. Yu, ‘‘Study of synchronization for a rotor-
pendulum system with Poincare method,’’ J. Vibroeng., vol. 17, no. 5,
pp. 2681–2695, 2015.

[14] X. Chen, X. Kong, X. Zhang, L. Li, and B. Wen, ‘‘On the synchronization
of two eccentric rotors with common rotational axis: Theory and experi-
ment,’’ Shock Vib., vol. 2016, Jan. 2016, Art. no. 6973597.

[15] X. Zhang, Z. Li, M. Li, and B. Wen, ‘‘Stability and Sommerfeld effect
of a vibrating system with two vibrators driven separately by induction
motors,’’ IEEE/ASME Trans. Mechatronics, vol. 26, no. 2, pp. 807–817,
Apr. 2021, doi: 10.1109/TMECH.2020.3003029.

[16] X. Zhang, D. Gu, H. Yue, M. Li, and B. Wen, ‘‘Synchronization and
stability of a far-resonant vibrating system with three rollers driven by two
vibrators,’’ Appl. Math. Model., vol. 91, pp. 261–279, Mar. 2021.

[17] X. Zhang, Z. Wang, Y. Zhu, J. Xu, and B.-C. Wen, ‘‘Synchronization and
stability of two pairs of reversed rotating exciters mounted on two different
rigid frames,’’ IEEE Access, vol. 7, pp. 115348–115367, 2019.

[18] X. Zhang, Z. Gao, H. Yue, S. Cui, and B.-C. Wen, ‘‘Stability of a multiple
rigid frames vibrating system driven by two unbalanced rotors rotating in
opposite directions,’’ IEEE Access, vol. 7, pp. 123521–123534, 2019.

[19] X. Kong, J. Jiang, C. Zhou, Q. Xu, and C. Chen, ‘‘Sommerfeld effect and
synchronization analysis in a simply supported beam system excited by two
non-ideal induction motors,’’ Nonlinear Dyn., vol. 100, pp. 2047–2070,
May 2020.

[20] C. Zhao, H. Zhu, R. Wang, and B. Wen, ‘‘Synchronization of two non-
identical coupled exciters in a non-resonant vibrating system of lin-
ear motion. Part I: Theoretical analysis,’’ Shock Vib., vol. 16, no. 5,
pp. 505–516, 2009.

[21] Z. H. Ni, Vibration Mechanics. Xi’an, China: Xi’an Jiaotong Univ. Press,
1989.

XUELIANG ZHANG was born in 1978. He
received the Ph.D. degree from Northeastern Uni-
versity, Shenyang, China, in 2014. He is currently
anAssociate Professor with the School ofMechan-
ical Engineering and Automation, Northeastern
University. He has authored more than 30 articles
in international journals and applied for more than
30 China patents. His research interests include
synchronization theory, vibration utilization and
control engineering, and nonlinear vibrations in
engineering.

WENCHAO HU received the B.S. degree from
the School of Mechanical Design Manufacture
and Automation, Liaoning Technical University,
Fuxin, China, in 2018. She is currently pursuing
the M.S. degree with the School of Mechanical
Engineering and Automation, Northeastern Uni-
versity, Shenyang, China. Her research interests
include synchronization theory and vibration uti-
lization engineering.

WEI ZHANG received the B.S. degree from the
School of Traffic and Transportation, Northeast
Forestry University, Harbin, China, in 2019. He
is currently pursuing the M.S. degree with the
School of Mechanical Engineering and Automa-
tion, Northeastern University, Shenyang, China.
His research interests include synchronization the-
ory and vibration utilization engineering.

WEIHAO CHEN received the B.S. degree from
the School of Mechanical and Automotive Engi-
neering, University of Jinan, Jinan, China, in 2019.
He is currently pursuing the M.S. degree with the
School of Mechanical Engineering and Automa-
tion, Northeastern University, Shenyang, China.
His research interests include synchronization
theory and vibration utilization engineering.

HONGLIANG YUE received the B.S. degree
from the School of Mechanical and Automotive
Engineering, Qingdao University of Technology,
Qingdao, China, in 2017, and the M.S. degree
from the School of Mechanical Engineering and
Automation, Northeastern University, Shenyang,
China, in 2019. Her research interests include
synchronization theory and vibration utilization
engineering.

BANG-CHUN WEN was born in 1930. He grad-
uated from Northeastern University, Shenyang,
China. He is currently a Professor with
Northeastern University. He first set up and devel-
oped the subject of vibration utilizing engineering.
His research interests include vibration utilizing
engineering, synchronization theory of vibrat-
ing systems, nonlinear vibrations in engineering,
rotors dynamics, and comprehensive design theory
and method of mechanical products. Especially,

in recent years, he proposed scientific methodology with unique features
firstly in the world. He has published more than 700 scientific articles,
indexed by SCI, EI, and ISTP, more than 260, in journals and conferences
at home and abroad, and more than 80 monographs. He is a member
of the Chinese Academy of Science (CAS), the International Federation
for the Promotion of the Mechanisms and Machine Science (IFToMM)
China Committee, the International Committee for Rotor Dynamics, and
the Asia–Pacific Vibration Conference Instruction Committee; the Honorary
President of the Chinese Mechanical Engineering Society; the Honorary
Director of the Academic Committee of the State Key Laboratory of
Vibration, Shock and Noise, Shanghai Jiaotong University; and the President
of the Chinese Vibration Engineering Society.

VOLUME 9, 2021 64685

http://dx.doi.org/10.1109/TMECH.2020.3003029

