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ABSTRACT The issues of mean-square admissibility and synthesis of Ito-type stochastic singular sys-
tems (SSSs) under Brownian parameter perturbations are introduced in this article. For ease of computation,
a novel sufficient condition is given to guarantee autonomous systems are mean-square admissible via
strict linear matrix inequalities(LMIs). Furthermore, own to the measurable of the system states, both state
feedback controller and observer-based controller (OBC) for Ito-type SSSs are investigated. However, in Ito-
type SSSs, because the state of the system and the observer can be affected by Brownian fluctuation, it is not
feasible that the observer and control gains design are completely separate. To this end, an innovative design
approach is also proposed to solve the controller and observer parameters simultaneously in form of strict
LMIs. Finally, three examples are introduced to demonstrate the effectiveness of the proposed method.

INDEX TERMS TIto-type SSSs, mean-square admissibility, Brownian parameter perturbations, OBC, strict

LMIs.

I. INTRODUCTION

Singular systems are a kind of dynamic systems, which
are more general and natural to represent and to handle
the behaviour of practical models than the normal ones,
for instance, power systems, electrical circuit systems, con-
strained mechanical systems, bioeconomic systems, and
more other field [1]-[3]. The study of singular systems
has important theoretical and practical significance, so there
are many research achievements on admissibility analysis
and synthesis [4], [5], Hx control [6], [7], observer and
filter design [8], [9], fault diagnosis and fault tolerance
control [10], [11], and so on. In practical control systems,
there exist stochastic environment noises inevitably. So,
the researches about stochastic systems have been paid more
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attentions due to their widespread applications in numerous
actual systems [12]-[14].

Combining the advantages of singular models and stochas-
tic models, stochastic singular models can describe the fea-
tures of physical systems more conveniently and accurately.
Therefore, many attractive results and a large variety of
control problems have been investigated and solved. Based
on H-representation approach, SSSs with Brownian motion
can be converted into the standard singular system, then the
stability theorem of this kind of systems is given via LMIs
in [15]. In [16], based on nonparallel distributed compen-
sation sliding mode control method, robust control issues
of nonlinear SSSs are discussed. Using stochastic Lyapunov
functional, the dissipative controller design method for fuzzy
Ito-type SSSs is proposed in [17]. Using the stochastic analy-
sis techniques, the passivity analysis and state-feedback con-
troller for fuzzy delay SSSs is discussed in [18]. By multiple

VOLUME 9, 2021


https://orcid.org/0000-0002-3783-2682
https://orcid.org/0000-0001-9919-1801
https://orcid.org/0000-0001-7208-6374

J. Huang et al.: MS Admissibility Analysis and Controller Design for Ito-Type SSSs

IEEE Access

Lyapunov functions and matrix decomposition approach,
mean square admissibility conditions for the SSSs with Pois-
son switching are proposed [19]. In [20], the unmatched
controller design method is given to guarantee IT2 uncertain
fuzzy SSSs stochastic admissibility. In [21], the mean-square
(MS) exponential stability of SSSs with Brownian motion
is proved strictly, which establishes the firm foundation for
the subsequent analysis and synthesis for such system. The
observer-based MS admissible controller design approach
for Markov Ito-type SSSs is discussed via LMIs in [22].
In [21], [22], the sequential design method is given to obtain
controller and observer gains and this calculation method is
comparatively conservative. Thus, a novel method to deduce
the conservatism during the design of controller and observer
is become an important challenge.

According to the background hereinbefore, MS admissi-
bility and controller design problem of Ito-type SSSs is dis-
cussed in this article. First of all, using Lyapunov functional
and stochastic analysis techniques, sufficient conditions for
Ito-type SSSs to be MS admissibility are given and proven
completely via LMIs. Secondly, both state feedback con-
troller (SFC) and OBC are investigated to ensure the MS
admissibility of the considered systems. The parameters of
controller and observer are solved simultaneously and equal-
ity constraint conditions are cancelled by matrix operations.
Finally, the validity and applicability of our proposed method
is illustrated by three examples. The contributions of the
study are summarized below.

1) The sufficient condition of Ito-type SSSs to be
mean-square admissible is proposed with a complete proof
process. Meanwhile, this admissibility condition can be
solved by strict LMIs, which removes the equality con-
straint condition. The obtained admissibility theorem con-
tains related results in deterministic singular systems and
stochastic normal systems.

