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ABSTRACT As an effective way of improving traffic efficiency, vehicle platoon control has attracted
extensive interest recently. Communication between vehicles tends to be affected by communication noises.
Aimed at improving communication efficiency, an event-triggered vehicle platoon control under random
communication noises is studied in this paper. First, for vehicle platoons with linear third-order dynamics,
a time-varying consensus gain c(t) is introduced to reduce the effects of the communication noises. Second,
with the introduction of the algebraic graph theory andmatrix analysis theory, conditions for internal stability
and lp-string stability under random additive communication noises are derived. Third, by utilizing the
Lyapunov approach and Itô stochastic differential equations, the consensus of vehicle platoon under random
additive communication noises is proved. Last, to reduce the frequent communication between vehicles,
an event-triggered mechanism is introduced, and the design for the triggering parameter is derived. The
effectiveness of the proposed method is verified with some numerical simulations.

INDEX TERMS Vehicle platoon, communication noises, event-triggered, string stability, consensus.

I. INTRODUCTION
Vehicle platoons are important parts of intelligent trans-
portation. From the PATH Project in California to the
SARTRE Project in Europe, the Energy ITS Project in Japan,
and et al., much attention has been paid to vehicle platoons.
The improvement of vehicle platoon technology can effec-
tively increase the road throughput, improve road safety,
reduce fuel consumption, and so on [1]–[3]. With the devel-
opment of intelligent networked vehicles, the Internet of
Vehicles, and unmanned driving technology, the adaptive
cruise control (ACC) system has been installed in a grow-
ing number of vehicles to improve vehicle platoon perfor-
mance. Vehicles can measure the state information of ahead
information through sensors [4]–[6], and cooperative adap-
tive cruise control (CACC) is extended to the ACC tech-
nology. Vehicle-to-Vehicle (V2V) information exchanges
and Vehicle-to-Infrastructure (V2I) wireless communication
technology are the prospects of CACC [7]. Aimed at differ-
ent communication structures and different controllers, many
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researchers have paid extensive attention to vehicle platoons
[8]–[11]. Considering engine limits and uncertain dynamics,
Baldi et al. established platoons of bidirectional cooperative
vehicles [8]; while parameter uncertainties were taken into
account in [9]. Liu et al. in [10] proposed adaptive strategies
of cyclic communication, and the non-uniform communica-
tion topology was studied in [11].

Most of the researches about vehicle platoons were
assumed to be interference-free. Note that noises are unavoid-
able in real vehicle platoons, and the performance of the
vehicle platoon could be affected by noises from communica-
tion channels and the external environment. Thus, researches
on vehicle platoon control with communication noises are
necessary and meaningful. In [12], considering the influence
of measurement noises, the average consensus of multiple
agents was considered for systems with fixed topology and
directed topology, respectively. A time-varying consensus
gain was introduced to the consensus protocol, and finally,
two critical conditions the consensus gain should satisfy were
derived. This method was widely used in [13]–[15]. [16]
investigated the mean square consensus for multiple agents
that were affected by noises over directed networks, and
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proposed two protocols for driving the agents to converge to
the average value of their initial states. In [17], it was proved
that, for a multi-agent system with a directed communication
graph, the adaptive gain could eventually tend to an ideal esti-
mate when considering the influence of the additive random
white noise.

It should be mentioned that those methods mentioned
above all adopted time-triggered communication strategies.
Time-triggered communication affects both the stability and
consensus of vehicle platoons due to packet loss in data
transmission [18]–[20], random data missing [21] unex-
pected changes in communication load, and changes in sam-
pling accuracy [22], [23]. Much attention has been paid to
the event-triggered control strategies (ETCS) to reduce the
amount of data transmission. With the introduction of the
event-triggered method, the controller’s continuous workload
can be effectively reduced, which is effective in saving pass-
band resources and avoiding passengers’ discomfort caused
by frequent acceleration or deceleration. Moreover, ETCS
could minimize the possibility of collision.

To the best of our knowledge, the first work on event-
triggered strategy in a multi-agent system is [24], with several
works followed in different settings [16], [25]–[32]. Based
on the results in [24], Dimarogonas further studied the first-
order distributed event-triggered strategy in [25], where the
distributed strategy only needed to know the information of
neighboring nodes, which greatly improved the execution
efficiency of the controller. Cheng et al. in [26] considered
distributed event-triggered consensus algorithm from lead-
less vehicle platoon and leading vehicle platoon, respec-
tively. Considering the heterogeneity of vehicle dynamics,
[27] and [28] designed novel distributed event-triggered
strategies with high computational efficiency. For nonlinear
systems, [29] derived the event-triggered conditions under
time-varying transmission delay and [30] analyzed the fixed
communication topology and derived conditions for the sys-
tem to achieve the exponential convergence. In [31], for
scenarios with and without external disturbances, an adaptive
triggering protocol was constructed, and sufficient condi-
tions for the multi-agent system to meet the consensus were
derived. Based on a first-order dynamic model, Liu et al.
derived the event-triggered conditions, achieved its mean
square consensus, and extended the results to systems with
switching topologies [16]. [32] generalized the consensus
gain function and derived the sufficient condition for stability
when the gain was negative. However, most of the researches
discussed above were based on the first and second-order
models.

In this paper, motivated by [12] and [16], we investigate
the event-triggered vehicle platoon under random communi-
cation noises. We establish the third-order model to form the
vehicle platoon dynamics, rather than the first-order model
proposed in [12] and [16]. We also study the vehicle platoon
control under random communication noises. Furthermore,
we focus on improving the execution efficiency of consensus
and utilizing the event-triggeredmechanism to avoid frequent

real-time communications. [12] didn’t consider the event-
triggered strategy. In [16], A. Hu et al. proposed an event-
triggered strategy, but it still needed the global information
to construct the triggering function. In this respect, how to
design a fully distributed and more applicable event-triggered
function is a big challenge. Moreover, with the introduction
of a time-varying consensus gain, the information topology
will not be a fixed one. The system matrix is time-varying
due to random communication noises. Therefore, analyzing
the stability and consensus of a vehicle platoon with a time-
varying matrix is another urgent problem to be solved. The
main contributions of this paper are two-fold.

