
IEEE VEHICULAR TECHNOLOGY SOCIETY SECTION

Received April 4, 2021, accepted April 13, 2021, date of publication April 20, 2021, date of current version April 29, 2021.

Digital Object Identifier 10.1109/ACCESS.2021.3074215

Multi-Objective Comprehensive Control of
Trajectory Tracking for Four-In-Wheel-Motor
Drive Electric Vehicle With Differential Steering
HONGBO WANG 1,2, CHENGLEI HU 1, WEI CUI1, AND HAIPING DU 2, (Senior Member, IEEE)
1School of Automotive and Transportation Engineering, Hefei University of Technology, Hefei 230009, China
2School of Electrical, Computer, and Telecommunications Engineering, University of Wollongong, Wollongong, NSW 2522, Australia

Corresponding author: Hongbo Wang (bob.627@163.com)

This work was supported in part by the National Natural Science Foundation of China under Grant U1564201, and in part by the Science
Fund of Anhui Intelligent Vehicle Engineering Laboratory under Grant PA2018AFGS0026.

ABSTRACT For 4MIDEV with differential steering, the trajectory tracking multi-objective control method
is studied. The dynamics model of the four-in-wheel motor independent-drive vehicle (4MIDEV) is estab-
lished comprehensively considering the differential steering dynamics characteristics, longitudinal dynamics
characteristics, and lateral dynamics characteristics. Takagi Sugeno (T-S) fuzzy method is adopted to deal
with the nonlinear and time-varying characteristics of the model parameters such as vehicle longitudinal
speed and the front steering wheel angle. The trajectory tracking control targets are divided into the kinematic
control target considering the trajectory tracking accuracy and the dynamics control target considering
longitudinal speed tracking as well as lateral stability performance. The generalized H2 norm and H∞
norm are selected to constrain the kinematic control target and the dynamics control target respectively. The
generalized H2/H∞ trajectory tracking controller is designed to improve the trajectory tracking accuracy
and longitudinal speed tracking as well as lateral stability performance. The hardware in the loop test (HIL)
verified that the designed trajectory tracking multi-objective controller can improve the comprehensive
performance of vehicle and balance the trajectory tracking accuracy between the longitudinal and lateral
dynamics performance.

INDEX TERMS Differential steering, four-in-wheel-motor drive vehicle, multi-objective control, trajectory
tracking, T-S fuzzy.

I. INTRODUCTION
The four-in-wheel-motor independent-drive vehicle
(4MIDEV) have the advantages of rapid torque response and
flexible control, which has been studied widely and shown
great potential in the vehicle active safety control, stability
control and intelligent driving control [1], [2]. The 4MIDEV
eliminates the traditional mechanical transmission system,
differential mechanism and transmission, and the four-wheel
torques are controllable independently. Under the action
of the steering trapezoid mechanism, the torque difference
between the left and right front-wheels is generated, so as to
achieve differential steering [3], [4].
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The trajectory tracking control for 4MIDEV was realized
in [5] by coordinating the active front wheel steering (AFS)
and the differential steering. The Steer-by-Wire (SBW) sys-
tem and the differential steering system were both taken as
the actuators of the trajectory tracking control for 4MIDEV
in [6], and the trajectory tracking control was achieved by
designing the coordination control strategy of SBW and dif-
ferential steering. However, the in-wheel motors drive vehicle
with active steering mechanism is a typical overdrive sys-
tem. The increase of the number of actuators leads to more
complexity and higher failure probability of the system [2],
which will have an impact on the reliability and stability of
the control system so that affecting the driving safety. Taking
differential steering as an independent steering actuator with-
out relying on any other steering mechanism will simplify
the complexity of the system and reduce the probability of
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actuator failure. Tian et al. designed a sliding mode controller
based on differential steering dynamics model and the feasi-
bility of the differential steering as the independent steering
mechanism was verified therein [7]. Thus, it is particularly
important to study the trajectory tracking control of differen-
tial steering as an independent steering mechanism.

There are some problems when taking the differential
steering as an independent steering actuator. One of the prob-
lems is that the left-front and right-front wheel torque differ-
ence required for differential steering will generate additional
yaw moments to vehicle, which will affect the lateral sta-
bility [8]. The differential steering dynamics characteristics
and vehicle lateral dynamics characteristics were analyzed
in [9], [10], and the dynamics model of 4MIDEV including
differential steering dynamics characteristics was established.
For the lateral stability problem of vehicle during differen-
tial steering process, the integrated sliding mode controller
was designed in [4] to improve the vehicle’s lateral stability
performance, and the adaptive super-twisting method was
used to suppress the chattering of sliding mode controller.
The influence of the torque difference between the left-
front and right-front wheels on the yaw rate was considered
in [11], and the µ analysis theory was adopted to optimize
yaw rate, so that it could better track the desired yaw rate.
The 4MIDEV dynamics models established in these studies
only included the lateral dynamics, but not the longitudinal
dynamics. However, there is a strong coupling phenomenon
between the longitudinal and lateral dynamics of vehicle, i.e.
the longitudinal speed will be affected when vehicle performs
differential steering [12], [13].

In order to solve this problem in the field of traditional
vehicle, the coupling characteristics between longitudinal and
lateral motion was considered in [14], a three-degree-of-
freedom (3DOF) vehicle dynamic model including vehicle
longitudinal motion, lateral motion and yaw motion was
adopted to achieve the intelligent vehicle longitudinal and
lateral motion control, and a relatively ideal control effect
was achieved. Jin et al. [15] used 3DOF model including
longitudinal dynamics characteristics to realize vehicle lat-
eral stability control, and the vehicle stability was improved
through the coordinated control of AFS and direct yaw
moment. The 3DOFmodel mentioned above is not adapted to
the control of 4MIDEV with differential steering due to the
different steering principle between the differential steering
and traditional steering system. The influence of differen-
tial steering on vehicle longitudinal and lateral dynamics
are considered comprehensively in the process of trajectory
tracking in this paper, and the dynamics model of 4MIDEV
with differential steering is established by combining the
differential steering dynamics equation, the vehicle longi-
tudinal dynamics equation and the vehicle lateral dynamics
equation. Compared with the traditional linear two-degree-
of-freedom model which only considers the lateral motion
and the yaw motion, the nonlinearity of the dynamics model
of 4MIDEV with differential steering is greatly increased.
Meanwhile, there are nonlinear time-varying parameters in

this model, which increases the difficulty of the controller
design. Takagi-Sugeno (T-S) fuzzy method has the advan-
tages in dealing with the problems of model nonlinear-
ity and parameters time-varying characteristics [15]–[18].
The T-S fuzzy method is used to deal with the nonlinear
variation of the tire nonlinearity in the model in [15], and was
adopted to deal with the nonlinearity variation of the vehicle
longitudinal speed in [18]. However, when there are many
time-varying parameters, the traditional T-S fuzzy method
has the problem of large amount of numerical calculation.