2) Both the design method of SFC and OBC are given to
ensure the mean-square admissibility of closed-loop system.
In the OBC design technique, the parameters of controller
and observer are solved simultaneously, which is different
from the sequential design method in [21]. Form illustrative
example, the proposed method in this article is less conserva-
tiveness than the relevant results in [21].

The structure of this article is organized as follows.
In Section II, Preliminary results are provided. Section III
provides main results of MS admissibility and controller
design for Ito-type SSSs. Finally, Section IV and V contain
three illustration examples and conclusions, respectively.

Notations:

0 > 0(Q > 0): positive semi-definite (positive definite)
matrix;

0 < 0(Q < 0): semi-definite (negative definite) matrix;

AT: transpose of A;

&(): expectation operator;

Det(A): determinant of the matrix A.

R": n-dimensional Euclidean space;

RM™*": m x nreal matrices set;
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Deg(): degree of the polynomial.
A™T: Moore-Penrose pseudo inverse of A;
Rank(A): rank of the matrix A.

Il. PRELIMINARIES
Consider the Ito-type SSSs defined as follow.

Edx(t) = Ax(t)dt + Bu(t)dt + Tx(t)dw (1)
y(t) = Cx(1) (D

where x(¢) € R" and u(r) € R™ denote state / input vector,
¥(t) € R? denote output vector; Matrix I might be singular
and RankE = n, < n; E, A, B, J, and C are known
constant matrices. @ (¢) is one-dimensional Brownian motion
with €(dw (1)) = 0 and E(dw (1)) = 0.
Next, some lemmas and definitions are given as follow.
Definition 2.1 ([15]):

o Unforced SSSs (1) is impulse free if
Deg(Det(sE — A)) = Rank(IE)

o Unforced SSSs (1) is MS asymptotically stable if
Vx(0) € R",

Jlim €{lx(0)]|*) =0

o Unforced SSSs (1) is MS admissible if the system has
the unique solution, impulse free and MS asymptotically
stable.

Assumption 2.1 ([21]): Rank(IE, J) = Rank(IE).

Remark 2.1: Based on Assumption 2.1, the invertible

matrices IR and $ can be obtained such that

(1, 0O
RES = 0 0]
[A A
RAS =
A= 4 A4]
| &
RJS = K 0 i|
Considering the state transformation
-1 _ | a@®
3= [em]

the system (1) is restricted equivalent with

de1(t) = (Are1(t)dt + Arer(t))dt + (J1€1(2)

+ Dex2)dw (1) 0 = (Azer()dt + Agea(t))dt
2
So, it is known that the diffusion term is not the impact of
system structure. Then, when (IE, A) is impulse-free, by [1],
Ay is invertible. Further, system (1) is restricted equivalent to

dei(t) = (A — A Ay Az)e (1)t
+ (1 — R A A)ei()dw (1)

e2(t) = — Ay Azer (1) 3)
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So, the pair (I£, A) is impulse free, and Rank(E, J) =
Rank(IE), which guarantee the existence and uniqueness of
impulse-free solution of the system (1).

Lemma 2.1 ([23]): Let X € R™" be symmetric with
EXXEg > 0, T e RO—)xt=m) g invertible. Then,
XE” + STM is invertible and its inverse is expressed as

XET + STM) ' = XE+MTT1ST

where full row rank matrices M and S satisfies MIE = 0 and
ES = 0, respectively; E = ELEIQ in which IE; and Eg are
with full column rank; XT = X and T is invertible with

EI'XE;, = (EFXEg)™!
T = MM T 1(sTs)!
Lemma 2.2 ([24]): Considering system (1), let
V(x(1) = xT(OETPx(7) 4
where the invertible matrix P satisfies
E'P=P'E>0 )

By defining the weak infinitesimal operator £, Ito formula
can be given as

dV(x()) = LV(x())dt + 2xTPT Tx(t)dw (1) (6)
where
LYVx@)=xT)ATP + PTA+ JTEHTETPE 7)x(r)

Lemma 2.3 ([25]): If there exist a scalar o > 0 and matrices
AUL,VY, W, (=1,...,m)hold

[A U; + 0V, U+ 0oV, }<o
« diag{—oW; — oWT — oW, — oW}
)
we get
m
A+ OWIV + VWU <0 (8)

