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ABSTRACT Conventionally, geometric computing problems are treated as algebraic computing problems
by representing a geometric object in a global reference coordinate system. This approach has two problems.
The first problem is that the intuitive view of the interaction of objects is lost, and the second problem is that
algebraic computing is prone to errors for degenerated cases related to the interaction of (e.g., notable case of
‘‘divided by zero’’). In this paper, we propose a new approach to geometric computing especially to analyze
the interaction of two objects (e.g., two triangles). The main idea behind this new approach is a specially-
tailored local coordinate system for two interacting objects is defined, which makes the projection of the
objects on this local coordinate system represent the true geometry of the objects. This idea significantly
departs from the conventional approach which is primarily based on the concept of the global coordinate
system. Three examples are provided to illustrate the effectiveness of the proposed approach. Among them,
one example is related to the robustness of methods for analyzing the relations of two interacting objects,
which is still an open issue in the field of geometric computing and suggests that the proposed approach
could have some benefit to robustness in analysis.

INDEX TERMS Geometric computing, geometric method, dimension reduction, projection, geometric
transformation.

I. INTRODUCTION
In product development, including both aesthetic products
(e.g., sculpture) and functional products [21], manipulation
of a set of geometric objects is an essential task. In fact,
the generic activity in the product development is nothing
but to create a geometry that occupies space [22]. Without
the loss of generality, this paper discusses the problem of
the computer analysis of interactions or relations of two
geometric objects.

A popular idea to deal with this problem is to represent
this geometric problem into an algebraic problem. However,
with this idea, the intuitive view of geometric objects is lost,
leading to a degraded contribution to human cognitive activi-
ties (understanding, description, manipulation, and inference)
for the original geometric problem. Besides, the robustness
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of methods to analyze relations of two geometric objects is
still in question. A well-known example of the concept of
robustness may refer to the problem of the so-called singu-
larity in robotics [1], [23]. For a robot shown in Fig. 1a,
there are two relative positions with two links, as indicated
by the dashed line, which correspond to the relations that
the link 1 and the link 2 are coincident (i.e., extended and
folded). The two positions correspond that the determinant
of the Jacobian matrix of the system is zero (Fig. 1b). As one
can see, the visual presentation of the two relations of Fig. 1a
is lost if the relations are represented algebraically (Fig. 1b),
i.e., the matrix along with the singularity of the matrix.
Another robustness problem with this example is related to
the matrix computation; in particular the computational error
surrounding the singular position can lead to the computa-
tional instability. By the way, the robustness of methods for
detecting relations of two geometric objects or objects is still
an open issue in geometric computing [17].
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FIGURE 1. Singularity in robots [1]. (a) Geometric meaning of singularity
of Jacobian matri; (b) The Jacobian matrix representing the relationship
between the velocity at point P and angular velocity at the two joints.

Effort has been taken in literature on finding an approach
to geometric computing, particularly analysis of relations of
two geometric entities in space, that can retain visual interpre-
tation at most while at the same time can be effective. A well-
known approach is the one to find a series of projection
planes, where part of the dimension of a geometric entity
can be truly represented, and algebra can be employed to
represent these planes along with true geometric elements
on these planes [9]. Fig. 2 illustrates this approach, where
Fig. 2a shows a line segment AB (neither parallel nor vertical
to the projection planes H, V, W). Fig. 2b shows a series of
projections, completed in 2D, to find the true length of AB.
Fig. 2c is its analytical solution. This approach is robust to
degenerative cases but not a general one.

Another approach in literature is as this: first to find a
particular feature with a 3D geometrical problem in the 2D
domain [6], [7], and then to solve this 2D problem and sub-
sequently, the original 3D problem is solved. This approach
only works out for a small set of problems and besides,
the projection plane is not tailored to the two objects under
consideration. Yet, another approach is based on imaging
technology, particularly the possibility of reconstructing 2D
images of a 3D geometric entity to their origin [6], [8]. This
approach involves intensive numerical computations, and its
efficiency is a concern. Besides, cons associated with any
numerical approach may present with this approach.