In the research field of trajectory tracking control, Ji et al.
considered the trajectory tracking accuracy and the lateral
stability, and the game theory was adopted to deal with the
contradiction between trajectory tracking accuracy and lateral
stability [19]. Yuan et al. [20] adopted model predictive con-
trol method to design the trajectory tracking controller. The
lane centerline tracking accuracy and the vehicle longitudinal
dynamics characteristics were considered comprehensively
in [21], and the model predictive control algorithm was used
to design the controller, which enable vehicle to track the
lane centerline and the desired longitudinal speed. Few stud-
ies have considered the trajectory tracking accuracy, lateral
stability and longitudinal speed tracking performance com-
prehensively. For 4MIDEV with differential steering, if the
longitudinal dynamics is not considered, speed fluctuation
caused by differential steering during the trajectory tracking
process will affect vehicle ride comfort. If the lateral stability
is not considered, lateral stability will be affected by differ-
ential steering under the high speed or high curvature road so
that the driving safety is affected. Therefore, it is necessary to
consider the trajectory tracking accuracy, lateral stability and
longitudinal speed tracking performance comprehensively
in the meantime enhance the comprehensive performance
of 4MIDEV trajectory tracking control system.

Common trajectory tracking control algorithms of intelli-
gent vehicle include PID, LQR, MPC, sliding mode variable
structure control and pure tracking control, and thesemethods
are also mostly used in the research of 4MIDEV trajec-
tory tracking. Li et al. [22] proposed a new potential field
method based on yaw angle control to realize 4MIDEV tra-
jectory tracking. The potential field method included attrac-
tive potential function, repulsive potential function, and yaw
angle potential function, in which the purpose of yaw angle
potential function was to reduce yaw angle rate change and
improve the vehicle handling stability. The desired vehicle
longitudinal force, lateral force, and yawmoment were deter-
mined according to the desired yaw angle and the desired lon-
gitudinal speed. Guo et al. [23] designed a trajectory tracking
controller based on MPC in the upper layer, in the middle
layer the fuzzy theory was used to optimize the parameters of
proportional integral (PI) controller, and the additional yaw
control torque was generated by sliding mode control (SMC).
Hang et al. [24] designed a trajectory tracking controller for
4MIDEV based on MPC. At different speeds, the desired
trajectory could be tracked well, but the desired yaw rate and
longitudinal speed were not considered. Zheng and Yang [25]
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designed a 4MIDEV trajectory tracking strategy based on
Neural Network PID and SMC was used to track the desired
yaw rate. The trajectory tracking controller based on Fuzzy
Adaptive PID control algorithm was used in [26], however,
PID controller was sensitive to parameter changes and was
not suitable for nonlinear systems. Over the years, 4MIDEV
trajectory tracking control method mainly faces the following
problems. Firstly, there are few studies on comprehensively
considering the track tracking accuracy, longitudinal speed
tracking performance and lateral stability of 4MIDEV. Sec-
ondly, most of studies are carried out under the assumption
of vehicle with the constant longitudinal speed, but it is
important for 4MIDEV to control longitudinal speed, and we
hope to track the trajectory with a high vehicle speed without
losing vehicle stability, in addition the current longitudinal
control method for intelligent vehicles is not suitable for
4MIDEV. The sliding mode variable structure controller was
designed to track the desired vehicle longitudinal speed based
on the longitudinal dynamic characteristics, themodel predic-
tive controller was designed to ensure the trajectory tracking
accuracy in [27], and the direct yaw moment control was
adopted to ensure the vehicle lateral stability when tracking
the trajectory. Those three controllers were designed for tra-
jectory tracking accuracy, vehicle lateral stability and vehicle
longitudinal speed tracking performance respectively, which
increased the complexity of the control system. Besides, there
are certain coupling relationships between the different con-
trollers, which had an impact on the comprehensive perfor-
mance of the control system. So, it is expected to design one
comprehensive controller to achieve multi control objectives,
which can avoid the interaction among multiple controllers,
reduce the complexity of the control system, and track the
trajectory with a high vehicle speed without losing vehicle
stability.

Based on the multi-objective control architecture, two or
more dependent control objectives are transformed into linear
matrix inequalities, and the solution of the multi-objective
problem is obtained by solving the convex optimization
problem, thus a single controller can be obtained to satisfy
multiple control objectives [28]. The H2 and generalized H2
norms were used as the system performance indexes in [29],
and multi-objective controller of active suspension system
was designed to improve ride comfort and handling stability
performances. Jin et al. [30] designed a robust H∞ feed-
back controller for the closed-loop active suspension system.
The H2/H∞ robust multi-objective controller was designed
in [31] to enable the aircraft to better track the desired speed
and desired attitude angle. At present, the multi-objective
control method based on above mentioned multi-objective
control architecture is widely used in aircraft attitude control,
vehicle suspension control and mobile robot motion control,
but less used in vehicle trajectory tracking control. Compared
with wheeled mobile robot, the trajectory tracking accuracy
should not only be considered, but also the vehicle dynamic
performance should be focused on in the process of vehicle
trajectory tracking control. In particular, 4MIDEV is a strong

nonlinear redundant control system. The multi-objective con-
trol method can convert the trajectory tracking accuracy and
dynamics performance into the convex optimization problem
for solving the linearmatrix inequalities, and then the solution
of the multi-objective controller can be calculated. It is of
great significance to apply themulti-objective control method
based on the mentioned multi-objective control architecture
for achieving the trajectory tracking control of 4MIDEV.

The main contribution of this paper is that the influences
of the differential steering on vehicle longitudinal and lat-
eral dynamics characteristics are considered. Furthermore,
the dynamics model of 4MIDEV with differential steering is
established by combining the differential steering dynamics
characteristics, the vehicle longitudinal and lateral dynamics
characteristics. Different from references [15] and [16], the
T-S fuzzy method after first-order Taylor approximation is
adopted to deal with the nonlinear model. The high trajectory
tracking accuracy, good longitudinal speed tracking perfor-
mance, and excellent lateral stability performance are taken
as the control objectives in this paper. The above control
objectives are divided into the kinematics index considering
trajectory tracking accuracy and the dynamics index consid-
ering the vehicle longitudinal as well as lateral dynamics
characteristics. Based on the multi-objective control archi-
tecture, the generalized H2/H∞ multi-objective controller
is designed, and hardware in the loop test (HIL) is finally
adopted to verify the effect of the designed control system.

The remaining sections of this paper are organized as
follows. Vehicle dynamics model and the trajectory tracking
model are established in section II, and the nonlinear state
equation expression of the control system is obtained. The T-S
fuzzy method is adopted to deal with the nonlinearity of the
state equation in section III. Then, the control output parame-
ters and the measurement output parameters are selected, and
the system’s T-S model is obtained. In section IV, the control
targets are divided, and the generalized H2/H∞ norm are
selected to design the multi-objective controller. The solution
of the multi-objective controller is obtained by the steps of
matrix block processing, linear variable replacement, convex
optimization solution and the matrix singular value decom-
position. In section V, the torque optimal distribution scheme
is designed. HIL test is adopted to verify the effectiveness of
the designed control systemin section VI. The section VII is
the conclusion.

II. VEHICLE NONLINEAR DYNAMICS
A. DYNAMICS MODEL WITH DIFFERENTIAL STEERING
According to the differential steering principle of 4MIDEV
in [4], the following dynamics equation of differential steer-
ing is built [4], [10].

