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ABSTRACT A hybrid scheme that combines the pre-corrected fast Fourier transform (p-FFT) and iterative
Kirchhoff approximation (IKA) is developed to solve the electromagnetic scattering from multiple complex
targets above a three-dimensional (3D) rough surface. Based on the domain distribution method (DDM),
multiple targets are divided into an FFT region, and the rough surface is divided into an IKA region.
Scattering on the FFT region and IKA region is calculated by p-FFT and IKA, respectively. In addi-
tion, iterative strategies are considered in both solving interaction between facets in the IKA region and
interactions between FFT region and IKA region. However, interactions between FFT region and IKA
region are the most time-consuming in the entire computational process. To overcome this computational
bottleneck, the combined multilevel fast multipole algorithm (MLFMA), ray-propagation fast multipole
algorithm (RPFMA) and fast far-field approximation (FAFFA) are incorporated into interactions between
FFT region and IKA region. They accelerate the matrix vector multiplication by ‘‘interpolation –translation
–anterpolation’’, while their translators are different, which result in their different computation efficiencies
and application conditions. To effectively combine these three algorithms, the IKA region is divided into
MLFMA area, RPFMA area and FAFFA area according to the distance, where interactions between these
areas and the targets are accelerated by MLFMA, RPFMA and FAFFA, and the surface outside these areas
is discarded. Compared with MLFMA, the accuracy and efficiency of this hybrid method are verified.

INDEX TERMS Composite electromagnetic scattering, multiple targets above surface, accelerated
technique.

I. INTRODUCTION
The composite scattering characteristics frommultiple targets
and rough surface are widely used in both military and
civilian applications [1], [2]. In military applications, swarm
operations and UAV cluster tactics are the trend of future
wars. Civilian applications include multi-target identifica-
tion, detection, and imaging. Xu and Guo [3] adopted
FEM/BIM to compute the electromagnetic scattering from
multiple objects above a 1D rough surface. Ren et al. [4]
analyzed the electromagnetic scattering characteristic from
multiple columns partially buried in a 1D ground plan by
FDTD. Tian et al. [5] and Li et al. [6] computed the composite
electromagnetic scattering from multiple columns above a
1D conducting rough surface based on the coupling MoM-
PO. Tian et al. [7] presented an improved MoM-PO method
to compute 3D multiple objects above a rough surface,
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where interactions between objects and rough surface are
accelerated by FAFFA. In addition, He [8] introduced FE-
BI-FMM to analyze the electromagnetic scattering frommul-
tiple simple-coating dielectric objects above a 1D rough
surface. Ren [9] computed the scattering coefficient from
multiple columns above a 1D rough surface with PO-PO and
analyzed the scattering characteristics from multiple objects
above a 2D rough surface with PO-SBR. Most articles about
composite scattering from multiple targets above a rough
surface concentrated on 1D rough surface with 2D multiple
objects or on simple objects. In the real case of composite
scattering between multiple targets and the environment, the
targets are usually complex, and structures are fine, where
precise calculation is required. Meanwhile, large numbers of
targets request that the size of the rough surface must be suf-
ficiently large, which results in an expensively large coupling
matrix. Thus, how to promise the accuracy of computation
and improve the efficiency has become a problem to solve.
To solve this problem, a hybrid method [10], [11], [43], [44]
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that combines a numerical method and a high-frequency
method is adopted. By applying the numerical method to
solve for the scattering from targets due to the complex
structure and the high-frequency method to compute the
large-size rough surface, the hybrid numerical-analytical
method promises the accuracy and efficiency for computa-
tion. Furthermore, the mesh densities are usually different
for the targets and rough surface in the composite model.
Thus, hybrid methods are useful to improve the instability
by implementing different methods for the targets and rough
surface.