=1

Ill. MAIN RESULT
A. ADMISSIBILITY ANALYSIS
Theorem 3.1: Unforced SSSs (1) is MS admissible if there
exist a symmetric matrix X € S93">*" and a nonsingular matrix
T e Re—n)x(=nr) quch that the following LMIs conditions
hold.
E'XE, >0 9)
ATXE+MTTST) + XE +MTT1ST)T A
+JTEHE'XEETT <0 (10)

where row full rank matrices M, S with MIE = QO and [ES = 0.
Proof : First of all, we prove that unforced SSSs (1) is impulse
free and has an unique solution.
By E{XEL > 0and E = E;ET, we can obtain
JTENHTETXEEYT > 0 (11)
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then, (10) results in
S=ATXE+MTTS)+XE4AMTTSHYT A <0  (12)

Using Assumption 2.1, the invertible matrices R and S can
be obtained such that

. (L, 0
pones= [l 0]
A (A Ay
=RAS = ,
A | Az A4:|
o &
RTS = | O 0 j|’
Accordingly, we get
Typ-1 _ | Xu X2
RTXR = [XFZ XZJ
MM =H[0 1]
Te | O
NS = |:[ G

where H and G are nonsingular matrices.
Then, Pre- and post-multiplying ® with ST and S, one has
@ 53]
[ea ATHTTGT + GTTHAJ <0 (13)

where @ is independent from the results discussed below,
the real expressions are omitted. So, we get

ATHTTG" + GTTHA, < 0 (14)

which means Ay is invertible.
Then, we have

Deg(Det(sE — A))
= Deg(Det(R™HDetE — A)Det($"))
= Deg(Det(—ApDet(sly, — (A1 — A Ay A3))
x Det(R™HDet($7))
=n,
= Rank(IE)
According to Definition 2.1 and Remark 2.1, unforced SSSs
(1) is impulse-free and has an unique solution.
Secondly, we prove that this system is MS asymptotically

stable. Since unforced system (1) is impulse free, then invert-
ible matrices W and G can be obtained for satisfying

WEG = _16" 8}
WAG = _“‘(1)1 ?]
WG = _%1 %2]
[ X X
e [f 3]

MW™'=N[0 1]

VOLUME 9, 2021



J. Huang et al.: MS Admissibility Analysis and Controller Design for Ito-Type SSSs

IEEE Access

Te |0
-]

where N and Q are the nonsingular matrices.

By defining
G = | B1®
*@) [xz(t)
this system is restricted equivalent with
dxi(t) = Aixi()dt + Jixi1(H)dw (1)
x(1) =0 (15)

Then, pre- and post-multiplying (10) with G7 and G,
implies

[A¥X1+X1«;la1 + I X1 g] -0 (16)
Thus, we have
ATX) + X1 A + I X 7 < 0 (17)

Furthermore, by E; XE; > 0 and

—

we can deduce X1 > 0. Then, by [15], we have
lim €[lx;(1)]> =0
t— 00
Further, from x»(#) = 0, one has
lim €|x(@)|> =0
—o0

Thus, on the basis of Definition 2.1, this systems is MS
asymptotically stable.

As a result, this system is MS admissible.

Remark 3.1: (1) If 7 = 0, Theorem 3.1 is translated to the
criterion of deterministic singular system, which is expressed
as

ETXE, >0 (18)
ATXE+MTTST) + XE+MTTSTYT A <0 (19)
QUEE=1 wegetM =0,S = 0, Theorem 3.1 reduces to

the stochastic stability criterion for normal Ito-type systems,
which can be expressed as

X >0
ATX +XTA+T'XT <0

(20)
2

B. CONTROLLER DESIGN

1) STATE FEEDBACK CONTROLLER

When the system states are completely accessible, the follow-
ing SFC is considered.

u(t) = Kx(1) (22)
Then, the closed-loop system can be described by
Edx(t) = (A + BKy)x(t)dt + Jx(t)dw (t)
= Ax(t)dt + Tx(t)dw (t) (23)
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Theorem 3.2: The system (23) is MS admissible if there
exists symmetric matrix X € R"*", nonsingular matrix T €
RO x(1=1r) and matrices £ € R and H e R =),
such that the following LMIs conditions hold