δ̇ = −
l2Cf
3be

δ +
k1Cf
be

β +
k1Cf lf
vxbe

ω +
rσ
ber

u1 (1)

where be is the steering damping, rσ is the distance between
the projection point of the kingpin on the ground and the
center plane of the tire, δ is the steering angle of front wheel,
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β is the centroid sideslip angle, ω is the yaw rate, u1 is the
torque difference between two front wheels.

Ignoring the pitch and roll motion, the 4MIDEV dynamics
model with the front-wheel differential steering is shown
in Fig. 1.

FIGURE 1. Framework of the 4MIDEV model.

The 3-DOF 4MIDEV dynamicsmodel containing the vehi-
cle longitudinal motion, lateral motion and yaw motion is
built as follows [32].

m
(
v̇x − vyω

)
=
(
Fxfl + Fxfr

)
cosδ + Fxrl + Fxrr

−
(
Fyfl + Fyfr

)
sinδ

m
(
v̇y + vxω

)
=
(
Fyfl + Fyfr

)
cosδ + Fyrl + Fyrr

+
(
Fxfl + Fxfr

)
sinδ

Izω̇ = lf
(
Fyfl + Fyfr

)
cosδ − lr

(
Fyrl + Fyrr

)
+lf

(
Fxfl + Fxfr

)
sinδ

(2)

where m is the mass of the whole vehicle, vx and vy are the
longitudinal speed and the lateral speed respectively, lf and
lr are the distances from the mass center of vehicle to the
front and rear axles respectively, Iz is the vehicle moment of
inertia around z-axle, fl, fr, rl and rr represent the left-front
wheel, right-front wheel, left-rear wheel and right-rear wheel
respectively. Let i = fl, fr, rl, rr , and Fxi, Fyi indicate the
longitudinal forces and lateral forces of tires respectively.

When the differential steering occurs, the lateral force and
longitudinal force of tires will become to change [4], [32].
According to (2), the longitudinal acceleration is affected by
the change of the lateral or longitudinal force. Therefore,
differential steering affects the vehicle longitudinal dynamic
performance.

Let Fyi = Ciαi, where Ci is the cornering stiffness of
tires and αi is the centroid sideslip angle of tires. In order
to simplify the model, assuming that Cfl = Cfr ,Crl = Crr ,
αfl = αfr , αrl = αrr , and Cf = Cfl + Cfr , Cr = Crl + Crr ,
αf = αfl = αfr , αr = αrl = αrr . By introducing additional
yawmoment u2 and the driving torque u3, the following vehi-
cle dynamics model with differential steering can be obtained

according to the differential steering dynamics shown in (1).

δ̇ = −
k1Cf
be
δ +

k1Cf
be
β +

k1Cf lf
vxbe

ω + rσ
ber
u1

v̇x =
Cf sinδ
m δ +

(
vy −

Cf lf sinδ
mvx

)
ω −

Cf sinδ
m β

+
1+cosδ
2mr u3

β̇ = −
Cf cosδ
mvx

δ +
(
Cf lf cosδ−Cr lr

mv2x
− 1

)
ω +

Cf cosδ+Cr
mvx

β

+
sinδ
2mvx r

u3

ω̇ = −
Cf lf cosδ

Iz
δ +

Cf l2f cosδ+Cr l
2
r

Izvx
ω +

Cf lf cosδ−Cr lr
Iz

β

+
ls
Izr
u1 + 1

Iz
u2 +

lf sinδ
2Izr

u3

(3)

where r is effective rolling radius of the wheels.

B. IN-WHEEL MOTOR MODEL
The permanent magnet synchronous outer rotor motor is
selected as in-wheel motor due to its characteristics of high
efficiency, rapid torque response, and being easy to connect
with the hub directly. The permanent magnet synchronous
outer rotor motor can be simplified as a second-order sys-
tem [33]. The equation of motor is expressed as follows.

Tmi

Twi
=

1
2ξ2s2 + 2ξs+ 1

(4)

where ξ is determined by electromagnetic parameters of
motor and set as 0.05, Tmi is output torque of the motor, Twi
is the target motor torque. The motor’s rated power is 5 kw,
the peak torque is 200 N ·m, the peak speed is 780 r/min, and
the rated voltage is 72 V.

C. TRAJECTORY TRACKING MODEL
The trajectory tracking model is shown in Fig. 2, where e is
the lateral deviation, ρ is the road curvature, ψh is the vehi-
cle’s actual heading angle, ψd is the desired heading angle,
and the heading angle deviation ψ = ψh −ψd . The equation
of the trajectory tracking is expressed as follows [10], [34].{

ė = vxψ + vxβ
ψ̇ = ω − ρvx

(5)

FIGURE 2. Trajectory tracking model.
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D. STATE EQUATION EXPRESSION
The following time-varying state equation is obtained by
combining the above models. There are some time-varying
parameters such as vehicle longitudinal speed vx , lateral
speed vy, and the front wheel steering angle δ in the coef-
ficient matrixes of the state equation.

Ẋ = A (t)X + B (t)U + B1 (t)W (6)

where ωd is desired yaw rate, ωd = min{ωd1, ωlim} ∗
sgn(δ), ωlim = 0.85

vx
µg, ωd1 =

vx/L
1+Kv2x

σ , K is the stability
factor, vxd is the desired longitudinal speed, X is the state
vector, U is the control output vector, W is the external
disturbance vector, µ is the friction coefficient of the road
surface, ls is the half of the wheel-base, and k1, k2, k3 are
weighting coefficients.

A (t) =



0 vx(t) 0 0 vx(t) 0
0 0 0 0 0 1
0 0 −o1 0 o1

o1lf
vx (t)

0 0 o2 0 −o2 vy (t)−
o2lf
vx (t)

0 0 −o3 0 Cr
mvx (t)

+ o3
o3lf
vx (t)
−

Cr lr
m(vx (t))2

− 1

0 0 −o4 0 o4 −
Cr lr
Iz

o4lf
vx (t)
+

Cr l2r
Izvx (t)


,

B1(t) =



0 0 0
−
vx (t)
k1

0 0
0 0 0
0 0 0
0 0 0
0 0 0

 ,B(t) =


0 0 0
0 0 0
rσ
ber

0 0

0 0 1+cos(δ(t))
2mr

0 0 sin(δ(t))
2mrvx (t)

ls
Izr

1
Iz

lf sin(δ(t))
2Izr


.

X = [eψ δ vxβ ω]T ,U = [u1 u2 u3]T ,

W = [k1ρ k2vxd k3ωd ]
T .

o1 =
k1Cf
be

, o2 =
Cf sin(δ(t))

m
, o3 =

Cf cos(δ(t))
mvx(t)

,

o4 =
Cf lf cos(δ(t))

Iz
.