This paper presents a new approach to geometric com-
puting. The approach is based on two ideas. The first idea
is to establish a local projection plane (LP for short) for
the two interacting geometric entities by tailoring it to two
concerned geometric objects such that they are in parallel,
vertical, or symmetrical to the LP, and subsequently estab-
lishing a local coordinate system (LCS) based on the LP.
The philosophy behind this idea is that the relation between
two interacting objects can be captured and represented most
effectively and efficiently by the local coordinate system,
which is primarily based on the geometric feature of the
two objects in interaction, rather than a general-purpose local
coordinate system, which is the case in other geometric com-
puting methods in literature [28], [29]. The second idea is

FIGURE 2. An example to show the basic projections in DG. (a) 3D; (b) 2D
drafting; (c) analytical solution.

to computerize the 2D process of solving the 2D interaction
problem in the LP after the interacting feature of the two con-
cerned objects is projected on the LP. The proposed approach
thus enjoys the benefits of visual intuition, efficiency, and
robustness in the manipulation of geometric entity, which
are fundamental in the context of human-centered computer
aided design [10], [15].

It is worth to mention that the benefit of the proposed
approach is mainly to the developer of the software for geo-
metrical design rather than to the user of the software. The
example of such a developer is the joint team of Europe and
Israel who developed a robust software library of geometric
algorithms and data structures [16] and computer integrated
design and manufacturing of machines [24].

The remaining part of this paper is organized as follows.
The proposed approach is presented in Section 2. In Section 3,
three examples are given to illustrate the effectiveness of
the proposed approach. Finally, a conclusion is given in
Section 4.

II. THE PROPOSED APPROACH
The general principle behind any approach of meeting the
foregoing two requirements is to convert the 3D problem
to the 2D problem by a specially-tailored local coordinate
system. The fundamental reason that the 3D problem is more
difficult to be solved than the 2D problem is because of the
limitation in the capability of the human visual system for
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FIGURE 3. The construction of new coordinate system.

the 3D object perception. For instance, it is very difficult to
visually judge whether two line segments in 3D space are in
an intersection state or not. However, when two objects (e.g.,
two line segments) in a special plane (on which the two line
segments represent their true geometry), it is easy to visually
judge whether the two line segments are in an intersection
state or not. To generalize this point, one can conclude that
a special projection plane (and subsequently a specially-
tailored coordinate system which builds on the projection
planes) is needed, on which the human can visually see the
true geometry of objects and then judge their relationships.
The foregoing discussion has led to the two ideas as described
before.

A. SPECIALLY-TAILORED LOCAL COORDINATE
SYSTEM (F∗)
Let us denote F as the original coordinate system and F∗ as the
specially-tailored coordinate system between two concerned
objects (e.g., one: line; the other: sphere). Let us take a
line segment BA as an example to illustrate how the F∗ can
be established (Fig. 3). Take BA as a normal vector of the
specially-tailored projection plane and as one of the coordi-
nate planes of F∗. The unit vector BA is also written as BA for
simplicity. This unit vector is further defined as the z∗-axis of
F∗, and as such the plane corresponding to the z∗-axis is the
x∗-y∗ coordinate plane of F∗ (Fig. 3). The origin of F∗ is set
up at point B (Fig. 3). Define the x∗-axis as an arbitrary vector
in the x∗-y∗ plane, and accordingly the y∗-axis can be defined
based on the right-hand rule. For the convenience of later
discussions and in the context of projection, the specially-
tailored coordinate system F∗ is expressed as (H∗/V∗/W∗),
where H∗ is the x∗-y∗ plane, and V∗ andW∗ are the x∗-z∗ and
y∗-z∗ planes, respectively. The projection of the line segment
AB on the F∗ is thus as follows: (1) on the z∗-x∗ plane (or
V∗), the projection of the line AB is a line AVBV (which is
the line AB itself; see Fig. 4), and (2) the projection of the line
AB on the x∗-y∗ plane (or H∗) is a point AH ≡BH (which is
also the origin O∗; see Fig. 4).

In the above, F∗ is a specially-tailored local coordinate
system established by tailoring two interacting entities such

FIGURE 4. Transforming a general line to a vertical line.