The method of moment (MoM) [12] is widely used to
compute electromagnetic scattering from complex targets.
However, MoM is mostly applied to electric small-size
problems because the computational complexity and storage
requirement are extremely high for MoM. To improve the
efficiency of MoM, there are two main types of algorithms:
MLFMA-based algorithms [13], [14] and FFT-based algo-
rithms [15]–[17]. In addition, PILE [41] and PILE-ACA [42]
are also applied for improving the efficiency of MoM.
MLFMA-based algorithms expand the integral terms, i.e.,
Green function, into a series with special functions as gen-
eral terms according to the spherical wave addition theorem.
However, due to the dependence of the series expansion of
the integral kernel, the problem of sub-wavelength collapse
occurs when the mesh density is high, which restricts the
application of theMLFMA. The FFT-based algorithms essen-
tially utilize the translation invariance of Green function,
which is not related to the frequency and will not suffer from
‘‘low-frequency interruption’’. FFT-based algorithms include
AIM, p-FFT, and IE-FFT. In AIM [15], projection coeffi-
cients are obtained by matching higher-order moments and
are independent of Green function. However, numerical prac-
tice shows that AIM is only suitable for fine Cartesian grids,
whichmakes the FFT scale relatively large. Then, Phillips and
White [18] proposed the p-FFT algorithm for electrostatic
problems. Unlike AIM, the projection coefficient is obtained
by matching the potential function when the basis function
is projected on regular grid nodes. This projection scheme
enables Green function to join the process of determining the
projection coefficient. Numerical practice shows that p-FFT
uses a coarser Cartesian regular grid than AIM, which alle-
viates the pressure on FFT, and p-FFT is superior to AIM in
both accuracy and flexibility [19]. Numerical practice shows
that IE-FFT and AIM have identical accuracies, but both are
lower than p-FFT [20].

High-frequency approximation algorithms aremost used to
solve scattering from electrical large rough surfaces. Kirch-
hoff approximation (KA) -based methods have provided
engineers with a useful alternative to numerical methods to
generate fast results but at the cost of decreased accuracy [21].
First-order KA includes the direct reflection and diffraction
by the target from the KA approximation of the induced
surface currents. Only the optically lit part of the geometry
has non-zero currents, which introduces abrupt shadow
boundaries that, when integrated, cause false edge diffraction

effects. The strong double-bounce from the dihedral corner
reflector is not included in the first-order KA. To incorpo-
rate the multiple-bounce effect, the shooting bounce racing
method (SBR) [22] is considered by combining KA and GO.
However, the first GO bounce causes another abrupt shadow
boundary on the second surface, which also produces a false
diffraction. Furthermore, the false diffractions in the SBR
method can be misinterpreted as real scattering centers by tar-
get recognition algorithms [23]. Compared to the first-order
KA and SBR, IKA has a slower efficiency. However, unlike
other high-frequency asymptotic methods, no ray tracing is
required, and spurious diffraction effects from non-physical
shadow boundaries are avoided. In addition, the computa-
tional efficiency is greatly higher than numerical algorithms
because the mesh density is coarser. Thus, IKA is suitable for
solving the electrical large rough surface.

During the entire process to compute composite scattering,
solving interactions between multiple targets and rough sur-
face is the most difficult bottleneck. The number of targets
that request a rough surface must be large, which results in
an extremely large impedance matrix between targets and
rough surface. However, most algorithms [5], [6], [10], [11]
directly compute the interactions between targets and rough
surface, which is very time-consuming. The multilevel fast
multipole algorithm (MLFMA) [13] is used to accelerate the
matrix vector multiplications by ‘‘interpolation–translation–
anterpolation’’; it transfers the direct interaction between two
groups into an interaction between two group centers and
decreases the computing complexity. In MLFMA, translators
are defined on the entire Ewald sphere, which must calculate
all sampling directions. Research shows that when targets are
near the rough surface, the direct computation is necessary
because interactions between targets and rough surface are
very strong [24]. However, when two groups are far away
from each other, interactions between two groups gradu-
ally weaken with increasing distances. The coupling energy
mainly concentrates on the main beam along the direction
from the center of the source group to the center of the
field group. Furthermore, the width of the main beam is
linearly related to the distance: a larger distance corresponds
to a narrower beam. Thus, when the distance increases,
the sampling directions in the main beam are further reduced.
Thus, Wrap [24] proposed the racing propagation fast mul-
tiple algorithm (RPFMA). The translators are computed with
Windows function, and the width of the main beam is set.
Thus, the sampling directions outside the main beam are
discarded, and only few sampling directions are preserved.
Furthermore, Lu and Chew [25] proposed the fast far-field
approximation (FAFFA); the translator is simplified into only
one sampling direction along the source group center to
the field group center, when the distance satisfies the far-
field condition, which effectively reduces sampling directions
from K = 2L2+4 to 1. Later, the FAFFA was extended to
a 3D case in [26]. However, the proposed FAFFA is not
sufficiently efficient because many groups cannot satisfy the
far-field condition and are directly computed. To solve the
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matrix vector multiplications in the near region, the combined
FAFFA with MLFMA is proposed [27], [28]. Regrettably,
FAFFA-MLFMA is not easily error-controllable [29]. In this
paper, MLFMA and RPFMA with FAFFA are first combined
to accelerate the matrix vector multiplication between targets
and rough surface. Then, the rough surface is divided into
different areas and solved by MLFMA, RPFMA and FAFFA.