III. SYSTEM MODEL ESTABLISHMENT WITH T-S FUZZY
METHOD
A. T-S FUZZY STATE EQUATION
As vehicle driving condition changes, the parameters in coef-
ficient matrixes A (t) ,B (t) ,B1 (t) such as vx (t), vy (t), and
δ (t) will change with the time nonlinearly, that is to say,
the coefficient matrixes of the state equation change with
the change of time-varying parameters vx (t) , vy (t) , δ (t),
which will bring difficulty to the multi-objective controller
designing. Due to the effectiveness of the T-S fuzzy method
in dealing with the model nonlinear problem [15], [18],
the T-S fuzzy method is adopted to deal with the nonlinear
time-varying parameters in (6) to obtain the linearized state
equation expression.
vx (t), vy (t), and δ (t) can be obtained by the method of

measurement or estimation [35], and these three parame-
ters are bounded in the actual vehicle driving process. Let
maxvx = vx , minvx = ṽx ,max vy = vy,min vy = ṽy,

max δ =,min δ = δ̃. If vx , 1/vx , 1/v2x , sinδ, cosδ, vy are
selected as the premise variables, and each premise variable is
divided into two fuzzy sets of ‘‘high’’ and ‘‘low’’. Thus, a total
of 26 fuzzy rules are obtained, which makes the numerical
calculation of the obtained global linearization system state
equation larger, and have a great impact on the controller’s
real time performance [36]. In order to reduce the numeri-
cal calculation, the premise variables 1/vx , 1/v2x , sinδ, cos δ
are processed by using the first-order Taylor approximation
method.

Firstly, the premise variables 1/vx and 1/v2x are processed
by the method of the first-order Taylor approximation at the
point of v0 = (vx + ṽx) /2.

1
vx
≈

1
v0
−

1

v20
(vx − v0) ,

1
v2x
≈

1

v20
−

2

v30
(vx − v0) (7)

The premise variables sin δ and cos δ are processed by the
method of the first-order Taylor approximation at the point of
δ0 =

δmax+δmin
2 . We get

sinδ ≈ δ, cosδ ≈ 1 (8)

The number of premise variables are correspondingly
reduced to three by substituting (7) and (8) into (6), and the
premise variables are rewritten as ρ1 (t) = vx , ρ2 (t) = vy,
ρ3 (t) = δ. Each premise variable here is divided into two
fuzzy sets of ‘‘high’’ and ‘‘low’’, a total of 23 fuzzy rules are
obtained. According to [21], the ṽx = 10m/s, vx = 30m/s,
ṽy = −6m/s, vy = 6m/s are set in this paper. According to
the general range of front wheel steering angle, δ̃ = −π/6
rad and δ̄ = π/6 rad are selected in this paper.

For the premise variables ρ1 (t) , ρ2 (t) , ρ3 (t) the mem-
bership functions are calculated as follows [37].

M1
1 (ρ1 (t)) =

vx − ṽx
vx − ṽx

,M2
1 (ρ1 (t)) =

vx − vx
vx − ṽx

M1
2 (ρ2 (t)) =

vy − ṽy
vy − ṽy

,M2
2 (ρ2 (t)) =

vy − vy
vy − ṽy

M1
3 (ρ3 (t)) =

δ − δ̃

δ̄ − δ̃
,M2

3 (ρ3 (t)) =
δ̄ − δ̃

δ̄ − δ̃

The following T-S fuzzy state equation is obtained.

Ẋ =
∑8

i=1
µi(AiX + BiU + B1iW ) (9)

where µi =
µi∑8
i=1 µi

, µi =
∏3

j=1 M
k
j ,M

k
j is the degree of the

membership of the jth rule, k = 1, 2. The rules are as follows.
If ρ1 (t) is ‘‘low’’, ρ2 (t) is ‘‘low’’, ρ3 (t) is ‘‘low’’, then

Ẋ = A1X + B1U + B11W ,
If ρ1 (t) is ‘‘high’’, ρ2 (t) is ‘‘low’’, ρ3 (t) is ‘‘low’’, then

Ẋ = A2X + B2U + B12W ,

...

If ρ1 (t) is ‘‘high’’, ρ2 (t) is ‘‘high’’, ρ3 (t) is ‘‘high’’, then
Ẋ = A8X + B8U + B18W , where A1,B1,A2,B2, · · ·A8,B8,
are shown at the bottom of the next page
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A1 =



0 ṽx 0 0 ṽx 0
0 0 0 0 0 1
0 0 −

k1Cf
be

0 k1Cf
be

2k1Cf lf
v0be

−
k1Cf lf ṽx
bev20

0 0 Cf δ̃
m 0 −

Cf δ̃
m ṽy −

2Cf lf δ̃
mv0
+

Cf lf ṽx δ̃
mv20

0 0 − 2Cf
mv0
+

Cf ṽx
mv20

0 2(Cr+Cf )
mv0

−
ṽx(Cf+Cr)

mv20

3(Cf lf−Cr lr)
mv20

−
2ṽx(Cf lf−Cr lr)

mv30
− 1

0 0 −
Cf lf
Iz

0 Cf lf−Cr lr
Iz

(Cf l2f +Cr l
2
r )(2v0−ṽx )

Izv20


,

B1 =



0 0 0
0 0 0
rσ
ber

0 0
0 0 1

mr

0 0 δ̃
mv0r
−

δ̃ṽx
2mrv20

ls
Izr

1
Iz

lf δ̃
2Izr


,B11 =


0 0
−ṽx 0
0 0
0 0
0 0
0 0

 .

A2 =



0 vx 0 0 vx 0
0 0 0 0 0 1
0 0 −

k1Cf
be

0 k1Cf
be

2k1Cf lf
v0be

−
k1Cf lf vx
bev20

0 0 Cf δ̃
m 0 −

Cf δ̃
m ṽy −

2Cf lf δ̃
mv0
+

Cf lf vx δ̃
mv20

0 0 − 2Cf
mv0
+

Cf vx
mv20

0 2(Cr+Cf )
mv0

−
vx(Cf+Cr)

mv20

3(Cf lf−Cr lr)
mv20

−
2vx(Cf lf−Cr lr)

mv30
− 1

0 0 −
Cf lf
Iz

0 Cf lf−Cr lr
Iz

(Cf l2f +Cr l
2
r )(2v0−vx )

Izv20


,

B2 =



0 0 0
0 0 0
rσ
ber

0 0
0 0 1

mr

0 0 δ̃
mv0r
−

δ̃vx
2mrv20

ls
Izr

1
Iz

lf δ̃
2Izr


,B12 =


0 0
−vx 0
0 0
0 0
0 0
0 0

 .

...

...

A8 =



0 vx 0 0 vx 0
0 0 0 0 0 1
0 0 −

k1Cf
be

0 k1Cf
be

2k1Cf lf
v0be

−
k1Cf lf vx
bev20

0 0 Cf δ̄
m 0 −

Cf δ̄
m vy −

2Cf lf δ̄
mv0
+

Cf lf vx δ̄
mv20

0 0 − 2Cf
mv0
+

Cf vx
mv20

0 2(Cr+Cf )
mv0

−
vx(Cf+Cr)

mv20

3(Cf lf−Cr lr )
mv20

−
2vx(Cf lf−Cr lr)

mv30
− 1

0 0 −
Cf lf
Iz

0 Cf lf−Cr lr
Iz

(Cf l2f +Cr l
2
r )(2v0−vx )