FIGURE 5. Transformation from frame F to F∗.

that the corresponding two geometric entities are in a parallel
or vertical or symmetrical relation to the coordinate planes
of F∗. Suppose F is a global reference coordinate system.
F
F∗T (the relations matrix between {F} and {F∗}). F

F∗T is a
4 × 4 matrix including a rotation matrix F

F∗R and a translation
matrix F

F∗O, where
F
F∗R captures the difference of F and F∗

in orientation and F
F∗O captures the difference of F and F∗

in translation, particularly the coordinates of the origin of
F∗ in the frame F. FF∗T can be written as follows:

F
F∗T =

[F
F∗R3×3 FO∗3×1
0 0 0 1

]
4×4

(1)

where

F
F∗R =

cos(x, x∗) cos(x, y∗) cos(x, z∗)cos(y, x∗) cos(y, y∗) cos(y, z∗)
cos(z, x∗) cos(z, y∗) cos(z, z∗)

 (2)

From F
F∗T, we can also find F

F∗T. Then, to any point with
respect to the frame F (or F∗), we can find their correspond-
ing representation on the frame F∗(or F), respectively, with
Equation (2) and Equation (3), respectively.

FP = F
F∗T

F∗P (3)

FP = F
F∗T

FP (4)

where FP =


Fx
Fy
Fz
1

 and

FxFyFz
 is the coordinates of P in the

frame F; FP =


F∗x
F∗y
F∗z
1

 and


F∗x
F∗y
F∗z

 is the coordinates of P

in the frame F∗; and the number ‘1’ in FP and F∗P has no
meaning but for the homogeneous matrix representation only.

There are 25 basic geometric entities, e.g., line segment,
sphere, etc. F∗ is established for each pair of the basic entities.
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The total number of combinations of the 25 basic entities is
325, which is found from

(25
2

)
+ 25. The proposed approach

includes a computer program to create F∗ for all these com-
binations (Supplemental material 1 of the present paper). For
instance, for the pair of a line segment and a sphere, F∗ is
defined as follows: (1) to have the origin of the F∗ be the
center of the sphere, (2) to have one coordinate plane be
parallel to the line segment, and (3) to have another coordi-
nate plane be vertical to the line. As such, two coordinate
planes are determined, and the third one can be naturally
determined based on the right-hand rule. It is noted that there
is no need to find the transformation matrix from F∗ to F if
one is only interested in the interacting relation of the two
concerned entities (e.g., whether the two entities overlap),
as F∗ is designed exactly for facilitating the representation
of this interacting relation, and this is the benefit of F∗ over
other approaches in literature. The transformation matrix
F
F∗T is needed when the information such as the location
where the interaction occurs with respect to Frame F needs
to know.

B. COMPUTERIZING THE 2D DRAFTING PROCESS
After F∗ is established for two interacting objects under
consideration, their relation has been represented on the
coordinate planes (or projection planes). Therefore, further
completing the characterization of the relation will involve
2D drafting operations.

There are about 10 basic drafting (BD) operations, upon
which more operation drafting operations are constructed.
Examples of the BD operations are drafting a line through
2 points, finding the intersection point of 2 lines, draw-
ing a line that is perpendicular to another line and passes
through a point, and so forth. These basic operations can be
computerized as computer program functions or procedures
(Supplemental material 1). As such, to a particular geometric
manipulation problem, say object A and object B, the follow-
ing steps can be followed. The first step is to find the F∗ for
them and subsequently the 3D interaction problem reduces to
the 2D interaction problem. The second step is to analyze the
2D interaction problem by the 2D drafting operations. It may
be clear that both steps are automated by the computer.

Take it as an example to draw a circle through three points
(P1, P2, P3) for the illustration purpose. The whole task can
be completed with the following tasks. Task 1: draw a vertical
line which passes through the middle point of the line that
connects two points P1 and P2. Let the computer function
for this be denoted by LPPN(); in particular LPPN(A, B, L),
where A and B are two points, and L is the resulting line.
As such, Task 1 is expressed by LPPN(P1, P2, L1). Task 2:
LPPN(P2, P3, L2). Task 3: get the intersection point of any
two lines, which is expressed as PLL As such, Task 3 can be
expressed as PLL(L1, L2, C), where L1 and L2 are two lines
and C stores the information of the intersection point of the
two lines L1 and L2. The expression of the overall task can
then be expressed by CPPP() = {LPPN(); LPPN(); PLL()},
where CPPP(P1,P2,P3) is a function that finds the circle given

FIGURE 6. Intersection of a line with a sphere. (a) A 3D geometric
problem; (b) Transformation to computing coordinates; (c) Dimension
reduction of 3D geometries; (d) Construction of 2D solution.

three points. Clearly, any complicated 2D drafting can be
decomposed into a set of the basic drafting operations.