In addition, in our previous article [45], an improved
coupled MoM-PO is presented, where, the scattering of the
rough surface is taken as a part of the target impedance
matrix, and the target and the rough surface are solved as
a whole. Among them, the rough surface scattering is calcu-
lated by the first-order Kirchhoff approximation, the target
impedance matrix is accelerated by AIM, and the coupling
between the target and the rough surface is accelerated by
MLFMA-FAFFA. Based on our previous work, this article
has a great improvement in many aspects. First of all, this
paper use iterative method, interaction between targets and
rough surface are solved iteratively. Secondly, this paper uses
IKA to calculate the scattering of rough surfaces. Unlike the
first-order KA algorithm, the IKA method fully considers
the coupling effect between the surface elements, so they
have higher accuracy. At the same time, for solving the
impedance matrix of the MoM part, this paper uses the
p-FFT instead of AIM to solve the problem. p-FFT and
AIM are both FFT-based algorithms and have basically
similar calculation principles, while p-FFT is more accu-
rate and efficient than AIM. Thirdly, for the coupling and
interaction between the target and the environment, this
article uses MLFMA-RPFMA-FAFFA to accelerate matrix
vector multiplication. Compared with MLFMA-FAFFA,
MLFMA-RPFMA-FAFFA has better iterative convergence
performance.

The paper is organized as follows: p-FFT/IKA is dis-
cussed in Section II, the acceleration techniques are
provided in Section III, the numerical results are presented
in Section IV, and the conclusions are finally shown.

II. P-FFT/IKA HYBRID METHOD
A. P-FFT FOR SCATTERING FROM THE FFT REGION
The electric field integral equation (EFIE) [31] to conduct
objects can be expressed as

Ei(r)
∣∣∣
tan
= jk0η0

[∫
∂�

(J(r′)+
∇∇
′
·

k20
J(r′))G(r,r′)ds′

]
tan

(1)

where Ei(r) is the outer incident electric field, J(r′) is
the electric current on the surface of the object, k0 is
the wave number, and η0 is the wave impedance. G(r,r′)
is Green function in the free space. Rao-Wilton-Glisson
(RWG) [32]function is selected as the testing function, and
the matrix function can be expressed as

ZI = V (2)
Impedance matrix Z can be divided into near-field and
far-field parts

Z = (Z− Zfar)+ Zfar ≈ Znear + Zfar (3)

where near-zone matrix Znear is a sparse matrix obtained by
setting the ‘‘far element’’ in Z− Zfar to be zero, and far-zone
matrix Zfar can be expressed as [16]

Zfar = VT
mHWn (4)

where W is a projection operator to project the element
source distributions to point sources on the uniform grid;
H is the convolution operator to compute the potentials at
the grid point due to the grid sources by FFT-accelerated
convolutions; V is the interpolation operator to interpolate
the grid-point potentials onto the elements. The detailed
definitions ofW ,H and V are in [16], [19], [30].

The pre-correction operator is [16]

P(m, n) = Z(m, n)− ZFFT (m, n) (5)

After applying the four operators of the p-FFT method, the
p-FFT approximation of Zmn is

Zp−FFT (m, n) = P(m, n)+ VT
mHWn (6)

We suppose that the number of basic functions is Nb, and the
number of grids isNg. Thus, after applying the p-FFTmethod,
the impedance matrix of (6) can be converted into

ZNb×NbINb×1=PNb×NbINb×1 + VNb×NgHNg×NgWNg×NbINb×1
(7)

B. IKA FOR SCATTERING FROM THE IKA REGION
Based on the first-order Kirchhoff approximation, the
induced currents on the rough surface can be expressed as

J = 2n̂×H i (8)

where n̂ is the unit outer normal vector of a rough surface;
H i is the outer incident magnetic field; J is the induced
currents on the rough surface. Based on the surface magnetic
field integral equation (MFIE) [33] on the rough surface,
we consider the scattering field excited by electric currents
J and magnetic currents M on the rough surface, and the
induced currents can be rewritten as

J = 2n̂×H i
+ 2n̂× L(M)+ 2n̂× K (J) (9)

where the expression of L(M) and K (J) are

L(M) =

∫∫
s

−jωε0[M(r′)g(r, r′)+
1
k2
∇
′

·M(r′)∇g(r, r′)]ds′

K (J) =
∫∫
s

J(r′)×∇g(r, r′)ds′ (10)

