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ABSTRACT Eddy current sensors have been widely applied to various measurements, whereas it is still
obscure if these measurement techniques are workable for sloping samples. We start from a modified
Dodd and Deeds’s analytical solution for finite-size samples and find that the pseudo-linearity exists in
the magnitude-phase curve of the theoretical mutual inductance. The curves for different conductivities have
no intersections. The experiments for verifying the pseudo-linearity are conducted at multiple frequencies
from 20 kHz to 100 kHz. We subsequently involve the sloping samples in our simulations and experiments
at 20 kHz. The pseudo-linearity preserves in both the simulated and experimental results. To characterize this
pseudo-linearity, we resort to the method of least squares. The obtained intercepts for the same conductivity
at different tilting angles are almost the same. Hence the intercept is independent of the tilting angle. The
intercepts for different conductivities are clearly separated. Thus, the intercepts for non-sloping samples
can be directly utilized as the criterion to classify sloping samples. We then test the classification process
at multiple frequencies, which works properly at all the frequencies. Our classification rates are advanced
compared to those in the literature. This sloping-invariance (that is the tilting-angle-independent intercept)
might make the eddy current sensors find wider applications.

INDEX TERMS Eddy current sensor, conductivity classification, sloping-invariance, tilting angle, nonfer-

rous metallic slab.

I. INTRODUCTION

The eddy current sensors have been widely used in the
material property measurement [1], [2], displacement
measurement [3], [4], crack detection [5], [6] and geo-
metric measurement [7]-[9]. Most of the researches about
eddy current sensors only consider the non-sloping samples,
which implies that the sample is parallel to the coils. The
ramps, however, might appear when using the industrial
metal-cutting machine to cut the metallic scraps and then
recycle them. It is important to explore such a case to improve
the measurement robustness. One exasperated factor that
makes an adverse effect on the application of conductiv-
ity classification is the liftoff due to the ramps that make
the distance between the samples and the coils inconstant.
There have been considerably efforts paid to reduce the
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unfavorable effect from the liftoff. It was reported in [10] that
the phase signature extracted from the spectral response of
the pulsed eddy current sensors for thickness measurements
is immune to liftoff effect. Other techniques contain utiliz-
ing the equivalent transformer secondary impedance [11],
the compensated peak frequency [12] and the liftoff point
of intersection [13]. Based on the conclusion about the
liftoff-independent phase [14] (which accurately changes
slowly with the liftoff for the finite-size sample), we are
dedicated to finding the quantity that is immune to the tilting
angle of the sloping metallic slabs in this paper.

There are some reported works recently [15], [16] that
manage to classify sloping metallic samples. Two differ-
ent classification schemes are presented, which are mov-
ing the sample (resulting in multi-valued mutual inductance
curves) and moving the sensors (resulting in single-valued
mutual inductance curves). The former one needs to be com-
bined with photoelectric sensors to achieve the classification.
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The latter one only uses the eddy current sensor. The sloping
metallic samples have been successfully classified in these
works. The formulations of the corresponding classification
algorithms need the measurements of the mutual inductance
for the sloping conductive samples. Nonetheless, the sloping-
invariance found in this work from non-sloping samples
can be directly utilized as the criterion to classify sloping
samples. Moreover, the classifiable tilting angle is restricted
within 9.0° in [15], and the operating frequency in [16]
is 40 kHz, which is one of the frequencies used in this work.

In this paper, we manage to find a quantity that is inde-
pendent of the tilting angle of the sloping metallic slab.
We first give the analytical solution of the mutual inductance
for the model of two coils above a finite-size metallic slab
in Section II. It is found that the mutual inductance curve
is pseudo-linear in the form of phase and normalized mag-
nitude at the liftoff from 1 mm to 5 mm. We then conduct
experiments in Section III to verify this pseudo-linearity with
non-sloping samples at multiple frequencies. Because of the
existence of this pseudo-linearity, we utilize the method of
least squares to obtain the slopes and intercepts. Due to
the lack of analytical models of two coils above the slop-
ing metallic plate, we choose to conduct simulations and
experiments to explore the effects that might be made by
sloping the sample in Section IV. It is shown that the sim-
ulated results and experimental results are in great agreement
with each other. The experimental results indicate that the
pseudo-linearity and intercepts are not affected by sloping
the samples. Based on the sloping-invariance, a complete
process to classify the sloping metallic slabs is developed.
In Section V, we test the classification process under a broad
frequency spectrum.

