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ABSTRACT The high speed rotation of state of polarization (RSOP) is a key issue for 16 quadrature
amplitude modulation (QAM) coherent optical polarization division multiplexing (PDM) communication
systems in strong lightning weather. To reduce the bit error rate (BER) caused by the high speed of
RSOP, the historical information is first proposed to correct the demodulation process in coherent optical
communication systems. By adding the time reverse error term into the cost function, a new equalization
algorithm is proposed for coherent optical communication systems. Compared with the conventional Multi-
modulus Algorithm (MMA), simulation results show that the average BER and steady-state error (SSE) of
the new algorithm is reduced by 33.47% and 4.08%, respectively. Moreover, the average tolerance of RSOP
of the new algorithm is increased by 28.57% compared with the MMA in 16 QAM coherent optical PDM
communication systems.

INDEX TERMS Coherent optical PDM, time reverse error, 16 QAM, RSOP, SSE, BER.

I. INTRODUCTION
Inmodern communication networks, to improve the spectrum
efficiency always is an key issue [1]. The polarization division
multiplexing (PDM) technology is widely used to improve
the spectrum efficiency of coherent optical communication
systems [2]–[6]. Based on the polarization characteristics of
light, the PDM technology uses two orthogonal optical carrier
polarization states to simultaneously propagate two signals,
which can double the capacity of communication systems [7].
However, some factors such as mechanical vibration and
extreme weather may lead to rapid changes of signal polar-
ization state in a coherent optical communication system [8].
This type of signal effect is called the rotation of state of
polarization (RSOP). The fastest speed of RSOP caused by
mechanical disturbance is 45,000 rotations per second [9],
but thunderstorms can cause severe interference to the RSOP
of coherent optical communication systems. Under the influ-
ence of strong lightning strikes, the speed of RSOP can reach
the level of 106 rad/s (Mrad/s) [10]. The high-speed RSOP
will obviously increase the bit error rate (BER) of coherent
optical communication systems [11]. Therefore, it is a great
challenge to design a new equalization algorithm to overcome

The associate editor coordinating the review of this manuscript and

approving it for publication was Joewono Widjaja .

issues caused by the high-speed RSOP in coherent optical
communication systems.

According to whether a training sequence is required,
equalization algorithms can be divided into non-blind equal-
ization algorithms and blind equalization algorithms [12].
In the non-blind equalization algorithm, the training sequence
is embedded in the transmission sequence and transmitted in
the channel together. The specific information of the train-
ing sequence is known in advance at the receiver, so the
receiver can evaluate the channel loss and adjust the equalizer
coefficients by calculating the error between the received
training sequence and the transmitted training sequence.
The disadvantage of non-blind equalization algorithms is
the reduction of spectral efficiency. Especially under the
influence of strong lightning, the channel changes at a high
speed and the spectrum efficiency of non-blind equalization
algorithms will be further reduced. However, blind equal-
ization algorithms or adaptive equalization algorithms do
not require a training sequence and can adjust the equalizer
coefficients adaptively [13]. Compared with non-blind equal-
ization algorithms, blind equalization algorithms are more
suitable for high-speed real-time transmission systems and
has higher spectrum utilization. Hence, to improve spectrum
efficiency, adaptive equalization algorithms are developed for
the equalization of RSOP in coherent optical communication
systems.
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The constant modulus algorithm (CMA) is a classic adap-
tive equalization algorithm [14]. CMA uses the steepest
descent method to minimize the cost function of the algo-
rithm, which is composed of error between the actual output
signals and ideal output signals. In 2007, the CMA was
applied to quadrature phase shift keying (QPSK) coherent
optical PDM systems [15]. However, the CMA has a slow
convergence speed and does not consider the influence of the
channel on phases of the transmitted signals. Given problems
of the CMA, Yu et al. [16] proposed to use the Stokes
space (SS) to improve the convergence speed of CMA in
coherent optical communication systems. Bosco et al. [17]
proposed to convert the cost function of CMA into the
SS for calculation, which improves the tolerance of signal-
to-noise ratio (SNR) in coherent optical communication
systems. Another adaptive equalization algorithm different
from CMA is an SS-based equalization algorithm [18]–[20].
The SS-based equalization algorithm directly converts
received signals into the SS and obtains a plane composed of
received signals. The RSOP can be calculated by analyzing
the geometric information of the normal vector of the plane
composed of received signals. Compared with the CMA,
the SS-based equalization algorithm has a faster convergence
speed. Based on the SS, R. Borkowski proposed an identifica-
tion algorithm for the modulation format of coherent optical
signals. The recognized modulation format can be used as
an additional information for improving the performance of
equalization algorithms [21]. N. J. Muga and A. N. Pinto
proposed a new method to further improve the tolerance of
channel loss of SS-based equalization algorithms [22]. How-
ever, the disadvantage of the SS-based algorithm is that the
fitting plane requires a large number of received signals to get
an accurate plane, which means that the channel needs to be
static or change very slowly. Hence, the SS-based algorithm
is not suitable for high-speed RSOP situations. To overcome
the disadvantage of the SS-based algorithm, N. J. Muga and
A. N. Pinto proposed an adaptive SS-based equalization algo-
rithm, which can deal with the QPSK signals in high-speed
RSOP situations [23]. But the adaptive SS-based equalization
algorithm is not suitable for the 16 quadrature amplitude
modulation (QAM) signals in high-speed RSOP situations.
The QPSK signals constitutes only one plane in the SS,
while the 16 QAM signals constitutes five planes in the SS.
The calculation of normal vectors of five planes requires
a very large number of received signals. When the signal
modulation format is 16 QAM and the RSOP speed is high,
the existing algorithm cannot calculate the channel loss in real
time. Besides, when the CMA was applied to QAM format
signals, the BER of coherent optical communication systems
is greatly increased and cannot satisfy the quality of ser-
vice (QoS) of coherent optical communication systems [24].

