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ABSTRACT Orthogonal frequency division multiplexing (OFDM) continues to be deployed in 5G com-
munication systems and is likely to be used in beyond 5G (B5G) communication systems as well, due to
its many advantages. However, one major drawback with OFDM systems is its high peak-to-average power
ratio (PAPR), especially with large bandwidth transmissions. In this paper, we have provided a regularization
optimization based flexible hybrid companding and clipping scheme (ROFHCC) used for PAPR reduction
in OFDM systems. To reduce the design complexity, the companding function has two parts. It restrains the
signal samples with amplitudes over a given value to a constant value for both peak power reduction and small
power compensation. For signals with samples less than a given amplitude, they are expanded by a linear
companding function. We build a regularization optimization model to jointly optimize the companding
distortion as well as the continuity of the companding function for bit error rate (BER) performance as well as
power spectral density (PSD) performance. Simulation results indicate that for the same PAPR performance,
the proposed companding scheme has an advantage over the referenced companding schemes. For example,
when the average signal power is normalized to be 1, we choose both PAPR for ROFHCC scheme and
two-piecewise companding (TPWC) scheme as 4 dB, then we can find that at BER = 10−4, the minimum
required Eb/N0 for ROFHCC scheme is around 2.3 dB lower than TPWC scheme.

INDEX TERMS OFDM, PAPR, companding, distortion.

I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) has
been extensively used in a number of wireless communication
standards because of its high spectral efficiency, robustness to
multipath fading effects and low implementation complexity.
However, despite its advantages, one of the inherent draw-
backs of OFDM systems is its high peak-to-average power
ratio (PAPR) [1]. A high PAPR causes a large signal distortion
when the signals pass through a high power amplifiers (PAs)
at the transmitter end. As a result, addressing the PAPR
problem has been widely studied in OFDM systems [2],
through different solutions that involve tradeoffs between
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the level of PAPR reduction achieved and the cost of either
additional complexity or bit error rate (BER) loss or both.
These tradeoffs in the solutions addressing the PAPR problem
become even more critical in 5G and beyond 5G (B5G)
systems that are expected to support a variety of end user
devices, from low-cost sensors to high-end smart phones and
virtual reality goggles. Each of these transmitting devices
in the uplink come with PAs that have different levels of
tolerance to the PAPR, depending typically on the cost of
the PAs in the device [3]. Another consideration with B5G
systems is the use of large bandwidth carriers, particularly
in the mmWave spectrum which leads to carriers with a
large number of OFDM sub-carriers. Applying PAPR reduc-
tion techniques that scale in complexity with the number
of subcarriers becomes challenging in such an environment.
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Furthermore, with novel multiple access solutions, e.g., non-
orthogonal multiple access (NOMA), that run over OFDM
being studied for B5G systems, these tradeoffs in the PAPR
solutions between PAPR reduction, complexity and BER loss
are an important research topic [4].

As outlined by the survey in [2], several techniques that
reduce the PAPR in OFDM systems have been proposed in
the literature. Broadly, they can be classified into three main
categories: multiple signaling and probabilistic techniques,
coding techniques and lastly signal distortion techniques.
In the first category of multiple signaling and probabilistic
techniques, the goal is to reduce the probability of transmit-
ting a signal of high PAPR by generating several candidate
signals and transmitting the one with least PAPR. Common
techniques in this category include selective mapping [5] and
partial transmit sequences [6]. The second class of PAPR
reduction method involve the coding techniques. Codes used
for error detection and correction, such as linear block code,
Golay sequences, and polar codes [7] have all been used
to perform PAPR reduction. However, both these classes
of PAPR reduction techniques require large computation
complexity, which may not be suitable when the number
of subcarriers is large. A third category of PAPR reduction
techniques, called signal distortion techniques in [2], involves
introducing in-band and out-of-band distortion to the trans-
mitted signal to achieve PAPR reduction. These techniques
do not introduce any complexity overhead, but the distortion
introduced impacts the BER performance adversely. The goal
then is to find an acceptable tradeoff between the PAPR
reduction achieved and the additional BER loss incurred.
The most common of these signal distortion techniques is
clipping, where peaks in the signal above a certain threshold
are clipped to control the peak instantaneous power in the
signal. One of the more advanced techniques in this category
of PAPR reduction techniques is that of companding, which
is the focus of this paper.