First, we investigate the vehicle platoon with a third-order
dynamic model under random communication noises.
By introducing a time-varying consensus gain to the con-
troller design, we derive the conditions for stability of the
vehicle platoon. We prove that the vehicle platoon could
achieve its mean square consensus.

Second, compared with [16], we obtain a novel event-
triggered function, which is decentralized, and no informa-
tion from any following vehicle is needed. To some extent,
the event-triggered strategy we proposed is suitable for vehi-
cle platoon with decreasing frequent communication. Also,
compared with [29], who adopted a complex event-triggered
strategy to analyze a nonlinear networked control system,
in this paper, we proposed a more general event-triggered
strategy, which decreased the complexity in designing the
controller. Moreover, by using Itô stochastic differential
equations and Lyapunov theory, we derive the triggering
parameter design method, which could eventually achieve the
mean square consensus.

The remainder of this paper is organized as follows. The
basic knowledge of graph theory and the relevant parame-
ters are provided in Section II. The problem formulation is
presented in Section III. In Section IV, we give the system
design, analyze the system performance under random com-
munication noises and event-triggered communication mech-
anism. Section V verifies the main results through numerical
studies. Conclusion and future works are given in Section VI.

II. PRELIMINARY
Each vehicle in the vehicle platoon is considered as a node of
the multi-agent system (MAS). The information flow com-
municated among nodes of the MAS is modeled by a graph
G = (N , E), where N = {1, 2, . . . , n} represents the node
sets, and the i-th vehicle can be regarded as the i-th node.
E ⊆ N × N represents the edge sets in the graph, i.e., the
communication links between vehicles. A = [aij]n×n is the
adjacency matrix. If (j, i) ∈ E , one has aij = 1; otherwise
aij = 0. Let degin(i) =

∑n
j=1 aij be the in-degree of node i,

and D = diag{degin(i)} be the degree matrix. A sequence
(i1, i2), (i2, i3), . . . , (ik−1, ik ) of edges is called a directed
path from node i1 to node ik . G is called a strongly connected
digraph, if for any i, j ∈ N , there is a directed path from i to j.
A directed tree is a digraph, where every node except the root
has exactly one parent, and the root is a source. A spanning
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tree of G is a directed tree whose node set is N and whose
edge set is a subset of E . IfG is a strongly connected digraph,
then it must contain a spanning tree. Let L = D − A be the
Laplacian matrix of a graph G and PL(i, i) be the spinning
matrix, which indicates whether the following vehicle can
receive information from the leader. If the information can
be received, one has PL(i, i) = 1; otherwise, PL(i, i) = 0.
Most of the notations in this paper are fairly standard.

For convenience, some notations are explained here. The real
domains are denoted by R. The set of m × n real matrices
is denoted by Rm×n. Let 0n and In be the n-order zero and
identity matrix, respectively. Let AT be the transpose of a
matrix A, where λmin(A) and λmax(A) represent the minimum
and maximum eigenvalues of matrix A, respectively. || · ||
denotes the Euclidean norm of vectors or the induced 2-norm
of square matrices, and ‖{x(t)}‖`p =

∑
∞

t=0 |x(t)|
p < ∞.

tr(A) denotes the trace of matrix A. For a matrix A ∈ Rn×n,
if and only if all its eigenvalues have the negative real part,
it is called Hurwitz. For a given random number X , E(X ) rep-
resents its mathematical expectation. For matrix A ∈ Rm×n

and B ∈ Rp×q, let A⊗ B be the Kronecker product of A and
B, shown as

A⊗ B =

 a11B . . . am1B
...

. . .
...

a1nB · · · annB

 ∈ Rmp×nq.

A continuous function α : [0, c) → [0,∞) is said to be of
class K if it is strictly increasing and α(0) = 0.

FIGURE 1. Topology of the Predecessor-leader following (PLF) vehicle
platoon.

III. PROBLEM FORMULATION
A. INFORMATION FLOW TOPOLOGY
The topology of the predecessor-leader following (PLF) vehi-
cle platoon system studied in this paper is shown in Fig. 1.
Suppose there are n + 1 vehicles with one leading vehicle
and n followers. The leading vehicle is denoted as num-
ber 0, while the rest are denoted as 1, 2, · · · , n, respectively.
The exchange of information among n following vehicles is
described by a directed graph G = (N , E). The information
flow from the leader vehicle 0 to the n followers is described
by a diagonal matrix PL ∈ Rn×n.
Remark 1: In this paper, graph G is assumed to contain

a spanning tree, and all the following vehicles can receive
information from the leading vehicle.

B. VEHICLE DYNAMICS
For each vehicle i (i ∈ N ), the drive/brake torque is con-
sidered as the control input, and the following longitudinal
dynamic characteristics are obtained

ṗi(t) = vi(t),

v̇i(t) =
1
mi

(
ηT ,i

Ti(t)
Ri
− Civ2i (t)− migf

)
τiṪi(t)+ Ti(t) = Ti,des(t),

(1)

where pi(t) and vi(t) are the position and velocity, respec-
tively;mi is the vehiclemass; ηT ,i is themechanical efficiency
of drive-line; Ti(t) and Ti,des(t) are the actual and desired driv-
ing/braking torque, respectively; Ri is the tire radius; Ci is the
lumped aerodynamic drag coefficient; g is the acceleration
due to gravity; f is the coefficient of rolling resistance; τi is
the inertia delay of longitudinal dynamics.
Remark 2: In this paper, the longitudinal slip of the tire is

ignored, the rotation dynamics is integrated as a first-order
inertia transfer function, the vehicle body is considered to
be rigid and symmetric, and the influence of pitch and yaw
motion is ignored.