To satisfy the QoS of QAM format signals in coher-
ent optical communication systems, the multi-modulus algo-
rithm (MMA) was proposed to divide the output of equalizer
into a real part and an imaginary part [25], which are equal-
ized separately to offset the phase loss. However, the MMA

FIGURE 1. Schematic diagram of coherent optical PDM transmissions.

cannot reduce the BER of equalization process under high-
speed RSOP in coherent optical communication systems.

Consider a 16 QAM coherent optical PDM system,
we have proposed a new equalization algorithm based on the
time reverse error to solve the high BER problem of coherent
optical communication systems with high-speed RSOP. The
contributions of this paper are summarized as follows:
1) Based on the analysis of the hysteresis effect on the

equalization matrix in coherent optical communication
systems, the time reverse error idea is first proposed to
correct the BER of equalization processes in this paper.

2) Based on the hysteresis effect of the equalization
matrix, a new equalization algorithm based on the
time reverse error is developed to reduce the BER and
steady-state error (SSE). Different with conventional
equalization algorithms, the historical information is
added into the cost function of the new equalization
algorithm for fasting the convergence speed of output
signal errors.

3) Simulation results show that the BER and SSE of the
new algorithm decrease with the increase of the number
of time reverse error terms. Compared with the MMA,
the average BER and SSE of the new algorithm is
reduced by 33.47% and 4.08%, respectively. Moreover,
the average tolerance of RSOP of the new algorithm is
increased by 28.57% compared with the MMA.

This paper is organized as follows. The system model is
described in Section II. The analysis of the hysteresis effect
of the equalization matrix and the explanation of the new
algorithm are presented in Section III. The simulation results
are illustrated in Section IV. In the end, conclusions are drawn
in Section V.

II. SYSTEM MODEL
Figure 1 shows the schematic of coherent optical PDM trans-
missions, where X is the X-Polarization (X-Pol) signal, Y is
the Y-Polarization (Y-Pol) signal. The two signals, i.e., X-Pol
and Y-Pol signals are transmitted orthogonally in an optical
fiber.

The optical signals suffer many kinds of channel loss
such as chromatic dispersion (CD), polarization mode dis-
persion (PMD) and RSOP during transmission. Hence,
the transmission signals need to be equalized at the receiver
of coherent optical PDM systems. A typical digital sig-
nal processing (DSP) module of the receiver of coherent
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FIGURE 2. Block diagram of coherent optical PDM system.

optical PDM systems is shown in Figure 2 [26]. X-Pol signal
and Y-Pol signal need to go through four equalization pro-
cesses of CD compensation, depolarizationmultiplexing, car-
rier frequency recovery and carrier phase recovery. Finally,
the equalized X-Pol signal and Y-Pol signal are restored to
symbols through the decision circuit. This paper focuses on
the equalization algorithm for RSOP and there are many
corresponding algorithms for CD and PMD compensation
[27]–[29]. Hence, this paper assume other impairments are
already compensated in previous parts and only considers
three channel impairments in the algorithm, which are carrier
frequency offset (CFO), carrier phase noise (CPO), RSOP
and additive white Gaussian noise (AWGN).

The input signals of the channel X(n), Y(n) and the input
signal matrix of the channel E(n) are given as [30]

E(n) =
[
X(n)
Y(n)

]
=

[
AX(n)ejθX(n)

AY(n)ejθY(n)

]
, (1)

where n denotes time value (n ≥ 1), e denotes the natural con-
stant, j denotes the imaginary unit, AX(n) and θX(n) denote
the amplitude and phase of X(n), AY(n) and θY(n) denote the
amplitude and phase of Y(n), respectively.

The mathematical model of time-varying RSOP R(n) is
given as [11]

R(n) =
[
ejεcosγ −ejσ sinγ
e−jσ sinγ e−jεcosγ

]
, (2)

γ =
nω
fs
, (3)

where ε and σ denote the phase angles, γ denotes the ampli-
tude ratio angle, ω denotes the speed of RSOP, fs denotes the
symbol transmission rate.