Companding schemes can be broadly divided into lin-
ear and non-linear companding schemes. Among the linear
schemes, the authors in [8] and [9] provided linear com-
panding functions with several inflection points and a differ-
ent signal amplitude was companded with different scales.
In [10], to maintain the average signal power constant along
with a one-to-one mapping, the discussed two-piece com-
panding scheme (TPWC) scales a small signal amplitude,
while a large signal amplitude is addressed through both
scaling and shifting. However, the TPWC scheme does not
employ clipping and thus cannot reduce the PAPR effec-
tively. Also, in [11], authors proposed a piecewise linear
companding (PLC) scheme that employed minimum mean
square error to set the parameters of the companding function.
In the second category, nonlinear companding functions are
used to reduce the PAPR of OFDM signals. In [12], Wang
first proposed the µ-law companding (MC) scheme and the
bit error rate (BER) performance was introduced in [13].
However, the MC scheme reduces PAPR at the expense of
an increase in the average signal power. Later, literatures

[14]–[16] represented by exponential companding (EC)
scheme first assigned an ideal probability density func-
tion (PDF) with low PAPR, and then the nonlinear compand-
ing function is found based on the original signal PDF and
assigned signal PDF. In other work [14], a modification of
MC, called ‘‘root-based MC’’ (RMC), was provided. It used
µ-law to compand the d th root of the amplitude of OFDM
signal. After µ-law companding, the power compensation
method was implemented to make the signal power before
and after companding be at the same level. Recently, [17] pro-
vided amplitude limiting companding (ALC) scheme, which
used polynomials to compress the signal amplitude. In [18],
the authors proposed a hybrid clipping and companding
scheme for PAPR reduction in OFDM systems. The signals
will first pass through the clipping operator, and then the
authors use companding function to further reduce the PAPR.
In [19], the authors have proposed a hybrid of clipping and
companding (HCC) scheme. It clips high amplitude signals
and expands low amplitude signals. However, this scheme
cannot guarantee the average signal power constant, which
leads to a relatively high energy consumption.

In this paper, We have provided a regularization opti-
mization based flexible hybrid companding and clip-
ping (ROFHCC) scheme for PAPR reduction in OFDM sys-
tems. In the proposed companding scheme, signals with
amplitudes over a given segment point are restrained to a
determined clipping value. The signals with amplitudes less
than the segment point are amplified for power compensation
by an expanding function. When the peak power restric-
tion is determined, we build the variation problem aimed at
companding distortion minimization to find the expanding
function. According to Euler–Lagrange equation, the lowest
companding distortion expanding function is linear function.
The main contributions of our paper are two-fold. First,
we notice that the HCC scheme is also an optimal form for
proposed companding scheme but without average power
constant. So, we provide MHCC scheme, which consider
the average power constant. Here we consider the constraint
condition of constant average power of OFDM signals, which
is much useful for practical implementations. Actually, if the
change of signal power is not negligibly small, the high
PAs’ gain must be dynamically adjusted, which will increase
the hardware cost. [2]. In addition, signals with increased
power may traverse the nonlinear region of high PAs, leading
to larger distortions and degradation of BER performance.
Second, we build a regularization optimization problem to
find optimal clipping value as well as slope value for our com-
panding function. The optimization goal is the combination of
companding distortion as well as the continuity for proposed
companding scheme while the constraint condition is the
average signal power constant before and after companding.
And we give analytical solutions for some cases.

The rest of this work is organized as follows. In Section II,
we introduce the OFDM system model along with a charac-
terization of PAPR. In Section III, the proposed companding
function is detailed where the variation method is used to find
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FIGURE 1. Block diagram of OFDM modulation systems.

the optimal expanding function by minimizing signal distor-
tion.We also build regularization optimization problems with
constraint conditions and give analytical solutions in some
cases and in Section IV, simulation results comparing the
proposed scheme to other similar schemes from the literature
are provided. Finally, some concluding remarks are made in
Section V.