Motivated by [33]–[35], a linear feedback controller is
designed as

Ti,des(t)=
Ri
ηT ,i

(
migf + Civi(t)(2τiv̇i + vi)+ miui(t)

)
, (2)

where ui(t) is the control input. Then a linear model for
vehicle longitudinal dynamics was obtained

τiȧi(t)+ ai(t) = ui(t),

where ai(t) = v̇i(t) denotes the acceleration of vehicle i. With
somemanipulations, the dynamicmodel of vehicle i in (1) can
be rewritten as

ṗi(t) = vi(t),
v̇i(t) = ai(t), i = 1, 2 . . . , n,
τiȧi(t)+ ai(t) = ui(t).

(3)

Then we can derive the matrix form of (3), shown as ẋi(t) =
Aixi(t)+ Biui(t), where

xi(t)=

 pi(t)
vi(t)
ai(t)

, Ai=

 0 1 0
0 0 1
0 0 − 1

τi

, Bi=

 0
0
1
τi

 .
In this paper, we assume that the inertial delays of all vehicle
are homogeneous and denote τi as τ .

C. VEHICLE PLATOON WITH RANDOM
COMMUNICATION NOISES
Let the expected distance between two adjacent vehicles be r .
The distance error between following vehicle i (i ∈ N ) and
the leading vehicle is defined as

δi(t) = pi(t)− p0(t)+
i∑

f=1

Lf + ir, (4)
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where pi(t) and p0(t) are the position of the i-th and the lead-
ing vehicle, respectively; Li is the length of the i-th vehicle.
Let ωji(t) and ω0i(t) be the communication noises between
vehicle j, i and 0, i, respectively. In this paper, we assume that
ωji(t) and ω0i(t) are independent Laplace variables.

The control input ui(t) in (3) is designed as

ui(t)= c(t)
n∑
j=1

aij
[
kp
(
pj(t)− pi(t)−

i∑
f=j+1

(Lf + r)
)

+kv
(
vj(t)− vi(t)

)
+ ka

(
aj(t)− ai(t)

)
+ ωji(t)

]
−c(t)PL(i, i)

[
kp(pi(t)− p0(t)+

i∑
f=1

(Lf + r))

+kv(vi(t)− v0(t))+ ka(ai(t)− a0(t))+ ω0i(t)
]
, (5)

where kp, kv, ka, and time varying c(t) are the control gains to
be designed.
Remark 3: In (5), c(t) : [0,∞)→ (0,∞) is piecewise con-

tinuous. Specially, when there is no communication noises,
c(t) can be designed as a constant, which is the same as the
one described in [35]. From the physical point of view, c(t)
is actually a decreasing step size. (5) provides a correction
term controlled by c(t), which is similar to the recursion
in classical stochastic approximation algorithms. Generally
speaking, c(t) is a parameter ranged in (0, 1) and is designed
as a decreasing function of time t . If c(t) is an increasing
number greater than 1, the noises contained in the control
input of (5) will be infinitely amplified with the increase of
time t , and eventually the asymptotic consensus will not be
achieved.
Remark 4: In this paper, we mainly studied the homoge-

neous vehicle platoons. In a sense, although the length of
each vehicle i is different, which belongs to the category of
heterogeneous vehicle platoons, we can still analyze the sys-
tem as a homogeneous vehicle. An important further research
issue is to analyze heterogeneous vehicle platoons such as
different dynamics and different control gains, which beckons
our future work.

Let p̃i(t) = δi(t) = pi(t) − p0(t) +
i∑

f=1
(Lf + r), ṽi(t) =

vi(t) − v0(t), and ãi(t) = ai(t) − a0(t). Controller in (5) can
be rewritten as

ui(t)= c(t)
n∑
j=1

aij
[
kp (̃pj(t)− p̃i(t))+ kv (̃vj(t)− ṽi(t))

+ka (̃aj(t)− ãi(t))+ ωji(t)
]

−c(t)PL(i, i)
(
kp̃pi(t)+ kṽvi(t)+ kãai(t)+ ω0i(t)

)
.

(6)

For vehicle i (i ∈ N ), let x̃i(t) = [̃pTi (t), ṽ
T
i (t), ã

T
i (t)]

T

be its tracking error to the leading vehicle, and the total

communication noise beωi(t) =
n∑
j=1

aijωji(t)− PL(i, i)ω0i(t).

Then one has

u(t) = −c(t)(L + P)⊗ KT x̃(t)+ c(t)ω(t), (7)

where x̃(t) = [̃x1(t), . . . , x̃n(t)]T , K = [kp, kv, ka]T , u(t) =
[u1(t), . . . , un(t)]T , and ω(t = [ω1(t), . . . , ωn(t)]T .
By combing (3) and (7), one can derive the matrix form for

the vehicle platoon, shown as

˙̃x(t) =
(
A− c(t)B(L + P)⊗ KT

)̃
x(t)+ c(t)Bω(t)

= Ac̃x(t)+ c(t)Bω(t), (8)

where Ac = A− c(t)B(L + P)⊗ KT , A = diag{A1, . . . ,An},
and B = diag{B1, . . . ,Bn}.
Definition 1: A vehicle platoon is said to reach its mean

square consensus if it has the following properties:

lim
t→∞

E(||̃xi(t)||)2 = 0, i = 1, 2, . . . n, (9)

where x̃i(t) = [̃pTi (t), ṽ
T
i (t), ã

T
i (t)]

T is the tracing error vector
of following vehicle i to the leading vehicle.