The mathematical model of CFO F(n) is given as [31]

F(n) = ej2π fc
n
fs , (4)

where fc denotes the value of CFO.
The CPO ϕ(n) is modeled as a Wiener process [32]. The

first difference of ϕ(n) is an independent and identically
distributed Gaussian random variable with a mean of 0 and
a variance of 2πv

fs
, i.e.,

[ϕ(n+ 1)− ϕ(n) ] ∼ N (0,
2πv
fs

), (5)

where v denotes the laser linewidth.
The input signals of the equalizer Xin(n), Yin(n) and the

input signal matrix of the equalizer Sig_in(n) is expressed
by [31]

Sig_in(n) =
[
Xin(n)
Yin(n)

]
= R(n) · E(n) · F(n) · ejϕ(n) +G, (6)

where G denotes the matrix of AWGN.
The equalization matrix H(n) is the inverse of R(n) [11],

i.e.,

H(n) =
[
e−jεscosγs ejσssinγs
−e−jσssinγs ejεscosγs

]
, (7)

where εs, σs and γs denote the estimated value of ε, σ and γ
respectively.

The output signals of the equalizer Xout(n), Yout(n) and
the output signal matrix of the equalizer Sig_out(n) is
expressed by

Sig_out(n) =
[
Xout(n)
Yout(n)

]
= H(n) · Sig_in(n). (8)

This paper focuses on the RSOP equalization algorithm,
the equalization of CFO and CPO is not included. Hence,
in the later analysis of BER, the final output signals
Sig_fin(n) is used to analyze the BER. Sig_fin(n) is given
by

Sig_fin(n) = Sig_out(n) · e−j(2π fc
n
fs
+ϕ(n))

. (9)

III. EQUALIZATION ALGORITHM BASED ON TIME
REVERSE ERROR
A. PROBLEM FORMULATION
The principle of the MMA is to minimize the cost function
based on actual output signals and ideal output signals in
coherent optical PDM systems. In a 16QAM coherent optical
PDM system, CFO leads to the rotation of the received con-
stellation with time [26]. Therefore, the ideal output signals
obtained in the polarization demultiplexing part is three rings
with radii of

√
2,
√
10 and 3

√
2 respectively. The ideal output
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FIGURE 3. 16 QAM-MMA decisions.

signal decision rule is given by [33]
Xidealr(n) = Xoutr(n)

√
2RX−1,

Xideali(n) = Xouti(n)
√
2RX−1,

RX < R1,

(10a)


Xidealr(n) = Xoutr(n)

√
10RX−1,

Xideali(n) = Xouti(n)
√
10RX−1,

R1 ≤ RX ≤ R2,

(10b)


Xidealr(n) = Xoutr(n)3

√
2RX−1,

Xideali(n) = Xouti(n)3
√
2RX−1,

RX > R2,

(10c)


Yidealr(n) = Youtr(n)

√
2RY−1,

Yideali(n) = Youti(n)
√
2RY−1,

RY < R1,

(11a)


Yidealr(n) = Youtr(n)

√
10RY−1,

Yideali(n) = Youti(n)
√
10RY−1,

R1 ≤ RY ≤ R2,

(11b)


Yidealr(n) = Youtr(n)3

√
2RY−1,

Yideali(n) = Youti(n)3
√
2RY−1,

RY > R2,

(10c)

where R1 = 2SNR−1 ln 2−8
2(
√
2−
√
10)

, R2 = 2SNR−1 ln 2+8
2(3
√
2−
√
10)

, Xoutr(n) and
Xouti(n) denote the real and imaginary parts of the actual
output signal over the X-Pol signal, Xidealr(n) and Xideali(n)
denote the real and imaginary parts of the ideal output over
the X-Pol signal, Youtr(n) and Youti(n) denote the real and
imaginary parts of the actual output over the Y-Pol signal,
Yidealr(n) and Yideali(n)denote the real and imaginary parts
of the ideal output over the Y-Pol signal, RX denotes the
modulus of Xout(n), RY denotes the modulus of Yout(n)
and ln(·) denotes the logarithmic function with base e. The
16 QAM-MMA decisions is shown in Figure 3.

The total cost function of the MMA J(n) is given as [34]

J(n) = JX(n)+ JY(n), (12a)

JX(n) = E
{
q(n)2 + p(n)2

}
, (12b)

JY(n) = E
{
z(n)2 +m(n)2

}
, (12c)

q(n) = Xoutr(n)2 −
E
{
Xidealr(n)4

}
E
{
Xidealr(n)2

} , (12d)

p(n) = Xouti(n)2 −
E
{
Xideali(n)4

}
E
{
Xideali(n)2

} , (12e)

z(n) = Youtr(n)2 −
E
{
Yidealr(n)4

}
E
{
Yidealr(n)2

} , (12f)

m(n) = Youti(n)2 −
E
{
Yideali(n)4

}
E
{
Yideali(n)2

} , (12g)

where JX(n) denotes the cost function of the X-Pol signal,
JY(n) denotes the cost function of the Y-Pol signal, E {·}
denotes the expectation operation.