ω is the angular frequency; ε0 is the relative dielectric con-
stant; k is the propagation constant in free space; g(r, r′)
is Green function in free space. Subscript s denotes the
entire rough surface. When the rough surface satisfies
the impedance boundary condition [34] M = ZSJ × n̂
(Zs = η0/

√
εr ), Eq.(9) can be rewritten as [39]

J = 2n̂×H i
+ 2ZSn̂× L(J × n̂)+ 2n̂× K (J) (11)
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The induced currents on facet i are

J i = 2n̂i ×H i
+

N∑
j=1,j 6=i

Yij(J j,ZS) (12)

where Yij(.) denotes the composite integral from facet j and
can be expressed as

Yij(J j,ZS) = 2ZSn̂i × L(J j × n̂i)+ 2n̂i × K (J j) (13)

The initial value of electric currents is set as J (0) = 2n̂×H i,
and Eq. (12) can be rewritten as

J (n+1)i = J (0)i +
N∑

j=1,j 6=i

Yij(J
(n)
j ,ZS) (14)

By implementing the forward and backward iterative method
(FBM) [35], the electrics and magnetics on the rough surface
are obtained.

FIGURE 1. Schematicof interaction between FFT region and IKA regio.

C. INTERACTIONS BETWEEN FFT
REGION AND IKA REGION
As we see in figure.1, the interaction process between FFT
region and IKA region at the n-th step can be expressed as

H i(n)
s (r) = H inc(r)+Hs(n−1)

so (r), r ∈ Ss
Ei(n)o (r) = Einc(r)+ Es(n)os (r), r ∈ So (n = 1, 2, .....) (15)

whereH i(n)
s and Ei(n)o are the total excitation field on the IKA

region and FFT region, respectively; Einc and H inc are the
incident electric and magnetic fields, respectively; Hs

so is the
interactionmagnetic field that the induced electric currents on
the targets impact on the rough surface; Esos is the interaction
electric field that the induced electromagnetic current on the
rough surface impacts on the targets. Interaction fields Hs

so
and Esos at the n-th iteration can be expressed as

Hs(n−1)
so (r) =

∫∫
so

J (n−1)o (r′)×∇g(r, r′)ds′

Es(n)os (r) =
∫∫
ss

{−jωµ0[J (n)s (r′)g(r, r′)

+
1
k2
∇
′
· J (n)s (r′)∇g(r, r′)]

+M (n)
s (r′)×∇g(r, r′)}ds′ (16)

where Jo is the induced electric current in the FFT region; Js
andM s are the induced electric current and magnetic current
in the IKA region, respectively. By updating the excitation
item on the left of Eq. (15), substituting the updated Ei(n)o into
Eq. (1) as the outer incident electric field and the updated
H i(n)
s into Eq. (12) as outer incident magnetic field, and updat-

ing the induced electromagnetic current in the FFT region
and IKA region, we obtain the electric current and magnetic
current.

The iteration error at the n-th step is

ξ (n)o =
||J (n+1)o − J (n)o ||2
||J (n)o ||2

, ξ (n)s =
||J (n+1)s − J (n)s ||2
||J (n)s ||2

(17)

where ξ (n)o and are the iteration errors of the electric current
on the targets and on the rough surface, respectively. The con-
vergence threshold of the iteration error is set as 10−3, where
the induced electric current and magnetic current should be
stable, and the iteration process will stop. Finally, the electric
current and magnetic current are obtained.

In fact, the computation of the coupling fieldsHs
so and E

s
os

is the most difficult computational bottleneck in the com-
posite scattering computation from multiple targets above a
rough surface. On one hand, the coupling impedance matrix
element does not preserve in each iteration step, which
decreases the storage requirement. On the other hand, after
the induced currents in the former iteration are obtained,
the coupling fields Hs

so and Esos must be computed again,
and the matrix vector multiplication between FFT region
and IKA region will consume enormous computing resource.
To overcome this bottleneck, an efficient acceleration tech-
nique that combines the MLFMA, RPFMA and FaFFA is
used to accelerate the matrix vector multiplication.