Let zi(t) = p̃i(t) − p̃i−1(t) be the spacing error between
vehicle i and its predecessor i− 1. The we can formulate the
following linear system model{

˙̃x(t) = Ac̃x(t)+ c(t)Bω(t)
zi(t) = Czi x̃(t)

(10)

where Czi ∈ R
1×3n is a row vector with its i-th element being

1, the 3i − 2-th element being −1, and all other elements
being zero. To investigate the string stability of the platoon,
we assume that the leading vehicle is faced with a bounded
disturbance.
Then, we can have the following definition, i.e., lp-string

stability by referring to [36].
Definition 2: The platoon system (8) under random com-

munication noises is lp-string stable, if there exists functions
β̄ and σ of class K, and constants c̄ and c̄ω such that for any
initial condition zi(t0) and communication noises ωi, i ∈ N ,
satisfying

sup
i∈N
|zi(t0)| < c̄, sup

i∈N
‖ωi‖ < c̄ω,

the solution zi(t), i ∈ N , exists for all t > t0 and satisfies

sup
i∈N
|zi(t)| ≤ β̄

(
sup
i∈N
|zi(t0)|, t − t0

)
+ σ̄

(
sup
i∈N
‖ωi‖

)
.

D. EVENT-TRIGGED VEHICLE PLATOON CONTROL
WITH COMMUNICATION NOISES
For a vehicle platoon with a communication topology shown
as Fig. 1, if the control input is triggered in a continuous form,
the communication resources are wasted to some extent.
Also, when the acceleration of a vehicle platoon is constantly
changing, the use of a time-triggered communication strategy
will not only affect the comfort of the passengers, but also
cause collisions between vehicles. Therefore, considering
random communication noises, an event-triggered communi-
cation strategy is further introduced to form the control input
ui(t) in (6).
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Let bi[k] (i ∈ N ) be the k-th triggeringmoment of vehicle i,
where k is a real number. Suppose bi[0] = 0. Let b[k] =[
b1[k], b2[k], . . . , bn[k]

]T . When bi[k] ≤ t < bi[k + 1], one
has ˆ̃pi(t) = p̃i(bi[k]), ˆ̃vi(t) = ṽi(bi[k]), and ˆ̃ai(t) = ãi(bi[k]).
Let ei(t) be the measurement error between the actual state
error x̃i(t) and the one at the triggering moment, which is
denoted as ˆ̃x i(b[k]). One can has

ei(t) = x̃i(t)− ˆ̃x i(b[k]), (bi[k] ≤ t < bi[k + 1]). (11)

Note that, in this paper, all the following vehicle i can
receive information from the leading vehicle, then x̃i(t)
and ˆ̃x i(b[k]) can both be calculated. Denote ˆ̃x(b[k]) =
[ ˆ̃x1(b[k]), . . . , ˆ̃xn(b[k])]T and e(t) = [e1(t), . . . , en(t)]T . Due
to the last vehicle in the platoon doesn’t need to communicate
with others, one thus has ˆ̃xn(bi[k]) = x̃n(t) and en(t) =
[0, 0, 0]T . For b[k] ≤ t < b[k + 1], we can get the event-
triggered control input u(t) as

u(t) = −c(t)(L + P)⊗ KT
· ˆ̃x(b[k])+ c(t)ω(t), (12)

and the event-triggered vehicle platoon can be written as

˙̃x(t) = Ãx(t)− c(t)B(L + P)⊗ KT ˆ̃x(b[k])+ c(t)Bω(t)

(13)

Motivated by [37], in this paper, we design the following
event-triggered function:

fi(t) = ||ei(t)||2 − α||̃xi(t)||2 − θe−δt , (14)

where θ > 0, δ > 0, and α > 0 are the triggering parameters
to be designed. Specifically, the event times for vehicle i are
defined by

bi[k + 1] = min
{
t ≥ bi[k]

∣∣∣fi(t) ≥ 0
}
.

Remark 5: According to [37], with triggering function
designed as fi(t, ei(t)) = |ei(t)|− (c0+c1e−δt ), when c0 ≥ 0,
c0 + c1 > 0, and 0 < δ < λ2(G) hold, the closed-loop
system does not exhibit any Zeno behavior. In addition, from
(14), one has that the deceases of α and θ will reduce the
bounds of inter-event times, and if δ and θ less than or equal to
zero, triggering function will be meaningless. Since ||ei(t)||2

represents the measurement error of vehicle i, α||̃xi(t)||2 +
θe−δt can be regarded as a threshold for the measurement
errors. Also, (14) is decentralized since it can be computed
locally without using information from any other following
vehicles.

IV. MAIN RESULTS
In this section, we will illustrate the stability analysis and the
triggering parameter design for vehicle platoon with random
communication noises.

Before illustrating the results of this paper, two Lem-
mas are introduced.
Lemma 1 ( [38]Young’s Inequality): Given x, y ∈ R, for

any ρ ∈ R > 0, one has

xy ≤
x2

2ρ
+
ρy2

2
.

Lemma 2 ([39]Cauchy-Schwartz Integral Inequality): Let
f (x) and g(x) be integrable on [0,∞], then[∫

∞

0
f (x)g(x)dx

]2
≤

∫
∞

0
f 2(x)dx ·

∫
∞

0
g2(x)dx

holds.

A. STABILITY ANALYSIS
In this section, we will illustrate the internal and string stabil-
ity analysis of (8) under random communication noises.

1) INTERNAL STABILITY ANALYSIS
Results on internal stability are shown as Theorem 1.
Theorem 1: For vehicle platoon system (8) with random

communication noises, if control gains kp, kv, ka, and c(t)
satisfy

kpc(t) > 0, kac(t) > 0, kv >
kpτ

1+ c(t)ka
(15)

and {∫
∞

0 c(t)dt = ∞,∫
∞

0 c2(t)dt <∞,
(16)

then vehicle platoon (8) is internal stable, indicating that the
noise-interfered vehicle platoon can achieve its mean square
consensus.