II. OFDM SYSTEM MODEL
The general OFDM transmission system is shown in Fig. 1.
Let Xk , k ∈ {0, 1, 2, . . . ,N − 1} represents the complex
modulated symbols to be transmitted in an OFDM symbol
with N subcarriers. After Inverse Fast Fourier Transform
(IFFT), the time-domain OFDM symbol is

xn =
1
√
N

N−1∑
k=0

Xkej2π
kn
N . (1)

Based on the central limit theorem, the real and imaginary
parts of the OFDM signal in the time domain can be approx-
imated by a complex Gaussian distribution when N is large
enough [17]. This implies that the amplitude of the signal |xn|
obeys the Rayleigh distribution with the PDF as

f (x) =
2x
σ 2 e
−

x2

σ2 , (2)

where σ 2 is the variance of |xn|. The cumulative distribution
function (CDF) of the Rayleigh distribution is

F (x) = 1− e−
x2

σ2 . (3)

In OFDM transmission, PAPR is defined as the ratio
between the maximum instantaneous power and the average
power of the signal in one symbol period. Hence, the PAPR
of the OFDM transmitted signal can be expressed as

PAPR =
max

0≤n≤N−1
|xn|2

E
(
|xn|2

) . (4)

The PAPR statistics using the complementary cumulative
distribution function (CCDF), offer more meaningful insights
by estimating the probability of PAPR exceeding a desired
target. Most of the PAPR reduction techniques are evalu-
ated using the CCDF metric, denoted as CCDFPAPR (γ ),

FIGURE 2. Design of companding function.

and given by

CCDFPAPR (γ ) = 1− P

{
|x|2

σ 2 ≤ γ

}N
= 1−

(
1− e−γ

)N
.

(5)

III. PROPOSED COMPANDING SCHEME
The proposed companding function is shown in Fig. 2. When
the original signal amplitude is less than the given peak
amplitude, an expanding function, h(x), is used to enlarge the
signal amplitude.When the original signal amplitude is larger
than the given peak amplitude, the signal amplitude will be
restrained to a constant value B. Thus, for the nth OFDM
signal sample, the companding function can be written as

y (xn) = sign (xn)

{
h (|xn|) , |xn| ≤ A,
B, |xn| > A.

(6)

where A is the segmentation point. The segmentation point
means the piecewise point. And the argument of the piecewise
function needs to bring in a new expression from this point on.
Then the average companding distortion is

σ 2
c = E

(
σ 2
x

)
=

A∫
0

{
[h (x)− x]2f (x)

}
dx +

+∞∫
A

[
(B− x)2f (x)

]
dx.

(7)

Eqn. (7) shows that with pre-determined values of A and B,
σ 2
c varies with expanding function h(x).
To keep the input and output of the proposed companding

function at the same average power level, the companding
function should satisfy the condition

∞∫
0

y2 (x) f (x) dx=

A∫
0

h2 (x) f (x)dx +

+∞∫
A

B2f (x)dx = σ 2.

(8)
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Therefore, we formulate the problem of solving h(x) as an
optimization problem to mitigate companding distortion

arg min
h(x)∈Cn

σ 2
c ,

s.t.

A∫
0

h2 (x) f (x)dx +

+∞∫
A

B2f (x)dx = σ 2. (9)

The optimization problem proposed in eqn. (9) is solved
based on the Euler–Lagrange function [20] in Appendix-A.
We also prove the sufficiency of the Euler–Lagrange func-
tion in solving this problem in Appendix-B. Based on these
results, the optimized expanding part function, h(x), can be
expressed as

h (x) = kx. (10)

Thus, the optimal companding function is given as

y (xn) = sign (xn)

{
k |xn| , |xn| ≤ A,
B, |xn| > A.

(11)

Considering that the probability the signals need clipping
is related with the segmentation point A, which is given as

Pr{|xn| > A} =
∫
+∞

A

2x
σ 2 e
−

x2

σ2 dx = e−
A2

σ2 . (12)

According to eqn. (12), we can find that with the increasing
of segmentation point A, the probability that the signals need
clipping will decreasing.