EXXEg > 0 (24)
by }_(TJT(E+)TERi|
<0 (25)
[ * ~EIXE,

where
% = X"AT + AX + B(LE" + HM) + (LE" + HM)"BT
X = XE" +STM

Then, the controller parameter Kj is given by

K, = (LCET + HM)XET + STM)™! (26)

Proof: Using Schur complement lemma [2], LMI (25) is

equivalent to

XTA" + AX + BILE" + HM) + (LE" + HM)' BT
+XT JT(EN Er(EEXER) 'EFETTX <0 (27)

Then, by Lemma 2.1, we know that X = XET 4+ STM is
nonsingular and its inverse is

X' = XET +5TM)~! = XE + MTTST
Meanwhile, by (24), we have
EI'XE, = (EFXER)™' > 0
Let £L = KX and H = K ST, we get
XTAT + AX + XTgTEHTETXEET 7X
= XT AT + AX + BK(XE" + STM)
+(XET +sTM) K BT
+XT gT(EHTERE! X B, ERET 7X
=XT AT + AX + B(LET + HM) + (LET + HM)TBT
+XT g1 EN ERE XE, ERET 7X
= XTAT + AX + B(LET + HM) + (LET + HM)"BT
+XT JTEHTENERXER) 'EFETTX <0 (28)
Further, pre- and post-multiplying (28) with X~ T and X!,
imply
ATXE + MT1ST) + (XE + MTTST)T A
+IJTEHTETXEETT <0 (29)
Based on Theorem 3.1, the system (23) is MS admissible.

2) DESCRIPTOR OBSERVER-BASED CONTROLLER
If the state variables are not measured, SFC cannot be
achieved to realize system stabilization. then, the following
OBC is given.
Edx(t) = Ax(t)dt + Bu(t)dt + L[Y(t) — y(t)]dt
1) = Cx(1)

u(t) = K,x(t) (30)
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where X(¢) the estimation of x(¢), £, K, are observer and
controller parameters, respectively.
Define

e(t) = x(t) —x@)
n(0) = [x" (1), "(0)]"

Form (1) and (30), we can obtain the following closed-loop
system

Edn(t) = An(t)dt + Tn(t)dw (1) 31)
where

. [E o

b= K IE]’

Ao [A+BK, -BK,

-1 o A+cc |’
- _[J o
I=17 o}

Theorem 3.3: System (31) is MS admissible if there are
a scalar o > 0, symmetric matrix X € R Y € R,
nonsingular matrix Ty € RO—)*0=ny) - oyr—nr)x(n=nr)
and matrices Xg € R™" Yg € R Y, € R" 9, such
that the following LMIs conditions hold.

E'XE, >0 (32)
E'YE, >0 (33)
@1y —BYx —BXk+XIB+pY]
* Dy - pYg
* * — pXg — ,ng

<0 (34

where
@1 = AT + XTA + TTEHTE X EETT
+IJTEHTETX,EEY T + BYg + Y BT
by = ATX, + XJA+Y.C+CTY)
X, = XE+MTT,ST
X,=YE+M'T,ST

Then, the gains can be given by

K, = X 'Yk
L=Xx"Ty,

Proof : Let
~ X 0 ~ M 0
=[5 y]oa= [T a]
= | T 0 < _|S O
=[5 2] 5[0 3]
then, one has

M

=h

I
—
SIS
X o
[
—
o =

[9=Y

0
E

. E 0][s o ES 0

E =[0 E][o S:|=|:O ES:|=0
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It is noted that

" Et 0
+
= _[0 E+]

E. 0 & _[Bx O

0 E.|° BTl o0 Eg

and by (32)-(33), we get

E’XE, >0 (35)

107

Next, it can be derived that
N=ATXE+M'TS")+ XE+M"TS"' A
+ 7B BT RBE G
A+ TTENHTET X, EETT X! BK,
- * Ap
[+ IJTEDHTETX,EETT 0
- * Q)
+ 1 X! BK, T, + () X BK,T,)" (36)

where

Ay = (A+ BK,)" X, + X (A+ BK,)
+J T EH'E'XEETT
Ay = (A+LO™X, + X (A + LC)
0 = ATX, + X A+ JTENHE X, EETT
0 = A™X, + XTA+v.C+CTY]
1
I = [0] Iy =[1-I]
By K, = XEI Yk, it can be established that
I]XSTBKOIZ =Ti1BYxD, + Ti(—BXg + XSTB)XEIYKIZ
Further, (36) can be rearranged
M=0e+Ux'v+Vvixu"
o |O1t JTEHTETX,EETT 0
% @2

U = I)(-BXx + X[ B)
V =YD (37)

By Lemma 2.3, we can obtain that (34) guarantees (37). So,
IT < 0. Further, Using Theorem 3.1, this system is MS
admissible.