Izv20


,

B8 =



0 0 0
0 0 0
rσ
ber

0 0
0 0 1

mr

0 0 δ̄
mv0r
−

δ̄vx
2mrv20

ls
Izr

1
Iz

lf δ̄
2Izr


,B18 =


0 0
−vx 0
0 0
0 0
0 0
0 0

 .
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B. OUTPUT SELECTION OF THE SYSTEM WITH T-S FUZZY
MODEL
The trajectory tracking control of 4MIDEV is studied in
this paper. Therefore, one of the control objectives is to
ensure the trajectory tracking accuracy. Since the differen-
tial steering is used as the actuator of trajectory tracking,
the torque difference between the left and right front wheels
required by differential steering will introduce additional
yaw moment, which will affect the lateral stability of the
vehicle. At the same time, the vehicle has strong longitudinal
and lateral coupling dynamics characteristics. In the process
of trajectory tracking, the differential steering will have an
impact on the vehicle’s longitudinal dynamics characteristics,
and one of the intuitive performances is the influence of
the differential steering on the longitudinal vehicle speed.
Therefore, high trajectory tracking accuracy, good desired
longitudinal speed tracking and lateral stability performance
are taken as the comprehensive control objectives in this
paper. The lateral deviation e and the heading angle devia-
tion ψ are selected to describe the trajectory tracking accu-
racy [22], [38], the yaw rate ω and the centroid sideslip
angle β are selected to describe the vehicle lateral stability
performance [39], [40], and the vehicle longitudinal speed vx
is selected to describe the longitudinal speed tracking
performance [13], [21].

It is noted that the two variables e and ψ , which indicate
the trajectory tracking accuracy, are the variables describ-
ing the geometric relationship between the vehicle and the
desired trajectory, and belong to the vehicle kinematic cate-
gory; while the variables ω, β, vx , which indicate the vehicle
lateral stability and longitudinal dynamics characteristics, are
closely related to the vehicle’s forces relationship and belong
to the vehicle dynamics category. Therefore, the trajectory
tracking control of 4MIDEV is not only a multi-objective
control problem, but also a kinematics and dynamics integra-
tion problem. The control outputs are divided into kinematic
control output Z1 = [k8e k9ψ]T and the dynamics control
output Z2 = [k4ė1 k5ė2 k6ė3 k7β]T , and the measurement
output Y = [e ψ ė1 ė2 ė3]T is also selected, where ė1 =
δ − δd , ė2 = vx − vxd and ė3 = ω − ωd . The parameters
k4, k5, . . . , k9 are the weighting coefficients.
By combining (9), the following state space equation

expression of the system’s T-S fuzzy model is obtained.
Ẋ =

∑8

i=1
µi(AiX + BiU + B1iW )

Z1 = C11X + D11W
Z2 = C12X + D12W
Y = CX + DW

(10)

where

C11 =

[
k8 0 0 0 0 0
0 k9 0 0 0 0

]
,

C12 =


−

2k4L
d2
−

2k4L
d k4 0 0 0

0 0 0 k5 0 0
0 0 0 0 0 k6
0 0 0 0 k7 0

 ,

D11 =

[
0 0 0
0 0 0

]
,D12 =


0 0 0
0 − k5

k2
0

0 0 − k6
k3

0 0 0

 ,

C =


1 0 0 0 0 0
0 1 0 0 0 0
−

2L
d2
−

2L
d 1 0 0 0

0 0 0 1 0 0
0 0 0 0 0 1

 ,D =

0 0 0
0 0 0
0 0 0
0 − 1

k2
0

0 0 − 1
k3

 .

IV. MULTI-OBJECTIVE CONTROLLER DESIGN
In this section, the multi-objective trajectory tracking con-
troller is designed based on output feedback method. The
proposed multi-objective trajectory tracking control system
is shown in Fig. 3. Firstly, the nonlinear dynamics equa-
tion of 4MIDEV is established by combining the vehi-
cle dynamics model with differential steering, the in-wheel
motor model, and trajectory tracking error model. Taking
lateral deviation, longitudinal speed, yaw rate et al as the
control objectives, the generalized H2 norm and H∞ norm
are selected to constrain vehicle control objectives. Then the
output feedback control law is designed based on the control
objectives, and the closed-loop T-S fuzzy state equation is
obtained by combining the output feedback control law with
the T-S fuzzy model. Finally, the closed-loop T-S fuzzy state
equations are transformed into the linear matrix inequalities
(LMI). The solution of trajectory tracking output feedback
controller is obtained by solving the system of linear matrix
inequalities. Control signal outputted by the multi-objective
controller are the torque difference between the left-front
wheel and the right-front wheel, the additional yaw moment,
and the driving torque. The torque allocation algorithm is then
designed for 4MIDEV.

The parallel distributed compensation (PDC) method is
adopted to design the multi-objective output feedback con-
troller for the T-S fuzzy model obtained in the above section.
The design of the multi-objective output feedback controller
mainly includes two parts, which are control index selec-
tion and the output feedback control law design. Firstly,
the generalized H2 performance index and H∞ performance
index are designed for trajectory tracking accuracy, lon-
gitudinal speed tracking performance, and lateral stability
respectively, the Lyapunov matrix is introduced to trans-
form different performance index constraints into a matrix
equation inequalities form. Then, the solution of the multi-
objective controller is obtained by the steps of Lyapunov
matrix block processing, linear variable replacement for-
mula, convex optimization solution and matrix singular value
decomposition.
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FIGURE 3. Multi-objective trajectory tracking control system framework.

A. CONTROL INDEX SELECTION
For the trajectory tracking accuracy, the variables e and ψ ,
which represent the geometric position relationship between
4MIDEV and the trajectory, needs to be as small as possible
to ensure higher trajectory tracking accuracy. The transfer
function from the external disturbanceW to control output Z1
is defined as T1, then the generalized H2 norm of the transfer
function is defined as follows.

‖T1‖GH2 = supW∈L2
‖Z1‖∞
‖W‖2

(11)

where ‖Z1‖∞ = supk∈N0 |Z1 (k)| is the upper bound of the

control output Z1, ‖W‖2 =
√∑

∞

k=0 |W (k)|2 is the square
root value of the energy of the disturbance input signal,
and W ∈ L2 represents that the disturbance input signal
W is the energy bounded signal. The generalized H2 norm
can describe the peak value of the control output in the
time domain when the disturbance input signal is the energy
bounded signal, that is to say, the generalized H2 norm is a
performance index which describes the hard constraint of the
time domain output. Since the external disturbance signalW
is studied in a limited time range, the external disturbance
signalW is regarded as a bounded energy signal in this paper
Therefore, the generalizedH2 norm is selected to perform the
hard constraint for the variables e andψ , so as to obtain higher
trajectory tracking accuracy.

For the good longitudinal speed tracking performance and
lateral stability, it is necessary to constrain the dynamics
control output Z2 to a small range to obtain a better dynamics
response performance. At the same time, the vehicle dynam-
ics response needs to be robust to the external disturbance
such as the road curvature change. The transfer function from
the external disturbance W to control output Z2 is defined

as T2, then theH∞ norm of the transfer function is defined as
follows.

‖T2‖GH2 = supW∈L2
‖Z2‖∞
‖W‖∞

(12)

where ‖Z2‖2 =
√∑

∞

k=0 |Z2 (k)|
2 is the square root value

of the energy of the control output signal Z2. The H∞ norm
represents the peak value of the maximum singular value of
the system frequency response, reflecting the energy ration
of the system output signal to the input signal under the
action of the energy bounded signal, which can describe the
anti-disturbance performance from the external disturbance
inputs to the control outputs. Therefore, the H∞ norm index
is adopted to ensure the vehicle’s dynamics performances and
the robustness of the vehicle dynamics responses.