According to the idea of the steepest descent [35],
the expected value can be replaced by the instantaneous
value and the equalization matrix coefficients are updated
according to the gradient of J(n). Furthermore, consider the
influence of CFO, the cost function of MMA should be
corrected by using probability weights D0X(n) and D0Y(n)
[36]. Hence, the final cost function J0(n) is given as

J0(n) = J0X(n)+ J0Y(n), (13a)
J0X(n) = D0X(n)

[
q0(n)2 + p0(n)2

]
,

D0X(n) = 0.75, RX < R1,
D0X(n) = 1.5, R1 ≤ RX ≤ R2,
D0X(n) = 0.75, RX > R2,

(13b)


J0Y(n) = D0Y(n)

[
z0(n)2 +m0(n)2

]
,

D0Y(n) = 0.75, RY < R1,
D0Y(n) = 1.5, R1 ≤ RY ≤ R2,
D0Y(n) = 0.75, RY > R2.

(13c)

q0(n) = Xoutr(n)2 − Xidealr(n)2, (13d)

p0(n) = Xouti(n)2 − Xideali(n)2, (13e)

z0(n) = Youtr(n)2 − Yidealr(n)2, (13f)

m0(n) = Youti(n)2 − Yideali(n)2. (13g)

The update formula of equalization matrix coefficients is
given as

 γs(n+ 1)
εs(n+ 1)
σs(n+ 1)

 =
 γs(n)εs(n)
σs(n)

+

µ1
∂J0(n)
∂γs(n)

µ2
∂J0(n)
∂εs(n)

µ3
∂J0(n)
∂σs(n)

 , (14a)
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∂J0X(n)
∂γs(n)
∂J0X(n)
∂εs(n)
∂J0X(n)
∂σs(n)

 = V0X(n)+ T0X(n), (14b)

V0X(n) =

 Q0(n)Re {W0(n)}
Q0(n)Im {L0(n)} cosγs(n)
Q0(n)Im {−K0(n)} sinγs(n)

 , (14c)

T0X(n) =

 P0(n)Im {W0(n)}
P0(n)Re {−L0(n)} cosγs(n)
P0(n)Re {K0(n)} sinγs(n)

 , (14d)


∂J0Y(n)
∂γs(n)
∂J0Y(n)
∂εs(n)
∂J0Y(n)
∂σs(n)

 = V0Y(n)+ T0Y(n), (14e)

V0Y(n) =

 Z0(n)Re {W0(n)}
Z0(n)Im {L0(n)} cosγs(n)
Z0(n)Im {−K0(n)} sinγs(n)

 , (14f)

T0Y(n) =

 M0(n)Im {W0(n)}
M0(n)Re {−L0(n)} cosγs(n)
M0(n)Re {K0(n)} sinγs(n)

 , (14g)

L0(n) = e−jεs(n)Xin(n), (14h)

K0(n) = −e−jσs(n)Yin(n), (14i)

W0(n) = −L0(n)sinγs(n)+ K0(n)cosγs(n), (14j)

Q0(n) = Xoutr(n)q0(n), (14k)

P0(n) = Xouti(n)p0(n), (14l)

Z0(n) = Youtr(n)z0(n), (14m)

M0(n) = Youti(n)m0(n), (14n)

where µ1, µ2 and µ3 denotes the step size, Re {·} denotes the
operation to extract the real part, Im {·} denotes the operation
to extract the imaginary part and ∂ denotes seeking partial
derivative.

The MMA solves problems of the CMA and can
improve the quality of equalization of QAM format signals.
However, the MMA still has problems: the cost function only
contains the difference between the actual output signal and
the ideal output signal at the current moment, which means
the MMA only considers the current input and ignores the
historical input.

In this paper, H(n) is used to equalize Sig_in(n − k),
(k = 0, 1, 2, . . .), for getting the output signal
Sig_outk (n−k), i.e., Sig_outk (n−k) = H(n) ·Sig_in(n−k).
The output signal sequence is written as Sig_outk and the
output signal error sequence is written as Jk . This equal-
ization process is called the time reverse equalization with
tracing back to the time n − k . when k = 0, the equaliza-
tion process is the regular equalization, i.e., Sig_out0(n) =
H(n) · Sig_in(n) and the output signal sequence is written
as Sig_out0. Figure 4(a) illustrates a general time reverse
equalization process and Figure 4(b) illustrates the time

FIGURE 4. Schematic diagram of time reverse equalization.

reverse equalization with tracing back to the time n − 1,
i.e., k = 1.

Figure 5 shows the lg(BER) of Sig_outk with different
RSOPs and different k values in 16 QAM coherent optical
PDM systems, where lg(·) is the logarithmic function with
base 10. Without loss of generality, parameters of simulation
in Figure 5 are configured as: SNR is 20 dB, the number of
symbols N is 218, fs is 28 Gbaud/s, fc is 1GHz, v is 1MHz,µ1,
µ2 and µ3 are 5× 10−4, 1.6× 10−6 and 1.5× 10−5, respec-
tively. RSOP starts from 50 Mrad/s, performs 50 simulations
every 40 Mrad/s and calculates the average BER.