Remark 3.2: Due to the existence of the term
JTEHTETX,EETJ in (36), the calculation method of
controller and observer parameters for the closed-loop system
cannot completely separate. There are fundamental differ-
ence between the OBC controller design of deterministic and
stochastic singular systems.

Remark 3.3: In [21], [22], the solutions of controller
and observer parameters are given by the sequential design
method. In this method, the controller gain is solved firstly.
Then, by bringing the obtained controller parameter value
into the other LMISs, the observer parameters can be solved,
which causes this method more complex and conservative.
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¥ ® & @ * ® ® ¥ ® *x * ® ® ® & * * K ¥
1% @ *x *x ® @ @ @ ® @ & @ @ ® * * * * * * ¥
12 & & & @ @ & @& @ ® *x @& & *x *x & * *x ¥ ¥
® x & ® ® ® ® * x ® ® ® * * * *x * x K
M & & & & & & & & & ® & * * * * & x * ¥
x *¥ ® ® & ® ® ® ® ® ® * Kk ok *x ¥ x * ¥
10# &8 ® ® & & ® ® ® ® ® % * * * * * * *x &
a ¥ ® ® ® ® % x @ ® B F *x ok K Kk ¥ K K ¥
9% ® ® & ® ® ® * ® ® K Kk Kk K ok * Kk *x ¥ ¥
@ @& @ & @ x @ ® @ * * ok kK K K K K K
8% ® ® ® & ® x ® & * * * * * *k * * * * &
@ & @ x ¥ ¥ @ ¥ ¥ ¥ ¥ ¥ x ¥ ¥ * ¥ * ¥
% ® ® ® ® ® ® @ ¥ * * * * *k * * * * * *
& ® & ® ® ® & * x * x * ¥ * * x * x *
6 & ® * * ® ® x * ¥ * ¥ * ¥ * * * * ¥ *
® ® & ® ® ® x * x * x * ¥ k ¥ x * x K
& & " * % " % % *
6 7 8 9 a 10 11 12 13 14 15

FIGURE 1. Mean-square admissibility analysis by theorem 3.1 (%)
and [21] (o).

To resolve this issue, a novel design method is given in this
article, in which the gains can be obtained simultaneously
in terms of strict LMIs. Thus, the conservativeness can be
significantly decreased.

IV. ILLUSTRATIVE EXAMPLES
Example 1: Consider the following SSSs:

Edx(t) = Ax(t)dt + Bu(t)dt + Jx(t)dw (t)  (38)
y() = Cx(1) 39)
where
1 0 o0 10 3 1
E=(0 1 0|, A=| a 6
(0 0 0 -b -1 0
(0501 -1 1
J=|-211|, B=|-1 0
| 000 0 2
(1 0 1
C=1-5 1 1]

The MS admissibility for this system is checked by using
Theorem 3.1 and Theorem 4 in [21] for several values of pairs
(a,b) in Fig. 1, where a € [5,15] and b € [5, 15]. One can
find that Theorem 3.1 is less conservativeness than
Theorem 4 in the [21].

Example 2 ([15]): Consider the oil catalytic cracking pro-
cess with influenced by the random environment and the
following simplified model is given as

dx1(t) = [Wix1(t) + Waxa(t) + Bru(t) + Dy f 1dt
+ [F1x1(t) + Foxa(t)]d o
0 = [Wax1(¢) + W3x2(2) 4+ Bau(t) + Dyf 1dt  (40)

where x1(¢), x2(¢), u(t) and f indicate regulated vector,
the business benefits vector, regulation value, and nonlinear
disturbance, respectively.
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x 10

FIGURE 2. State x, (t) and x,(t).

Choose the following parameters:
Wiy =1, W, =15, W3 =0.5, Wy=-1
Bi=By=1, Di=D,=0, Fi=F, =1
the following systems can be obtained.