B. OUTPUT FEEDBACK CONTROL LAW DESIGN
Considering that the relevant state variables such as the
vehicle centroid sideslip angle and so on in the state
feedback control are difficult to measure or the measur-
ing cost is high, the output feedback control is adopted.
The PDC method is used to design the output feed-
back control law for each local linear model of the
T-S fuzzy system. A fuzzy global output feedback control law
is finally obtained by the fuzzy synthesis of multiple local
output feedback control laws. For a single local linear model,
the output feedback control law is designed as follows.

Ui = KiY (13)

The Ki in (13) has the following form.{
˙̂X = AkiX̂ + BkiY
U = CkiX̂ + DkiY

(14)
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where Aki,Bki,Cki and Dki are the parameters matrixes of the
controller.

The following closed-loop system is obtained by
combining (10), (13) and (14).

ξ̇ = Aciξ + BciW
Z1 = C11X + D11W
Z2 = C12X + D12W

(15)

whereAci =
[
Ai + BiDkiC BiCki

BkiC Aki

]
,Bci =

[
BiDkiD+ B1i

BkiD

]
,

ξ =

[
X
X̂

]
.

The closed-loop system shown in (15) is required to be
stable and the following conditions are required to be also
met.

¬ ‖T1‖GH2 < λ1
 ‖T2‖∞ < λ2
® The poles of the closed-loop system are located in the

left half open complex plane.
The sufficient and necessary condition for satisfying the

condition ¬ is that there is a symmetric matrix P1 = PT1 > 0,
which makes the following inequalities true.(

ATciP1 + P1Aci P1Bci
BTciP1 −I

)
< 0 (16)(

P1 CT
11

C11 λ1I

)
> 0 (17)

The sufficient and necessary condition for satisfying the
condition  is that there is a symmetric matrix P2 = PT2 > 0,
which makes the following inequality true.ATciP2 + P2Aci P2Bci CT

12
BTciP2 −λ2I DT12
C12 D12 −λ2I

 < 0 (18)

The sufficient and necessary condition for satisfying the
condition ® is that there is a symmetric matrix P3 = PT3 > 0,
which makes the following inequality true.

AciP3 + P3ATci < 0 (19)

Since three symmetric positive definitematricesP1,P2 and
P3 are introduced in (16)∼(19), it is difficult to apply the
existing theory to simultaneously solve the matrices P1,P2
and P3 satisfying the constraints. The Lyapunov matrix P =
P1 = P2 = P3 is introduced to simplify the above prob-
lem. It is worth noting that although the Lyapunov matrix
will bring some conservatism to the controller solution,
the unification of each channel Lyapunov function makes
the multi-objective controller design more flexible than the
traditional optimal design, and it can reduce the order of the
controller.

Then, the above constraint problem is converted into fol-
lowing form.

(
ATciP+ PAci PBci

BTciP −I

)
< 0(

P CT
11

C11 λ1I

)
> 0A

T
ciP+ PAci PBci CT

12

BTciP −λ2I DT12
C12 D12 −λ2I

 < 0

AciP+ PATci < 0

(20)

Since Aci and Bci in (20) depend on the unknown controller
parameters matrixes Aki, Bki, Cki and Dki, there are nonlinear
relationship between the matrix P and the controller param-
eters matrixes Aki, Bki, Cki and Dki, which brings great diffi-
culties to the design of output feedback controller. The matrix
inequalities shown in (20) is transformed into an equivalent
linear matrix inequality by using the variable replacement
method to find a proper variable replacement formula.

Thematrixes blocking process method is carried out for the
matrix P and its inverse matrix. We get

P =
[
S N
NT T

]
,P−1 =

[
R M
MT V

]
(21)

where R, S ∈ Rn×n are symmetric matrix. The matrixes F1
and F2 are defined as follows.

F1 =
[
R I
MT 0

]
,F2 =

[
I S
0 NT

]
,F2 = PF1 (22)

The variable replacement formulas are defined as follows.

Âi = S (Ai + BiDkiC)R+ NBkiCR
+SBiCkiMT

+ NAkiMT

B̂i = SBiDki + NBki
Ĉi = DkiCR+ CkiMT

D̂i = Dki

(23)

According to (23), the first matrix inequality in (20) is
left multiplied by the matrix diag

{
FT1 , I1

}
and right mul-

tiplied by the matrix diag {F1, I1} respectively; the second
matrix inequality in (20) is left multiplied by the matrix
diag

{
FT1 , I2

}
and right multiplied by the matrix diag {F1, I2}

respectively; the third matrix inequality in (20) is left multi-
plied by the matrix diag

{
FT1 , I1, I3

}
and right multiplied by

the matrix diag {F1, I1, I3} respectively; and the fourth matrix
inequality in (20) is left multiplied by the matrix FT1 and
right multiplied by the matrix F1 respectively. The following
matrix inequalities are obtained.

Equation (24), as shown at the bottom of the next page,
is a linear matrix inequality about the parameter matrixes
Âi, B̂i, Ĉi, D̂i,R, S, and which can be solved by the method
of the convex optimization solution using the MATLAB
toolbox.
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According to (21), we get

MNT
= I − RS (25)

After the matrixes R and S are obtained, the full rank
matrixesM and N can be obtained by singular value decom-
position of the matrix I −RS, and the parameters matrixes of
the controller can be obtained through the following formula.

Dki = D̂i
Cki =

(
Ĉi − DkiCR

) (
MT

)−1
Bki = N−1

(
B̂i − SBiDki

)
Aki = N−1

[
Âi − S (Ai + BiDkiC)R

] (
MT

)−1
−BkiCR

(
MT

)−1
− N−1SBiCki

(26)

Therefore, the local output feedback controller Ui = KiY
is obtained.

Multiple output feedback control laws are obtained for
different local linear system, and the following global out-
put feedback control law is obtained by fuzzy synthesis of
multiple fuzzy control laws.

U =
∑8

i=1
µiUi =

∑8

i=1
µi(KiY ) (27)

V. TORQUE DISTRIBUTION
The control signal outputted by the multi-objective controller
is U = [u1, u2, u3]T , where u1 is the torque difference
between the left-front wheel and the right-front wheel, u2
is the additional yaw moment, and u3 is the driving torque.
In this section, the control outputs u1, u2 and, u3 are optimally
distributed by calculating the constraint conditions and the
optimization objective function to obtain the target torque of
each in-wheel motor. The detailed torque distribution process
can be found in the past study [41].

Minimizing tire load utilization is taken as the optimization
objective function of the torque distribution.

J = min
∑4

i=1

T 2
xi

(µFzir)2
(28)

The constraint conditions are as follows.
Tfl + Tfr + Trl + Trr = u3
Tfl − Tfr = u1
ls(Tfl−Tfr+Trl−Trr)

2r = u2
Ti ≤ min (µFzir,Tmax)

(29)

The equations with two variables Tfl and Tfr are obtained
by using the eliminatingmethod to process the constraint con-
ditions shown in (29). The equations are substituted into (28),
and the partial derivatives of Tfl and Tfr are calculated respec-
tively to obtain the following optimal torque of each in-wheel
motor.