Il. THEORETICAL FOUNDATION

The analytical solution of the model of a coil above a
two-conductor plane was first given by Dodd and Deeds [17].
Based on this analytical solution of the vector potential,
the double-coil case is analytically solved [14]. The derived
mutual inductance difference between the object field and
empty field is given by [18]

o] Pz(()l)
AL(w) = K/ c A()p(a)da €))]
0 (07
where
Pla) = (o1 4 puer)(eg — puer) — (g 4 )y — paer )1
— (o) — per)(ey — o)+ (ay +par) (o 4 por)e?1€
2
) = /a2 +jwo 3)
7T,bL0N2
= 4
(I — L)*(r1 — n)? @
Pla) = / xJ1(x)dx (@)
ary
Aa) = (e7%h — )2 (6)
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where « is the spatial frequency, w is the excitation angular
frequency, o is the electrical conductivity, (g is the vacuum
permeability, ¢ is the thickness of the sample, N is the number
of turns of the coil, [, — [; is the height of the eddy current
sensor, r1 is the radius of ferrite, r is the radius of the eddy
current sensor, and J; is the bessel function of the first kind.
It was found in [19] that the integration range in (1) can be
reduced to the range from 3.518/r; to oo when the sample is
finitely large because the variable « is inversely proportional
to ry, the radius of the sample, as shown in Fig. 1(a). Thus,
the formula (1), when a finite-size sample is considered,
is changed into

)
AL(w) =K Alg(a)da 7
3.518/r, &
Excitation coil Pickup coil Excitation coil—————

> — <> Pickup coil

Sample Sample

Ts

(2) (b)

FIGURE 1. Diagrams of two types of eddy current sensors in which (a) is
used in this work and (b) is used in [19].
where 3.518/r; is obtained by solving the equation [19]
ar
2(J; —J
7, (W)( (Jolar) — Ja(ar))
—ar(=3Ji(ar) + J3(ar))) =0 (8)

(@r)* — 1+

where Jy, Ji, Jo, and J3 are the zero-, first-, second-, and
third-order Bessel functions of the first kind.

Because of the difference between the eddy current sen-
sor used in this work (see Fig. 1(a)) and that used in [19]
(see Fig. 1(b)), it is necessary to analyze if (7) is still able to
produce the well-known spectra [18], [20] of the real part and
imaginary part of the mutual inductance or impedance. The
corresponding spectra is depicted in Fig. 2 where the peak
frequency shown in Fig. 2(a) is decreasing when the conduc-
tivity is increasing (see Table 1) and the real part in Fig. 2(b)
decreases with the frequency, both of which are in accord
with the corresponding results in [20]. The simulation infor-
mation is given in Table 2. We then propose to analyze the
mutual inductance in the form of phase and normalized mag-
nitude when the liftoff is changing. This form is expressed
by

ALl
max(|AL|)

where |L| is the normalized magnitude, max(|AL|) denotes
the maximum of |AL|, and

|AL|eY = ALg +jAL; (10

ILleV = )
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FIGURE 2. The spectra of the imaginary part (a) and the real part of the
mutual inductance (b). (Note: Cu denotes copper; Al denotes aluminum;
Zn denotes zinc; Sn denotes tin; Ti denotes titanium).

where

|AL| = /AL + AL? (11)

Y = tan (2L (12)
ALp

where |AL| is the magnitude, v is the phase, ALy, is the real
part, and ALy is the imaginary part. The liftoff changes from
1 mm to 5 mm. It has been demonstrated [14] that the phase
is independent of the liftoff in the scenario of the sample with
an infinite-size. In this work, the size of the sample is around
four times the diameter of the coil, which is large enough that
the phase in Fig. 3 has a slight change. This change, compared
to the phase difference between different conductivities, can
be taken as a pseudo-linear change. In the thickness mea-
surement [21], [22], radius measurement [23] and conduc-
tivity/permeability [24]-[26] measurement, the sample usu-
ally has a horizontal surface. These measurement techniques
would become applicable to more application scenarios if
they are immune to sloping the sample. However, there is not
any analytical solution for the sloping metallic plate so far,
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TABLE 1. Electrical conductivity of metal.

Metal Conductivity (S/m)
Copper 5.96 x 107
Aluminum 3.77 x 107
Zinc 1.69 x 107
Tin 0.92 x 107
Titanium 0.24 x 107

TABLE 2. Simulation information used to produce Fig. 2 and 3.