Edx(t) = Ax(t)dt + Bu(t)dt + Tx(t)dw (1)

10 1 15
Ez[o 0]’ Az[o.s —1]

7=[s o) ==[1]

When the initial conditionxg = [ 1 1 ]T, Fig. 2 shows state
responses (60 tests) of this system. Then, one can find that this
system is unstable.

Next, By solving LMIs (24)-(25), the following state feed-
back controller gains are obtained.

—3.5000 ]

(41)

where

K, = [—2.8505

Then, Fig. 3 shows the states responses (60 tests) and means
of closed-loop system. So, this system is MS admissibility
under state feedback controller.

Example 3: The circuit system is shown in Fig.4. Variables
R, L, and C; > stand for the resistance, inductor, and capaci-
tances, respectively; V¢, (¢), Vc,(¢) stand for the voltages of
Cy, Cy; I, (1) and I, (¢) stand for the currents flowing over
them; and V,(¢) is the voltage source. Based on the principle
of circuits, this system can be given as follows:

. 1
Ve, () = C_llcl(t) (42)

. 1
Vo, (1) = C—zlcz(t) (43)

. 1
I, () = E(Vcl(t) — Ve, (1) (44)
0= V¢, () +Ic, ()R + I, (DR — V(1) (45)
54365
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Time

FIGURE 3. State x, (t) and x,(t): State feedback controller.

FIGURE 4. Circuit system.

Further, choose the state x(¢), control input u(¢), and output
y(t) as

Ve, @)
Ve, ()
Ie, (0
Ic,(®)
u(t) = Ve, y(t) = Vg,

x(t) =

Equations (42)-(45) can be written as:

Ex(t) = Ax(t) + Bu(r)

y(#) = Cx(1) (46)
where
1 0 0 O 0 0 0 1
E=lo 0 1 o A= 1 0 o
0 0 0 O 1 0 R R

54366

800 T T T
600 x,(t) Mean M’

400

State

-200

400 L L 1 1
0 5 10 15 20 25 30

FIGURE 5. State x; (t).

-100- X,(t) Mean

150 1 1 1 1
0 5 10 15 20 25 30

c=[0 1 0 1]

Matrix A is influenced by the random environment such
as A = A + J"noise". This "noise" term can be described
effectively by white noise @ (¢). Then, system (46) becomes

Edx(t) = Ax(t)dt + Bu(t)dt + Tx(t)dw (t)

y(t) = Cx(t) 47)
Next,LetC; =1,C, =2,L =1,R =2,
0 1.0000 0 —0.5000
;|0 00100 0 00100
~ 10 04000 0 0
0 0 0 0

the initial states are x1(0) = 3, x2(0) = —4 and x3(0) = 1,
stochastic state responses (60 tests) and mean of this system
are given in each figure (see Figs. 5-8). So, this system is
unstable.
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150 T T T T

100

@
S

State

o

-50

-100
0

FIGURE 7. State x5(t).

w
S
S

xA(t) Mean

0 5 10 Time 15 20 25 30

.
0 5 0 Time 15 20 2 30

FIGURE 9. State x, (t): observer-based controller.

Next, using the LMIs Theorems 3.3, the controller and
observer parameters are given by

K, = [ ~0.5596 —0.1453 —0.1901 0.976 ]
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2 ) \ /| X,(t) Mean

., State .
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FIGURE 10. State x,(t): observer-based controller.
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FIGURE 11. State x3(t): observer-based controller.
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x4(l) Mean
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FIGURE 12. State x4(t): observer-based controller.
—1.3769
—0.0985
L =10 x
—0.6953
—0.0378
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Then, the simulations of closed-loop system under OBC
is obtained in Figs. 9-12. It is obvious that the system is MS
admissibility under observer-based controller.

V. CONCLUSION

The issues of mean-square admissibility and controller design
for SSSs with Brownian parameter perturbations is studied.
Both SFC and OBC design method are given to guaran-
tee closed-loop systems are MS admissible via strict LMIs.
Different from the previous results, the novel OBC design
scheme is introduced to compute the controller and observer
gains simultaneously and the conservation is reduced in the
method proposed. Three examples are given to demonstrate
the feasibility and efficiency of the proposed results.
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