Fig. 3 shows the relationship betweenA and the probability
that the signals need clipping when the average signal power
σ 2 is normalized to be 1. From Fig. 3, we can find that
with the increasing of A, the probability that the signals need
clipping decreases sharply. Furthermore, when A is larger
than 1.5, the probability that the signals need clipping is less
than 10−1. So we can find that the clipping has a relatively
small influence on the BER and power spectral density (PSD)
performance of the signals. This means that the proposed
companding schemes seem to perform better than other exist-
ing methods since the proposed companding schemes use
clipping for peak power reduction. And linear companding is
applied for power compensation. In fact, linear companding is
beneficial for reducing signal distortion, which can improve
the BER and PSD performance. Clipping will cause signal
distortion, but considering that the probability the signals
need clipping is small enough, so the BER and PSD perfor-
mance influence caused by clipping is limited.

Considering that the companding function cannot change
the average signal power before and after companding, we get

A∫
0

(kx)2f (x) dx +

+∞∫
A

B2f (x) dx = σ 2. (13)

This means that

k2σ 2
− k2e−

A2

σ2
(
A2 + σ 2

)
+ B2e−

A2

σ2 = σ 2. (14)

By solving eqn. (14), we obtain that

k =

√√√√√ σ 2 − B2e−
A2

σ2

σ 2 − e−
A2

σ2
(
A2 + σ 2

) . (15)

To make the square root in eqn. (15) be meaningful, it should
satisfy(

σ 2
− B2e−

A2

σ2

)[
σ 2
− e−

A2

σ2
(
A2 + σ 2

)]
> 0. (16)

In Appendix C, we will prove that

σ 2
− e−

A2

σ2
(
A2 + σ 2

)
> 0. (17)

So we obtain

σ 2
− B2e−

A2

σ2 > 0. (18)

Thus, with a determined of A, we should satisfy that

B < σ

√
e
A2

σ2 . (19)

Thus, the proposed companding scheme is applied by
carefully selecting parameters A and B such that they satisfy
eqn. (18). Then, using A and B as input, k is set according
to eqn. (15). The expanding part function h(x), is then set
as a linear amplification function, h(x) = kx. The signals
with amplitudes over a given segmentation point are clipped
for both peak power reduction and average signal power
compensation. The signals with amplitudes lower than the
segmentation point are expanded with linear amplification
function.

A. MODIFICATION OF HCC
Based on our conclusion given in eqn. (11), we can find that
HCC scheme is a special case of our companding function.
It is given as

y (xn) = sign (xn)


A |xn|
ση∗

, |xn| ≤ η∗σ,

A, |xn| > η∗σ.

(20)

However, HCC scheme cannot guarantee the average signal
power constant. This will make the high PAs dynamically
adjust the signal power, which increase the hardware cost.
We then provide a modification of HCC scheme (MHCC),
which can guarantee the signal power before and after com-
panding be constant. The appropriate value of η∗ is given as

A2

η∗2

∫ η∗

0
x2

2x
σ 2 e
−

x2

σ2 dx +
A2

η∗2

∫
+∞

η∗
A2

2x
σ 2 e
−

x2

σ2 dx = σ 2.

(21)

By expanding the integral equation in eqn. (21), we can obtain
that

A2

η∗2σ 2

[
σ 2
−e−η

∗2
(
σ 2
+e−η

∗2
)]
+A2e−η

∗2
= σ 2. (22)
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FIGURE 3. Relationship between A and probability.

By solving eqn.(22), we obtain

A =

√
η∗2σ 4

η∗2σ 2e−η∗2 +
[
σ 2 − e−η∗2

(
σ 2 + e−η∗2

)] . (23)

B. A FLEXIBLE HYBRID COMPANDING AND CLIPPING
SCHEME
MHCC scheme can guarantee the average signal power con-
straint, but cannot make the companding distortion be the
lowest. In this part, we provide flexible hybrid companding
and clipping (FHCC) scheme. According to eqn. (11), we can
calculate the companding distortion given as