Proof: Let’s first prove that Ac is Hurwiz if (15) is
satisfied. In (8), Ac can be written as

Ac=


0n In 0n
0n 0n In

−
c(t)(L+P)kp

τ
−
c(t)(L+P)kv

τ
−
In+c(t)(L+P)ka

τ

 .
Write L + P as H for simplicity. Then the eigenvalues of Ac
are the roots of the following equation,

det (λI3 n − Ac)

=

∣∣∣∣∣∣
λIn −In 0n
0n λIn −In

c(t)kp
τ

H c(t)kv
τ
H λIn + 1

τ
(In + c(t)kaH)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
λIn −In 0n
0n λIn −In

c(t)kp
τ

H c(t)kv
τ
H λIn + 1

τ
(In + c(t)kaH)

∣∣∣∣∣∣
·

∣∣∣∣∣∣
In 1

λ
In 1

λ2
In

0n In 1
λ
In

0n 0n In

∣∣∣∣∣∣
= λ2 det

((
kp
τλ2
+

kv
τλ

)
c(t)H + λIn +

1
τ
(In + c(t)kaH)

)
=

n∏
i=1

(
λ3 +

1
τ

(
1+ c(t)kaλi)λ2 +

kv
τ
c(t)λiλ+

kp
τ
c(t)λi

)
,

(17)

where λi is the i-th eigenvalue of matrix H . Let gi(λ) = λ3+
aiλ2+biλ+ci, where ai = 1

τ
(1+c(t)kaλi), bi =

kv
τ
c(t)λi, and
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ci =
kp
τ
c(t)λi. The eigenvalues of matrix Ac are the solutions

of equation
n∏
i=1

gi(λi) = 0. With the use of Routh-Hurwitz

stability criterion, one has{
ai > 0, bi > 0, ci > 0,
aibi > ci.

Therefore, one can get kpc(t) > 0, kac(t) > 0, and kv >
max
1≤i≤n

kpτ
1+c(t)kaλi(H ) . With information flow topology designed

as Fig. 1, one has that λ1(H ) = 1 and λ2(H ) = λ3(H ) =
. . . λn(H ) = 2. Therefore, one has

max
1≤i≤n

kpτ
1+ c(t)kaλi(H )

=
kpτ

1+ c(t)ka
=

kpτ
1+ c(t)ka

,

indicating that Ac is Hurwitz when (15) is satisfied.
Let’s continue to prove that for a Hurwitz Ac, the mean

square consensus of the noise-interfered vehicle platoon (8) is
achieved when control gain c(t) further satisfies (16). Rewrite
(8) into the following Itô stochastic differential form

dx̃(t) =
(
A− c(t)BH ⊗ KT )̃x(t)+ c(t)Bdω(t). (18)

Since Ac is Hurwitz when (15) is satisfied, then, for any
positive definitematrixQ3n×3n, there exists a positive definite
matrix M3n×3n such that MAc+ATcM < −Q holds. Choose
the Lyapunov function as V (t) = x̃(t)TMx̃(t). By taking the
derivative of V (t), one has

dV (t) ≤ x̃T (MA+ ATM )̃x(t)dt

−c(t )̃xT
(
MBH ⊗ KT

+ HTBT ⊗ KM
)̃
x(t)dt

+c2(t)Z0dt + 2c(t )̃xTMBdω(t) (19)

where Z0 = tr(MBBT ). Let J = BH⊗KT . In (19), according
to [12],

E
(
2c(t )̃x(t)TMBdω(t)

)
=2

∫ t

0
c(t )̃x(τ )TMBdω(τ )dτ=0

holds, then one can have

E(dV (t)) ≤ E
(̃
x(t)T (MA+ ATM )̃x(t)

)
dt + c2(t)Z0dt

− E
(
c(t )̃x(t)T (MJ + JTM )̃x(t)

)
dt.

(20)

One can further gets

E
(
dV (t)
dt

)
≤ E

(̃
x(t)T (MA+ ATM )̃x(t)

)
+ c2(t)Z0

−E
(
c(t )̃x(t)T (MJ + JTM )̃x(t)

)
= E

(
x̃(t)T (MAc + ATcM )x̃(t)

)
+ c2(t)Z0

≤ −λmin(Q)E
(
x̃(t)T x̃(t)

)
+ c2(t)Z0

≤ −λmin(Q)
E(V (t))
λmax(M )

+ c2(t)Z0 (21)

In (21), let η be λmin(Q)
λmax(M ) . Then η > 0 holds. According to the

Comparison Principle [40],

E(V (t)) ≤ I0(t)+ Z0I1(t) (22)

holds, where I1(t) =
∫ t
0 e
−ηtc2(ξ )d(ξ ) and I0(t) =

E(V (0))e−ηt . Since for any given ε > 0, there exists a ξ0 > 0
such that

∫
∞

0 c2(ξ )dξ < ε holds [13]. Therefore, for any
t > ξ , one has

I1(t) =
∫ t

0
e−ηtc2(ξ )dξ

=

∫ ξ0

0
e−ηtc2(ξ )dτ +

∫ t

ξ0

e−ηtc2(ξ )dξ

≤ e−ηt
∫ ξ0

0
c2(ξ )dξ +

∫ t

ξ0

c2(ξ )dξ

≤ e−ηt
∫
∞

0
c2(ξ )dξ +

∫
∞

ξ0

c2(ξ )dξ

≤ e−ηt
∫
∞

0
c2(ξ )dξ + ε. (23)