Parameters Value
Radii of coils 1 mm
Spacing between two coils 3.5 mm
Height of coils 3 mm
Liftoff 1~ 5 mm
Thickness of the sample 1 cm
Size of the sample 1 cm
Excitation frequency 20 kHz

o
)

—Cu Al —Zn —Sn —Ti

e
o

o
~

Phase (rad)

I
o

0 0.2 0.4 0.6 0.8 1
Normalized Magnitude
FIGURE 3. The mutual inductance in the form of phase and magnitude for

five metallic samples. (Note: Cu denotes copper; Al denotes aluminum;
Zn denotes zinc; Sn denotes tin; Ti denotes titanium).

to the best of our knowledge. Therefore, we involve sloping
samples in the simulations and experiments to explore the
effects introduced by the ramps.

Ill. EXPERIMENTAL SETUP

The main steps in the experiments include tilting the samples
and moving the probe up and down. A schematic diagram
of the setup including these steps is plotted in Fig. 4(a).
The experimental setup (see Fig. 4(b)) consists of an excited
coil, a pickup coil, a liftoff controller and an electromagnetic
instrument [27], [28] for signal processing. This electromag-
netic instrument operates from 5 kHz to 200 kHz in a step
of 5 kHz, which can deliver data rate up to 256k/s (32k sample
per channel). The metallic samples are 1 x 1 x 1 cm? cubes.
The liftoff range in our experiments is [1 mm, 14 mm]. The
sensor parameters [28] are listed in Table 3.

The experimental results of mutual inductance are depicted
in Fig. 5, where the curve is rotating clockwise when the
conductivity is increasing, the same as in [15], [16], [29].
By transforming the measured mutual inductance in the form
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FIGURE 4. (a) The schematic diagram of the setup where the inset
presents how to tilt the sample. (b) The experimental setup.
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FIGURE 5. The measured mutual inductance in the form of real part and
imaginary part for five non-sloping metallic samples at 20 kHz.

(Note: Cu denotes copper; Al denotes aluminum; Zn denotes zinc;

Sn denotes tin; Ti denotes titanium).

of phase and normalized magnitude, it is shown in Fig. 6
that there are certain pseudo-linear regions on the mutual
inductance curves. The Fig. 6(a) is in great agreement with
Fig. 3. In detail, the curves for different metallic samples are
approximately parallel to each other.

Another observation is that the mutual inductance curves
for all the samples in the range of (0.2, 0.8) behave to be
hardly affected by the excitation frequencies in terms of
the pseudo-linearity. This range corresponds to the liftoff
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TABLE 3. Sensor parameters.

Parameters Value
Inner Radii (Ex/Re) 0.75 mm/0.75 mm
Outer Radii (Ex/Re) 1.25 mm/1.5 mm
Spacing between two coils 3.5 mm
Height of coils 3 mm
Number of turns (Ex/Re) 160/200
Note: Ex denotes the excitation coil and Re denotes
the pickup coil.

2.5 ZU 3zt
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Phase (rad)
\]

1.5 ‘ : :
0.2 0.4 0.6 0.8 1
Normalized Magnitude
(a)
Cu
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Normalized Magnitude

(b)

FIGURE 6. (a) Measured mutual inductance in the form of normalized
magnitude and phase for five non-sloping metallic samples at 20kHz.
(Note: Cu denotes copper; Al denotes aluminum; Zn denotes zinc; Sn
denotes tin; Ti denotes titanium) (b) Measured mutual inductance for the
sample copper at different excitation frequencies.

from 2 mm to 5 mm. Therefore, the pseudo-linear region
of the liftoff for the metallic slabs is (2 mm, 5 mm). This
pseudo-linearity implies that in this region, the phase changes
with the magnitude at the same rate.

IV. SLOPING-INVARIANCE

In practical applications of eddy current sensors, such as sort-
ing out metallic scraps, the scraps might be ramped. In this
case, it is necessary to analyze the effects made by the ramps
on the measurements. Thus, we conduct both the simulations
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TABLE 4. Slopes and intercepts (with four significant figures) of the fitting linear functions of the mutual inductance curves for five metallic samples

under six tilting angles at 20 kHz.