The simulation results in Figure 5 illustrate that there
exists a minimal value for the lg(BER) corresponding to
the kmin under each RSOP configuration. The minimal
lg(BER) values of Figure 5(a), (b), (c) and (d) are −4.1065,
−4.0001,−3.7345 and−3.1823, corresponding to the 19, 19,
20 and 22, respectively. Based on results of Figure 5(a)-(d),
the lg(BER) of Sig_outk decreases when k is increased from
0 to kmin, i.e., the lg(BER) of Sig_outkmin

< the lg(BER) of
Sig_outkmin−1

< the lg(BER) of Sig_outkmin−2
< . . . < the

lg(BER) of Sig_out1 < the lg(BER) of Sig_out0. Besides,
the lower the lg(BER) of Sig_outk with the lower the Jk .
So the following results is obtained: Jkmin < Jkmin−1 <

. . . < J0. Moreover, it can be seen that the Jk of Sig_outk
is determined by the equalization effect of matrixes from
Sig_outk (n − k) = H(n) · Sig_in(n − k), i.e, the better
the equalization effect of matrixes with the lower the Jk of
Sig_outk . Hence, it can be seen that for every Sig_in(n), (n =
1, 2, . . .), the following results is obtained: the equalization
effect of H(n + kmin) > the equalization effect of H(n +
kmin−1) > . . . > the equalization effect of H(n + 1) > the
equalization effect of H(n).
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FIGURE 5. lg(BER) of the time reverse equalization.

When the input signal of the equalizer in (6) is a non-
stationary signal, the cost function i.e., (13a) appears as a
time-varying concave surface in geometric space [35]. The
stationary point of the cost function is continuously moving
and the equalization matrix cannot accurately track the sta-
tionary point at all times. Hence, the equalization matrix can
only be close to the stagnation point and always lags behind
the stagnation point. In this paper, this result is referred as to
the hysteresis effect of equalization matrix.

Due to the real-time requirement of coherent optical com-
munication systems, the time reverse equalization idea cannot
be directly used in existing systems to cover historical output
signals, i.e, the output signal sequence must be Sig_out0.
Based on (8), the BER of Sig_out0 can be reduced by improv-
ing the equalization effect of H(n). For every Sig_in(n),
the equalization effect of H(n) can be improved by adding
the time reverse error Jk (n − k) into the cost function (13a).
J1(n − 1) is added to (13a), the new cost function Jnew and
the new equalization matrix coefficients update formula are
given as

Jnew(n) = J0(n)+ J1(n− 1), (15a)

FIGURE 6. Equalization process diagram of MMA and TR-MMA.

 γs(n+ 1)
εs(n+ 1)
σs(n+ 1)

 =
 γs(n)εs(n)
σs(n)

+

µ4
∂Jnew(n)
∂γs(n)

µ5
∂Jnew(n)
∂εs(n)

µ6
∂Jnew(n)
∂σs(n)

 , (15b)

where µ4, µ5 and µ6 are the step sizes of new algorithm.
Based on (15), a new algorithm, i.e., Time Reverse MMA

(TR-MMA) is proposed to improve the performance ofMMA
in 16 QAM coherent optical PDM systems. The equalization
process of MMA and TR-MMA is illustrated in Figure 6.
In Figure 6(a), JM1(n−1) is the J1(n−1) of the MMA, JM0(n)
is the J0(n) of the MMA, HM(n) is the H(n) of the MMA.
In Figure 6(b), JT1(n − 1) is the J1(n − 1) of the TR-MMA,
JT0(n) is the J0(n) of the TR-MMA, HT(n) is the H(n) of the
TR-MMA. The initial coefficients of the equalization matrix
are set uniformly, i.e., HM(0) = HT(0), Sig_outM1(0) =
Sig_outT1(0) = HT1(1) · Sig_in(0) and JM1(0) = JT1(0).
Comparing with (14a) and (15b), the gradient of J1(n − 1)
is contained in (15b). Hence, the value of JT1(n − 1) will
decrease faster than the value of JM1(n− 1) in the process of
gradient descent, i.e., the value of JT1(n − 1) − JT1(n) will
be larger than JM1(n − 1) − JM1(n). Combined JM1(0) =
JT1(0) with JT1(n − 1) − JT1(n) > JM1(n − 1) − JM1(n),
the following result is obtained: JT1(n) < JM1(n), (n ≥ 1).
For every Sig_in(n − 1), the equalization effect of HT(n) >
the equalization effect of HM(n), i.e, HT(n) is much closer to
HM(n+kmin−1) thanHM(n). Hence, for every Sig_in(n−1),
the equalization effect ofHM(n+kmin−1) > the equalization
effect of HT(n) > the equalization effect of HM(n). Based
on results of Figure 5, we know that for every Sig_in(n),
the equalization effect of HM(n + kmin) > the equalization
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FIGURE 7. Schematic diagram of TR-MMA.

effect of HM(n + kmin − 1) > . . . > the equalization effect
of HM(n). Hence, a new result is drived: for every Sig_in(n),
the equalization effect of HM(n + kmin) > the equalization
effect of HM(n + kmin − 1) > the equalization effect of
HT(n) > the equalization effect of HM(n). It can be seen that
the new error can improve the equalization effect of HM(n)
by adding J1(n− 1) into the cost function (13a).