III. EXAMPLES
Three examples are taken to show how the proposed approach
works. The first example is analysis of the interaction of a line
and a sphere. The second example is to check whether a point
is in a bounded box. The third example is a line interacting
with a view frustum (or view frustum clipping). Details of the
three examples along with the computer code can be found in
Supplemental Material 1.

Example 1: Finding the intersection points of a line L with a
sphere S (Fig. 6a)
Given: line L is defined by point P1 and P2, and sphere S is
defined by its center and radius R.
Find: intersection points I and II.

The entire solving process can be decomposed into two
steps as follows (Fig. 6):
Step 1: to define F∗. The steps of defining F∗ is shown

in Fig. 6b: (1) to have the origin of F∗ be the center of the
sphere, (2) to have one coordinate plane be parallel to the
line segment, and (3) to have another coordinate plane be
vertical to the line. As such, the projection of the sphere and
the projection of the line onto F∗ are as follows: On V and
H, respectively, (1) the projection of the 3D line is a 2D line
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parallel to the x-axis, and (2) the projection of the sphere is a
circle (the center of the circle is the origin of F∗ and the radius
of the circle is the radius of the sphere R), and the circle is
denoted as circle (O, R) (Fig. 6c).
Step 2: to decompose the entire task to find the relation

of the sphere and line into several 2D drafting tasks: Task
1: on V, to find intersection points of lineP1VP2V and circle
(O, R) (marked as Circle¬ in Fig. 6d). The computer function
for this is denoted by PLC(), in particular PLC (P1VP2V, Cir-
cle¬, CV, DV), where CV and DV are the intersecting points.
Task 2: on H, to draw a circle (marked as circle­ in Fig. 6d),
whose center is the origin, and radius is the x-coordinate of
CV. Then, PLC(P1HP2H, Circle, IH,IIH), where IH and IIH are
the intersecting points. Task 3: find IV and IIV (according to
IH and IIH), respectively. The intersection points I (x1,y1,z1)
and II (x2,y2,z2) can be represented by their projections;
particularly, IH is defined as (x1,y1), IV is defined as (x1,z1);
IIH is defined as (x2,y2), IIV is defined as (x2,z2).
It is noted that the aforementioned 2D computer functions

can be found in Supplemental material 1.

Example 2: Detecting the location of a point P to a bounding
box (Fig. 7)
Given: Point P and a box defined by its length, width and
height denoted by 2hu, 2hv and 2hw, respectively.
Find: whether P is in the box.

We will give both the conventional method and proposed
method in this paper for a comparison in the following.
(1) The conventional method

First, the equation of each plane of a bounding box is estab-
lished and is then substituted with the coordinates of point
P. Finally, by detecting the sign of the substituted equation,
the relation of this point and each plane is obtained. In this
method, the normal vector of all the planes should all be
outward or inward.
(2) Our method

Step 1: to define F∗. F∗ is defined by O-u-v-w. O is the center
of this box, and u, v and w are three normal vectors of the box
(Fig. 7). Then, the coordinate of point P is transformed to F∗,
denoted as (Pu, Pv, Pw).
Step 2: the problem can then be expressed by inequalities

(4). The point P is not in the bounded box if one of the
inequalities (4) is satisfied:

pu > hu or pu < −hu or pv > hv or pv < −hvor pw
> hw or pw < −hw (5)

where hu, hv, and hw are the distance of O to three planes or
the half of the length, width, and height of this box, respec-
tively. Our method only involves the standard transformation
and simple yes-or-not judgment operation.

Example 3:View Frustum Clipping (Fig. 8)
Given: Line P1P2 and a View Frustum defined by Pe, Pt and
Pb and four points on the bottom plane.
Find: Intersecting points.

FIGURE 7. The location relation of a point P with a bounding box.

FIGURE 8. A view frustum and the construction of the frame F∗.

FIGURE 9. The view frustum clipping algorithm with our method.