III. ACCELERATION TECHNIQUE
A. MLFM
An oct-tree structure is defined to implement MLFMA; the
size of final boxes is approximately 0.5 λ. Suppose that rm
and rm′ are the center vectors of the field group and source
group, respectively. ra and rb are the field point and source
point, and rab = ra − rb = rmm = rmm′ − rbm′ . When the
distance satisfies the condition |rmm′ | > |ram−rbm′ , the scalar
Green function can be expressed as [36]

e−jk0|ra−rb|

|ra − rb|
=
ik0
4π

∫
SE
d2k̂eik0k̂.(ram−rbm′ )αmm′ (k̂.r̂mm′ ) (18)

where
∫
d2k̂ denotes the integral on the unit sphere SE of the

spectrum space. αmm′ (k̂.r̂mm′ is the translator from the center
of the field group to the center of the source group and can be
expressed as [28]

αmm′ (k̂ · r̂mm′ ) =
L∑
l=0

(−j)l(2l + 1)h(1)l (k0rmm′ )Pl(k̂ · r̂mm′ )

(19)

where jl(kd) is the spherical Bessel function of the first type;
h1l is the spherical Hankel function of the first type; Pl is
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Legendre polynomial; L is the truncation number of infinite
summation; L = kD + β(kD)1/3 [37]. The total sampling
number of k̂ on the Ewald sphere is [29]: K = 2L2 + 4.
Apparently, the total sampling number is enormous. It con-
sumes a large quantity of computation resource to perform
the translation in MLFMA. The gradient of Green function is

∇
eik0|ra−rb|

|ra − rb|
=

k
4π

∫
SE
d2k̂eik.(ram−rbm′ )α(k̂.r̂mm′ ) (20)

B. RPFMM
Ref. [24] shows that only k̂ vectors around ray direction
rmn really greatly contribute to the interaction, and this form
constitutes the RPFMA [24]. To successfully perform the
RPFMA, a window function is introduced to smooth the
transition from one to zero. Thus, Eq. (19) can be rewritten
as [29]

αmm′ (k̂ · rmm′ ) =
L∑
l=0

(−j)l(2l + 1)h(1)l (krmm′ )Pl(k̂ · r̂mm′ )ωl

(21)

where ωl is [38]

W l =

1 l ≤ J

0.5{1+ cos[
(l − J )π
(L − J )

]} l > J
(22)

where J varies with the number of layers; for the finest level,
J is equal to 0.8L; for the second level, J is equal to 0.4L;
the middle layer linearly decreases from 0.8L to 0.4L [38],
which realizes the tapering of the translator, i.e., the angu-
lar spectrum main beam direction is more prominent, and
the contribution of the angular spectrum in other directions
decreases with the increase in angle between it and the main
beam.

C. FAFFA
When the group distance satisfies the far-field condition, the
translator can be simplified by using FAFFA where only a
single k̂ is involved in the translator along the ray-propagation
direction. The translator can be simplified as [29]

αfarmn = 4π
eikrmn

ikrmn
δ(k̂ − r̂mn) (23)

Here, we show that only one sampling direction is involved
in the FAFFA translator along the ray-propagation direction
from group m to group n, and the condition for FAFFA must
satisfy [13]

rmn ≥ 3γ
√
(Dlx)2 + (Dly)2 + (Dlz)2 (24)

where 3
√
(Dlx)2 + (Dly)2 + (Dlz)2 is the maximum distance of

two groups in the second nearest neighbors, and γ ≥ 1.
Furthermore, the coarsest level LC should satisfy LC > 2.

D. COMBINATION OF MLFM, RPFMA AND FAFFA
By substituting Eq. (18) and (20) into Eq. (16), we obtain

Hs(n+1)
sio

=

∑
oj∈Nm

H (n)
sioj+

∫
SE

d2k̂V (s)
fmi(k̂)

∑
m′∈Mm

α(k̂ · r̂mm′ )
∑
oj∈Gm′

V (o)
sm′j(k̂)

+

∫
RSE

d2k̂V (s)
fmi(k̂)

∑
m′∈Rm

αR(k̂ · r̂mm′ )
∑
oj∈Gm′

V (o)
sm′j(k̂)

+

∫
FSE

d2k̂V (s)
fmi(k̂)

∑
m′∈Fm

αF (k̂ · r̂mm′ )
∑
oj∈Gm′

V (o)
sm′j(k̂)

E(n)
ois

=

∑
sj∈Nm

E(n)
oisj+

∫
SE

d2k̂V (o)
fmi(k̂)

∑
m′∈Mm

α(k̂ · r̂mm′ )
∑
sj∈Gm′

U (s)
sm′j(k̂)

+

∫
RSE

d2k̂V (o)
fmi(k̂)