Metal Cu Al Zn Sn Ti
Parameter (rad)
Slope Intercept Slope Intercept Slope Intercept Slope Intercept Slope Intercept

Angle

0° -0.03465 1.633 -0.06470 1.715 -0.05189 1.788 -0.07868 1.936 -0.05502 2.369
2.9° -0.03649 1.634 -0.06792 1.709 -0.1038  1.791 -0.09589 1.933 -0.08862 2.362
5.7° -0.03965 1.619 -0.07662 1.713 -0.09152 1.785 -0.1052  1.925 -0.1080  2.364
8.5° -0.04062 1.621 -0.08645 1.719 -0.08268 1.780 -0.09787 1.927 -0.09144 2.354
11.3° -0.03956 1.622 -0.08145 1.720 -0.06163 1.775 -0.07450 1.926 -0.07759 2.371
14.0° -0.03926 1.628 -0.04626 1.720 -0.04913 1.776 -0.06612 1.930 -0.02825 2.356

and experiments for the sloping metallic samples to simulate
the ramps. This approximation is available because the thick-
ness of the samples is around ten times larger than the skin
depth in our experiments. The simulations are implemented
in ANSYS EM Suite 2020 R2. The simulation model is given
in Fig. 7 where there are two coils and a sloping conductor.
The simulation parameters of the coils and samples are the
same as given in Table 2. The liftoff is the same as in the
experiments, which ranges from 1 mm to 14 mm in a step
of 0.2 mm. The simulated results are shown in Fig. 8, where
the magnitude-phase curves for the same sample at different
tilting angles are overlapping. Nonetheless, the curves for dif-
ferent samples are parallel to each other, which is exceedingly
helpful for the conductivity classification. The reason for
this phenomenon is that the phase differences introduced by
different conductivities are much larger than those caused by
tilting angles within 14.0°. In other words, the conductivity
difference has more influence on the eddy current distribution
than the tilting angle.

As is shown in Fig. 9, there are measured mutual induc-
tance curves for five samples under six tilting angles. When
the eddy current sensor is moved up and down, the mini-
mum liftoff (which is the distance between the bottom of
the coil and top of the sloping sample) is always kept to
be Imm and no change is made to the maximum liftoff.
It can be concluded that although the samples are sloping,
which indicates that the eddy current distribution becomes
different from the non-sloping case, the phase still changes
pseudo-linearly with the normalized magnitude, which is in
great agreement with the simulated results. The phases of
sloping samples are scattered around the curves belonging
to the corresponding non-sloping ones. The parameters to
represent the pseudo-linearity can be found by the method
of least squares, given by,

Y =k|LI +b (13)
where
¢ — Zact nlyn = NILIY (14
SN L2 = NTZT
and
b=1vy —kIL| 15)
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FIGURE 7. The simulation model consists of two coils and a sloping
conductor, exported from ANSYS EM Suite 2020 R2.

where  is the phase, |L| is the normalized magnitude, k is
the slope, b is the intercept, N is the length of the measured
data, |L| is the average of all the magnitudes, and ¥ is
the average of all the phases. The slopes and intercepts for
five samples under six tilting angles at 20 kHz are listed
in Table 4. Although the slopes are changing with the tilting
angle for the same metal, the intercepts are pretty stable. As is
shown in Fig. 10, the intercepts for the same metal have little
variation. Therefore, it is easy to classify the sloping samples
by the intercepts belonging to the non-sloping samples.

The process for extracting the tilting-angle-independent
intercepts can be easily modified to a conductivity classifi-
cation process that includes

1) Put the unknown sample under the probe that wraps up
the eddy current sensor.

Move the probe up and down. The highest liftoff is
14mm and the lowest is Imm. (The liftoff is the spacing
between the bottom of the probe and the top of the
sample)

Output the measured real parts and imaginary parts of
the mutual inductance and transform them in the form
of phase and magnitude.

Normalize the magnitude and choose the range to be
(0.2 0.8).

Use the method of least squares to find the correspond-
ing intercept.

2)

3)

4)

5)
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FIGURE 8. Simulated mutual inductance for five samples under six titling angles at 20 kHz, where the magnitude range is chosen to be (0.2, 0.8).
(Note: Cu denotes copper; Al denotes aluminum; Zn denotes zinc; Sn denotes tin; Ti denotes titanium).
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FIGURE 9. Measured mutual inductance for five samples under six titling angles at 20 kHz, where the magnitude range is chosen to be (0.2, 0.8).
(Note: Cu denotes copper; Al denotes aluminum; Zn denotes zinc; Sn denotes tin; Ti denotes titanium).

6) Solve the differences between this intercept and five V. TESTS AT MULTIPLE FREQUENCIES

intercepts belonging to the five non-sloping metals. Since this pseudo-linearity is broadband for non-sloping sam-
7) Find the minimum absolute value of the differ- ples as shown in Fig. 6(b), it is worth finding the spectral
ences and decide the conductivity of this unknown property of the tilting-angle-independent intercept by using
sample. the above process. Hence we conduct experiments at the
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TABLE 5. Intercepts (with four significant figures) for five metallic samples under six tilting angles at 40 kHz and 60 kHz.