View frustum clipping is one of the basic techniques in 3D
display system [18]. View frustum is a pyramid for perspec-
tive transformations. Fig. 8 is a view frustum. The following
is the solving process with our method.
Step 1: to define F∗. The two symmetric planes and the

bottom plane of the frustum are chosen as three coordinate
planes of F∗, and the vector PbPt is taken as the z-axis for
F∗ (see Fig. 8). In F∗, the projections of the view frustum to
V and W are both isosceles trapezoids (denoted by Tv and
Tv) and the projections of the 3D line P1P2 on V and W
are denoted by P1vP2v and P1wP2w, respectively, as shown
in Fig. 9.
Step 2: to decompose the 2D drafting task into two clipping

functions of LineClipTrapezoidal() (the computer function
for finding the intersecting points of a isosceles trapezoid
and a line in the code; see Supplemental material 1) and the
intersection of the two clipping leads to the final result in
F∗. See the following tasks for details: Task 1: on V, find
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FIGURE 10. The test results of the algorithm for the view frustum clipping.

the intersecting points of Tv and P1vP2v, denoted by Q1v and
Q2V, i.e., LineClipTrapezoidal (P1vP2v,Tv, Q1v,Q2V). On W,
LineClipTrapezoidal (P1wP2w,Tw, Q1w,Q2w). Task 2: check
the validity of the 2D intersection points. Q1v, Q2V and Q1w,
Q2w may not be the projections of the 3D clipping points. The
validity is checked by the following rules: Rule 1: Qv is valid
only when its corresponding Qw on or in Tw. Rule 2: Qw is
valid only when its correspondingQv must be on or in Tw. For
example, in Fig. 9, the Q1v and Qn2w are the valid projections
of the intersecting points (marked as‘‘•’’). This operation
is in fact a function of finding the intersecting set. Task 3:
compose the 3D coordinate in F∗. From the valid points, get
their corresponding projections on the other projection plane
(Fig. 9, marked as‘‘⊕’’). The view frustum clipping algorithm
can be put in the supplemental material 1. Fig. 10 shows some
test results of the view frustum clipping algorithm. A compar-
ison of our algorithm with the Liang-Barsky algorithm [25]
reveals that our algorithm runs slightly faster than the Liang-
Barsky algorithm but apparently; besides, our method enjoys
the intuitive geometrical representation.

IV. CONCLUSION WITH FURTHER DISCUSSIONS
This paper presented a new approach to geometric comput-
ing. There are two common goals with any approach to geo-
metric computing: Goal 1: it should preserve the geometric
intuition as much as possible; Goal 2: it should enable the
computer processing as much as possible (i.e., automating
the processing). The two goals may be conflicting. In that
sense, it can be said that the proposed approach has provided
a trade-off between the two goals. Specifically, the approach
has two steps. The first step is to find a specially-tailored
coordinate system (F∗) such that the geometric elements are
parallel, vertical or symmetrical to the coordinate plane of
F∗. A computer program was developed to automate this
step. This step can be analogous to the construction of solid
geometry, which decomposes a complex geometric entity into
a group of standard solids such as sphere, square, rod, and
so on and then, construct the 3D geometric entity from this
set. It is noted that on the coordinate planes of F∗, the two
concerned objects have the highest possibility that their true
dimensions are displayed, so the 3D problem becomes the
2D problem against this local coordinate system rather than
a global coordinate system in many existing approaches. The
second step of the approach was to computer-process the 2D

problem (e.g., interaction of two line segments, a point on
line, etc.), which is readily available. It is noted that F∗ is a
local coordinate system defined by tailoring to the interacting
relation of two objects, and this is a point of departure from
the notion of the local coordinate system in literature, which
ignores the interacting relation of two objects.

The main benefit of the proposed approach is that the
feature of the geometrical problem is kept in F∗. For instance,
the problem of finding the workspace of the robot as
described in Fig. 1 can be described by stating that Link
1 and Link 2 are either folded in one line or extended in one
line instead of being stated as the singularity of the Jacobian
matrix. Apparently, if the problem is solved by the concept
of singular Jacobian matrix, there may be some numerical
challenge in terms of the definition of the determinant of the
Jacobian matrix being zero.

In a separate paper, we will show benefits with the pro-
posed approach to solving some well-known geometrical
interaction problems in terms of robustness over the existing
approach in the literature, such as the 3D triangle-triangle
interaction problem [11]. Supplemental material 2 of the
present paper gives a brief description of the theory, algo-
rithm, computational robustness and performance of a 3D
triangle-triangle interaction method which is based on the
approach presented in this paper.

In the future, a new concept called the resilience of
computational methods for geometric computing will be
studied, which is different from the robustness of computa-
tional methods. The difference of these two concepts is now
clear in scheduling methods for service and manufacturing
systems [26], [27].
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