∑
m′∈Rm

αR(k̂ · r̂mm′ )
∑
sj∈Gm′

U (s)
sm′j(k̂)

+

∫
FSE

d2k̂V (o)
fmi(k̂)

∑
m′∈Fm

αF (k̂ · r̂mm′ )
∑
sj∈Gm′

U (s)
sm′j(k̂) (25)

where

V (o)
fmi(k̂) = −

jk0
4π

e−jk·r
(o)
im

V (s)
fmi(k̂) = −

jk0
4π

e−jk·r
(s)
im

V (o)
sm′j(k̂) =

∫
s
(k̂ × J (n)oj )e

jk·r(o)
jm′ds′

U (s)
sm′j(k̂) =

∫
s
[k̂ ×M sj − jωµ0Jsj · (

¯̄I − k̂ k̂)]e
jk·r(s)

jm′ds′ (26)

Gm′ is the source group m’; Mm is the MLFMA area; Rm
is the RPFMA area; Fm is the FAFFA area; SE is the integral
area on the entire Ewald sphere; RSE is the integral area on
Ewald sphere defined by RPFMA; FSE is the integral area on
Ewald sphere defined by FAFFA; V (o)

fmi and V
(s)
fmi are anterpo-

lations in the FFT region and IKA region, respectively; V (o)
sm′j

andU (s)
sm′j are interpolations in the FFT region and IKA region,

respectively; α(·), αR(·) and αF (·) are translators defined by
MLFMA, RPFMA and FAFFA, respectively.

According to Eq. (22) and (24), the FFT region is divided
into the MLFMA area, RPFMA area and FAFFA area. Fur-
thermore, when rough surface becomes sufficiently large,
the electromagnetic coupling between targets and rough
surface weakens with the increase in distance, and the
increase in radiated area of the surface will not make a new
electromagnetic contribution to difference field radar cross
section(d-RCS). Thus, the size of the FFT region can be
further truncated according to Ref. [39]

Lx ≥ 2zmax

√
ξ−4/3 − 1+ Lox

Ly ≥ 2zmax

√
ξ−4/3 − 1+ Loy (27)
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where ξ is the error parameter; ξ ≤ 0.01; zmax is the height
of the targets above the rough surface; Lox and Loy are the
maximum projection distances on the X axis and Y axis.

IV. NUMERICAL RISULTS AND ANALYSIS
A. VERIFICATION
In the following examples, the working frequency is f = 1
GHz; the incident angle is θi = 30◦. The rough surface is
simulated by Gaussian spectrum; the size of the rough surface
is Lx × Ly = 50λ × 50λ; 10 sampling points are considered
per wave length, the root mean square (RMS) height of the
rough surface is hr = 0.1λ, the correlation length of the rough
surface is lx = ly = 4.0λ. The computing platform is an
Intel(R) processor of 2.6 GHz with 64 kernels and 192 GB
RAM. The examples in the paper calculate the statistic aver-
age of 30 rough surfaces generated by Monte Carlo method.
In this paper, a tapered incident beam is introduced in order to
circumvent artificial truncation effects [40], and the 3D form
of it is given by

E inc = G(x, y, z)

· exp[−jk0(cosθiz− xsinθi cosϕi − ysinθisinϕi)] (28)

where

G(x, y, z) = exp[−jk0(cosθiz−xsinθi cosϕi
−ysinθisinϕi)w(x,y, z)] exp(−tx − ty) (29a)

tx = (cos θi cosϕix + cos θi sinϕi + sinϕiz)2

/(g2x cos
2 θi) (29b)

tx = (− sinϕix + cosϕiy)2/g2y (29c)

w(x, y, z) = [(2tx − 1)/(g2x cos
2 θi)+ (2ty − 1)/g2y]/k

2
0

(29d)

where, the factor of beam width in x and y direction are set as
gx = Lx/4, gy = Ly/4.

FIGURE 2. Geometry of the missile-like targe.

The size ofmissile-like targets is shown in figure. 2, and the
geometry of two missile-like targets above the rough surface
is shown in figure. 3. The altitude of the target from the under-
lying rough surface is H = 10λ. The comparing results of
p-FFT/IKA-MLFMA/RPFMA/FAFFA with MLFMA from
two missile-like targets above the underlying rough surface
with different RMS are presented in figure.4 and figure. 5.

As we see, both in RMS is 0.1λ and RMS is 0.3λ, the accel-
erated p-FFT/IKA have good agreement with MLFMA. And

FIGURE 3. Geometry of wo missile-like targets above the rough surface.