σ 2
c =

∫ A

0
(kx − x)2

2x
σ 2 e
−

x2

σ2 dx +
∫
+∞

A
(B− x)2

2x
σ 2 e
−

x2

σ2 dx

= (k − 1)2
[
σ 2
− e−

A2

σ2
(
A2 + σ 2

)]
+ B
√
πσerf

(
A
σ

)
−B
√
πσ + e−

A2

σ2
[
(A− B)2 + σ 2

]
. (24)

Further, the companding function should satisfy the average
signal power constant shown in eqn. (13). So for any given
value of A, we can find the optimal value of k and B with the
least companding distortion, under the constraint of average
signal power constant. It is given as

min
k,B

σ 2
c ,

subject to k2σ 2
− k2e−

A2

σ2
(
A2 + σ 2

)
+ B2e−

A2

σ2 = σ 2. (25)

We can find the optimal value of k and B with Lagrange
multiplier method. It is given as

H = σ 2
c + λ

[
k2σ 2
−k2e−

A2

σ2
(
A2+σ 2

)
+B2e−

A2

σ2 − σ 2
]
.

(26)
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By expanding eqn. (26), we can obtain

H = (k − 1)2
[
σ 2
− e−

A2

σ2
(
A2 + σ 2

)]
+B
√
πσerf

(
A
σ

)
− B
√
πσ + e−

A2

σ2
[
(A− B)2 + σ 2

]
+λ

[
k2σ 2

− k2e−
A2

σ2
(
A2 + σ 2

)
+ B2e−

A2

σ2 − σ 2
]
.

(27)

To find the optimal value, we should solve the partial deriva-
tive equations given as

∂H
∂B
= 0,

∂H
∂k
= 0,

∂H
∂λ
= 0.

(28)

By expanding eqn. (28), we can obtain

2λBe−
A2

σ2 − 2 (A− B) e−
A2

σ2 −
√
πσ +

√
πσerf

(
A
σ

)
= 0,

(29)

2
[
σ 2
− e−

A2

σ2
(
A2 + σ 2

)]
(kλ+ k − 1) = 0, (30)

and

B2e−
A2

σ2 + k2
[
σ 2
− e−

A2

σ2
(
A2 + σ 2

)]
= σ 2. (31)

According to eqn. (31),we obtain

k =

√√√√√ σ 2 − B2e−
A2

σ2

σ 2 −
(
A2 + σ 2

)
e−

A2

σ2

. (32)

According to eqn. (30), we obtain

k =
1

1+ λ
. (33)

By combining eqn. (32) and eqn. (33), we obtain

λ+ 1 =

√√√√√σ 2 −
(
A2 + σ 2

)
e−

A2

σ2

σ 2 − B2e−
A2

σ2

. (34)

Further, according to eqn. (III-B), we can find

λ =
2 (A− B) e−

A2

σ2 +
√
πσ −

√
πσerf

( A
σ

)
2Be−

A2

σ2

. (35)

According to eqn. (34) and eqn. (35), we obtain√√√√√σ 2 −
(
A2 + σ 2

)
e−

A2

σ2

σ 2 − B2e−
A2

σ2

=
2Ae−

A2

σ2 + σ
√
π − σ

√
πerf

( A
σ

)
2Be−

A2

σ2

. (36)

By squaring eqn. (36), we can obtain

σ 2
−
(
A2 + σ 2

)
e−

A2

σ2

σ 2 − B2e−
A2

σ2

=

[
2Ae−

A2

σ2 + σ
√
π − σ

√
πerf

( A
σ

)]2
(
2Be−

A2

σ2

)2 . (37)

Let

L = σ 2
−

(
A2 + σ 2

)
e−

A2

σ2 (38)

and

M =
[
2Ae−

A2

σ2 + σ
√
π − σ

√
πerf

(
A
σ

)]2
, (39)

we can find
L

σ 2 − B2e−
A
σ2

=
M(

2Be−
A2

σ2

)2 . (40)

Then we obtain

B =

√√√√ Mσ 2

Me−
A2

σ2 + 4Le−2
A2

σ2

. (41)

C. REGULARIZATION OPTIMIZATION BASED FLEXIBLE
HYBRID COMPANDING AND CLIPPING SCHEME
Besides the companding distortion, another important factor
to be considered for companding function design is its conti-
nuity. The better the continuity performance is, the better the
PSD performance for proposed companding scheme.We thus
provide a regularization optimization based flexible hybrid
companding and clipping scheme (ROFHCC). The general
optimization scheme is given as

min
k,B

ησ 2
c + (1− η) (B− kA)

2,

subject to k2σ 2
− k2e−

A2

σ2
(
A2 + σ 2

)
+ B2e−

A2

σ2 = σ 2.