Tfl =
u3
2 −

ru2
ls

(µFz4r)2
/

[
1

(µFz2r)2
+

1

(µFz4r)2

]
+ u1

Tfr =
u3
2 −

ru2
ls

(µFz4r)2
/

[
1

(µFz2r)2
+

1

(µFz4r)2

]
Trl =

ru2
ls
+
u3
2
− Tfl

Trr =
u3
2
−
ru2
ls
− Tfr

(30)

VI. HARDWARE IN THE LOOP TEST RESULTS
The verification for the effectiveness of the designed trajec-
tory tracking multi-objective controller is carried out by HIL
test. The driving simulator is adopted as the core device where
the PXI real-time system is utilized for the hardware in HIL
test. Vehicle model and desired trajectory are established in
the CarMaker software. The T-S fuzzymodel, in-wheel motor
model, the multi-objective control algorithm and the torque



AiR+ RA
T
i + BiĈi +

(
BiĈi

)T Âi
T
+ Ai + BiD̂iC B1i + BiD̂iD

∗ SAi + ATi S + B̂iC +
(
B̂iC

)T SB1i + B̂iD
∗ ∗ −I1

 < 0

R I RTCT
11

∗ S CT
11

∗ ∗ λ1I2

 > 0


AiR+ RATi + BiĈi +

(
BiĈi

)T Âi
T
+ Ai + BiD̂iC B1i + BiD̂iD RTCT

12

∗ SAi + ATi S + B̂iC +
(
B̂iC

)T SB1i + B̂iD CT
12

∗ ∗ −λ2I1 DT12
∗ ∗ ∗ λ2I3

 < 0

[
AiR+ RATi + BiĈi +

(
BiĈi

)T Âi
T
+ Ai + BiD̂iC

∗ SAi + ATi S + B̂iC +
(
B̂iC

)T
]
< 0[

R I
∗ S

]
> 0

(24)
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distribution algorithm are input in PXI real-time system. The
comparison between the multi-objective controller and the
single-objective controller is carried out in the test, where
the multi-objective controller is the method designed in this
paper and the single-objective controller is only considering
the control objective of trajectory tracking accuracy. Results
of the single-objective control are obtained by using the
generalizedH2 norm to constrain the trajectory tracking error.
Vehicle model parameters are shown in Table 1.

TABLE 1. Vehicle model parameters.

HIL test platform constitution framework is given in Fig. 4,
which mainly includes the driving simulator, PXI real-time
system, host computer and hardware platform. The hardware
platform provides the power supply and function modules
used in the platform. Multi-objective comprehensive con-
troller designed in MATLAB/ Simulink are compiled and
downloaded by the host computer to PXI-8840 real-time
processor in PXI real-time system to generate control signal.
The PXI real-time system sends the control signal to the actu-
ators in the driving simulator through the PXI-8510 board.
Concurrently, the control signal from the PXI-8840 in PXI
real-time system is sent to the host computer installed with
the dynamic software CarMaker for controlling the vehicle
model driving on the virtual road.

FIGURE 4. Framework of HIL test platform.

A. HIL TEST FOR J-TURN WITH ACCELERATING
A J-turn test path is constructed to evaluate the performance
of the proposed multi-objective trajectory tracking controller.

In the test process, 4MIDEV is accelerated from 30km/h, and
the road adhesion coefficient is 0.8. The design parameters
of the controller are set as λ1 = 1, λ2 = 1.3, the weighting
coefficients of the controller are shown in Table 2, and the
test results are shown in Fig. 5.

TABLE 2. Weighting coefficients of the controller.

The comparison of test results is shown in Table 3. The
control method I represents the single-objective controller on
the high adhesion road (µ = 0.8), the control method II
represents the single-objective controller on the low adhesion
road (µ = 0.3), the control method III represents the multi-
objective controller on the high adhesion road (µ = 0.8),
and the control method IV represents the multi-objective
controller on the low adhesion road (µ = 0.3).
It can be seen from Fig. 5(a) that no matter on the high

adhesion road or on the low adhesion road, the actual longi-
tudinal speed of 4MIDEV controlled by the multi-objective
controller can better track the expected longitudinal speed
without fluctuation, while the longitudinal speed fluctuates
significantly at 5.5s with the single object control. The reason
for that the longitudinal speed curves fluctuation under the
single-objective control is the trajectory curvature changes
greatly at 5.5s, and the differential steering system comes
into operation at that time. The test results also show that the
differential steering has an impact on the vehicle longitudinal
speed. The better longitudinal speed tracking effect under the
multi-objective control indirectly indicates that the designed
H∞ performance index has certain robustness to the distur-
bances to the changes of the trajectory curvature and the road
adhesion coefficient. It can be seen from Fig. 5(b) that the
maximum value of the trajectory curvature is 0.014.

The comparison of methods III and I in Table 3 shows
that although the multi-objective control on the high adhe-
sion road has a slight decrease in the aspect of trajectory
tracking accuracy compared with the single-objective control
on the high adhesion road condition, it has a significant
improvement in vehicle lateral stability. The reason why the
trajectory tracking accuracy of the single-objective control
is better than that of the multi-objective control, is that for
single-objective control, only one target of trajectory tracking
accuracy is paid attention to, and it does not consider vehicle
lateral stability and longitudinal speed tracking performance.
Thus, the trajectory tracking accuracy is higher. However, the
multi-objective control is a compromise solution after com-
prehensively considering the trajectory tracking accuracy,
the vehicle lateral dynamics performance and longitudinal
speed tracking ability.

According to the comparison of control methods IV and II,
the trajectory tracking accuracy with the multi-objective con-
trol and single-objective control are basically consistent on
low adhesion road, while 4MIDEV with the multi-objective
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FIGURE 5. Results of J-Turn with accelerating.
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TABLE 3. Result comparison of J-Turn with accelerating.

control has better lateral stability. We can be concluded
that compared with the single-objective control, the multi-
objective controller has great advantage in improving the
4MIDEV lateral stability, and the trajectory tracking accu-
racy of the single-objective control is better than that of the
multi-objective control under the condition of high adhesion
road, while the trajectory tracking accuracy of the single
target control cannot be significantly improved under the
condition of low adhesion road. The comparison of control
methods IV and I also show that the multi-objective control
plays an important role in improving 4MIDEV lateral stabil-
ity. According to the comparison of control methods II and I
and the comparison of control methods IV and III, it can be
concluded that when the road adhesion coefficient is reduced,
the performance of single objective control, such as trajectory
tracking accuracy and vehicle lateral stability, will be greatly
degraded, while the performance of the multi-objective
controller will be slightly degraded. The multi-objective con-
troller has good robustness to the changes of trajectory cur-
vature and the road adhesion coefficient. The curves change
in the Fig. 5(c), (d), (f), and (g) can also verify the above
conclusion.