Hence, we can get lim
t→∞

Z0I1 = 0, indicating that

lim
t→∞

E(V (t)) = 0. Then lim
t→∞

E(||̃xi(t)||)2 = 0 holds.
Therefore, the mean square consensus of vehicle platoon
(8) is achieved when (15) and (16) are both satisfied. This
concludes the proof. �
Remark 6: In this paper, we mainly studied the prede-

cessor leader following (PLF) topology. According to [33],
λmin(H ) = 1 also holds in Predecessor following (PF) topol-
ogy, Bidirectional-leader (BDL) topology, Two-predecessors
following (TPF) topology, and Two-predecessor-leader fol-
lowing (TPLF) topology. Thus, max

1≤i≤n

kpτ
1+c(t)kaλi(H ) =

kpτ
1+c(t)ka

holds and Theorem 1 can be extended to topologies men-
tioned above.
Remark 7: In (16), the first condition is called the conver-

gence condition, and it can make all vehicles’ states reach an
agreement with a reasonable rate. The other one is called the
robustness condition, which makes the closed-loop system’s
static error to be finite regardless of the measurement noises.
Then the consensus protocol is robust against communication
noises. There all lots of selections for c(t), such as c(t) =
1

1+t and c(t) = log(1+t)
1+t . Different c(t) results in different

convergence rates.

2) STRING STABILITY ANALYSIS
We will analyze the string stability of the platoon system
under communication noises by utilizing H∞ norm. Moti-
vated by [41] and [42], (10) can be expressed in the following
discrete-time form,{̃

x(k + 1) = Ac(k )̃x(k)+ c(k)B(k)ω(k)
zi(k) = Czi (k )̃x(k)

(24)

To ease the presentation, the following notations Ac(k) = Aci,
B(k) = Bci, Czi (k) = Czi are adopted, and system (24) is
denoted byG. Then the H∞ norm from the input ωi to output
zi is given by

‖G‖2∞ = sup
06=ωi∈Lp

2

‖zi‖22
‖ωi‖

2
2

(25)

where ‖zi‖22=
∑
∞

t=0 E
(
z2i (t)

)
and ‖ωi‖22=

∑
∞

t=0 E
(
ω2
i (t)

)
.
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Lemma 3 [42]: The system G is stable and satisfies the
norm constraint ‖G‖2∞ < γ if and only if there exist positive
definite matrices Mi ∈ R3n×3n such as[

Aci c(t)Bci
Czi 0

]T [Mci c(t)Bci
Czi I

] [
Aci c(t)Bci
Czi 0

]
−

[
Mi 0
0 γ I

]
< 0 (26)

holds, for all i ∈ N, where the positive definite matrix Mci is
satisfied by the following matrix inequality[

Mi ATci
Aci M

−1
ci

]
< 0. (27)

Then the string stability of the vehicle platoon can be ensured
if the following optimization problem has feasible solutions:

‖G‖2∞ = inf
(γ,Mi)∈0

γ, (28)

where 0 is the set of all positive definite matrices γ and Mi.
Therefore, the platooning system with random communi-

cation noises can achieve its lp-string stability.
Remark 8: From the string stability analysis mentioned

above, the disturbance will not be amplified with the length
of the vehicle platoon. Note that the system designed in this
paper is stochastic, so H∞ norm is also applied in this case.
Though this analysis method is a useful tool to verify string
stability, it may be increase the complexity of the solution.

B. TRIGGERING PARAMETERS DESIGN
In this section, we will analyze the design for the triggering
parameters α and the results are shown as Theorem 2.
Theorem 2: For event-triggered vehicle platoon (13) with

triggering function (14), given that kp, kv, ka, and c(t) satisfy
(15) and (16), if parameter α further satisfies

0 < α <
2λmin(Q)

c(t)λmax(MJ + JTM )
− 1, (29)

then the event-triggered vehicle platoon is asymptotically
stable, indicating that the event-triggered vehicle platoon can
achieve its mean square consensus.

Proof: With ei(t) defined as (11), on the basis of (13),
for b[k] ≤ t < b[k + 1], the event-triggered vehicle platoon
can be rewritten as

˙̃x(t) =
(
A− c(t)J

)̃
x(t)+ c(t)J · e(t)+ c(t)Bω(t). (30)

Then the stochastic differential can be written as

d ˙̃x(t) =
[(
A− c(t)J

)̃
x(t)+ c(t)J · e(t)

]
dt + c(t)Bdω(t).

(31)

Note that kp, kv, ka, and c(t) satisfy (15) and (16), then Ac
is Hurwitz. Design the same Lyapunov function as Sec.IV.A,
i.e., V (t) = x̃(t)TMx̃(t). Then one has

dV (t) ≤ x̃(t)T
(
MA+ ATM

)
x̃(t)dt

−c(t)x̃(t)T
(
MJ + JTM

)
x̃(t)dt

+c(t)
(
x̃(t)TMJ · e(t)dt + e(t)T JTMx̃(t)

)
dt

+2c(t)x̃(t)TMBdω(t)+ c2(t)Z0dt. (32)

From Young’s inequation in Lemma 1, by letting ρ = 1, one
can get{
x̃(t)TMJe(t) ≤ 1

2 x̃(t)
TMJx̃(t)+ 1

2e(t)
TMJe(t)

e(t)T JTMx̃(t) ≤ 1
2 x̃(t)

T JTMx̃(t)+ 1
2e(t)

T JTMe(t),

then (32) can be rewritten as

dV (t) ≤ x̃(t)T
(
MA+ ATM

)
x̃(t)dt

−
c(t)
2
x̃(t)T

(
MJ + JTM

)
x̃(t)dt

+
c(t)
2
e(t)T

(
MJ + JTM

)
e(t)dt

+2c(t)x̃(t)TMBdω(t)+ c2(t)Z0dt. (33)

According to event triggering function (14), one has

e(t)T
(
MJ + JTM

)
e(t)≤ αx̃(t)Tλmax

(
MJ + JTM

)
x̃(t)

+nθλmax

(
MJ + JTM

)
e−δt .