The principle of TR-MMA can be summarized as Figure 7.
By adding J1(n − 1) into the cost function (13a), HT(n)
is much closer to HM(n + kmin − 1) than HM(n) at every
time n. As a consequence, for every Sig_in(n), HT(n) has
a better equalization effect than HM(n). But the new error
term cannot eliminate the hysteresis effect of the equalization
matrix. Hence, adding J2(n−2) into the cost function Jnew(n)
can obtain the new cost function Jnew2(n) and the new equal-
ization matrix HT2(n). For Sig_in(n), the equalization effect
of HT2(n) > the equalization effect of HT(n). . . .. Adding
Jkmin (n− kmin) into the cost function Jnewkmin−1(n) can obtain
the new cost function Jnewkmin (n) and the new equalization
matrix HTkmin (n). For Sig_in(n), the equalization effect of
HTkmin (n) > the equalization effect of HTkmin−1(n).

In this paper, the number of error terms added into (13a) is
written as t , i.e., when t = 1, J1(n − 1) is added into (13a),
when t = 2, J1(n− 1) and J2(n− 2) are added into (13a) and
so on. Jk (n − k), (k = 1, . . . , t, 1 ≤ t ≤ kmin), is referred
to as the time reverse error with tracing back to time n − k ,
which can be added into the cost function (12a). TR-MMA
with tracing back to time n− t is referred to as TR-MMA(t)
and the cost function Jnewt (n) of TR-MMA(t) is given as

Jnewt (n) =
t∑

k=0

βkJk (n− k), (16a)

Jk (n− k) = JkX(n− k)+ JkY(n− k), (16b)

JkX(n− k) = DkX(n− k)
[
qk (n− k)2 + pk (n− k)2

]
(16c)

JkY(n− k) = DkY(n− k)
[
zk (n− k)2+mk (n−k)2

]
(16d)

qk (n− k) = Xoutkr(n− k)2 − Xidealkr(n− k)2, (16e)

pk (n− k) = Xoutki(n− k)2 − Xidealki(n− k)2, (16f)

zk (n− k) = Youtkr(n− k)2 − Yidealkr(n− k)2, (16g)

mk (n− k) = Youtki(n− k)2 − Yidealki(n− k)2, (16h)

Sig_outk (n− k)

=

[
Xoutk (n− k)
Youtk (n− k)

]
= H(n) · Sig_in(n− k), (16i)

where βk , (k = 0, 1, . . . , t) denotes the weight of each
error term, Xoutk (n) denotes the X-Pol output signal of
Sig_outk (n − k), Youtk (n) denotes the Y-Pol output signal
of Sig_outk (n − k), JkX(n) denotes the error of Xoutk (n),
JkY(n) denotes the error of Youtk (n), DkX(n− k) denotes the
probability weight corresponding to the Xoutk (n), DkY(n−k)
denotes the probability weight corresponding to the Youtk (n),
Xoutkr(n) and Xoutki(n) denote the real and imaginary parts
of Xoutk (n), Youtkr(n) and Youtki(n) denote the real and
imaginary parts of Youtk (n), Xidealkr(n) and Xidealki(n)
denote the real and imaginary parts of the ideal output of the
X-Pol signal of Sig_outk (n− k), Yidealkr(n) and Yidealki(n)
denote the real and imaginary parts of the ideal output of the
Y-Pol signal of Sig_outk (n− k).
The new equalization matrix coefficients update formula is

given as

 γs(n+ 1)
εs(n+ 1)
σs(n+ 1)

 =
 γs(n)εs(n)
σs(n)

+

µ4
∂Jnewt (n)
∂γs(n)

µ5
∂Jnewt (n)
∂εs(n)

µ6
∂Jnewt (n)
∂σs(n)

 , (17a)


∂JkX(n− k)
∂γs(n)

∂JkX(n− k)
∂εs(n)

∂JkX(n− k)
∂σs(n)

 = VkX(n− k)+ TkX(n− k), (17b)

VkX(n− k) =

 Qk (n− k)Re {Wk (n− k)}
Qk (n− k)Im {Lk (n− k)} cosγs(n)
Qk (n− k)Im {−Kk (n− k)} sinγs(n)

,
(17c)

TkX(n− k) =

 Pk (n− k)Im {Wk (n− k)}
Pk (n− k)Re {−Lk (n− k)} cosγs(n)
Pk (n− k)Re {Kk (n− k)} sinγs(n)

 ,
(17d)

∂JkY(n− k)
∂γs(n)

∂JkY(n− k)
∂εs(n)

∂JkY(n− k)
∂σs(n)

 = VkY(n− k)+ TkY(n− k), (17e)