According to Fig. 5(e), the front-wheel steering angle
curves with both the multi-objective control and single-
objective control are basically coincide with the curves of
the expected values on high or low adhesion road, the two
controllers can track the expected front-wheel steering angle
well. It can be seen from Fig. 5(h) that the torque of the
right front wheel motor is bigger than that of the left front
wheel motor at 5.5s, and with the action of front-wheel torque
difference, the vehicle turns left. Correspondingly, the pos-
itive front wheel steering angle in Fig. 5(e) indicates the
left turning of the vehicle. The torque difference between
the left front wheel motor and the right front wheel motor
introduces an additional counterclockwise yaw moment at
5.5s. To counteract this yaw moment, the torque of the left
rear wheel motor is greater than that of the right rear wheel
motor, a clockwise yaw moment is generated onto 4MIDEV
to eliminate the impact of differential steering on vehicle
lateral stability performance. It is worth noting that the motor
torque variation under the multi-objective control on the low
adhesion road is similar to that on the high adhesion road.

In order to avoid repetition, only the motor torque variation
under multi-objective control on the high adhesion road is
given in Fig. 5(h) and similar observations can be found
in [42].

B. HIL TEST FOR DOUBLE LANE CHANGE WITH
ACCELERATING
In order to test 4MIDEV trajectory tracking performance
during the acceleration overtaking process, HIL test is car-
ried out under double lane change (DLC) trajectory tracking
condition. The road adhesion coefficient is set as 0.8 and
0.3 respectively, 4MIDEV longitudinal speed accelerated
from 30km/h, and the controller design parameters are con-
sistent with that under the J-Turn trajectory tracking condi-
tion. The weighting coefficients of the controller are shown
in Table 2, and the test results are shown in Fig. 6.

Longitudinal speed tracking performance is shown
in Fig. 6(a). It can be seen that the multi-objective con-
troller achieves good longitudinal velocity tracking effect
on the road with two kinds of adhesion coefficients, while
the deviation between the longitudinal speed of 4MIDEV
controlled by the single-objective controller and the target
speed is large. Single-objective control cannot eliminate the
influence of differential steering on longitudinal speed, and
the longitudinal speed fluctuation is obvious at 5.5s∼8.5s.

According to Fig. 6(c), the lateral deviation performance
of single-objective control is poor on the low adhesion road,
the maximum lateral deviation is big up to 0.28m, so the limi-
tation of single-objective control is displayed. It can be found
out from Fig. 6(d) that the performance of the two controllers
is similar in the aspect of heading angle control. Similar to
the test of J-turn with accelerating, the multi-objective con-
troller plays an important role in improving 4MIDEV lateral
stability according to Fig. 6(f) and (g). Besides, we found
out that the too large centroid sideslip angle controlled by
single-objective controller may cause dangerous situation on
the low adhesion road.

As shown in Fig. 6(e), on the high adhesion road, the
front-wheel steering angle curves under the multi-objective
control is basically coincide with the curve of the expected
values, so that the multi-objective controller can track the

VOLUME 9, 2021 62149



H. Wang et al.: Multi-Objective Comprehensive Control of Trajectory Tracking for Four-In-Wheel-Motor Drive Electric Vehicle

FIGURE 6. Results of DLC with accelerating.
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FIGURE 7. Results of DLC with decelerating.
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expected steering angle well; and on the low adhesion road,
themulti-objective control generates a large front wheel angle
to maintain lateral stability. It can be seen from Fig. 6(h)
that the front-wheel torque difference is large at 3.9s, 6.6s
and 8.0s, and the trajectory curvatures shown in Fig. 6(b)
are also relatively large at these times, which also corre-
sponds to the larger expected front-wheel steering angle in
the Fig. 6(e).

C. HIL TEST FOR DOUBLE LANE CHANGE WITH
DECELERATING
The test results of the previous two subsections verify the
performance of themulti-objective controller under the accel-
eration conditions. Now, 4MIDEV is set to travel in the
path shown in Fig. 7(b). In this maneuver, the vehicle is
required to complete DLC action within 15s and decelerate
from 60 km/h to 45 km/h. The test is carried out on high
adhesion coefficient pavement and low adhesion coefficient
pavement respectively. According to Fig. 7(a)∼(g), the multi-
objective controller designed in this paper can achieve a high
trajectory tracking accuracy. Although the trajectory tracking
error is increased slightly compared with the single-objective
control, the increased degree of the trajectory tracking error
is small. The vehicle lateral stability and longitudinal speed
tracking performance are improved significantly with the
multi-objective control. As shown in Fig. 7(h), when the
multi-objective controller is adopted, the negative torque is
generated by four in-wheel motors to make the vehicle brake
and keep the vehicle speed near the expected speed, where
the effect of vehicle speed control is shown in Fig. 7(a).
According to Fig. 7(b) and (h), when the vehicle heading
changes at 2.3s, 3.8s, and 5.5s, vehicle body will produce
large yaw motion amplitudes. The multi-objective control
applies the large positive driving torque to the rear-left wheel,
rear-right wheel and front-left wheel to generate enough yaw
moments respectively, so as to stabilize the body attitude
and minimize the centroid sideslip angle shown in Fig. 7(f)
and make the actual yaw rate shown in Fig. 7(g) match the
expected yaw rate. Therefore, the designed multi-objective
controller can effectively improve the comprehensive perfor-
mance of 4MIDEV, while taking into account the trajectory
tracking accuracy and the longitudinal and lateral dynamics
characteristics.

VII. CONCLUSION
The trajectory tracking multi-objective controller for
4MIDEV with differential steering is studied in this paper.
Firstly, according to the differential steering dynamics char-
acteristics, the dynamics model of 4MIDEV with differ-
ential steering is established. The system state equation is
obtained by combining the dynamics model of 4MIDEV
with differential steering, the in-wheel motor model and
the trajectory tracking model. Then, considering there are
nonlinear time-varying parameters such as the vehicle speed
and the front wheel steering angle in the coefficient matrixes
of the system state equation, which brings difficulty to

the controller design. Therefore, the T-S fuzzy method is
utilized to process the nonlinear time-varying parameters,
and the system T-S fuzzy state equation is obtained. Finally,
the kinematics control output, dynamics control output and
the measurement output of the system are selected, and the
system’s T-S fuzzy model is finally obtained. The influence
of differential steering on the vehicle longitudinal and lateral
dynamics characteristics is fully considered, and the trajec-
tory tracking control of 4MIDEV is taken as a multi-objective
control problem in this paper. The high trajectory tracking
accuracy, good vehicle lateral stability and longitudinal speed
tracking performance are taken as the control objectives of the
trajectory tracking control.

Considering that the trajectory tracking control of 4MIDEV
is not only a multi-objective control problem, but also a
vehicle kinematics and dynamics integration control prob-
lem. The trajectory tracking geometric error is attributed
to the vehicle kinematics category, and the vehicle longitu-
dinal and lateral dynamics characteristics are attributed to
the vehicle dynamics category. The generalized H2 norm
and the H∞ norm are selected to constrain the kinematics
and dynamics performance indexes of trajectory tracking.
The parallel distributed compensation method is adopted
to design the multi-objective output feedback controller for
the system T-S fuzzy model. Finally, HIL test is adopted
to verify the effectiveness of the designed trajectory track-
ing multi-objective control system. The considerable results
show that the multi-objective control method can effec-
tively improve the comprehensive performance of the control
system.
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