Hence, (33) can be simplified into

dV (t) ≤ x̃(t)T
(
MA+ ATM

)
x̃(t)dt

+
α − 1
2

c(t)
(
MJ + JTM

)
x̃(t)dt

+
nθ
2
c(t)λmax

(
MJ + JTM

)
e−δtdt

+c2(t)Z0dt + 2c(t)x̃(t)TMBdω(t). (34)

Similarity to the processing in (21), one has

E
(
dV (t)
dt

)
≤ E

(
x̃(t)T

(
MA+ ATM +

α − 1
2

c(t)(MJ + JTM )
)
x̃(t)

)
+
nθ
2
c(t)λmax

(
MJ + JTM

)
e−δt + c2(t)Z0

= E
(
x̃(t)T

(
MAc+ATcM+

α+1
2

c(t)
(
MJ+JTM

))
x̃(t)
)

+
nθ
2
c(t)λmax

(
MJ + JTM

)
e−δt + c2(t)Z0

≤

(
−λmin(Q)+

α + 1
2

c(t)λmax

(
MJ + JTM

)) E(dV )
λ(M )

+
nθ
2
c(t)λmax

(
MJ + JTM

)
e−δt + c2(t)Z0. (35)

In (35), let η′(t) be
λmin(Q)− α+12 c(t)λmax

(
MJ+JTM

)
λmax(M ) . When

−λmin(Q) + α+1
2 c(t)λmax

(
MJ + JTM

)
< 0 is satisfied,

i.e., 0 < α <
2λmin(Q)

c(t)λmax(MJ+JTM ) − 1 holds, (35) can be
simplified as

E
(
dV (t)
dt

)
≤ −η′(t)E(dV )+ c2(t)Z0

+
nθ
2
c(t)λmax

(
MJ + JTM

)
e−δt . (36)
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According to the Comparison Principle, (36) can be
rewritten as

E(V (t)) ≤ U0(t)+ U1(t)Z0 + U2(t),

where U0(t) = V (0)e−
∫ t
0 η
′(ξ )dξ . Similarly, one can

have lim
t→∞

U0(t) = 0, U1(t) =
∫ t
0 e
−
∫ t
ξ η
′(v)dvc2(ξ )dξ ,

and U2(t) = nθ
2 λmax

(
MJ+JTM

) ∫ t
0 e
−
∫ t
ξ η
′(v)dv

C (ξ )e−δξdξ .
Similar to the proof to Theorem 1 in Sec.IV.A, one can have
lim
t→∞

U1(t) = 0, and

U2(t) =
nθ
2
λmax

(
MJ+JTM

) ∫ t

0
e−
∫ t
ξ η
′(v)dvc(ξ )e−δξdξ

=
nθ
2
c(ξ )λmax

(
MJ + JTM

)
e−

∫ t
ξ η
′(v)dv

×(
∫ ξ0

0
c(ξ )e−δξdξ +

∫ t

ξ0

c(ξ )e−δξdξ )

≤
nθ
2
λmax

(
MJ + JTM

)
e−

∫ t
ξ0
η′(v)dv

∫ ξ0

0
c(ξ )e−δξdξ

+

∫ t

ξ0

c(ξ )e−δξdξ

≤
nθ
2
λmax

(
MJ + JTM

)
e−

∫ t
ξ0
η′(v)dv

∫
∞

0
c(ξ )e−δξdξ

+

∫
∞

ξ0

c(ξ )e−δξdξ. (37)

In (37), since θ > 0, δ > 0, then

lim
t→∞

nθ
2
λmax

(
MJ+JTM

)
e−

∫ t
ξ0
η′(v)dv

∫
∞

0
c(ξ )e−δξdξ=0

holds, and from Lemma 2, one can get that(∫
∞

ξ0

c(ξ )e−δξdξ
)2

≤

∫
∞

ξ0

c2(ξ )dξ ·
∫
∞

ξ0

e−2δξdξ

≤ ε ·
1
2δ
e−2δξ0 = ε1,

where ε1 is the same infinitesimal number as ε in
Section.IV.A. Then

∫
∞

ξ0
c(ξ )e−δξdξ ≤

√
ε1 holds. There-

fore, lim
t→∞

U2(t) = 0. Hence, lim
t→∞

E(V (t)) = 0, and

lim
t→∞

E(||̃xi(t)||)2 = 0, indicating that the mean square con-
sensus of vehicle platoon (13) is achieved. The proof is
completed. �

V. SIMULATION RESULTS
The correctness of our analysis is illustrated by extensive
simulations. Simulation parameters are set as: n = 8, τ =
0.5, Di = [4.1, 4.2, 4.3, 4.5, 4.8, 4.8, 4.7, 4.3] m, c(t) =
1/(t + 1), and r = 10 m. Random communication noises are
designed as the Laplace noise with zero mean and variance 2.
The sampling period is set as 10 ms. The initial position and
acceleration of the leading vehicle are set as p0(0)= (n+1)∗r
and a0(t) = 0, and the initial states of the following vehicles
are set as pi(0) = (n − i) ∗ 3r , vi(0) = 0, and ai(0) = 0.
Table 1 shows the set of gain kp, kv, ka under two different
scenarios.

TABLE 1. Parameters setting for kp, kv , ka.

FIGURE 2. The control input ui (t).

FIGURE 3. Positions comparisons with different parameters, where
(a) kp =0.5, kv =0.1, ka =1; (b) kp =0.5, kv =2, ka =1.

A. LEADER WITH A CONSTANT VELOCITY
The velocity of the leading vehicle is set as a fixed value
v0(t) = 10 (m/s). Simulations are carried out for the two
scenarios set in Table 1 to compare the position of the vehicles
in the platoon. The control input ui(t) is illustrated in Fig. 2.
The iteration of positions are shown in Fig.3 (a) and (b).