(42)

It is hard to find the analytical value for eqn. (42), but we can
find numerical value for the eqn. (42). As an example, when
σ 2
= 1, the optimizal value for B and k with a given A and

given η are given in Table I. We should notice that MHCC
scheme is a special case for ROFHCC scheme with η = 0
while FHCC scheme is a special case with η = 1. We can
flexibly adjust the parameter η to give a balance between
companding distortion and PSD performance.

Our companding design composed of two parts. First,
we derive the optimal companding function with a given
segmentation point A and clipping value B. It is solving
constraint optimization variational problem given in eqn. (9).
According to Euler-Lagrange equation, the optimal com-
panding function given in eqn.(11) is not related with the
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FIGURE 4. PAPR performance for different companding schemes.

TABLE 1. Some optimal values for k and B for different values of η and A.

PDF of the signal amplitudes. So the conclusion that with
a determined segmentation point A and clipping value B,
the optimal companding function is linear companding func-
tion is suited for new OFDM-based waveform candidates,
such as filtered-OFDM, windowed-OFDM and circularly
pulsed-shaped OFDM [21]–[24]. Second, we build a regular-
ized constraint optimization problem to find the parameters
for proposed companding scheme given in eqn. (42). For dif-
ferent OFDM-based waveform, the PDF of signal amplitudes

f (x) might be different, but the design idea can bemoved from
OFDM systems to other OFDM-based waveform candidates.

IV. SIMULATION RESULTS
To verify the performance of the proposed companding
scheme with respect to the PAPR, BER and PSD perfor-
mance, simulation results are presented for OFDM systems.
The number of subcarriers is chosen to be 256 with 4 times
oversampling, while the modulation scheme is chosen as
QPSK. We choose average signal power σ 2 to be 1.

When considering the passing of companded signals
through a HPA, the input–output characteristics of the non-
linear region are described by a solid state power amplifier
(SSPA), which is also known as the Rapp model [25]. In our
simulation, it presents only AM/AM conversion, which is
expressed as

z (t) =
y (t){

1+
[
y(t)
Asat

]2p} 1
2p

. (43)

In eqn. (43), p (p> 0) is the shaping factor that controls the
transition from the linear region to the saturation region. The
variable Asat represents the maximum value of the saturation
region. The SSPA model assumes linear performance for
low amplitudes of the input signal. Then, a transition toward
a constant saturated output is observed. In our simulation,
the shaping factor is chosen as 2 while the value of Asat is
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FIGURE 5. PAPR performance for HCC, FHCC and MHCC schemes.

set as 1.5. The proposed companding scheme was compared
with TPWC (m = 1.2) [10], PLC scheme [11], EC (d = 1)
scheme [14], JinHous Scheme [15], Wangs scheme [16] and
ALC scheme [17].

Fig. 4 plots the simulated CCDFs of the PAPR for the
original and companded signals using QPSK. The results
illustrate that the ROFHCC scheme can significantly reduce
the PAPR while simultaneously obtaining sharp drops in
their CCDFs. Given that CCDF = 10−4, the PAPR of the
proposed companding scheme with A = 1.41, η = 0.25 is
around 3.8 dB while the proposed companding scheme with
A = 1.41, η = 1.6 is around 4.3 dB.

Fig. 5 shows the PAPR performance for HCC, MHCC
and FHCC schemes. As shown in Fig. 5, the FHCC and
MHCC schemes show good PAPR performance. For exam-
ple, at CCDF = 10( − 4), the PAPR is 4.2 dB for FHCC
when A = 1.23 and for MHCC when A = 1.58; the PAPR is

4.5 dB for FHCC when A = 1.3 and for MHCC when
A = 1.63; the PAPR is 4.8 dB for FHCC when A = 1.35
and for MHCC when A = 1.67.