Intercept (rad) at 40 kHz 60 kHz

Metal Al Zn Sn Ti Cu Al Zn Sn Ti
Angle
0° 1.500 1.561 1.622 1.717 2.067 1507 1559 1.609 1.692 1974
2.9° 1.498 1551 1611 1716 2.050 1508 1.555 1.608 1.691 1.963
5.7° 1.488 1.555 1.610 1.713 2.053 1.504 1558 1.598 1.684 1.959
8.5° 1.488 1.550 1.600 1.707 2.040 1.498 1549 1.596 1.681 1.961
11.3° 1.490 1.553 1.604 1.706 2.049 1494 1545 1590 1.677 1.957
14.0° 1.482 1553  1.602 1.713 2.051 1490 1550 1.587 1.684 1.960

TABLE 6. Intercepts (with four significant figures) for five metallic samples under six tilting angles at 80 kHz and 100 kHz.

Intercept (rad) at 80 kHz 100 kHz

Ml ey AL zZm ss T Cu Al Za Sn i
Angle
0° 1.547 159 1.643 1716 1953 1592 1.646 1.689 1749 1.964
2.9° 1.548 1591 1.635 1.712 1952 1.603 1.649 1.694 1756 1.972
5.7° 1.548 1.588 1.628 1.703 1947 1.608 1.633 1.681 1.737 1.959
8.5° 1.543 1589 1.630 1.696 1939 1.606 1.640 1.670 1.740 1.956
11.3° 1.551 1580 1.620 1.697 1936 1595 1.623 1.664 1.738 1.955
14.0° 1.543 1550 1.618 1.702 1954 1599 1.638 1.668 1.734 1.958

—%-Cu Al =¥=Zn —%=Sn =¥ Ti

N
[\

Intercept (rad)
[\®]

—
oo

1.64_‘*‘\&_‘*_‘*—‘__*

0 2 4 6 8 10 12 14
Angle (DEG)

FIGURE 10. The distribution of the intercepts given in Table 4.

frequency from 40 kHz to 100 kHz for sloping samples. The
results at 40 kHz and 60 kHz are shown in Table 5 where
the slopes for the same conductivity are distributed closely,
and the slopes for different conductivities are detached. The
results at 80 kHz and 100 kHz are displayed in Table 6
where the slopes for the same conductivity still vary slightly
except for the sample aluminum at 14.0 ° and 80 kHz. This
intercept jumps from 1.580 to 1.550 that is extremely close
to the intercepts belonging to the sample copper at 11.3 °
and 80 kHz. By conducting the seven-step classification
process in Section IV, the intercepts for the non-sloping
samples at frequencies from 40 kHz to 100 kHz constitute
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the classification criterion, and the classification rates within
14.0° at these frequencies are 100%, 100%, 96%, and 100%,
respectively. Our classification method by resorting to this
sloping-invariance is more accurate compared to the clas-
sification rates in [15], [16], which are 95% within 9.0°
and 96.7% within 14.0° at 40 kHz, respectively. Overall,
the sloping-invariance is broadband and appropriate for the
conductivity classification.

VI. CONCLUSION

The sloping-invariance (that is the tilting-angle-independent
intercept) is found to support a conductivity classification
process, within which only the measurements for non-sloping
samples are needed as the criterion. We first find a certain
liftoff region where the magnitude-phase curve can be taken
as a pseudo-linear curve for the non-sloping samples. We then
conduct experiments to verify this pseudo-linearity at multi-
ple frequencies. The normalized magnitude range (0.2, 0.8) is
chosen to exclude the drooping tails caused by increasing the
frequency. We subsequently conduct simulations and exper-
iments at 20 kHz for sloping samples. The pseudo-linearity
preserves in both the simulated and experimental results.
The method of least squares is then implemented to find
the slopes and intercepts of the mutual inductance curves at
20kHz. It is observed that the intercepts for the same metallic
sample with different tilting angles are distributed closely,
and those for different samples are scattered distantly. This
intercept-extraction process can be easily modified to classify
the sloping metallic samples. Furthermore, it is shown in the
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test results that the process is applicable to a broad frequency
spectrum. Our classification rates are advanced than those
in the literature. The sloping-invariance found in this work
might help eddy current sensors find wider applications in
the future.
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