VkY(n− k) =

 Zk (n− k)Re {Wk (n− k)}
Zk (n− k)Im {Lk (n− k)} cosγs(n)
Zk (n− k)Im {−Kk (n− k)} sinγs(n)

 ,
(17f)
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TkY(n− k) =

 Mk (n− k)Im {Wk (n− k)}
Mk (n− k)Re {−Lk (n− k)} cosγs(n)
Mk (n− k)Re {Kk (n− k)} sinγs(n)

,
(17g)

Lk (n− k) = e−jεs(n)Xin(n− k), (17h)

Kk (n− k) = −e−jσs(n)Yin(n− k), (17i)

Wk (n− k) = −Lk (n− k)sinγs(n)

+Kk (n− k)cosγs(n), (17j)

Qk (n− k) = Xoutkr(n− k)qk (n− k), (17k)

Pk (n− k) = Xoutki(n− k)pk (n− k), (17l)

Zk (n− k) = Youtkr(n− k)zk (n− k), (17m)

Mk (n− k) = Youtki(n− k)mk (n− k). (17n)

B. ALGORITHM DESIGN
To reduce the BER of MMA, a new TR-MMA has been
designed for coherent optical PDM systems by adding the
time reverse errors into the cost function. The algorithm is
summarized as follows:

Algorithm 1 TR-MMA(t)
Input: Input signal matrix Sig_in(n); Initial value of the

equalization matrix H(1); Number of symbols N;
Symbol transmission rate fs; Speed of RSOP ω;
Value of t; Weight βk and step size µ4, µ5 and µ6

Output: Output signal matrix Sig_out0(n).
1 Set input parameters and initialize the equalization
matrix H(1) randomly

2 Generate k groups of the input signal according to (6)
and set them as Sig_in(0),
Sig_in(−1), . . . ,Sig_in(1− t).

3 for n = 1 : N do
4 Receive Sig_in(n)
5 Calculate Sig_in0(n),

Sig_in1(n− 1), . . . ,Sig_int (n− t) according to (16i)

6 Calculate

 γs(n+ 1)
εs(n+ 1)
σs(n+ 1)

 according to (17a)

7 Calculate H(n+ 1) according to

 γs(n+ 1)
εs(n+ 1)
σs(n+ 1)


8 end

IV. SIMULATION RESULTS
In this section, we analyze the BER and the mean square
error (MSE) of the TR-MMA and the MMA in 16 QAM
coherent optical PDM systems. In Figure 5, kmin is 19 for
two times, 20 for one time and 22 for one time. Hence,
without loss of generality, we set t = 1, 5 for simulation.
SNR is 20dB, N is 218, fs is 28 Gbaud/s, µ1, µ2 and µ3 are
1.4 × 5 × 10−4, 1.4 × 1.6 × 10−6 and 1.4 × 1.5 × 10−5,
respectively, µ4, µ5 and µ6 are 5 × 10−4, 1.6 × 10−6 and
1.5 × 10−5, respectively, fc is 1GHz, v is 1MHz and βk ,
(k = 1, 2, . . . , 5) are 1, 0.8, 0.6, 0.4, 0.2, 0.1, respectively.

FIGURE 8. lg(BER) of the MMA with different µ1, µ2 and µ3.

The BER and MSE are the average value of 50 cycles of
simulations.

The cost function of the TR-MMA (16a) is different from
the cost function of the MMA (13a), so the optimal step sizes
of the TR-MMA and MMA are different. To illustrate the
improvement of TR-MMA in BER and MSE compared to
MMA, the step sizes of MMA µ1, µ2 and µ3 need to be
tuned. Figure 8 shows the lg(BER) of theMMAwith different
µ1, µ2 and µ3. In Figure 8, MMA(0.6) denotes the MMA
with µ1 = 0.6 × 5 × 10−4, µ2 = 0.6 × 1.6 × 10−6 and
µ3 = 0.6 × 1.5 × 10−5, MMA(1.0) denotes the MMA
with µ1 = 1.0 × 5 × 10−4, µ2 = 1.0 × 1.6 × 10−6 and
µ3 = 1.0 × 1.5 × 10−5, MMA(1.4) denotes the MMA
with µ1 = 1.4 × 5 × 10−4, µ2 = 1.4 × 1.6 × 10−6

and µ3 = 1.4 × 1.5 × 10−5 and MMA(1.8) denotes the
MMA with µ1 = 1.8 × 5 × 10−4, µ2 = 1.8 × 1.6 ×
10−6 and µ3 = 1.8 × 1.5 × 10−5. The lg(BER) of the
MMA(0.6), MMA(1.0), MMA(1.4) and MMA(1.8) increase
with the increase of RSOP. Without loss of generality, −3 is
configured as the upper bound of the lg(BER) for 16 QAM
coherent optical PDM systems [37]. Hence, the MMA(1.8) is
not acceptable. Furthermore, when the RSOP is changed from
0 Mrad/s to 130 Mrad/s, the average BER of the MMA(1.4)
is 99.13% lower than the average BER of the MMA(0.6) and
the average BER of the MMA(1.4) is 81.04% lower than the
average BER of the MMA(1.0). The reduction rate of the
average BER is calculated by