The simulated BER versus Eb
/
N0 curves for the original

and companded signals using QPSK over an AWGN channel
is presented in Fig. 6. It is observed that as the signal-to-noise
ratio (SNR) increases, the ROFHCC scheme achieves better
BER performance. Moreover, the performance of the pro-
posed companding scheme is better than that of the referred
schemes. For example, at a BER level of 10−4 for QPSK,
the minimum required Eb

/
N0 of ROFHCC scheme with

A = 1.41, η = 0.25 is around 9.7 dB, which surpasses
Wangs scheme (k = 0.3) 0.2 dB. Besides, the amount of
BER improvement gradually increases whenEb

/
N0 becomes

larger. It is also found that the minimum required Eb
/
N0 for

ROFHCC scheme with A = 1.41, η = 0.9 is around 9.3 dB
when BER = 10−4, which surpasses ALC scheme 0.3 dB.
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FIGURE 6. BER Performance for different companding schemes.

FIGURE 7. BER Performance for different HCC,FHCC and MHCC schemes
with SSPA.

Moreover, at BER = 10−4, the minimum required Eb
/
N0 for

ROFHCC scheme with A = 1.58, η = 0.25 is 9.1 dB, which
surpasses EC (d = 1) scheme and TPWC (m = 1.2) scheme
0.5 dB and 1.4 dB, respectively.

Fig. 7 shows BER performance for HCC, MHCC and
FHCC schemes over AWGN channel with SSPA. As shown
in Fig. 7, the FHCC and MHCC schemes shows bet-
ter BER performance than HCC scheme. For example,
at BER = 10−4, the minimum required Eb

/
N0 for FHCC

scheme with A = 1.23 is around 10.2 dB, which is around

FIGURE 8. BER Performance for different companding schemes with SSPA.

TABLE 2. PSD performance for different companding schemes.

1 dB lower than HCC scheme; the minimum required Eb
/
N0

for MHCC scheme with A = 1.58 is around 10.5 dB, which
is around 0.7 dB lower than HCC scheme; the minimum
required Eb

/
N0 for FHCC scheme with A = 1.3 is around

9.9 dB, which is around 1 dB lower than HCC scheme; the
minimum required Eb

/
N0 for MHCC scheme with A = 1.63

is around 10.2 dB, which is around 0.7 dB lower than HCC
scheme; the minimum required Eb

/
N0 for FHCC scheme

with A = 1.35 is around 9.8dB, which is around 0.7 dB lower
than HCC scheme.

Fig. 8 depicts theBER versusEb
/
N0 curves for companded

signals using QPSK with the SSPA over AWGN channel.
As observed, the BER performance of ROFHCC scheme
is also robust enough with SSPA model. As an example,
to achieve BER = 10−4 in AWGN with SSPA, the mini-
mum required Eb

/
N0 for proposed scheme with A = 1.41,

η = 0.25, PLC scheme (Ac = 1.58) and Wangs scheme are
10.8 dB, 11 dB and 11.7 dB, respectively. More simulation
results are summarized in Table II, where we can see the
effectiveness of the proposed companding scheme compared
to the existing schemes in the literature.

The simulated PSD of companded signals is depicted
in Fig. 9. As shown, combined with the PAPR perfor-
mance figure in Fig. 4, for the same PAPR performance,
the ROFHCC scheme has lower out-of-band (OOB) radiation
of PSD than the referred companding schemes.
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FIGURE 9. PSD performance for different companding schemes.

TABLE 3. Complexity Comparison for different Companding Schemes.

Table III shows the complexity analysis for different com-
panding schemes.The complexity analysis includes the times
of additions, multiplications, logarithm, square root, expo-
nentiation and comparison. As shown in Table III, ROFHCC,
FHCC and MHCC scheme only costs 1 multiplications and
1 comparison. Hence, it has a complexity advantage over
other companding schemes.