FIGURE 4. Comparison of RCS obtained by
p-FFT/IKA-MLFMA/RPFMA/FAFFA and MLFMA with RMS is hr = 0.1 λ
(a) VV polarization, (b)VH polarization.

FIGURE 5. Comparison of RCS obtained by
p-FFT/IKA-MLFMA/RPFMA/FAFFA and MLFMA with RMS is hr = 0.3 λ
(a)VV polarization, (b)VH polarization.

with RMS increasing, the specular scattering gets weak and
the backward scattering get stronger. In addition, RCS for
VH polarization increases with RMS increases. The reasons
are that with RMS increase, the incoherent scattering get
stronger while the coherent scattering gets weak, and the
radio scatting is mainly caused by coherent scattering while
the backward scattering is mainly caused by in coherent
scattering.

To better analyze the accuracy of the proposed method,
the function of error analysis is used, and the expressions of
mean deviation and max deviation are

〈γ 〉 =
1
Nθs

∑
{θs}

|γ T (θs)− γM (θs)| (30)

max γ = max
{θs}
|γ T (θs)− γM (θs)| (31)

where γ T (θs) is the BCS obtained by improved MoM-PO,
γM (θs) is the BCS obtained by the MoM, and Nθs is the
number of scattering angles.
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TABLE 1. Error analysis for different conditions.

TABLE 2. Comparison of the computation results and storage
requirement by two solvers.

The comparison results of error analysis are shown
in TABLE 1. As we see, for both the RMS is hr = 0.1λ
and RMS is hr = 0.3λ, the accelerated p-FFT/TKA has
good agreement with MLFMA. The reasons are that p-FFT is
an accurate numerical method, and IKA have considered the
mutual interactions between different facets of rough surface,
thus p-FFT/IKA have good accuracy.

The comparison results of the computation time and stor-
age requirements are shown in TABLE 2. As we see, the com-
puting time of p-FFT/IKA-MLFMA/RPFMA/FAFFA is
about 60% of MLFMA, and the storage requirement is about
41% of MLFMA. Thus, p-FFT/IKA-MLFMA/RPFMA/
FAFFA is of high efficiency and low storage requirement.

B. RCS FROM DIFFERENT QUANTITIES OF TARGETS
ABOVE THE ROUGH SURFACE
The comparison results of RCS from one, three, and five
target/targets above a rough surface are presented in Figs.6-7.
The incident angle is θi = 30◦,ϕi = 0◦; the observation angle
is θs = −90∼90◦, ϕs = 0◦. Targets are parallel to each other
side by side. The height of the targets above the rough surface
is 2 m. For different polarizations, when the number of targets

FIGURE 6. RCS for different numbers of targets in the VV polarization.

FIGURE 7. RCS for different numbers of targets in the VH polarization.

FIGURE 8. Illustration of different incident angle.

increases, RCS becomes stronger. For the VV polarization,
the total RCS is stronger. For the VH polarization, in all scat-
tering directions, more targets correspond to greater RCS, and
the difference is very apparent. This result can be explained
as follows: with more targets, the mutual interaction among
different targets and interactions between targets and rough
surface strengthen.

C. COMPOSITE SCATTERING FROM TARGETS ABOVE
A ROUGH SURFACE WITH DIFFERENT
INCIDENT AZIMUTH ANGLES
The comparison of the obtained RCS with different incident
angles is presented in Figs.9-10. The incident angles are
θi = 30◦, ϕi = 0◦; θi = 30◦, ϕi = 30◦; and θi = 30◦,
ϕi = 60◦, and the observation angles are θs = −90◦∼90◦,
ϕs = 0◦. The number of targets is 3, and the targets are
parallel to each other side by side. For the VV polarization,
RCS for the incident direction of ϕi = 0◦ is the largest,
and RCS decreases with the increase in azimuth angle; in
addition, when the azimuth angle increases, the maximum
scattering direction angle increases. For the VH polarization,
when the incident azimuth angle is 0◦, RCS is the smallest
and relatively strong at other angles, and the maximum scat-
tering direction angle increases with the increase in azimuth
angle. The reasons are that when the azimuth angle increases,
the included angle between reflection direction and receiving
direction increases, so the primary reflection peak projected
to the receiving direction decreases; thus, RCS decreases,
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FIGURE 9. RCS for different incident angles for the VV polarization.