η1 = 1−

13∑
k=0

BER2(k)

13∑
k=0

BER1(k)

, (18)

where BER2(k) denotes the BER value of the MMA(1.4)
when RSOP = 10k Mrad/s and BER2(k) denotes the BER
value of the MMA(0.6) or MMA(1.0) when RSOP =
10k Mrad/s. Hence, the step sizes of the MMAµ1,µ2 andµ3
are 1.4× 5× 10−4, 1.4× 1.6× 10−6 and 1.4× 1.5× 10−5,
respectively.
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FIGURE 9. lg(BER) of the MMA, TR-MMA(1) and TR-MMA(5).

Figure 9 shows the lg(BER) of the MMA, TR-MMA(1)
and TR-MMA(5). The lg(BER) of the MMA, TR-MMA(1)
and TR-MMA(5) increase with the increase of RSOP. When
the RSOP is fixed, the lg(BER) of the TR-MMA(1) is lower
than the lg(BER) of MMA. When the RSOP is fixed and
RSOP> 90Mrad/s, the lg(BER) of the TR-MMA(5) is lower
than the lg(BER) of the TR-MMA(1). The average BER of
the TR-MMA(1) is 33.47% lower than the average BER of
the MMA when the RSOP is changed from 0 Mrad/s to
130 Mrad/s. The average BER of the TR-MMA(5) is 23.54%
lower than the average BER of the TR-MMA(1) when the
RSOP is changed from 0Mrad/s to 130Mrad/s. The reduction
rate of the average BER is calculated by

η2 = 1−

13∑
k=0

BERTR−MMA(1)(k)

13∑
k=0

BERMMA(k)

, (19)

where BERTR−MMA(1)(k) denotes the BER value of the
TR-MMA(1) when RSOP = 10k Mrad/s and BERMMA(k)
denotes the BER value of the MMA when RSOP =
10k Mrad/s. When the lg(BER) is less than the upper bound,
i.e., −3, the corresponding maximum value of RSOP is the
RSOP tolerance of the equalization algorithm. Results of
Figure 9 indicate that the RSOP tolerance of the MMA is
70 Mrad/s and the RSOP tolerances of the TR-MMA(1) and
TR-MMA(5) are 90 Mrad/s. Compared with the RSOP toler-
ance of the MMA, the RSOP tolerances of the TR-MMA(1)
and TR-MMA(5) are increased by 28.57%.

Figure 10 shows the MSE of the MMA and TR-MMA(1)
with RSOP = 130 Mrad/s. MSE is one of key indexes for
coherent optical PDM systems. In this paper, the MSE is
calculated by

MSE(n) =
1
2n

n∑
i=1

S(i), (20a)

S(i) =
[
|X(i)− Xout(i)|2 + |Y(i)− Yout(i)|2

]
, (20b)

FIGURE 10. MSE of the MMA and TR-MMA(1).

FIGURE 11. SSE of the MMA and TR-MMA(1).

where i is the i-th time and |·| is the modulo operation. The
SSE is the convergent value of MSE. Based on results of
Figure 10, the MSE of the MMA and TR-MMA(1) decrease
with the increase of time n. Results of Figure 10 indicate
that the SSE of the MMA and TR-MMA(1) are 0.1684 and
0.1595, respectively. Figure 11 shows the SSE of the MMA
and TR-MMA(1) with different RSOPs. Based on results of
Figure 11, the SSE of the MMA and TR-MMA(1) increase
with the increase of RSOP. When the RSOP is fixed, the SSE
of TR-MMA(1) is lower than the SSE of MMA. Compared
with the average SSE of the MMA, the average SSE of the
TR-MMA(1) is reduced by 4.08%when the RSOP is changed
from 0 Mrad/s to 130 Mrad/s. The reduction rate of the
average SSE is calculated by

η3 = 1−

13∑
k=0

SSETR−MMA(1)(k)

13∑
k=0

SSEMMA(k)

, (21)

where SSETR−MMA(1)(k) denotes the SSE value of the
TR-MMA(1) when RSOP = 10k Mrad/s and SSEMMA(k)
denotes the SSE value of theMMAwhenRSOP = 10k Mrad/s.
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V. CONCLUSION
In this paper, the hysteresis effect of the equalization matrix
is first investigated for coherent optical PDM communication
systems. Moreover, the hysteresis effect of the equalization
matrix is proposed as a time reverse error term to correct
the equalization matrix coefficient and fast the convergence
speed of output signal errors. Furthermore, a new equalization
algorithm based on time reverse error is developed to reduce
the BER of coherent optical PDM communication systems.
Compared with the MMA, simulation results show that the
average BER and SSE of the TR-MMA(1) is reduced by
33.47% and 4.08%, respectively. Moreover, the RSOP toler-
ance of the TR-MMA(1) is increased by 28.57% compared
with the MMA.
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