It is shown in Fig. 2 that the control input ui(t) converges
to zero as time goes on, which also reflects that the consensus
gain c(t) can mitigate the interference of communication
noises in Remark 3. It can be seen from Fig. 3 (a) that, with
the continuous progress of sampling time, all the following
vehicles diverge; while from Fig. 3 (b), the rear vehicle can
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FIGURE 4. Performance of the vehicle platoon with a constant leading
velocity and kp =0.5, kv =2, ka =1. (a) vi (t); (b) p̃i (t).

FIGURE 5. Performance of the vehicle platoon with a constant leading
vehicle and event-triggered communication strategy: (a) pi (t); (b) vi (t).

keep a safe distance from the front vehicle, which avoids the
occurrence of collision. This verifies the correctness of the
conditions for maintaining the internal stability in Theorem 1.

For the one that has inter-stability, the performance of
the vehicle platoon is shown in Fig. 4. It can be seen from
Fig. 4 (a) that, the states of all the vehicles asymptotically
achieve their consensus. The reason why the convergence
value still has tiny fluctuations is that there are random

FIGURE 6. Performance of the vehicle platoon with a time-varying leading
vehicle and time-triggered communication strategy: (a) pi (t); (b) vi (t).

FIGURE 7. Performance of the vehicle platoon with a time-varying leading
vehicle and event-triggered communication strategy: (a) pi (t); (b) vi (t).

communication noises that existed in the platoon. Also,
we can observe that |̃vi(t)| < 0.3 m/s when t is sufficient
large, which also verify the correctness of Theorem 1. In addi-
tion, it can be shown that the spacing errors in Fig. 4 (b) will
not be amplified by the communication noises, which verifies
the string stability of the vehicle platoon.

For the second parameter setting scenario in Table 1,
simulations are carried out to verify the results of the
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FIGURE 8. Evolution of the measurement error of the following vehicle in norm form.

event-triggered mechanism in Theorem 2. Select Q = I3n,
thus λmin = 1, λmax(MJ + JTM ) = 1.094, and then the
range for α is (0,0.828). So triggering parameters can be set
as: α = 0.5, θ = 1.1, δ = 1, then (29) is satisfied. Simulation
results on position, velocity are shown in Fig. 5 (a) and 5 (b),
respectively. It can be seen from Fig. 5 that, the perfor-
mance of the vehicle platoon with a constant leading vehicle
and event-triggered communication strategy can achieve its
mean square consensus, and the protocol updates the relative
information in a discrete-time manner. Furthermore, with
the consensus algorithm being iterated over 50 times, errors
ṽi(t) maintain below 0.5 m/s, which can satisfy the actual
requirement of the vehicle platoon system.

B. LEADER WITH A TIME-VARYING VELOCITY
The above experiment is based on the constant velocity of
the leading vehicle. However, such a situation is too special
to be consistent with the actual situation of the vehicles
driving on the expressway. Simultaneously, the acceleration/
deceleration of the leading vehicle during the driving process
is considered on this basis, i.e., when the leading-vehicle’s
velocity is a transient variable value, specifically:

v0(t) =


5 (m/s), t ≤ 10s
4t − 35 (m/s), 10 < t ≤ 15s
25 (m/s), 15 < t ≤ 30s
−2t + 85 (m/s), 30 < t ≤ 35s
15 (m/s), t > 35s

The consensus of a vehicle platoon under time-triggered
condition is considered, and the performance of the vehicle
platoon of vehicles are shown in Fig. 6. In Fig. 6, we can see
that, i) all vehicles can keep a safe distance without collision
from the former one; ii) the velocity error |̃vi(t)| < 0.25 m/s,
when t is sufficient large.
The effectiveness of vehicle platoon under the event-

triggered mechanism is considered. Fig. 7 show the perfor-
mance of the following vehicle, Fig. 8 illustrates the evolution

FIGURE 9. Triggering events of following vehicles.

TABLE 2. Communication rates of vehicles in the platoon.

of the norm of measurement error of each vehicle, and
the triggering events of the following vehicles are shown
in Fig. 9, respectively, where ‘•’ indicates the happening of a
communication event.

It can be seen from Fig. 7 that, under the influence of
the time-varying velocity of the leading vehicle, and con-
sidering random communication noises, the vehicle platoon
can still maintain a safe distance without collision, and the
mean square consensus is reached. From Fig. 8 one can has
that, the measurement error of each vehicle approaches zero
about 10 s. Fig. 9 shows that the triggering event is sporadic
rather than consecutive. Regarding the executing efficiency,
we further calculate communication amount and communi-
cation rate for each vehicle which is described in Table 2.
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The average communication rate of the n vehicles is about
6.9%, which is far less than the one of the time-triggered one.
Moreover, from Fig. 8 and Fig. 9, Zeno behavior is excluded
due to finite event-triggered times which verifies Remark 5 in
this paper.

VI. CONCLUSION
Aimed at improving the communication efficiency of the
vehicle platoon, and considering the existence of com-
munication noises among vehicles, this paper proposed
an event-triggered vehicle platoon control under random
communication noises. Based on a third-order vehicle
dynamic model, a time-varying consensus gain function was
introduced to attenuate the random communication noises.
The internal stability of the vehicle platoon was analyzed by
using the matrix eigenvalue perturbation theory and block
matrix polynomials. In addition, string stability was analyzed
under random communication noises. Then the consensus of
the vehicle platoon in mean square was analyzed by utilizing
the Itô stochastic differential formula and Lyapunov theory.
To further improve the communication efficiency, an event-
triggered communicationmechanismwas introduced, and the
condition for the triggering parameter was derived. Lastly,
simulations were conducted to illustrate the efficiency of the
main results of this paper.

Communication impairments such as communication
losses, fading channels, and time delays beckons our future
work.
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