FIGURE 10. RCS for different incident angles for the VH polarization.

and the scattering angle increases. For the VH polarizations,
since the wave propagation direction is perpendicular to the
incident direction, RCS for the incident angle of ϕi = 0◦ is
minimal.

D. COMPOSITE SCATTERING FROM TARGETS ABOVE
A ROUGH SURFACE WITH DIFFERENT
INCIDENT PITCH ANGLES
The comparison of the obtained RCS with different inci-
dent pitch angles is presented in Figs.11-12. The incident
angles are θi = 30◦, ϕi = 0◦; θi = 45◦, ϕi = 0◦; and
θi = 60◦, ϕi = 0◦, and the observation angles are θs = 30◦,
ϕs = 0◦∼360◦; θs = 45◦, ϕs = 0◦∼360◦; θs = 60◦,
ϕs = 0◦∼360◦. The number of targets is 3, and the targets
are parallel to each other side by side. As we see, no matter
for the VV polarization or VH polarization, when the incident
angle is θi = 30◦, ϕi = 0◦, RCS is the largest. And when the
incident angle is θi = 60◦, ϕi = 0◦,RCS is the smallest. The
reasons are that when incident angle is θi = 30◦, ϕi = 0◦, the
angle between the incident wave and the normal vector of
the rough surface is the smallest, thus the incident energy is
the strongest and the mutual interactions between targets and
rough surface is strongest. Similarly, when the incident angle
is θi = 60◦, ϕi = 0◦, the mutual interactions between targets
and rough surface is smallest.

FIGURE 11. RCS for different pitch incident angles for the VV polarization.

FIGURE 12. RCS for different pitch incident angles for the Hpolarization.

E. COMPOSITE SCATTERING FROM TARGETS WITH
DIFFERENT POSITIONS ABOVE A ROUGH SURFACE
The model of targets with different positions above the rough
surface is shown in figure.13. The RCS results from targets
with different locations above a rough surface are compared
in Figs. 14-15. The incident angle is θi = 30◦, ϕi = 0◦;
the observation angle is θs = 30◦, ϕs = 0∼360◦. For
the VV polarizations, the radial scattering direction centered
at 180◦ is maximal, mainly concentrates in the angle range

FIGURE 13. Different position of the targets above the rough surface.
(a) position; (b) position; (c) position 3.
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FIGURE 14. RCS for different positions for the VV polarization.

FIGURE 15. RCS for different positions for the VH polarization.

of 120◦ −240◦, and decreases to both sides with 180◦ as the
center. In addition, RCS in the backward scattering direction
is relatively strong, mainly concentrates between −30◦ and
30◦, and laterally decreases with 0◦ as the center. In the
direction of ϕi = 90◦ or ϕi = 270◦, RCS is minimal;
however, for the VH polarization, in the mirror scattering
direction at 180◦ or backward scattering direction at 0◦, RCS
is the lowest. When the targets are at position 2 or position 3,
RCS is relatively lower; when the targets are at position 1,
RCS is relatively stronger in most scattering directions. The
reasons are that the coupling energy for VV polarization is
mainly concentrated in the radial scattering and backward
scattering directions, so RCS in these directions is relatively
strong, while RCS in the scattering direction vertical to the
incident direction is weak.Moreover, due to the mirror reflec-
tion effect of the targets, RCS in radial scattering is maximal.
For cross polarization, since the wave propagation direction
is perpendicular to the incident direction, RCS is minimal in
the directions of 0◦ and 180◦, while it is relatively strong in
other scattering directions. Andwhen targets are at position 1,
mutual interaction between targets with rough surface is
stronger compared with other situations.

V. CONCLUSION
To solve scattering from multiple 3D conducting targets
above a rough surface, a hybrid method that combines p-FFT

and IKA is presented in this paper. Target scattering is solved
by p-FFT, rough surface scattering is computed by IKA,
and the interactions between targets and rough surface are
iteratively solved. To accelerate the matrix vector multipli-
cation, the combined MLFMA-RPFMA-FAFFA technique is
applied in the iteration process. Based on the domain decom-
position method, the rough surface is divided into MLFMA
area, RPFMA area and FAFFA area, where the interac-
tions between these areas and the targets are accelerated by
MLFMA, RPFMA and FAFFA, respectively. Compared with
MoM, this hybrid method is verified to have high efficiency
and accuracy. In the end, the effects of the number of targets,
incident angle and positions of targets on RCS are analyzed
in detail. The results show that the number of targets, incident
angle, target positions and frequency all have great influence
on RCS, especially the number of targets and incident angle.
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