V. CONCLUSION
OFDM suffers from high PAPR problem, particularly in
the mmWave spectrum which leads to carriers with a large
number of OFDM sub-carriers. In this work, a low distor-
tion companding scheme is proposed to reduce the PAPR
of OFDM systems. When the signal amplitude is less than
the given peak power amplitude, linear expanding function
is used to enlarge the signal amplitude. When the signal
amplitude is larger than the given peak amplitude, the signal
amplitudewill be restrained to a constant value.We determine

the parameters for the proposed companding function by
solving a constraint optimization problem. The constraint
condition is the average signal power constant before and
after companding while the optimization goal is the combi-
nation of companding distortion and the continuity of com-
panding function. Simulation results show that the proposed
companding scheme shows better BER and PSD performance
than referred companding scheme for the same PAPR per-
formance. For example, when the average signal power is
normalized to be 1, we choose both PAPR for ROFHCC
scheme and ALC scheme as 4.6 dB, then we can find that
at BER = 10−4, the minimum required Eb/N0 for ROFHCC
scheme is around 0.5dB lower than ALC scheme.

APPENDIX A
EULER–LAGRANGE FUNCTION SOLVING
Considering that both the constraint equation and the opti-
mization equation have only an unknown function in the first
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term, the above optimization problem is rewritten as

F =

A∫
0

[h (x)− x]2f (x) dx. (44)

The constraint equation is rewritten as

A∫
0

h(x)2f (x)dx = σ 2
−

+∞∫
A

B2f (x)dx = C . (45)

The optimization problem is simplified as

argmin
h(x)∈Cn

F,

s.t.

A∫
0

h(x)2f (x)dx = σ 2
−

+∞∫
A

B2f (x)dx = C . (46)

To solve the calculus of the variation problemwith equality
constraints, the optimization problem and the equality con-
straint need to be transformed into Lagrange form, as shown
in eqn. (47)

L =

A∫
0

{
[h (x)− x]2f (x)

}
dx + λ

 A∫
0

h2 (x) f (x)dx − C


=

A∫
0

{
[h (x)− x]2f (x)+ λh2 (x) f (x)

}
dx − Cλ. (47)

It is assumed that the integral part of L is H (h, x), and

T (h, x) =
{
[h (x)− x]2f (x)+ λh2 (x) f (x)

}
. (48)

According to the Euler–Lagrange function,

∂T
∂h
= 0. (49)

Then,

h (x) =
1

1+ λ
x = kx. (50)

APPENDIX B
PROOF OF SUFFICIENCY OF Euler–Lagrange EQUATION
In fact, the Euler–Lagrange function is the necessary condi-
tion, so it is necessary to prove its sufficiency. This is equal to
investigating the Jacobi condition and Weierstrass function.

First, the Jacobi function is investigated. The solution of
the E-R function can be written as

y = kx. (51)

Eqn. (51) can be regarded as a line beam with crossover
point (0,0). The Jacobi function can be written as

∂2H
∂h2

u = 0, (52)

where u is one of the solutions of the Euler–Lagrange equa-
tion. It is assumed to be u = k0x. Therefore, for the Jacobi
function

(2f + 2λf ) k0x = 0, (53)

only cross over point satisfy the Jacobi function. Thus,
the Jacobi condition is satisfied.

Second, the Weierstrass function is investigated. We first
calculate

p =
dy
dx
= k. (54)

Thus, the Weierstrass function is

E = H (x, y)− H (x, y)− (k0 − k)× 0 = 0 ≥ 0. (55)

So the Weierstrass function is satisfied. Therefore, the suffi-
ciency is satisfied.

APPENDIX C
PROOF OF THE UNEQUATIONS
we assume A = mσ 2 (m > 0), then we obtain

G = σ 2
− e−m

2
(
m2σ 2

+ σ 2
)

= σ 2
(
1− m2e−m

2
− e−m

2
)
. (56)

We suppose that

S =
(
1− m2e−m

2
− e−m

2
)
, (57)

then we obtain
∂S
∂m
= 2me−m

2
− 2me−m

2
+ 2m3e−m

2
> 0. (58)

So we obtain S is monotonic increasing. This means

S > S (0) = 0. (59)

So we prove that
(
1− m2e−m

2
− e−m

2
)
> 0.
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